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Foreword 


The need for a textbook on earthquake engineering was first pointed out by the eminent 
consulting engineer, John R. Freeman (1855-1932). Following the destructive Santa Bar¬ 
bara, California earthquake of 1925, he became interested in the subject and searched the 
Boston Public Library for relevant books. He found that not only was there no textbook 
on earthquake engineering, but the subject itself was not mentioned in any of the books 
on structural engineering. Looking back, we can see that in 1925 engineering education 
was in an undeveloped state, with computing done by slide rule and curricula that did not 
prepare the student for understanding structural dynamics. In fact, no instruments had been 
developed for recording strong ground motions, and society appeared to be unconcerned 
about earthquake hazards. 

In recent years books on earthquake engineering and structural dynamics have been 
published, but the present book by Professor Anil K. Chopra fills a niche that exists be¬ 
tween more elementary books and books for advanced graduate studies. The author is a 
well-known expert in earthquake engineering and structural dynamics, and his book will 
be valuable to students not only in earthquake-prone regions but also in other parts of 
the world, for a knowledge of structural dynamics is essential for modern engineering. The 
book presents material on vibrations and the dynamics of structures and demonstrates the 
application to structural motions caused by earthquake ground shaking. The material in 
the book is presented very clearly with numerous worked-out illustrative examples, so that 
even a student at a university where such a course is not given should be able to study the 
book on his or her own time. Readers who are now practicing engineering should have no 
difficulty in studying the subject by means of this book. An especially interesting feature 
of the book is the application of structural dynamics theory to important issues in the seis¬ 
mic response and design of multistory buildings. The information presented in this book 


XXI 


XXII 


Foreword 


will be of special value to those engineers who are engaged in actual seismic design and 
want to improve their understanding of the subject. 

Although the material in the book leads to earthquake engineering, the information 
presented is also relevant to wind-induced vibrations of structures, as well as man-made 
motions such as those produced by drophammers or by heavy vehicular traffic. As a text¬ 
book on vibrations and structural dynamics, this book has no competitors and can be rec¬ 
ommended to the serious student. I believe that this is the book for which John R. Freeman 
was searching. 


George W. Housner 
California Institute of Technology 


Preface 


PHILOSOPHY AND OBJECTIVES 

This book on dynamics of structures is conceived as a textbook for courses in civil engi¬ 
neering. It includes many topics in the theory of structural dynamics, and applications of 
this theory to earthquake analysis, response, design, and evaluation of structures. No prior 
knowledge of structural dynamics is assumed in order to make this book suitable for the 
reader learning the subject for the first time. The presentation is sufficiently detailed and 
carefully integrated by cross-referencing to make the book suitable for self-study. This fea¬ 
ture of the book, combined with a practically motivated selection of topics, should interest 
professional engineers, especially those concerned with analysis and design of structures 
in earthquake country. 

In developing this book, much emphasis has been placed on making structural dy¬ 
namics easier to learn by students and professional engineers because many find this sub¬ 
ject to be difficult. To achieve this goal, the presentation has been structured around several 
features: The mathematics is kept as simple as each topic will permit. Analytical proce¬ 
dures are summarized to emphasize the key steps and to facilitate their implementation by 
the reader. These procedures are illustrated by over 120 worked-out examples, including 
many comprehensive and realistic examples where the physical interpretation of results is 
stressed. Some 500 figures have been carefully designed and executed to be pedagogically 
effective; many of them involve extensive computer simulations of dynamic response of 
structures. Photographs of structures and structural motions recorded during earthquakes 
are included to relate the presentation to the real world. 
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Preface 


The preparation of this book has been inspired by several objectives: 

• Relate the structural idealizations studied to the properties of real structures. 

• Present the theory of dynamic response of structures in a manner that emphasizes 
physical insight into the analytical procedures. 

• Illustrate applications of the theory to solutions of problems motivated by practical 
applications. 

• Interpret the theoretical results to understand the response of structures to various 
dynamic excitations, with emphasis on earthquake excitation. 

• Apply structural dynamics theory to conduct parametric studies that bring out several 
fundamental issues in the earthquake response, design, and evaluation of multistory 
buildings. 

This mode of presentation should help the reader to achieve a deeper understanding 
of the subject and to apply with confidence structural dynamics theory in tackling practi¬ 
cal problems, especially in earthquake analysis, design, and evaluation of structures, thus 
narrowing the gap between theory and practice. 


EVOLUTION OF THE BOOK 

Since the book first appeared in 1995, it has been revised and expanded in several ways, 
resulting in the second edition (2001) and third edition (2007). Prompted by an increasing 
number of recordings of ground motions in the proximity of the causative fault, Chap¬ 
ter 6 was expanded to identify special features of near-fault ground motions and com¬ 
pare them with the usual far-fault ground motions. Because of the increasing interest in 
seismic performance of bridges, examples on dynamics of bridges and their earthquake 
response were added in several chapters. In response to the growing need for simpli¬ 
fied dynamic analysis procedures suitable for performance-based earthquake engineering. 
Chapter 7 was expanded to provide a fuller discussion relating the earthquake-induced de¬ 
formations of inelastic and elastic systems, and to demonstrate applications of the inelastic 
design spectrum to structural design for allowable ductility, displacement-based design, 
and seismic evaluation of existing structures. Chapter 19 (now Chapter 20) was rewritten 
completely to incorporate post-1990 advances in earthquake analysis and response of in¬ 
elastic buildings. Originally limited to three building codes—United States, Canada, and 
Mexico—Chapter 21 (now Chapter 22) was expanded to include the Eurocode. The addi¬ 
tion of Chapter 22 (now Chapter 23) was motivated by the adoption of performance-based 
guidelines for evaluating existing buildings by the structural engineering profession. 

In response to reader requests, the frequency-domain method of dynamic analysis 
was included, but presented as an appendix instead of weaving it throughout the book. 
This decision was motivated by my goal to keep the mathematics as simple as each topic 
permits, thus making structural dynamics easily accessible to students and professional 
engineers. 


What’s New in this Edition 


XXV 


WHAT’S NEW IN THIS EDITION 

Dynamics of Structures has been well received in the 16 years since it was first pub¬ 
lished. It continues to be used as a textbook at universities in the United States and many 
other countries, and enjoys a wide professional readership as well. Translations in Japanese, 
Korean, Chinese, Greek, and Persian have been published. Preparation of the fourth edition 
provided me with an opportunity to improve, expand, and update the book. 

Chapter 14 has been added, requiring renumbering of Chapters 14 to 22 as 15 to 23 
(the new numbering is reflected in the rest of the Preface); Chapters 5 and 16 underwent 
extensive revision; Chapters 12 and 13 have been expanded; and Chapters 22 and 23 have 
been updated. Specific changes include: 


• Chapter 14 on nonclassically damped systems has been added. This addition has 
been motivated by growing interest in such systems that arise in several practi¬ 
cal situations: for example, structures with supplemental energy-dissipating sys¬ 
tems or on a base isolation system, soil-structure systems, and fluid-structure 
systems. 

• Chapters 5 and 16 on numerical evaluation of dynamic response have been rewritten 
to conform with the ways these numerical methods are usually implemented in com¬ 
puter software, and to offer an integrated presentation of nonlinear static analysis— 
also known as pushover analysis—and nonlinear dynamic analysis. 

• A section has been added at the end of Chapter 12 to present a general version of the 
mode acceleration superposition method for more complex excitations, such as wave 
forces on offshore drilling platforms. 

• Chapter 13 has been extended to include two topics that so far have been con¬ 
fined to the research literature, but are of practical interest: (1) combining peak 
responses of a structure to individual translational components of ground motion to 
estimate its peak response to multicomponent excitation; and (2) response-spectrum- 
based equations to determine an envelope that bounds the joint response trajectory 
of all simultaneously acting forces that control the seismic design of a structural 
element. 

• Chapters 22 and 23 have been updated to reflect the current editions of building codes 
for designing new buildings, and of performance-based guidelines and standards for 
evaluating existing buildings. 

• The addition of Chapter 14 prompted minor revision of Chapters 2, 4, 6, 10, 
and 12. 

• Several new figures, photographs, worked-out examples, and end-of-chapter prob¬ 
lems have been added. 


Using the book in my teaching and reflecting on it over the years suggested improve¬ 
ments. The text has been clarified and polished throughout, and a few sections have been 
reorganized to enhance the effectiveness of the presentation. 
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Preface 


SUBJECTS COVERED 

This book is organized into three parts: I. Single-Degree-of-Freedom Systems; II. Multi- 
Degree-of-Freedom Systems; and III. Earthquake Response, Design, and Evaluation of 
Multistory Buildings. 

Part I includes eight chapters. In the opening chapter the structural dynamics prob¬ 
lem is formulated for simple elastic and inelastic structures, which can be idealized as 
single-degree-of-freedom (SDF) systems, and four methods for solving the differential 
equation governing the motion of the structure are reviewed briefly. We then study the dy¬ 
namic response of linearly elastic systems (1) in free vibration (Chapter 2), (2) to harmonic 
and periodic excitations (Chapter 3), and (3) to step and pulse excitations (Chapter 4). 
Included in Chapters 2 and 3 is the dynamics of SDF systems with Coulomb damping, a 
topic that is normally not included in civil engineering texts, but one that has become rel¬ 
evant to earthquake engineering, because energy-dissipating devices based on friction are 
being used in earthquake-resistant construction. After presenting numerical time-stepping 
methods for calculating the dynamic response of SDF systems (Chapter 5), the earthquake 
response of linearly elastic systems and of inelastic systems is studied in Chapters 6 and 
7, respectively. Coverage of these topics is more comprehensive than in texts presently 
available; included are details on the construction of response and design spectra, ef¬ 
fects of damping and yielding, and the distinction between response and design spectra. 
The analysis of complex systems treated as generalized SDF systems is the subject of 
Chapter 8. 

Part II includes Chapters 9 through 18 on the dynamic analysis of multi-degree-of- 
freedom (MDF) systems. In the opening chapter of Part II the structural dynamics problem 
is formulated for structures idealized as systems with a finite number of degrees of freedom 
and illustrated by numerous examples; also included is an overview of methods for solving 
the differential equations governing the motion of the structure. Chapter 10 is concerned 
with free vibration of systems with classical damping and with the numerical calculation 
of natural vibration frequencies and modes of the structure. Chapter 11 addresses several 
issues that arise in defining the damping properties of structures, including experimental 
data—from forced vibration tests on structures and recorded motions of structures during 
earthquakes—that provide a basis for estimating modal damping ratios, and analytical pro¬ 
cedures to construct the damping matrix, if necessary. Chapter 12 is concerned with the 
dynamics of linear systems, where the classical modal analysis procedure is emphasized. 
Part C of this chapter represents a “new” way of looking at modal analysis that facilitates 
understanding of how modal response contributions are influenced by the spatial distribu¬ 
tion and the time variation of applied forces, leading to practical criteria on the number of 
modes to include in response calculation. In Chapter 13, modal analysis procedures for 
earthquake analysis of classically damped systems are developed; both response history 
analysis and response spectrum analysis procedures are presented in a form that provides 
physical interpretation; the latter procedure estimates the peak response of MDF systems 
directly from the earthquake response or design spectrum. The procedures are illustrated 
by numerous examples, including coupled lateral-torsional response of unsymmetric-plan 
buildings and torsional response of nominally symmetric buildings. The chapter ends 
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with response spectrum-based procedures to consider all simultaneously acting forces that 
control the design of a structural element, and to estimate the peak response of a structure 
to multicomponent earthquake excitation. The modal analysis procedure is extended in 
Chapter 14 to response history analysis; of nonclassically damped systems subjected to 
earthquake excitation. For this purpose, we first revisit classically damped systems and re¬ 
cast the analysis procedures of Chapters 10 and 13 in a form that facilitates their extension 
to the more general case. 

Chapter 15 is devoted to the practical computational issue of reducing the number 
of degrees of freedom in the structural idealization required for static analysis in order 
to recognize that the dynamic response of many structures can be well represented by 
their first few natural vibration modes. In Chapter 16 numerical time-stepping methods 
are presented for MDF systems not amenable to classical modal analysis: systems with 
nonclassical damping or systems responding into the range of nonlinear behavior. Chap¬ 
ter 17 is concerned with classical problems in the dynamics of distributed-mass systems; 
only one-dimensional systems are included. In Chapter 18 two methods are presented for 
discretizing one-dimensional distributed-mass systems: the Rayleigh-Ritz method and the 
finite element method. The consistent mass matrix concept is introduced, and the accuracy 
and convergence of the approximate natural frequencies of a cantilever beam, determined 
by the finite element method, are demonstrated. 

Part III of the book contains five chapters concerned with earthquake response de¬ 
sign, and evaluation of multistory buildings, a subject not normally included in structural 
dynamics texts. Several important and practical issues are addressed using analytical pro¬ 
cedures developed in the preceding chapters. In Chapter 19 the earthquake response of 
linearly elastic multistory buildings is presented for a wide range of two key parameters: 
fundamental natural vibration period and beam-to-column stiffness ratio. Based on these 
results, we develop an understanding of how these parameters affect the earthquake re¬ 
sponse of buildings and, in particular, the relative response contributions of the various 
natural modes, leading to practical information on the number of higher modes to include 
in earthquake response calculations. Chapter 20 is concerned with the important subject of 
earthquake response of multistory buildings deforming into their inelastic range. Part A of 
the chapter presents rigorous nonlinear response history analysis; identifies the important 
influence of modeling assumptions, key structural parameters, and ground motion details 
on seismic demands; and determines the strength necessary to limit the story ductility 
demands in a multistory building. Recognizing that rigorous nonlinear response history 
analysis remains an onerous task, the modal pushover analysis (MPA) procedure—an ap¬ 
proximate analysis procedure—is developed in Part B of the chapter. In this procedure, 
seismic demands are estimated by nonlinear static analyses of the structure subjected to 
modal inertia force distributions. Base isolation is the subject of Chapter 21. Our goal is 
to study the dynamic behavior of buildings supported on base isolation systems with the 
limited objective of understanding why and under what conditions isolation is effective in 
reducing the earthquake-induced forces in a structure. In Chapter 22 we present the seis¬ 
mic force provisions in four building codes— International Building Code (United States), 
National Building Code of Canada, Eurocode, and Mexico Federal District Code —together 
with their relationship to the theory of structural dynamics developed in Chapters 6, 7, 8, 
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and 13. Subsequently, the code provisions are evaluated in light of the results of dynamic 
analysis of buildings presented in Chapters 19 and 20. Performance-based guidelines and 
standards for evaluating existing buildings consider inelastic behavior explicitly in esti¬ 
mating seismic demands at low performance levels, such as life safety and collapse pre¬ 
vention. In Chapter 23, selected aspects of the nonlinear dynamic procedure and of the 
nonlinear static procedure in these documents—ATC-40, FEMA 356, and ASCE 41-06— 
are presented and discussed in light of structural dynamics theory developed in Chapters 7 
and 20. 


A NOTE FOR INSTRUCTORS 

This book is suitable for courses at the graduate level and at the senior undergraduate level. 
No previous knowledge of structural dynamics is assumed. The necessary background is 
available through the usual courses required of civil engineering undergraduates. These 
include: 

• Static analysis of structures, including statically indeterminate structures and matrix 
formulation of analysis procedures (background needed primarily for Part II) 

• Structural design 

• Rigid-body dynamics 

• Mathematics: ordinary differential equations (for Part I), linear algebra (for Part II), 
and partial differential equations (for Chapter 17 only) 

By providing an elementary but thorough treatment of a large number of topics, this 
book permits unusual flexibility in selection of the course content at the discretion of the 
instructor. Several courses can be developed based on the material in this book. Here are a 
few examples. 

Almost the entire book can be covered in a one-year course: 

• Title: Dynamics of Structures 1(1 semester) 

Syllabus: Chapter 1; Sections 1 and 2 of Chapter 2; Parts A and B of Chapter 3; 
Chapter 4; selected topics from Chapter 5; Sections 1 to 7 of Chapter 6; Sections 1 
to 7 of Chapter 7; selected topics from Chapter 8; Sections 1 to 4 and 9 to 11 of 
Chapter 9; Parts A and B of Chapter 10; Sections 1 and 2 of Chapter 11; Parts A and 
B of Chapter 12; Sections 1, 2, 7, and 8 (excluding the CQC method) of Chapter 13; 
and selected topics from Part A of Chapter 22 

• Title: Dynamics of Structures II (1 semester) 

Syllabus: Sections 5 to 7 of Chapter 9; Sections 3 to 5 of Chapter 11; Parts C and D 
of Chapter 12; Sections 3 to 11 of Chapter 13; selected parts of Chapters 14, 15, 17, 
19 to 21, and 23; and Appendix A. 
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The selection of topics for the first course has been dictated in part by the need to provide 
comprehensive coverage, including dynamic and earthquake analysis of MDF systems, for 
students taking only one course. 

Abbreviated versions of the outline above can be organized for two quarter courses. 
One possibility is as follows: 

• Title: Dynamics of Structures 1(1 quarter) 

Syllabus: Chapter 1; Sections 1 and 2 of Chapter 2; Sections 1 to 4 of Chapter 3; 
Sections 1 and 2 of Chapter 4; selected topics from Chapter 5; Sections 1 to 7 of 
Chapter 6; Sections 1 to 7 of Chapter 7; selected topics from Chapter 8; Sections 1 
to 4 and 9 to 11 of Chapter 9; Parts A and B of Chapter 10; Part B of Chapter 12; 
Sections 1, 2, 7, and 8 (excluding the CQC method) of Chapter 13. 

• Title: Dynamics of Structures II (1 quarter) 

Syllabus: Sections 5 to 7 of Chapter 9; Sections 3 to 9 of Chapter 13; and selected 
topics from Chapters 19 to 23 

A one-semester course emphasizing earthquake engineering can be organized as 
follows: 

• Title: Earthquake Dynamics of Structures 

Syllabus: Chapter 1; Sections 1 and 2 of Chapter 2; Sections 1 and 2 of Chapter 4; 
Chapters 6 and 7; selected topics from Chapter 8; Sections 1 to 4 and 9 to 11 of 
Chapter 9; Parts A and B of Chapter 10; Part A of Chapter 11; Sections 1 to 3 and 
7 to 11 of Chapter 13; and selected topics from Chapters 19 to 23. 

Solving problems is essential for students to learn structural dynamics. For this 
purpose the first 18 chapters include 373 problems. Chapters 19 through 23 do not include 
problems, for two reasons: (1) no new dynamic analysis procedures are introduced in these 
chapters; (2) this material does not lend itself to short, meaningful problems. However, the 
reader will find it instructive to work through the examples presented in Chapters 19 to 23 
and to reproduce the results. The computer is essential for solving some of the problems, 
and these have been identified. In solving these problems, it is assumed that the student 
will have access to computer programs such as MATLAB or MATHCAD. Solutions to 
these problems are available to instructors as a download from the publisher. 

In my lectures at Berkeley, I develop the theory on the blackboard and illustrate it 
by transparencies of the more complex figures in the book; enlarged versions of many 
of the figures, which are suitable for making transparencies for use in the classroom, are 
available to instructors as a download from the publisher. Despite requests for a complete 
set of PowerPoint slides, they have not been developed because I do not think this approach 
is the most effective strategy for teaching dynamics of structures. 
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A NOTE FOR PROFESSIONAL ENGINEERS 

Many professional engineers encouraged me during 1980s to prepare a book more com¬ 
prehensive than Dynamics of Structures, A Primer, a monograph published in 1981 by the 
Earthquake Engineering Research Institute. This need, I hope, is filled by the present book. 
Having been conceived as a textbook, it includes the formalism and detail necessary for 
students, but these features should not deter the professional from using the book, because 
its philosophy and style are aimed to facilitate learning the subject by self-study. 

For professional engineers interested in earthquake analysis, response, design, and 
evaluation of structures, I suggest the following reading path through the book: Chapters 1 
and 2; Chapters 6 to 9; Parts A and B of Chapter 10; Part A of Chapter 11; and Chapters 13 
and 19 to 23. 


REFERENCES 

In this introductory text it is impractical to acknowledge sources for the information pre¬ 
sented. References have been omitted to avoid distracting the reader. However, I have 
included occasional comments to add historical perspective and, at the end of almost every 
chapter, a brief list of publications suitable for further reading. 
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I request that instructors, students, and professional engineers write to me (chopra@ce. 
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Equations of Motion, Problem 
Statement, and Solution Methods 


PREVIEW 

In this opening chapter, the structural dynamics problem is formulated for simple struc¬ 
tures that can be idealized as a system with a lumped mass and a massless supporting 
structure. Linearly elastic structures as well as inelastic structures subjected to applied 
dynamic force or earthquake-induced ground motion are considered. Then four methods 
for solving the differential equation governing the motion of the structure are reviewed 
briefly. The chapter ends with an overview of how our study of the dynamic response of 
single-degree-of-freedom systems is organized in the chapters to follow. 


1.1 SIMPLE STRUCTURES 

We begin our study of structural dynamics with simple structures, such as the pergola 
shown in Fig. 1.1.1 and the elevated water tank of Fig. 1.1.2. We are interested in under¬ 
standing the vibration of these structures when subjected to a lateral (or horizontal) force 
at the top or horizontal ground motion due to an earthquake. 

We call these structures simple because they can be idealized as a concentrated or 
lumped mass m supported by a massless structure with stiffness k in the lateral direction. 
Such an idealization is appropriate for this pergola with a heavy concrete roof supported 
by light-steel-pipe columns, which can be assumed as massless. The concrete roof is very 
stiff and the flexibility of the structure in lateral (or horizontal) motion is provided entirely 
by the columns. The idealized system is shown in Fig. 1.1.3a with a pair of columns 
supporting the tributary length of the concrete roof. This system has a lumped mass m 
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Figure 1.1.1 This pergola at the Macuto-Sheraton Hotel near Caracas, Venezuela, was 
damaged by earthquake on July 29, 1967. The Magnitude 6.5 event, which was centered 
about 15 miles from the hotel, overstrained the steel pipe columns, resulting in a permanent 
roof displacement of 9 in. (From the Steinbrugge Collection, National Information Service 
for Earthquake Engineering, University of California, Berkeley.) 

equal to the mass of the roof shown, and its lateral stiffness k is equal to the sum of the 
stiffnesses of individual pipe columns. A similar idealization, shown in Fig. 1.1.3b, is 
appropriate for the tank when it is full of water. With sloshing of water not possible in a 
full tank, it is a lumped mass m supported by a relatively light tower that can be assumed 
as massless. The cantilever tower supporting the water tank provides lateral stiffness k to 
the structure. For the moment we will assume that the lateral motion of these structures is 
small in the sense that the supporting structures deform within their linear elastic limit. 

We shall see later in this chapter that the differential equation governing the lateral 
displacement u(t) of these idealized structures without any external excitation—applied 
force or ground motion—is 

mu + ku = 0 (1-1.1) 

where an overdot denotes differentiation with respect to time; thus u denotes the velocity of 
the mass and ii its acceleration. The solution of this equation, presented in Chapter 2, will 
show that if the mass of the idealized systems of Fig. 1.1.3 is displaced through some initial 
displacement m( 0), then released and permitted to vibrate freely, the structure will oscillate 
or vibrate back and forth about its initial equilibrium position. As shown in Fig. 1.1.3c, the 
same maximum displacement occurs oscillation after oscillation; these oscillations con¬ 
tinue forever and these idealized systems would never come to rest. This is unrealistic, 
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Figure 1.1.2 This reinforced-concrete 
tank on a 40-ft-tall single concrete column, 
located near the Valdivia Airport, was 
undamaged by the Chilean earthquakes 
of May 1960. When the tank is full of 
water, the structure can be analyzed as a 
single-degree-of freedom system. (From 
the Steinbrugge Collection, National 
Information Service for Earthquake 
Engineering, University of California, 
Berkeley.) 


of course. Intuition suggests that if the roof of the pergola or the top of the water tank were 
pulled laterally by a rope and the rope were suddenly cut, the structure would oscillate with 
ever-decreasing amplitude and eventually come to rest. Such experiments were performed 
on laboratory models of one-story frames, and measured records of their free vibration 
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Figure 1.1.3 (a) Idealized pergola; (b) idealized water tank; (c) free vibration due to 

initial displacement. 
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response are presented in Fig. 1.1.4. As expected, the motion of these model structures 
decays with time, with the decay being more rapid for the plexiglass model relative to the 
aluminum frame. 



(a) 


Figure 1.1.4 (a) Aluminum and plexiglass model 
frames mounted on a small shaking table used 
for classroom demonstration at the University of 
California at Berkeley (courtesy of T. Merport); (b) 
free vibration record of aluminum model; (c) free 
vibration record of plexiglass model. 
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The process by which vibration steadily diminishes in amplitude is called damping. 
The kinetic energy and strain energy of the vibrating system are dissipated by various 
damping mechanisms that we shall mention later. For the moment, we simply recognize 
that an energy-dissipating mechanism should be included in the structural idealization in 
order to incorporate the feature of decaying motion observed during free vibration tests 
of a structure. The most commonly used damping element is the viscous damper, in part 
because it is the simplest to deal with mathematically. In Chapters 2 and 3 we introduce 
other energy-dissipating mechanisms. 


1.2 SINGLE-DEGREE-OF-FREEDOM SYSTEM 

The system considered is shown schematically in Fig. 1.2.1. It consists of a mass m con¬ 
centrated at the roof level, a massless frame that provides stiffness to the system, and a 
viscous damper (also known as a dashpot) that dissipates vibrational energy of the system. 
The beam and columns are assumed to be inextensible axially. 

This system may be considered as an idealization of a one-story structure. Each 
structural member (beam, column, wall, etc.) of the actual structure contributes to the 
inertial (mass), elastic (stiffness or flexibility), and energy dissipation (damping) properties 
of the structure. In the idealized system, however, each of these properties is concentrated 
in three separate, pure components: mass component, stiffness component, and damping 
component. 

The number of independent displacements required to define the displaced posi¬ 
tions of all the masses relative to their original position is called the number of degrees 
of freedom (DOFs) for dynamic analysis. More DOFs are typically necessary to define 
the stiffness properties of a structure compared to the DOFs necessary for representing 
inertial properties. Consider the one-story frame of Fig. 1.2.1, constrained to move only 
in the direction of the excitation. The static analysis problem has to be formulated with 
three DOFs—lateral displacement and two joint rotations—to determine the lateral stiff¬ 
ness of the frame (see Section 1.3). In contrast, the structure has only one DOF—lateral 
displacement—for dynamic analysis if it is idealized with mass concentrated at one loca¬ 
tion, typically the roof level. Thus we call this a single-degree-of-freedom (SDF) system. 


Massless 

frame 




Figure 1.2.1 Single-degree-of-freedom system: (a) applied force p(t); (b) earthquake- 
induced ground motion. 















8 


Equations of Motion, Problem Statement, and Solution Methods Chap. 1 


Two types of dynamic excitation will be considered: (1) external force p(t) in the lat¬ 
eral direction (Fig. 1.2.1a), and (2) earthquake-induced ground motion u g (t) (Fig. 1.2.1b). 
In both cases u denotes the relative displacement between the mass and the base of the 
structure. 


1.3 FORCE-DISPLACEMENT RELATION 

Consider the system shown in Fig. 1.3.1a with no dynamic excitation subjected to an ex¬ 
ternally applied static force f$ along the DOF u as shown. The internal force resisting the 
displacement u is equal and opposite to the external force fs (Fig. 1.3.1b). It is desired 
to determine the relationship between the force f s and the relative displacement u associ¬ 
ated with deformations in the structure during oscillatory motion. This force-displacement 
relation would be linear at small deformations but would become nonlinear at larger de¬ 
formations (Fig. 1.3.1c); both nonlinear and linear relations are considered (Fig. 1.3.1c 
and d). 

To determine the relationship between f s and u is a standard problem in static struc¬ 
tural analysis, and we assume that the reader is familiar with such analyses. Thus the 
presentation here is brief and limited to those aspects that are essential. 




Figure 1.3.1 
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1.3.1 Linearly Elastic Systems 


For a linear system the relationship between the lateral force f s and resulting deformation 
u is linear, that is, 


fs = ku 


(1.3.1) 


where k is the lateral stiffness of the system; its units are force/length. Implicit inEq. (1.3.1) 
is the assumption that the linear fs~u relationship determined for small deformations of 
the structure is also valid for larger deformations. This linear relationship implies that fs 
is a single-valued function of u (i.e., the loading and unloading curves are identical). Such 
a system is said to be elastic ; hence we use the term linearly elastic system to emphasize 
both properties. 

Consider the frame of Fig. 1.3.2a with bay width L, height h, elastic modulus E, 
and second moment of the cross-sectional area (or moment of inertia)' about the axis of 
bending = //, and I c for the beam and columns, respectively; the columns are clamped 
(or fixed) at the base. The lateral stiffness of the frame can readily be determined for two 
extreme cases: If the beam is rigid [i.e., flexural rigidity Elt, = oo (Fig. 1.3.2b)], 


k = 


E 

columns 


12 EI C 
~h^~ 



(1.3.2) 


On the other hand, for a beam with no stiffness [i.e., £'4 = 0 (Fig. 1.3.2c)], 


k = 


x - 3 EI C 

E 

columns 



(1.3.3) 


Observe that for the two extreme values of beam stiffness, the lateral stiffness of the frame 
is independent of L, the beam length or bay width. 

The lateral stiffness of the frame with an intermediate, realistic stiffness of the beam 
can be calculated by standard procedures of static structural analysis. The stiffness ma¬ 
trix of the frame is formulated with respect to three DOFs: the lateral displacement u 



Figure 1.3.2 


tin this book the preferred term for I is second moment of area instead of the commonly used moment of 
inertia', the latter will be reserved for defining inertial effects associated with the rotational motion of rigid bodies. 
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and the rotations of the two beam-column joints (Fig. 1.3.2a). By static condensation or 
elimination of the rotational DOFs, the lateral force-displacement relation of Eq. (1.3.1) is 
determined. Applying this procedure to a frame with L = 2h and EI b = EI C , its lateral 
stiffness is obtained (see Example 1.1): 


96 EI C 


(1.3.4) 


The lateral stiffness of the frame can be computed similarly for any values of //,, 
I c , L, and h using the stiffness coefficients for a uniform flexural element presented in 
Appendix 1. If shear deformations in elements are neglected, the result can be written in 
the form 


2AEI C Up + 1 
Up + 4 


(1.3.5) 


where p = (EI b /L) -F (2 EI c /h) is the beam-to-column stiffness ratio (to be elaborated in 
Section 18.1.1). For p = 0, oo, and Eq. (1.3.5) reduces to the results of Eqs. (1.3.3), 
(1.3.2), and (1.3.4), respectively. The lateral stiffness is plotted as a function of p in 
Fig. 1.3.3; it increases by a factor of 4 as p increases from zero to infinity. 



Figure 1.3.3 Variation of lateral stiffness, k, with beam-to-column stiffness ratio, p. 


Example 1.1 

Calculate the lateral stiffness for the frame shown in Fig. El.la, assuming the elements to be 
axially rigid. 


A - E Ju 


“3 


EI r 


EI r 


7777 ?. 7777 ?. 

\ L - 2h 1 

(a) 


k 2 \ = 6 EI C / h 2 &3i = 6EI C / h 2 


k 22 = 4 £/ c / h + AEI b / L 


7 & 7 /. 


J~_ 2(12EI C ) 
Mi = 1 h 


6 EL 


W7?. 



(b) 


(c) 


Figure El.l 
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Solution This structure can be analyzed by any of the standard methods, including moment 
distribution. Here we use the definition of stiffness influence coefficients to solve the problem. 

The system has the three DOFs shown in Fig. El.la. To obtain the first column of the 
3x3 stiffness matrix, we impose unit displacement in DOF u\, with ui = M 3 = 0. The forces 
kj\ required to maintain this deflected shape are shown in Fig. El.lb. These are determined 
using the stiffness coefficients for a uniform flexural element presented in Appendix 1. The 
elements kj 2 in the second column of the stiffness matrix are determined by imposing 112 = 1 
with u 1 = it 3 = 0; see Fig. El.lc. Similarly, the elements k ,3 in the third column of the 
stiffness matrix can be determined by imposing displacements M 3 = 1 with u\ = U 2 = 0 . 
Thus the 3x3 stiffness matrix of the structure is known and the equilibrium equations can be 
written. For a frame with / 1 , = I c subjected to lateral force fs, they are 


EI C 

h 2 


'24 

6/2 

6/2 


6/2 
6 h 2 
h 2 


6/2 
h 2 
6h 2 



(a) 


From the second and third equations, the joint rotations can be expressed in terms of lateral 
displacement as follows: 



Substituting Eq. (b) into the first of three equations in Eq. (a) gives 


fs 


( 24EI C 

{-#- 


EI C 6 


Thus the lateral stiffness of the frame is 



96 El r 


Ml =- 

7 


h 3 


Ml 


(C) 


, 96 EI C 

k ~ 7 h 2 


(d) 


This procedure to eliminate joint rotations, known as the static condensation method, is 
presented in textbooks on static analysis of structures. We return to this topic in Chapter 9. 


1.3.2 Inelastic Systems 

Determined by experiments, the force-deformation relation for a structural steel compo¬ 
nent undergoing cyclic deformations expected during earthquakes is shown in Fig. 1.3.4. 
The initial loading curve is nonlinear at the larger amplitudes of deformation, and the un¬ 
loading and reloading curves differ from the initial loading branch; such a system is said 
to be inelastic. This implies that the force-deformation relation is path dependent, i.e., it 
depends on whether the deformation is increasing or decreasing. Thus the resisting force 
is an implicit function of deformation: 

fs = fs(u) (1.3.6) 

The force-deformation relation for the idealized one-story frame (Fig. 1.3.1a) deforming 
into the inelastic range can be determined in one of two ways. One approach is to use 
methods of nonlinear static structural analysis. For example, in analyzing a steel structure 
with an assumed stress-strain law, the analysis keeps track of the initiation and spreading 
of yielding at critical locations and formation of plastic hinges to obtain the initial loading 
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Figure 1.3.4 Force-deformation relation for a structural steel component. (From 
H. Krawinkler, V. V. Bertero, and E. P. Popov, “Inelastic Behavior of Steel Beam-to- 
Column Subassemblages,” Report No. EERC 71-7 , University of California, Berkeley, 

1971.) 

curve (o—a) shown in Fig. 1.3.1c. The unloading ( a-c ) and reloading ic-a) curves can be 
computed similarly or can be defined from the initial loading curve using existing hypothe¬ 
ses. Another approach is to define the inelastic force-deformation relation as an idealized 
version of the experimental data, such as in Fig. 1.3.4. 

We are interested in studying the dynamic response of inelastic systems because 
many structures are designed with the expectation that they will undergo some cracking, 
yielding, and damage during intense ground shaking caused by earthquakes. 


1.4 DAMPING FORCE 

As mentioned earlier, the process by which free vibration steadily diminishes in amplitude 
is called clamping. In damping, the energy of the vibrating system is dissipated by various 
mechanisms, and often more than one mechanism may be present at the same time. In 
simple “clean” systems such as the laboratory models of Fig. 1.1.4, most of the energy 
dissipation presumably arises from the thermal effect of repeated elastic straining of the 
material and from the internal friction when a solid is deformed. In actual structures, 
however, many other mechanisms also contribute to the energy dissipation. In a vibrating 
building these include friction at steel connections, opening and closing of microcracks 
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in concrete, and friction between the structure itself and nonstructural elements such as 
partition walls. It seems impossible to identify or describe mathematically each of these 
energy-dissipating mechanisms in an actual building. 

As a result, the damping in actual structures is usually represented in a highly ideal¬ 
ized manner. For many purposes the actual damping in a SDF structure can be idealized 
satisfactorily by a linear viscous damper or dashpot. The damping coefficient is selected 
so that the vibrational energy it dissipates is equivalent to the energy dissipated in all the 
damping mechanisms, combined, present in the actual structure. This idealization is there¬ 
fore called equivalent viscous damping, a concept developed further in Chapter 3. 

Figure 1.4.1a shows a linear viscous damper subjected to a force fo along the DOF u. 
The internal force in the damper is equal and opposite to the external force fo (Fig. 1.4. lb). 
As shown in Fig. 1.4.1c, the damping force fo is related to the velocity ii across the linear 
viscous damper by 


/o = cu 


(1.4.1) 


where the constant c is the viscous damping coefficient; it has units of force x time/length. 

Unlike the stiffness of a structure, the damping coefficient cannot be calculated from 
the dimensions of the structure and the sizes of the structural elements. This should not 
be surprising because, as we noted earlier, it is not feasible to identify all the mechanisms 
that dissipate vibrational energy of actual structures. Thus vibration experiments on actual 
structures provide the data for evaluating the damping coefficient. These may be free 
vibration experiments that lead to data such as those shown in Fig. 1.1.4; the measured rate 
at which motion decays in free vibration will provide a basis for evaluating the damping 
coefficient, as we shall see in Chapter 2. The damping property may also be determined 
from forced vibration experiments, a topic that we study in Chapter 3. 

The equivalent viscous damper is intended to model the energy dissipation at defor¬ 
mation amplitudes within the linear elastic limit of the overall structure. Over this range of 
deformations, the damping coefficient c determined from experiments may vary with the 
deformation amplitude. This nonlinearity of the damping property is usually not consid¬ 
ered explicitly in dynamic analyses. It may be handled indirectly by selecting a value for 
the damping coefficient that is appropriate for the expected deformation amplitude, usually 
taken as the deformation associated with the linearly elastic limit of the structure. 



/n 



/n 


Id 


Resisting force 



u 


(a) 


(b) 


(c) 


Figure 1.4.1 
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Additional energy is dissipated due to inelastic behavior of the structure at larger 
deformations. Under cyclic forces or deformations, this behavior implies formation of a 
force-deformation hysteresis loop (Fig. 1.3.1c). The damping energy dissipated during 
one deformation cycle between deformation limits ± u a is given by the area within the 
hysteresis loop abcda (Fig. 1.3.1c). This energy dissipation is usually not modeled by a 
viscous damper, especially if the excitation is earthquake ground motion, for reasons we 
note in Chapter 7. Instead, the most common, direct, and accurate approach to account for 
the energy dissipation through inelastic behavior is to recognize the inelastic relationship 
between resisting force and deformation, such as shown in Figs. 1.3.1c and 1.3.4, in solving 
the equation of motion (Chapter 5). Such force-deformation relationships are obtained 
from experiments on structures or structural components at slow rates of deformation, thus 
excluding any energy dissipation arising from rate-dependent effects. The usual approach 
is to model this damping in the inelastic range of deformations by the same viscous damper 
that was defined earlier for smaller deformations within the linearly elastic range. 


1.5 EQUATION OF MOTION: EXTERNAL FORCE 

Figure 1.5.1a shows the idealized one-story frame introduced earlier subjected to an exter¬ 
nally applied dynamic force p(t ) in the direction of the DOF u. This notation indicates 
that the force p varies with time t. The resulting displacement of the mass also varies with 
time; it is denoted by u{t). In Sections 1.5.1 and 1.5.2 we derive the differential equation 
governing the displacement u(t ) by two methods using (1) Newton’s second law of motion, 
and (2) dynamic equilibrium. An alternative point of view for the derivation is presented 
in Section 1.5.3. 

1.5.1 Using Newton’s Second Law of Motion 

The forces acting on the mass at some instant of time are shown in Fig. 1.5.1b. These 
include the external force p(t), the elastic (or inelastic) resisting force (Fig. 1.3.1), and 
the damping resisting force fo (Fig. 1.4.1). The external force is taken to be positive in 
the direction of the A-axis, and the displacement u(t), velocity u(t), and acceleration ii(t) 
are also positive in the direction of the A-axis. The elastic and damping forces are shown 



Figure 1.5.1 












Sec. 1.5 Equation of Motion: External Force 


15 


acting in the opposite direction because they are internal forces that resist the deformation 
and velocity, respectively. 

The resultant force along the x-axis is p — fs — fi:>, and Newton’s second law of 
motion gives 

P ~ fs ~ fo = mil or mil + f D + f s = pit) (1.5.1) 

This equation after substituting Eqs. (1.3.1) and (1.4.1) becomes 

mil + cu + ku = p(t) (1.5.2) 

This is the equation of motion governing the deformation or displacement u(t) of the 
idealized structure of Fig. 1.5.1a, assumed to be linearly elastic, subjected to an external 
dynamic force p(t). The units of mass are force/acceleration. 

This derivation can readily be extended to inelastic systems. Equation (1.5.1) is 
still valid and all that needs to be done is to replace Eq. (1.3.1), restricted to linear systems, 
by Eq. (1.3.6), valid for inelastic systems. For such systems, therefore, the equation of 
motion is 


mil + cu + fs(u ) = p(t) 


(1.5.3) 


1.5.2 Dynamic Equilibrium 

Having been trained to think in terms of equilibrium of forces, structural engineers may 
find D’Alembert’s principle of dynamic equilibrium particularly appealing. This principle 
is based on the notion of a fictitious inertia force, a force equal to the product of mass 
times its acceleration and acting in a direction opposite to the acceleration. It states that 
with inertia forces included, a system is in equilibrium at each time instant. Thus a free- 
body diagram of a moving mass can be drawn, and principles of statics can be used to 
develop the equation of motion. 

Figure 1.5.1c is the free-body diagram at time t with the mass replaced by its inertia 
force, which is shown by a dashed line to distinguish this fictitious force from the real 
forces. Setting the sum of all the forces equal to zero gives Eq. (1.5.1b),' which was 
derived earlier by using Newton’s second law of motion. 

1.5.3 Stiffness, Damping, and Mass Components 

In this section the governing equation for the idealized one-story frame is formulated based 
on an alternative viewpoint. Under the action of external force p{t), the state of the system 
is described by displacement u(t), velocity u(t), and acceleration ii(t); see Fig. 1.5.2a. 
Now visualize the system as the combination of three pure components: (1) the stiffness 
component: the frame without damping or mass (Fig. 1.5.2b); (2) the damping component: 
the frame with its damping property but no stiffness or mass (Fig. 1.5.2c); and (3) the mass 
component: the roof mass without the stiffness or damping of the frame (Fig. 1.5.2d). 


'Two or more equations in the same line with the same equation number will be referred to as equations a, 
b, c, etc., from left to right. 


>Z 
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P(t) fs Id fi 



Displacement u Displacement u Velocity it Acceleration it 

Velocity it 
Acceleration u 


(a) 


(b) 


(c) 


(d) 


Figure 1.5.2 (a) System; (b) stiffness component; (c) damping component; (d) mass component. 


The external force fs on the stiffness component is related to the displacement u by 
Eq. (1.3.1) if the system is linearly elastic, the external force fi> on the damping com¬ 
ponent is related to the velocity it by Eq. (1.4.1), and the external force // on the mass 
component is related to the acceleration by /) = mil. The external force pit) applied 
to the complete system may therefore be visualized as distributed among the three com¬ 
ponents of the structure, and f s + fo + .fi must equal the applied force p(t) leading to 
Eq. (1.5.1b). Although this alternative viewpoint may seem unnecessary for the simple 
system of Fig. 1.5.2a, it is useful for complex systems (Chapter 9). 

Example 1.2 

A small one-story industrial building, 20 by 30 ft in plan, is shown in Fig. El.2 with 
moment frames in the north-south direction and braced frames in the east-west direction. 
The weight of the structure can be idealized as 30 lb/ft 2 lumped at the roof level. The hor¬ 
izontal cross bracing is at the bottom chord of the roof trusses. All columns are W8 x 24 
sections; their second moments of cross-sectional area about the x and y axes are I x = 
82.8 in 4 and I y = 18.3 in 4 , respectively; for steel, E = 29,000 ksi. The vertical cross¬ 
bracings are made of 1-in.-diameter rods. Formulate the equation governing free vibration in 
(a) the north-south direction and (b) the east-west direction. 



Figure E1.2 (a) Plan; (b) east and west elevations; (c) north and south elevations; (d) cross brace. 
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Solution The mass lumped at the roof is 

w 30 x 30 x 20 r, ~ 

m = — = - = 46.63 lb-sec“/in. = 0.04663 ktp-sec 2 /in. 

g 386 

Because of the horizontal cross-bracing, the roof can be treated as a rigid diaphragm. 


(a) North-south direction. Because of the roof truss, each column behaves as a 
clamped-clamped column and the lateral stiffness of the two moment frames (Fig. El.2b) 
is 


/ 12 EI X \ _ 12(29 x 10 3 )(82.8) 

V h 3 J ~ (12 x 12) 3 


38.58 kips/in. 


and the equation of motion is 


mu + (£n-s) u — 0 


(a) 


(b) East-west direction. Braced frames, such as those shown in Fig. El.2c, are usu¬ 
ally designed as two superimposed systems: an ordinary rigid frame that supports vertical 
(dead and live) loads, plus a vertical bracing system, generally regarded as a pin-connected 
truss that resists lateral forces. Thus the lateral stiffness of a braced frame can be estimated as 
the sum of the lateral stiffnesses of individual braces. The stiffness of a brace (Fig. El.2d) is 
fcbrace — ( AE/L ) cos 2 G. This can be derived as follows. 

We start with the axial force-deformation relation for a brace: 


P = 



(b) 


By statics fs = p cos#, and by kinematics u = 8/ cos#. Substituting p = fs/cos9 and 
S = u cos 9 in Eq. (b) gives 


fs — ^hrace w 


^bn 


AE , 

-cos 

L 


9 


(c) 


For the brace in Fig. El.2c, cos 9 — 20 /y/ 12 2 + 20 2 = 0.8575, A = 0.785 in 2 , 
L = 23.3 ft, and 


k\j 


race 


0.785(29 x 10 3 ) 
23.3 x 12 


(0.8575) 2 = 59.8 kips/in. 


Although each frame has two cross-braces, only the one in tension will provide lateral resis¬ 
tance; the one in compression will buckle at small axial force and will contribute little to the 
lateral stiffness. Considering the two frames, 


&E-W = 2 x 59.8 = 119.6 kips/in. 


and the equation of motion is 


mu + (£e-w) u — 0 (d) 

Observe that the error in neglecting the stiffness of columns is small: k co \ = 2 x \2EI y /h 3 = 
4.26 kips/in. versus k ^ n , ce = 59.8 kips/in. 


Example 1.3 

A 375-ft-long concrete, box-girder bridge on four supports—two abutments and two sym¬ 
metrically located bents—is shown in Fig. El.3. The cross-sectional area of the bridge deck 
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(a) 


Deck 



Abutment 2 



Footings 


(c) 



v k 




7777?. 


Figure E1.3 
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is 123 ft 2 . The weight of the bridge is idealized as lumped at the deck level; the unit weight of 
concrete is 150 lb/ft 3 . The weight of the bents may be neglected. Each bent consists of three 
25-ft-tall columns of circular cross section with/y =/,< = 13 ft 4 (Fig. El.3b). Formulate the 
equation of motion governing free vibration in the longitudinal direction. The elastic modulus 
of concrete is E = 3000 ksi. 

Solution The weight per unit length lumped at the deck level is (123 x 1)150 = 18.45 kips/ft. 
The total weight lumped at the deck level is 

w = 18.45 x 375 = 6919 kips 
and the corresponding mass is 

w 6919 0 

m = — = -= 214.9 kip-sec 2 /ft 

g 32.2 

The longitudinal stiffness of the bridge is computed assuming the bridge deck to displace 
rigidly as shown in Fig. El.3c. Each column of a bent behaves as a clamped-clamped column. 
The longitudinal stiffness provided by each bent is 


kbent — ^ 


/ 12E J z i 4 

1 3 

'12(3000 x 144)13' 

1 ^ y 


(25) 3 


12,940 kips/ft 


Two bents provide a total stiffness of 

k = 2 x Abent = 2 x 12,940 = 25,880 kips/ft 
The equation governing the longitudinal displacement u is 

mu + ku = 0 


1.6 MASS-SPRING-DAMPER SYSTEM 

We have introduced the SDF system by idealizing a one-story structure (Fig. 1.5.1a), an 
approach that should appeal to structural engineering students. However, the classic SDF 
system is the mass-spring-damper system of Fig. 1.6.1a. The dynamics of this system is 
developed in textbooks on mechanical vibration and elementary physics. If we consider 
the spring and damper to be massless, the mass to be rigid, and all motion to be in the 
direction of the x-axis, we have an SDF system. Figure 1.6.1b shows the forces acting 
on the mass; these include the elastic resisting force, fs = ku, exerted by a linear spring 
of stiffness k, and the damping resisting force, fo = cu, due to a linear viscous damper. 
Newton’s second law of motion then gives Eq. (1.5.1b). Alternatively, the same equation 
is obtained using D’Alembert’s principle and writing an equilibrium equation for forces in 
the free-body diagram, including the inertia force (Fig. 1.6.1c). It is clear that the equation 
of motion derived earlier for the idealized one-story frame of Fig. 1.5.1a is also valid for 
the mass-spring-damper system of Fig. 1.6.1a. 









20 


Equations of Motion, Problem Statement, and Solution Methods Chap. 1 


(a) 

(b) 

(c) 


mg 

mg 



Friction-free surface 6 

Figure 1.6.1 Mass-spring-damper system. 


Example 1.4 

Derive the equation of motion of the weight w suspended from a spring at the free end of the 
cantilever steel beam shown in Fig. El.4a. For steel, E = 29,000 ksi. Neglect the mass of the 
beam and spring. 




(a) 


(b) 


(c) (d) 


Figure E1.4 (a) System; (b) undeformed, deformed, and static equilibrium positions; 

(c) free-body diagram; (d) spring and beam forces. 


Solution Figure El.4b shows the deformed position of the free end of the beam, spring, and 
mass. The displacement of the mass u is measured from its initial position with the beam 
and spring in their original undeformed configuration. Equilibrium of the forces of Fig. El.4c 
gives 


mu + f s = w + p{t ) 


(a) 
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where 


fs — k e u (b) 

and the effective stiffness k e of the system remains to be determined. The equation of motion 
is 

mu + k e ii = w + p(t ) (c) 

The displacement u can be expressed as 

u = <5 s t -T u (d) 

where <5 st is the static displacement due to weight w and u is measured from the position of 
static equilibrium. Substituting Eq. (d) in Eq. (a) and noting that (1) u = u because <5 s t does 
not vary with time, and (2) k e S st = w gives 

mii + k e u = p(t) (e) 

Observe that this is the same as Eq. (1.5.2) with c = 0 for a spring-mass system oriented in 
the horizontal direction (Fig. 1.6.1). Also note that the equation of motion (e) governing u, 
measured from the static equilibrium position, is unaffected by gravity forces. 

For this reason we usually formulate a dynamic analysis problem for a linear system 
with its static equilibrium position as the reference position. The displacement u(t) and as¬ 
sociated internal forces in the system will represent the dynamic response of the system. The 
total displacements and forces are obtained by adding the corresponding static quantities to 
the dynamic response. 

The effective stiffness k e remains to be determined. It relates the static force fs to the 
resulting displacement 77 by 

fs = k e u (f) 

where 


U — n s pring T U beam (~) 

where i/beam t ^ le deflection of the right end of the beam and 77 spr ; n g is the deformation in the 
spring. With reference to Fig. E1.4d, 


fs — ku s pring — ^beam 11 hcarn 

In Eq. (g), substitute for 17 from Eq. (f) and the 77 spr i n g and 77b e am from Eq. (h) to obtain 


fs_ _ fs_ _ j_ fs 

ke k ^bcarn 


or k P = 


k be 


k T A: be 


Now k — 20 lb/in. and 


, 3£/ 3(29 x 10 6 )[7r(l) 4 /4] „ nc<11u ,. 

^beam = —^- = 39.54 lb/in. 

O (10 x 12)3 

Substituting for k and £beam in Eq. (i) gives 

k e = 13.39 lb/in. 


(h) 

(i) 


As mentioned earlier, the gravity forces can be omitted from the formulation of the 
governing equation for the system of Fig. El.4 provided that the displacement u is measured 
from the static equilibrium position. However, the gravity loads must be considered if they act 
as either restoring forces (Example 1.5) or as destabilizing forces (Example 1.6). 
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Example 1.5 

Derive the equation governing the free motion of a simple pendulum (Fig. El.5a), which 
consists of a point mass m suspended by a light string of length L. 


O 



(a) 



Figure E1.5 (a) Simple pendulum; 
(b) free-body diagram. 


Solution Figure El.5a shows the displaced position of the pendulum defined by the angle 9 
measured from the vertical position, and Fig. El.5b shows the free-body diagram of the mass. 
The forces acting are the weight mg, tension T in the string, and D'Alembert’s fictitious inertia 
force // = mL9. 

Equilibrium of the moments of forces about O gives 

mL~9 + mgLsin 9=0 (a) 

This is a nonlinear differential equation governing 9. 

For small rotations, sin 9 ~ 9 and the equation of motion [Eq. (a)] can be rewritten as 

0 + j9 = 0 (b) 


Example 1.6 

The system of Fig. El.6 consists of a weight w attached to a rigid massless bar of length 
L joined to its support by a rotational spring of stiffness k. Derive the equation of motion. 
Neglect rotational inertia and assume small deflections. What is the buckling weight? 



Solution Figure El.6b shows the displaced position of the system defined by the angle 9 
measured from the vertical position and the free-body diagram, which includes the weight w, 
the spring force (moment) /$ = k9, and D’Alembert’s fictitious inertia force // = (w/g)L9. 
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Equilibrium of the moments about O gives 

fiL + f$ = mgL sin# 


or 


— Lr9 + k& = u>L sin 9 
g 


(a) 


For small rotations sin 9 ~ 0 and Eq. (a) can be rewritten as 


— L?9 + (k — ujL) 0 = 0 
g 


(b) 


Observe that the gravity load reduces the effective stiffness of the system. If the weight 
w = k/L, the effective stiffness is zero and the system becomes unstable under its own weight. 
Thus, the buckling load (or weight) is 



(c) 


1.7 EQUATION OF MOTION: EARTHQUAKE EXCITATION 


In earthquake-prone regions, the principal problem of structural dynamics that concerns 
structural engineers is the behavior of structures subjected to earthquake-induced motion 
of the base of the structure. The displacement of the ground is denoted by u g , the total (or 
absolute) displacement of the mass by u‘, and the relative displacement between the mass 
and ground by u (Fig. 1.7.1). At each instant of time these displacements are related by 


u\t) = u g (t) + u(t ) 


(1.7.1) 


Both u' and u g refer to the same inertial frame of reference and their positive directions 
coincide. 

The equation of motion for the idealized one-story system of Fig. 1.7.1a subjected to 
earthquake excitation can be derived by any one of the approaches introduced in Section 
1.5. Here we choose to use the concept of dynamic equilibrium. From the free-body 
diagram including the inertia force //, shown in Fig. 1.7.1b, the equation of dynamic 
equilibrium is 


fi + Id + fs = 0 


(1.7.2) 


u 



o 



(a) H u g 


(b) 


Figure 1.7.1 
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Only the relative motion u between the mass and the base due to structural deformation 
produces elastic and damping forces (i.e., the rigid-body component of the displacement 
of the structure produces no internal forces). Thus for a linear system, Eqs. (1.3.1) and 
(1.4.1) are still valid. The inertia force /) is related to the acceleration it' of the mass by 

ft = mu' (1.7.3) 

Substituting Eqs. (1.3.1), (1.4.1), and (1.7.3) in Eq. (1.7.2) and using Eq. (1.7.1) gives 

mu + cu + ku = —rniigit) (1.7.4) 

This is the equation of motion governing the relative displacement or deformation u ( t) of 
the linearly elastic structure of Fig. 1.7.1a subjected to ground acceleration u g (t). 

For inelastic systems, Eq. (1.7.2) is valid, but Eq. (1.3.1) should be replaced by 
Eq. (1.3.6). The resulting equation of motion is 

mu + cit + fs(u ) = —mu g (t) (1.7.5) 

Comparison of Eqs. (1.5.2) and (1.7.4), or of Eqs. (1.5.3) and (1.7.5), shows that 
the equations of motion for the structure subjected to two separate excitations—ground 
acceleration u g (t) and external force = —mu g {t )—are one and the same. Thus the relative 
displacement or deformation u(t) of the structure due to ground acceleration u g (t) will be 
identical to the displacement u ( t ) of the structure if its base were stationary and if it were 
subjected to an external force = — mu g {t ). As shown in Fig. 1.7.2, the ground motion can 
therefore be replaced by the effective earthquake force (indicated by the subscript “eff”): 

Pettit) = -mil g {t) (1.7.6) 

This force is equal to mass times the ground acceleration, acting opposite to the accelera¬ 
tion. It is important to recognize that the effective earthquake force is proportional to the 
mass of the structure. Thus the structural designer increases the effective earthquake force 
if the structural mass is increased. 

Although the rotational components of ground motion are not measured during earth¬ 
quakes, they can be estimated from the measured translational components and it is of 
interest to apply the preceding concepts to this excitation. For this purpose, consider the 
cantilever tower of Fig. 1.7.3a, which may be considered as an idealization of the water 
tank of Fig. 1.1.2, subjected to base rotation 6 g . The total displacement u‘ of the mass is 


o 


'/////////////////////////////////. .. N 
-c=> iigit) 


o 


Pettit) = —mii g if) 


v//////////////////////////////// 

Stationary base 


Figure 1.7.2 Effective earthquake force: horizontal ground motion. 
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Figure 1.7.3 Effective earthquake force: rotational ground motion. 


made up of two parts: u associated with structural deformation and a rigid-body compo¬ 
nent hO g , where h is the height of the mass above the base. At each instant of time these 
displacements are related by 

u'(t) = u(t) + hO g (t) (1.7.7) 

Equations (1.7.2) and (1.7.3) are still valid, but the total acceleration w f (?) must now be 
determined from Eq. (1.7.7). Putting all these equations together leads to 

mu + cu + ku = — mhd g (t ) (1.7.8) 

The effective earthquake force associated with ground rotation is 

PefKO = - mhO g (t ) (1-7.9) 

Example 1.7 

A uniform rigid slab of total mass m is supported on four columns of height h rigidly con¬ 
nected to the top slab and to the foundation slab (Fig. El.7a). Each column has a rectangular 
cross section with second moments of area l x and I y for bending about the x and y axes, 
respectively. Determine the equation of motion for this system subjected to rotation u g g of the 
foundation about a vertical axis. Neglect the mass of the columns. 

Solution The elastic resisting torque or torsional moment fs acting on the mass is shown in 
Fig. El.7b, and Newton’s second law gives 

-fs = loii'g (a) 

where 

Ug(t) = Ug(t) + U g g(t) (b) 

Here ug is the rotation of the roof slab relative to the ground and /<j = m(b 2 + d 2 )/ 12 is the 
moment of inertia of the roof slab about the axis normal to the slab passing through its center 
of mass O. The units of moment of inertia are force x (length) 2 /acceleration. The torque fs 
and relative rotation ug are related by 


fs = kgug 


(c) 
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(b) 


(c) 


Figure E1.7 

where kg is the torsional stiffness. To determine kg, we introduce a unit rotation, ug = 1, 
and identify the resisting forces in each column (Fig. El.7c). For a column with both ends 
clamped, k x = l2EI y /h 2 and k y = l2EI x /h 2 . The torque required to equilibrate these 
resisting forces is 


h = 4 (k x ^ 0 + 4 (k y ^ = k x d 2 + k y b 2 (d) 

Substituting Eqs. (c), (d), and (b) in (a) gives 

loiie + ( k x d 2 + k y b 2 )ug = -lou g g (e) 

This is the equation governing the relative rotation ug of the roof slab due to rotational 
acceleration u g g of the foundation slab. 


1.8 PROBLEM STATEMENT AND ELEMENT FORCES 
1.8.1 Problem Statement 

Given the mass m, the stiffness k of a linearly elastic system, or the force-deformation 
relation fs(u) for an inelastic system, the damping coefficient c, and the dynamic 
excitation—which may be an external force p(t ) or ground acceleration u g (t )—a 



































Sec. 1.8 Problem Statement and Element Forces 


27 


fundamental problem in structural dynamics is to determine the response of an SDF 
system: the idealized one-story system or the mass-spring-damper system. The term re¬ 
sponse is used in a general sense to include any response quantity, such as displacement, 
velocity, or acceleration of the mass; also, an internal force or internal stress in the struc¬ 
ture. When the excitation is an external force, the response quantities of interest are the 
displacement or deformation u(t), velocity it(t), and acceleration ii(t) of the mass. For 
earthquake excitation, both the total (or absolute) and the relative values of these quanti¬ 
ties may be needed. The relative displacement u(t) associated with deformations of the 
structure is the most important since the internal forces in the structure are directly related 
to u (t). 

1.8.2 Element Forces 

Once the deformation response history u(t) has been evaluated by dynamic analysis 
of the structure (i.e., by solving the equation of motion), the element forces—bending 
moments, shears, and axial forces—and stresses needed for structural design can be 
determined by static analysis of the structure at each instant in time (i.e., no additional 
dynamic analysis is necessary). This static analysis of a one-story linearly elastic frame 
can be visualized in two ways: 

1. At each instant, the lateral displacement u is known to which joint rotations 
are related and hence they can be determined; see Eq. (b) of Example 1.1. From the 
known displacement and rotation of each end of a structural element (beam and col¬ 
umn) the element forces (bending moments and shears) can be determined through the 
element stiffness properties (Appendix 1); and stresses can be obtained from element 
forces. 

2. The second approach is to introduce the equivalent static force, a central concept 
in earthquake response of structures, as we shall see in Chapter 6. At any instant of time t 
this force f s is the static (slowly applied) external force that will produce the deformation 
u determined by dynamic analysis. Thus 

fs(t) = ku{t) (1.8.1) 

where k is the lateral stiffness of the structure. Alternatively, fs can be interpreted as 
the external force that will produce the same deformation u in the stiffness component of 
the structure [i.e., the system without mass or damping (Fig. 1.5.2b)] as that determined 
by dynamic analysis of the structure [i.e., the system with mass, stiffness, and damping 
(Fig. 1.5.2a)]. Element forces or stresses can be determined at each time instant by static 
analysis of the structure subjected to the force fs determined from Eq. (1.8.1). It is unnec¬ 
essary to introduce the equivalent static force concept for the mass-spring-damper system 
because the spring force, also given by Eq. (1.8.1), can readily be visualized. 

For inelastic systems the element forces can be determined by appropriate modifi¬ 
cations of these procedures to recognize that such systems are typically analyzed by time¬ 
stepping procedures with iteration within a time step (Chapter 5). 
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Why is external force in the second approach defined as f s (t) and not as //(f)? 
From Eq. (1.7.2), —//(f) = f$(t ) + / D (f) = ku{t) + cu(t). It is inappropriate to include 
the velocity-dependent damping force because for structural design the computed element 
stresses are to be compared with allowable stresses that are specified based on static tests 
on materials (i.e., tests conducted at slow loading rates). 


1.9 COMBINING STATIC AND DYNAMIC RESPONSES 

In practical application we need to determine the total forces in a structure, including those 
existing before dynamic excitation of the structure and those resulting from the dynamic 
excitation. For a linear system the total forces can be determined by combining the results 
of two separate analyses: (1) static analysis of the structure due to dead and live loads, 
temperature changes, and so on; and (2) dynamic analysis of the structure subjected to the 
time-varying excitation. This direct superposition of the results of two analyses is valid 
only for linear systems. 

The analysis of nonlinear systems cannot, however, be separated into two indepen¬ 
dent analyses. The dynamic analysis of such a system must recognize the forces and 
deformations already existing in the structure before the onset of dynamic excitation. This 
is necessary, in part, to establish the initial stiffness property of the structure required to 
start the dynamic analysis. 


1.10 METHODS OF SOLUTION OF THE DIFFERENTIAL EQUATION 

The equation of motion for a linear SDF system subjected to external force is the second- 
order differential equation derived earlier: 

mu + cu + ku — p(t) (1.10.1) 

The initial displacement u( 0) and initial velocity //(()) at time zero must be specified to 
define the problem completely. Typically, the structure is at rest before the onset of dy¬ 
namic excitation, so that the initial velocity and displacement are zero. A brief review of 
four methods of solution is given in the following sections. 


1.10.1 Classical Solution 

Complete solution of the linear differential equation of motion consists of the sum of the 
complementary solution u c (t) and the particular solution u p (t), that is, u(t) = u c (t) + 
u p (t). Since the differential equation is of second order, two constants of integration are 
involved. They appear in the complementary solution and are evaluated from a knowledge 
of the initial conditions. 
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Example 1.8 

Consider a step force: pit) = p 0 , t > 0. In this case, the differential equation of motion for a 
system without damping (i.e., c = 0) is 


mu + ku = p 0 

(a) 

The particular solution for Eq. fa) is 


, A Po 

Up(t ) = y 

(b) 

and the complementary solution is 


u c (t) = A cos w n t + B sin a> n t 

(c) 


where A and B are constants of integration and a> n — yjk/m. 

The complete solution is given by the sum of Eqs. (b) and (c): 


u(t) = A cos a> n t + B smco n t -- (d) 

k 

If the system is initially at rest, u( 0) =0 and u (0) = 0 at t = 0. For these initial conditions 
the constants A and B can be determined: 

A = —— B = 0 (e) 

k 

Substituting Eq. (e) in Eq. (d) gives 

u(t) = —(1 — coso>„r) (f) 

k 

The classical solution will be the principal method we will use in solving the dif¬ 
ferential equation for free vibration and for excitations that can be described analytically, 
such as harmonic, step, and pulse forces. 

1.10.2 Duhamel’s Integral 

Another well-known approach to the solution of linear differential equations, such as 
the equation of motion of an SDF system, is based on representing the applied force as 
a sequence of infinitesimally short impulses. The response of the system to an applied 
force, p(t), at time t is obtained by adding the responses to all impulses up to that time. 
We develop this method in Chapter 4, leading to the following result for an undamped 
SDF system: 

1 f‘ 

u{t) = - / p( r) sin[®„(f — x)]dr (1.10.2) 

mco n Jo 

where a> n = yfkjm. Implicit in this result are “at rest” initial conditions. Equation (T. 10.2), 
known as Duhamel’s integral, is a special form of the convolution integral found in text¬ 
books on differential equations. 

Example 1.9 

Using Duhamel’s integral, we determine the response of an SDF system, assumed 
to be initially at rest, to a step force, p(t) = p 0 ,t > 0. For this applied force, Eq. (1.10.2) 
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specializes to 


Po f . r . ... Po [cos^fr-T) 

u(t) = - / sinLa>nU — T)\dr = - - 

main Jo niai n \_ ai n 

This result is the same as that obtained in Section 1.10.1 by the classical solution of the differ¬ 
ential equation. 


r=0 


P° ,, , 

= —(1 - COStU,jt) 

k 


Duhamel’s integral provides an alternative method to the classical solution if the 
applied force p(t ) is defined analytically by a simple function that permits analytical eval¬ 
uation of the integral. For complex excitations that are defined only by numerical values of 
p(t) at discrete time instants, Duhamel’s integral can be evaluated by numerical methods. 
Such methods are not included in this book, however, because more efficient numerical 
procedures are available to determine dynamic response; some of these are presented in 
Chapter 5. 

1.10.3 Frequency-Domain Method 

The Laplace and Fourier transforms provide powerful tools for the solution of linear dif¬ 
ferential equations, in particular the equation of motion for a linear SDF system. Because 
the two transform methods are similar in concept, here we mention only the use of Fourier 
transform, which leads to the frequency-domain method of dynamic analysis. 

The Fourier transform P(ai) of the excitation function pit) is defined by 

/ OO 

pit)e~ ilot dt (1.10.3) 

-OO 

The Fourier transform U(co) of the solution u(t) of the differential equation is then given 
by 

U(co) = H(ai)P(co) (1.10.4) 

where the complex frequency-response function //(&>) describes the response of the system 
to harmonic excitation. Finally, the desired solution u(t ) is given by the inverse Fourier 
transform of U(co): 

1 r°° 

u(t) = — H (ai) P (ai)e ,mr dot (1.10.5) 

J —oo 

Straightforward integration can be used to evaluate the integral of Eq. (1.10.3) but contour 
integration in the complex plane is necessary for Eq. (1.10.5). Closed-form results can be 
obtained only if p(t) is a simple function, and application of the Fourier transform method 
was restricted to such p(t) until high-speed computers became available. 

The Fourier transform method is now feasible for the dynamic analysis of linear 
systems to complicated excitations p(t) or u g (t) that are described numerically. In such 
situations, the integrals of both Eqs. (1.10.3) and (1.10.5) are evaluated numerically by the 
discrete Fourier transform method using the fast Fourier transform algorithm developed in 
1965. These concepts are developed in Appendix A. 
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Figure 1.10.1 These two reinforced-concrete dome-shaped containment structures house 
the nuclear reactors of the San Onofre power plant in California. For design purposes, their 
fundamental natural vibration period was computed to be 0.15 sec assuming the base as 
fixed, and 0.50 sec considering soil flexibility. This large difference in the period indicates 
the important effect of soil-structure interaction for these structures. (Courtesy of Southern 
California Edison.) 


The frequency-domain method of dynamic analysis is symbolized by Eqs. (1.10.3) 
and (1.10.5). The first gives the amplitudes P(co) of all the harmonic components that 
make up the excitation p(t). The second equation can be interpreted as evaluating the har¬ 
monic response of the system to each component of the excitation and then superposing 
the harmonic responses to obtain the response u(t). The frequency-domain method, which 
is an alternative to the time-domain method symbolized by Duhamel’s integral, is espe¬ 
cially useful and powerful for dynamic analysis of structures interacting with unbounded 
media. Examples are (1) the earthquake response analysis of a structure where the ef¬ 
fects of interaction between the structure and the unbounded underlying soil are signifi¬ 
cant (Fig. 1.10.1), and (2) the earthquake response analysis of concrete dams interacting 
with the water impounded in the reservoir that extends to great distances in the upstream 
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Figure 1.10.2 Morrow Point Dam, a 465-ft-high arch dam, on the Gunnison River, 
Colorado. Determined by forced vibrations tests, the fundamental natural vibration pe¬ 
riod of the dam in antisymmetric vibration is 0.268 sec with the reservoir partially full and 
0.303 sec with a full reservoir. (Courtesy of U.S Bureau of Reclamation.) 


direction (Fig. 1.10.2). Because earthquake analysis of such complex structure-soil and 
structure-fluid systems is beyond the scope of this book, a comprehensive presentation of 
the frequency-domain method of dynamic analysis is not included. However, an introduc¬ 
tion to the method is presented in Appendix A. 

1.10.4 Numerical Methods 

The preceding three dynamic analysis methods are restricted to linear systems and cannot 
consider the inelastic behavior of structures anticipated during earthquakes if the ground 
shaking is intense. The only practical approach for such systems involves numerical time¬ 
stepping methods, which are presented in Chapter 5. These methods are also useful for 
evaluating the response of linear systems to excitation—applied force p(t) or ground 
motion ii g (t )—which is too complicated to be defined analytically and is described only 
numerically. 
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1.11 STUDY OF SDF SYSTEMS: ORGANIZATION 

We will study the dynamic response of linearly elastic SDF systems in free vibration 
(Chapter 2), to harmonic and periodic excitations (Chapter 3), to step and pulse excita¬ 
tions (Chapter 4), and to earthquake ground motion (Chapter 6). Because most structures 
are designed with the expectation that they will deform beyond the linearly elastic limit 
during major, infrequent earthquakes, the inelastic response of SDF systems is studied in 
Chapter 7. The time variation of response r(t) to these various excitations will be of inter¬ 
est. For structural design purposes, the maximum value (over time) of response r contains 
the crucial information, for it is related to the maximum forces and deformations that a 
structure must be able to withstand. We will be especially interested in the peak value of 
response, or for brevity, peak response, defined as the maximum of the absolute value of 
the response quantity: 

r a = max |r(f)| (1.11.1) 

t 

By definition the peak response is positive; the algebraic sign is dropped because it is 
usually irrelevant for design. Note that the subscript o attached to a response quantity 
denotes its peak value. 


FURTHER READING 


Clough, R. W., and Penzien, J., Dynamics of Structures, McGraw-Hill, New York, 1993, Sections 4-3, 
6-2, 6-3, and 12-6. 

Humar, J. L., Dynamics of Structures, 2nd ed., A. A. Balkema Publishers, Lisse, The Netherlands, 
2002, Chapter 9 and Section 13.5. 


APPENDIX 1: STIFFNESS COEFFICIENTS FOR A FLEXURAL 
ELEMENT 

From the slope deflection equations, we can write the stiffness coefficients for a 
linearly elastic, prismatic (uniform) frame element. These are presented in Fig. A 1.1 
for an element of length L, second moment of area I, and elastic modulus E. The stiffness 


2 El 4EI 




(b) 


(c) 


Figure Al.l 
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coefficients for joint rotation are shown in part (a) and those for joint translation in part (b) 
of the figure. 

Now consider the element shown in Fig. Al.lc with its two nodes identified as a 
and b that is assumed to be axially inextensible. Its four degrees of freedom are the nodal 
translations u a and iib and nodal rotations 0 a and 14. The bending moments at the two 
nodes are related to the four DOFs as follows: 



4 El 


2 El 

6 El 

6 El 


M a = 

e a 

L 

+ 

L @b + 

L* Ua 

L 2 Ub 

(A1.1) 


2 El 


4 El 

6 El 

6EI 


M h = 

o a 

L 

+ 

L + 

L 2“° 

L 2 Ub 

(A 1.2) 


The shearing forces at the two nodes are related to the four DOFs as follows: 


12 El 

F.' — ^a 


12 El 6 El 6 El 

—jj~ Ub + + ~JT 0b 


(A1.3) 


V b 


12EI 12 El 6EI 6 El 

u “ + l 3 Ub z4~ 0fl iX° b 


(A1.4) 


At each instant of time, the nodal forces M a , Mb, V a , and V b are calculated from u a , 

9 a , and Of,. The bending moment and shear at any other location along the element are 
determined by statics applied to the element of Fig. Al.lc. 


PROBLEMS 


1 . 1 - 

1.3 


Starting from the basic definition of stiffness, determine the effective stiffness of the combined 
spring and write the equation of motion for the spring-mass systems shown in Figs. Pl.l to 


PI.3. 
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Figure Pl.l 


Figure P1.2 
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Figure P1.3 


1.4 Derive the equation governing the free motion of a simple pendulum that consists of a rigid 
massless rod pivoted at point O with a mass m attached at the tip (Fig. P1.4). Linearize the 
equation, for small oscillations, and determine the natural frequency of oscillation. 
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O 



m 


Figure P1.4 


1.6 

1.7 


Consider the free motion in the xy plane of a compound pendulum that consists of a rigid rod 
suspended from a point (Fig. PI.5). The length of the rod is L and its mass m is uniformly 
distributed. The width of the uniform rod is b and the thickness is t. The angular displacement 
of the centerline of the pendulum measured from the y-axis is denoted by 9(t). 

(a) Derive the equation governing 9(t). 

(b) Linearize the equation for small 9. 

(c) Determine the natural frequency of small oscillations. 



* 


* 


Figure P1.5 


Figure P1.6 


Repeat Problem 1.5 for the system shown in Fig. PI.6, which differs in only one sense: its 
width varies from zero at O to b at the free end. 

Develop the equation governing the longitudinal motion of the system of Fig. PI.7. The rod is 
made of an elastic material with elastic modulus £; its cross-sectional area is A and its length 
is L. Ignore the mass of the rod and measure u from the static equilibrium position. 


1.6 

1.7 


'///// 


L 


A, E 



Figure P1.7 
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1.8 A rigid disk of mass m is mounted at the end of a flexible shaft (Fig. PI.8). Neglecting the 
weight of the shaft and neglecting damping, derive the equation of free torsional vibration of 
the disk. The shear modulus (of rigidity ) of the shaft is G. 



A Figure P1.8 

1.9- Write the equation governing the free vibration of the systems shown in Figs. PI.9 to PI. 11. 
1.11 Assuming the beam to be massless, each system has a single DOF defined as the vertical 
deflection under the weight w. The flexural rigidity of the beam is El and the length is L. 
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Figure P1.9 


Figure PI.10 
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+ • • Figure Pl.ll 


1.12 Determine the natural frequency of a weight w suspended from a spring at the midpoint of a 
simply supported beam (Fig. PI.12). The length of the beam is L, and its flexural rigidity is 
El. The spring stiffness is k. Assume the beam to be massless. 
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Figure PI.12 
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1.13 Derive the equation of motion for the frame shown in Fig. PI.13. The flexural rigidity of 
the beam and columns is as noted. The mass lumped at the beam is m\ otherwise, assume the 
frame to be massless and neglect damping. By comparing the result with Eq. (1.3.2), comment 
on the effect of base fixity. 



Pit) 


Figure P1.13 


1.14 Write the equation of motion for the one-story, one-bay frame shown in Fig. PI.14. The 
flexural rigidity of the beam and columns is as noted. The mass lumped at the beam is m; 
otherwise, assume the frame to be massless and neglect damping. By comparing this equation 
of motion with the one for Example 1.1, comment on the effect of base fixity. 



Pit) 


Figure P1.14 


1.15- Write the equation of motion of the one-story, one-bay frame shown in Figs. PI.15 and PI.16. 
1.16 The flexural rigidity of the beam and columns is as noted. The mass lumped at the beam is 
m; otherwise, assume the frame to be massless and neglect damping. Check your result from 
Problem 1.15 against Eq. (1.3.5). Comment on the effect of base fixity by comparing the two 
equations of motion. 


El c l 2 m 

— -O-r— pi 0 


EL 


EL 


L = 2h 
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Figure P1.15 


Figure P1.16 


1.17 A heavy rigid platform of weight w is supported by four columns, hinged at the top and 
the bottom, and braced laterally in each side panel by two diagonal steel wires as shown in 
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Fig. PI. 17. Each diagonal wire is pretensioned to a high stress; its cross-sectional area is A 
and elastic modulus is E. Neglecting the mass of the columns and wires, derive the equation of 
motion governing free vibration in (a) the x-direction, and (b) the y-direction. (Hint: Because 
of high pretension, all wires contribute to the structural stiffness, unlike Example 1.2, where 
the braces in compression do not provide stiffness.) 



Figure P1.17 


1.18 Derive the equation of motion governing the torsional vibration of the system of Fig. PI. 17 
about the vertical axis passing through the center of the platform. 

1.19 An automobile is crudely idealized as a lumped mass m supported on a spring-damper sys¬ 
tem as shown in Fig. PI.19. The automobile travels at constant speed v over a road whose 
roughness is known as a function of position along the road. Derive the equation of motion. 



u g (x) 
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Figure PI.19 




















Free Vibration 


PREVIEW 

A structure is said to be undergoing free vibration when it is disturbed from its static equi¬ 
librium position and then allowed to vibrate without any external dynamic excitation. In 
this chapter we study free vibration leading to the notions of the natural vibration frequency 
and damping ratio for an SDF system. We will see that the rate at which the motion decays 
in free vibration is controlled by the damping ratio. Thus the analytical results describing 
free vibration provide a basis to determine the natural frequency and damping ratio of a 
structure from experimental data of the type shown in Fig. 1.1.4. 

Although damping in actual structures is due to several energy-dissipating mech¬ 
anisms acting simultaneously, a mathematically convenient approach is to idealize them 
by equivalent viscous damping. Consequently, this chapter deals primarily with viscously 
damped systems. However, free vibration of systems in the presence of Coulomb friction 
forces is analyzed toward the end of the chapter. 


2.1 UNDAMPED FREE VIBRATION 

The motion of linear SDF systems, visualized as an idealized one-story frame or a mass¬ 
spring-damper system, subjected to external force p(t) is governed by Eq. (1.5.2). Setting 
p(t) — 0 gives the differential equation governing free vibration of the system, which for 
systems without damping (c = 0) specializes to 

mu + ku = 0 (2.1.1) 
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Free vibration is initiated by disturbing the system from its static equilibrium position by 
imparting the mass some displacement «(0) and velocity n(0) at time zero, defined as the 
instant the motion is initiated: 

u — u( 0) u = u( 0) (2.1.2) 


Subject to these initial conditions, the solution to the homogeneous differential equation is 
obtained by standard methods (see Derivation 2.1): 


u(t) = m(0) cos u> n t 


ii{ 0) 

COn 


sin co n t 


(2.1.3) 


where 


(2.1.4) 

Equation (2.1.3) is plotted in Fig. 2.1.1. It shows that the system undergoes vibra¬ 
tory (or oscillatory) motion about its static equilibrium (or undeformed, u = 0) position; 
and that this motion repeats itself after every 2n/a> n seconds. In particular, the state (dis¬ 
placement and velocity) of the mass at two time instants, t\ and t\ + 2tt/o>„ , is identical: 
u{t\) — u(t\ + 2 tt/ oon) and u(t\) — u(t\ + 2ic/a>„). These equalities can easily be proved, 
starting with Eq. (2.1.3). The motion described by Eq. (2.1.3) and shown in Fig. 2.1.1 is 
known as simple harmonic motion. 

The portion a-b-c-d-e of the displacement-time curve describes one cycle of free 
vibration of the system. From its static equilibrium (or undeformed) position at a , the 
mass moves to the right, reaching its maximum positive displacement u 0 at /;, at which 
time the velocity is zero and the displacement begins to decrease and the mass returns 
back to its equilibrium position c, at which time the velocity is maximum and hence the 




Figure 2.1.1 Free vibration of a system without damping. 
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mass continues moving to the left, reaching its minimum displacement — u a at d, at which 
time the velocity is again zero and the displacement begins to decrease again and the mass 
returns to its equilibrium position at e. At time instant e, 2 jr/a> n seconds after time instant 
a, the state (displacement and velocity) of the mass is the same as it was at time instant a, 
and the mass is ready to begin another cycle of vibration. 

The time required for the undamped system to complete one cycle of free vibration 
is the natural period of vibration of the system, which we denote as T n , in units of sec¬ 
onds. It is related to the natural circular frequency of vibration, co n . in units of radians per 
second: 



(D n 


(2.1.5) 


A system executes \/T n cycles in 1 sec. This natural cyclic frequency of vibration is 
denoted by 


fn = ^ ( 2 . 1 . 6 ) 

1 n 

The units of /„ are hertz (Hz) [cycles per second (cps)]; /„ is obviously related to co n 
through 


m,, 

f n = ^ (2.1.7) 

2jt 

The term natural frequency of vibration applies to both co n and /„. 

The natural vibration properties to n , T„, and /„ depend only on the mass and stiffness 
of the structure; see Eqs. (2.1.4) to (2.1.6). The stiffer of two SDF systems having the same 
mass will have the higher natural frequency and the shorter natural period. Similarly, the 
heavier (more mass) of two structures having the same stiffness will have the lower natural 
frequency and the longer natural period. The qualifier natural is used in defining T„, a>„, 
and /„ to emphasize the fact that these are natural properties of the system when it is 
allowed to vibrate freely without any external excitation. Because the system is linear, 
these vibration properties are independent of the initial displacement and velocity. The 
natural frequency and period of the various types of structures of interest to us vary over a 
wide range, as shown in Figs. 1.10.1, 1.10.2, and 2.1.2a-f. 

The natural circular frequency co n , natural cyclic frequency /„, and natural period T n 
defined by Eqs. (2.1.4) to (2.1.6) can be expressed in the alternative form 



where <5 st = mg/k, and where g is the acceleration due to gravity. This is the static de¬ 
flection of the mass m suspended from a spring of stiffness k\ it can be visualized as the 
system of Fig. 1.6.1 oriented in the vertical direction. In the context of the one-story frame 
of Fig. 1.2.1, (5 st is the lateral displacement of the mass due to lateral force mg. 
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Figure 2.1.2a Alcoa Building, San 
Francisco, California. The fundamental 
natural vibration periods of this 26-story 
steel building are 1.67 sec for north-south 
(longitudinal) vibration, 2.21 sec for 
east-west (transverse) vibration, and 1.12 
sec for torsional vibration about a vertical 
axis. These vibration properties were 
determined by forced vibration tests. 
(Courtesy of International Structural Slides.) 



Figure 2.1.2b Transamerica Building, San 
Francisco, California. The fundamental 
natural vibration periods of this 49-story 
steel building, tapered in elevation, are 2.90 
sec for north-south vibration and also for 
east-west vibration. These vibration 
properties were determined by forced 
vibration tests. (Courtesy of International 
Structural Slides.) 
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Figure 2.1.2c Medical Center Building, Richmond, California. The fundamental natural 
vibration periods of this three-story steel frame building are 0.63 sec for vibration in the 
long direction, 0.74 sec in the short direction, and 0.46 sec for torsional vibration about 
a vertical axis. These vibration properties were determined from motions of the building 
recorded during the 1989 Loma Prieta earthquake. (Courtesy of California Strong Motion 
Instrumentation Program.) 



Figure 2.1.2d Pine Flat Dam on the Kings River, near Fresno, California. The funda¬ 
mental natural vibration period of this 400-ft-high concrete gravity dam was measured by 
forced vibration tests to be 0.288 sec and 0.306 sec with the reservoir depth at 310 ft and 
345 ft, respectively. 
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Figure 2.1.2e Golden Gate Bridge, San Francisco, California. The fundamental natural 
vibration periods of this suspension bridge with the main span of 4200 ft are 18.2 sec for 
transverse vibration, 10.9 sec for vertical vibration, 3.81 sec for longitudinal vibration, 
and 4.43 sec for torsional vibration. These vibration properties were determined from 
recorded motions of the bridge under ambient (wind, traffic, etc.) conditions. (Courtesy of 
International Structural Slides.) 



Figure 2.1.2f Reinforced-concrete 
chimney, located in Aramon, France. The 
fundamental natural vibration period of this 
250-m-high chimney is 3.57 sec; it was 
determined from records of wind-induced 
vibration. 







Sec. 2.1 Undamped Free Vibration 


45 


The undamped system oscillates back and forth between the maximum displacement 
u a and minimum displacement — u a . The magnitude u a of these two displacement values 
is the same; it is called the amplitude of motion and is given by 


u 0 


[«( 0)] 2 + 


m( 0) 


(2.1.9) 


The amplitude u 0 depends on the initial displacement and velocity. Cycle after cycle it 
remains the same; that is. the motion does not decay. We had mentioned in Section 1.1 this 
unrealistic behavior of a system if a damping mechanism to represent dissipation of energy 
is not included. 

The natural frequency of the one-story frame of Fig. 1.3.2a with lumped mass m and 
columns clamped at the base is 


<w„ 



24 £/ c 12p + 1 
/r 3 12p + 4 


( 2 . 1 . 10 ) 


where the lateral stiffness comes from Eq. (1.3.5) and p = ( Elb/L ) (2EI c /h). For the 
extreme cases of a rigid beam, p = oo, and a beam with no stiffness, p = 0, the lateral 
stiffnesses are given by Eqs. (1.3.2) and (1.3.3) and the natural frequencies are 


1 24 E 4 
V m/i 3 


(to n )p =o — 



( 2 . 1 . 11 ) 


The natural frequency is doubled as the beam-to-column stiffness ratio, p, increases 
from 0 to oo; its variation with p is shown in Fig. 2.1.3. 

The natural frequency is similarly affected by the boundary conditions at the base 
of the columns. If the columns are hinged at the base rather than clamped and the beam 
is rigid, co n = ^6EI c /mh 3 , which is one-half of the natural frequency of the frame with 
clamped-base columns. 



Figure 2.1.3 Variation of natural frequency, co n , with beam-to-column stiffness ratio, p. 
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Derivation 2.1 

The solution of Eq. (2.1.1), a linear, homogeneous, second-order differential equation with 
constant coefficients, has the form 

u = e Xt (a) 

where the constant X is unknown. Substitution into Eq. (2.1.1) gives 

{mX 2 + k)e xt = 0 

The exponential term is never zero, so 

(mX 2 + k) = 0 (b) 

Known as the characteristic equation, Eq. (b) has two roots: 

7-1,2 = ±i<w« (c) 

where i = — I. The general solution of Eq. (2.1.1) is 

u(t) = a\e Xl ' + a 2 e Xlt 
which after substituting Eq. (c) becomes 

u(t) = a\e ic0 "‘ +a 2 e- i0,n ' (d) 

where a\ and a 2 are complex-valued constants yet undetermined. By using the Euler relations, 
e lx = cosx + i sinx and e~ ,x = cosx — i sinx. Equation (d) can be rewritten as 

u(t) = Acosco n t + B smw n t (e) 

where A and B are real-valued constants yet undetermined. Equation (e) is differentiated to 
obtain 

u (f) = —a)„A sin u) n t + co n B cos a> n t (f) 

Evaluating Eqs. (e) and (f) at time zero gives the constants A and B in terms of the initial 
displacement «(0) and initial velocity ii(0): 

u(0) = A u(0) = a)„B (g) 

Substituting for A and B from Eq. (g) into Eq. (e) leads to the solution given in Eq. (2.1.3). 


Example 2.1 

For the one-story industrial building of Example 1.2, determine the natural circular frequency, 
natural cyclic frequency, and natural period of vibration in (a) the north-south direction and 
(b) the east-west direction. 

Solution (a) North-south direction: 


(o>„)n-s 


(T„) N—S 


(/«)n-s 


38.58 
0.04663 
2n 


= 28.73 rad/sec 


28.73 

1 

0.219 


= 0.219 sec 

= 4.57 Hz 
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(b) East-west direction: 


/ 119.6 

(&>„)f_w = .,/- = 50.64 rad/sec 

v w y o 04663 7 

2n 

(T„) e-w = - = 0.124 sec 

50.64 

1 

(/n)E—'w —-— 8-06 Hz 

J 0.124 

Observe that the natural frequency is much higher (and the natural period much shorter) in 
the east-west direction because the vertical bracing makes the system much stiffen although 
the columns of the frame are bending about their weak axis; the vibrating mass is the same in 
both directions. 


Example 2.2 

For the three-span box girder bridge of Example 1.3, determine the natural circular frequency, 
natural cyclic frequency, and natural period of vibration for longitudinal motion. 

Solution 

/25,880 

./- = 10.97 rad/sec 

V 214.9 



T„ 


fn 


2?r 

10.97 

1 

0.573 


= 0.573 sec 


= 1.75 Hz 


Example 2.3 

Determine the natural cyclic frequency and the natural period of vibration of a weight of 20 lb 
suspended as described in Example 1.4. 

Solution 




= 2.56 Hz 


20 

13.39 


1 

T n — — = 0.391 sec 

Jn 


1.494 in. 
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Example 2.4 

Consider the system described in Example 1.7 with b = 30 ft, d = 20 ft, /i = 12 ft, slab weight 
= 0.1 kip/ft 2 , and the lateral stiffness of each column in the x and y directions is k x = 1.5 
and k y = 1.0, both in kips/in. Determine the natural frequency and period of torsional motion 
about the vertical axis. 

Solution From Example 1.7, the torsional stiffness kg and the moment of inertia Io are 
k e = k x d 2 + kyb 2 = 1.5(12)(20) 2 + 1.0(12)(30) 2 = 18,000 kip-ft/rad 

201.86 kip-sec 2 -ft 
= 0.67 sec 


I 0 = m 


b 2 + d 2 
12 


0.1(30 x 20) 
(32.2) 


(30) 2 + (20) 2 
12 


o>„ = — = 9.44 rad/sec 

Io 


fn = 1.49 Hz 


T„ 


2.2 VISCOUSLY DAMPED FREE VIBRATION 


Setting p(t ) = 0 in Eq. (1.5.2) gives the differential equation governing free vibration of 
SDF systems with damping: 


mii + cit + ku — 0 

(2.2.1a) 

Dividing by m gives 


ii + 2 £a) n u + co 2 u — 0 

(2.2.1b) 

where o>„ = *Jk/m as defined earlier and 


c c 

2/72 ft),, C cr 

(2.2.2) 

We will refer to 

,— 2k 

c cr = 2/w &)„ = 2 V km = — 

(2.2.3) 


(D n 


as the critical damping coefficient, for reasons that will appear shortly; and f is the damp¬ 
ing ratio or fraction of critical damping. The damping constant c is a measure of the 
energy dissipated in a cycle of free vibration or in a cycle of forced harmonic vibration 
(Section 3.8). However, the damping ratio—a dimensionless measure of damping—is a 
property of the system that also depends on its mass and stiffness. The differential equa¬ 
tion (2.2.1) can be solved by standard methods (similar to Derivation 2.1) for given initial 
displacement w(0) and velocity u( 0). Before writing any formal solution, however, we 
examine the solution qualitatively. 

2.2.1 Types of Motion 

Figure 2.2.1 shows a plot of the motion u(t) due to initial displacement n(0) for three val¬ 
ues of f. If c < c cr or £ < 1, the system oscillates about its equilibrium position with a pro¬ 
gressively decreasing amplitude. If c = c CT or f = 1, the system returns to its equilibrium 
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Figure 2.2.1 Free vibration of underdamped, critically damped, and overdamped sys¬ 
tems. 


position without oscillating. If c > c cr or £ > 1, again the system does not oscillate and 
returns to its equilibrium position, as in the £ = 1 case, but at a slower rate. 

The damping coefficient c cr is called the critical damping coefficient because it is 
the smallest value of c that inhibits oscillation completely. It represents the dividing line 
between oscillatory and nonoscillatory motion. 

The rest of this presentation is restricted to underdamped systems (c < c cr ) because 
structures of interest—buildings, bridges, dams, nuclear power plants, offshore structures, 
etc.—all fall into this category, as typically, their damping ratio is less than 0.10. There¬ 
fore, we have little reason to study the dynamics of critically damped systems (c = c cr ) or 
overdamped systems (c > c cr ). Such systems do exist, however; for example, recoil mech¬ 
anisms, such as the common automatic door closer, are overdamped; and instruments used 
to measure steady-state values, such as a scale measuring dead weight, are usually criti¬ 
cally damped. Even for automobile shock absorber systems, however, damping is usually 
less than half of critical, £ < 0.5. 

2.2.2 Underdamped Systems 


The solution to Eq. (2.2.1) subject to the initial conditions of Eq. (2.1.2) for systems with 
c < c cr or £ < 1 is (see Derivation 2.2) 


where 


u(t) = e 


— £(O n t 


u( 0) cos co D t 


u(0) + £co„u( 0) 

U>D 


sin co D t 


(2.2.4) 


co D = cons/l - C 2 (2.2.5) 

Observe that Eq. (2.2.4) specialized for undamped systems ( c— 0) reduces to Eq. (2.1.3). 

Equation (2.2.4) is plotted in Fig. 2.2.2, which shows the free vibration response of 
an SDF system with damping ratio £ = 0.05, or 5%. Included for comparison is the free 
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u(0) 



Damped structure 


T d = 27t/(0 o 


Figure 2.2.2 Effects of damping on free vibration. 


vibration response of the same system but without damping, presented earlier in Fig. 2.1.1. 
Free vibration of both systems is initiated by the same initial displacement u (0) and ve¬ 
locity m(0), and hence both displacement-time plots start at t = 0 with the same ordinate 
and slope. Equation (2.2.4) and Fig. 2.2.2 indicate that the natural frequency of damped 
vibration is u>o, and it is related by Eq. (2.2.5) to the natural frequency a>„ of the system 
without damping. The natural period of damped vibration. To = 2 tt/ a>o, is related to the 
natural period T n without damping by 



( 2 . 2 . 6 ) 


The displacement amplitude of the undamped system is the same in all vibration cycles, 
but the damped system oscillates with amplitude decreasing with every cycle of vibration. 
Equation (2.2.4) indicates that the displacement amplitude decays exponentially with time, 
as shown in Fig. 2.2.2. The envelope curves ±pe ~^ a>n ', where 



(2.2.7) 


touch the displacement-time curve at points slightly to the right of its peak values. 

Damping has the effect of lowering the natural frequency from a>„ to u>o and length¬ 
ening the natural period from T„ to To- These effects are negligible for damping ratios 
below 20%, a range that includes most structures, as shown in Fig. 2.2.3, where the ratio 
a) D /a> n = T n /T D is plotted against f. For most structures the damped properties co D and 
T D are approximately equal to the undamped properties o>„ and T n , respectively. For sys¬ 
tems with critical damping, u>o = 0 and To = oo. This is another way of saying that the 
system does not oscillate, as shown in Fig. 2.2.1. 

















u(t ) / u( 0) 
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Damping ratio C, 


Figure 2.2.3 Effects of damping on the 
natural vibration frequency. 


The more important effect of damping is on the rate at which free vibration decays. 
This is displayed in Fig. 2.2.4, where the free vibration due to initial displacement m( 0) is 
plotted for four systems having the same natural period T n but differing damping ratios: 
£ = 2, 5, 10, and 20%. 



0 5 10 15 20 5 10 15 20 

t/T n t!T n 

Figure 2.2.4 Free vibration of systems with four levels of damping: f = 2, 5, 10, and 20%. 

Derivation 2.2 

Substituting Eq. (a) of Derivation 2.1 into Eq. (2.2.1b) gives 

+ 2£ar n X 4 - = 0 

which is satisfied for all values of t if 

~ + 2^o) n X + g)2 = 0 (a) 

Equation (a), which is known as the characteristic equation, has two roots: 

M,2 = a>n(—K ± 'V 1 ~ 


(b) 
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which are complex-valued for f < 1. The general solution of Eq. (2.2.1b) is 

u{t) = aie^ lf + a 2 e Xlt (c) 

which after substituting Eq. (b) becomes 

u(t) = (aie ia>Dt + a 2 e~ irOD ') (d) 

where a \ and a 2 are complex-valued constants as yet undetermined and cod is defined in 
Eq. (2.2.5). As in Derivation 2.1, the term in parentheses in Eq. (d) can be rewritten in terms 
of trigonometric functions to obtain 

u(t) — (A cos coot + B sin coot) (e) 


where A and B are real-valued constants yet undetermined. These can be expressed in terms 
of the initial conditions by proceeding along the lines of Derivation 2.1: 


A = m(0) 


B = 


«(0) + ?&>„«( 0) 

COD 


(f) 


Substituting for A and B in Eq. (e) leads to the solution given in Eq. (2.2.4). 

We now make two observations that will be useful later: (1) ki and k 2 in Eq. (b) are a 
complex conjugate pair, denoted by X and X; and (2) a\ and a 2 must also be a conjugate pair 
because u ( t ) is real valued. Thus, Eq. (c) can be written as 


i /(f) = be Xt + be Xt 


(g) 


where b is a complex-valued constant. 


2.2.3 Decay of Motion 


In this section a relation between the ratio of two successive peaks of damped free vibration 
and the damping ratio is presented. The ratio of the displacement at time t to its value a 
full vibration period T d later is independent of t. Derived from Eq. (2.2.4), this ratio is 
given by the first equality in 


u(t) I 2 TTt \ 

= exp ^co n T D ) = exp (2.2.8) 

u(t + T D ) \yi - t ; 1 J 

and the second equality is obtained by utilizing Eqs. (2.2.6) and (2.1.5). This result also 
gives the ratio \ of successive peaks (maxima) shown in Fig. 2.2.5, because these 

peaks are separated by period Td' 


Ui 


= exp 


2 nt; 

T^T 2 


w /+1 

The natural logarithm of this ratio, called the logarithmic decrement, we denote by 8: 

Uj 2 jt £ 


(2.2.9) 


8 = In - ,_ 

Mi+i yi - C 2 

If 0 is small, y 7 1 — <( 2 ~ 1 and this gives an approximate equation: 


( 2 . 2 . 10 ) 


8 ~ 27r£ 


( 2 . 2 . 11 ) 
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Figure 2.2.5 


Figure 2.2.6 shows a plot of the exact and approximate relations between S and f. It is 
clear that Eq. (2.2.11) is valid for £ < 0.2, which covers most practical structures. 

If the decay of motion is slow, as is the case for lightly damped systems such as the 
aluminum model in Fig. 1.1.4, it is desirable to relate the ratio of two amplitudes several 
cycles apart, instead of successive amplitudes, to the damping ratio. Over j cycles the 
motion decreases from u \ to Uj + \. This ratio is given by 


Therefore, 


U\ ll\ U 2 U 3 

Uj+1 ll2 W3 U4 


*-L- = e j& 


u j+ \ 


8 = (l/j) In (ui/uj+i) ~ 2 Tti; 


( 2 . 2 . 12 ) 


To determine the number of cycles elapsed for a 50% reduction in displacement amplitude, 
we obtain the following relation from Eq. (2.2.12): 

750% - 0.11/C (2.2.13) 

This equation is plotted in Fig. 2.2.7. 



Damping ratio ^ 


Figure 2.2.6 Exact and approximate 
relations between logarithmic decrement and 
damping ratio. 
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0 0.05 0.1 0.15 0.2 


Damping ratio £ 


Figure 2.2.7 Number of cycles required to 
reduce the free vibration amplitude by 50%. 


2.2.4 Free Vibration Tests 

Because it is not possible to determine analytically the damping ratio f for practical struc¬ 
tures, this elusive property should be determined experimentally. Free vibration experi¬ 
ments provide one means of determining the damping. Such experiments on two one-story 
models led to the free vibration records presented in Fig. 1.1.4; a part of such a record 
is shown in Fig. 2.2.8. For lightly damped systems the damping ratio can be determined 
from 


1 ui 1 ii; 

£ = - ln—^~ or £= - In — - (2.2.14) 

2itj u i+j 2 nj 

“ i+j 

The first of these equations is equivalent to Eq. (2.2.12), which was derived from the 
equation for u(t). The second is a similar equation in terms of accelerations, which are 
easier to measure than displacements. It can be shown to be valid for lightly damped 
systems. 


Tp , T„ 



M/+4 


Time 


Figure 2.2.8 Acceleration record of a freely vibrating system. 
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The natural period Td of the system can also be determined from the free vibration 
record by measuring the time required to complete one cycle of vibration. Comparing this 
with the natural period obtained from the calculated stiffness and mass of an idealized sys¬ 
tem tells us how accurately these properties were calculated and how well the idealization 
represents the actual structure. 

Example 2.5 

Determine the natural vibration period and damping ratio of the plexiglass frame model 
(Fig. 1.1.4a) from the acceleration record of its free vibration shown in Fig. 1.1.4c. 

Solution The peak values of acceleration and the time instants they occur can be read from 
the free vibration record or obtained from the corresponding data stored in a computer during 
the experiment. The latter provides the following data: 


Peak 

Time, tj (sec) 

Peak, iij (g) 

1 

1.110 

0.915 

11 

3.844 

0.076 


Td 


3.844- 1.110 
10 


= 0.273 sec 


1 ln °- 915 g 

2tt( 10) 0.076g 


0.0396 or 3.96% 


Example 2.6 

A free vibration test is conducted on an empty elevated water tank such as the one in Fig. 1.1.2. 
A cable attached to the tank applies a lateral (horizontal) force of 16.4 kips and pulls the tank 
horizontally by 2 in. The cable is suddenly cut and the resulting free vibration is recorded. 
At the end of four complete cycles, the time is 2.0 sec and the amplitude is 1 in. From these 
data compute the following: (a) damping ratio; (b) natural period of undamped vibration; 

(c) stiffness; (d) weight; (e) damping coefficient; and (f) number of cycles required for the 
displacement amplitude to decrease to 0.2 in. 

Solution (a) Substituting uj = 2 in., j = 4, and u,+j = 1 in. in Eq. (2.2.14a) gives 

1 2 

f = -In - = 0.0276 = 2.76% 

s 2 jt (4) 1 

Assumption of small damping implicit in Eq. (2.2.14a) is valid. 

2.0 

(b) Tq — — — 0.5 sec; T„ ~ Td = 0.5 sec. 

16.4 

(c) k = —— = 8.2 kips/in. 

2 n 2n 

(d) CD n = — = — = 12.57 rad/sec; 

T n 0.5 

k 8.2 , 

m = r = -r- = 0.0519 kip-sec _ /in.; 

col (12.57)2 

w = (0.0519)386 = 20.03 kips. 

(e) c = f (2 Vkm) = 0.0276 [2^8.2(0.0519)] = 0.0360 kip-sec/in. 
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1 Ml 

(f)f ~ -In——; 

2 nj ui +j 


1 2 

j — -In — = 13.28 cycles ~ 13 cycles. 

1 2n (0.0276) 0.2 3 3 


Example 2.7 

The weight of water required to fill the tank of Example 2.6 is 80 kips. Determine the natural 
vibration period and damping ratio of the structure with the tank full. 

Solution 


w = 20.03 + 80 = 100.03 kips 

100.03 , 

= 0.2591 kip-sec 2 /in. 


386 


/ m / 0.2591 

T n = 2jr,/ — = 2jr./- = 1.12 sec 

'' k V 8.2 


? = 


0.0360 


= 0.0123 = 1.23% 


2Vk^ 2^8.2(0.2591) 

Observe that the damping ratio is now smaller (1.23% compared to 2.76% in Example 2.6) 
because the mass of the full tank is larger and hence the critical damping coefficient is larger. 


2.3 ENERGY IN FREE VIBRATION 


The energy input to an SDF system by imparting to it the initial displacement u( 0) and 
initial velocity u (0) is 

E,= l -k[um 2 +\rn[um 2 (2.3.1) 

At any instant of time the total energy in a freely vibrating system is made up of two 
parts, kinetic energy Ek of the mass and potential energy equal to the strain energy E s of 
deformation in the spring: 


E K (t) = ^m[u(t)] 2 E s (t) = ^k[u(t)f 
Substituting u(t) from Eq. (2.1.3) for an undamped system leads to 


1 

EkU) = 2 mco n 


u( 0 ) 

-m(0 ) sin<u„r H-cos co n t 

(On 


E s (t ) = ~k 


u( 0 ) 

u (0) cos co n t H-sin co n t 

(On 


(2.3.2) 


(2.3.3) 

(2.3.4) 


The total energy is 

E K (t) + Es(t) = l -k[um 2 + (2.3.5) 

wherein Eq. (2.1.4) has been utilized together with a well-known trigonometric identity. 
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Thus, the total energy is independent of time and equal to the input energy of Eq. (2.3.1), 
implying conservation of energy during free vibration of a system without damping. 

For systems with viscous damping, the kinetic energy and potential energy could be 
determined by substituting u(t) from Eq. (2.2.4) and its derivative ii(t) into Eq. (2.3.2). 
The total energy will now be a decreasing function of time because of energy dissipated in 
viscous damping, which over the time duration 0 to t\ is 


E d 




(cu)u dt 



cu 2 dt 


(2.3.6) 


All the input energy will eventually get dissipated in viscous damping; as t\ goes to oo, the 
dissipated energy, Eq. (2.3.6), tends to the input energy, Eq. (2.3.1). 


2.4 COULOMB-DAMPED FREE VIBRATION 


In Section 1.4 we mentioned that damping in actual structures is due to several energy- 
dissipating mechanisms acting simultaneously, and a mathematically convenient approach 
is to idealize them by equivalent viscous damping. Although this approach is sufficiently 
accurate for practical analysis of most structures, it may not be appropriate when special 
friction devices have been introduced in a building to reduce its vibrations during earth¬ 
quakes. Currently, there is much interest in such application and we return to them in 
Chapter 7. In this section the free vibration of systems under the presence of Coulomb 
friction forces is analyzed. 

Coulomb damping results from friction against sliding of two dry surfaces. The fric¬ 
tion force F = // N , where /r denotes the coefficients of static and kinetic friction, taken 
to be equal, and N the normal force between the sliding surfaces. The friction force is 
assumed to be independent of the velocity once the motion is initiated. The direction of the 
friction force opposes motion, and the sign of the friction force will change when the direc¬ 
tion of motion changes. This necessitates formulation and solution of two differential equa¬ 
tions, one valid for motion in one direction and the other valid when motion is reversed. 

Figure 2.4.1 shows a mass-spring system with the mass sliding against a dry surface, 
and the free-body diagrams for the mass, including the inertia force, for two directions of 


(a) 


(b) Direction of Motion 


(c) Direction of Motion 


! 


Coefficient 


V////////////////////7////////)/////. 



of friction 

ku -4 - 


ku -4 - 


m 

/ 11 






F= I 


F = [lN 


N 


N 


Figure 2.4.1 
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motion. The equation governing the motion of the mass from right to left is 


for which the solution is 


mii + ku = F 


(2.4.1) 


u(t) — A\ cos co n t + B i sin a>„t + u F (2.4.2) 

where u F — F/k. For motion of the mass from left to right, the governing equation is 


for which the solution is 


mu + ku = —F 


(2.4.3) 


u(t) = A 2 cos co n t + B 2 sinct> ;l f — up (2.4.4) 

The constants A 1 , B 1 , A 2 , and Ih depend on the initial conditions of each successive 
half-cycle of motion; co n = /in and the constant u p may be interpreted as the static 
deformation of the spring due to friction force F. Each of the two differential equations is 
linear, but the overall problem is nonlinear because the governing equation changes every 
half-cycle of motion. 

Let us study the motion of the system of Fig. 2.4.1 starting with some given initial 
conditions and continuing until the motion ceases. At time t = 0, the mass is displaced a 
distance u (0) to the right and released from rest such that ii (0) = 0. For the first half-cycle 
of motion, Eq. (2.4.2) applies with the constants A\ and B\ determined from the initial 
conditions at t = 0 : 


A\ = u(0) — up B i=0 

Substituting these in Eq. (2.4.2) gives 

u(t) — [m(0) — up] cosco,,! + up 0 < t < ix/w n (2.4.5) 

This is plotted in Fig. 2.4.2; it is a cosine function with amplitude = u( 0) — u p and shifted 
in the positive u direction by u F . Equation (2.4.5) is valid until the velocity becomes zero 
again at t — n/u> n = T n / 2 (Fig. 2.4.2); at this instant u = —u( 0) + 2up. 

Starting from this extreme left position, the mass moves to the right with its motion 
described by Eq. (2.4.4). The constants A 2 and IF are determined from the conditions at 
the beginning of this half-cycle: 

A 2 — u(0) — 3up fi 2 = 0 

Substituting these in Eq. (2.4.4) gives 

u(t) = [m(0) — 3up]cosco n t — up tv/ co n < t < 27t/o)„ (2.4.6) 

This is plotted in Fig. 2.4.2; it is a cosine function with reduced amplitude = n(0) — 3u F 
and shifted in the negative u direction by u F . Equation (2.4.6) is valid until the velocity 
becomes zero again at t = 2n/a> n = T„ (Fig. 2.4.2); at this time instant u — n(0) — Aiip. 

At t = 2 tc/ ojn the motion reverses and is described by Eq. (2.4.2), which after eval¬ 
uating the constants A 1 and B\ becomes 

u(t) = [n(0) — 5up]cosa> n t + u F 27r/«„ < t < 3jt/co n (2.4.7) 
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ll 


u( 0 ) 



^/^Linear decay 


Up 

—Up 


Figure 2.4.2 Free vibration of a system with Coulomb friction. 


This is a cosine function with its amplitude reduced further to m(0) — 5 up and shifted, as 
before, in the positive u direction by u F . 

The time taken for each half-cycle is n/co n and the duration of a full cycle, the natural 
period of vibration, is 



(2.4.8) 


Observe that the natural period of a system with Coulomb damping is the same as for the 
system without damping. In contrast, viscous damping had the effect of lengthening the 
natural period [Eq. (2.2.6)]. 

In each cycle of motion, the amplitude is reduced by 4u /. ; that is, the displacements 
Uj and m, +1 at successive maxima are related by 


u i+ \ = Ui —4 u F 


(2.4.9) 


Thus the envelopes of the displacement-time curves are straight lines, as shown in Fig. 2.4.2, 
instead of the exponential functions for systems with viscous damping. 

When does the free vibration of a system with Coulomb friction stop? In each cycle 
the amplitude is reduced by 4u F . Motion stops at the end of the half-cycle for which the 
amplitude is less than up. At that point the spring force acting on the mass is less than 
the friction force, ku < F , and motion ceases. In Fig. 2.4.2 this occurs at the end of the 
third cycle. The final rest position of the mass is displaced from its original equilibrium 
position and represents a permanent deformation in which the friction force and spring 
force are locked in. Shaking or tapping the system will usually jar it sufficiently to restore 
equilibrium. 

Damping in real structures must be due partly to Coulomb friction, since only this 
mechanism can stop motion in free vibration. If the damping were purely viscous, motion 
theoretically continues forever, although at infinitesimally small amplitudes. This is an 
academic point, but it is basic to an understanding of damping mechanisms. 

The various damping mechanisms that exist in real structures are rarely modeled 
individually. In particular, the Coulomb frictional forces that must exist are not considered 
explicitly unless frictional devices have been incorporated in the structure. Even with such 
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devices it is possible to use equivalent viscous damping to obtain approximate results for 
dynamic response (Chapter 3). 

Example 2.8 

A small building consists of four steel frames, each with a friction device, supporting a 
reinforced-concrete slab, as shown schematically in Fig. E2.8a. The normal force across each 
of the spring-loaded friction pads is adjusted to equal 2.5% of the slab weight (Fig. E2.8c). 
A record of the building motion in free vibration along the x-axis is shown in Fig. E2.8d. 
Determine the effective coefficient of friction. 

Solution 

1. Assumptions: (a) the weight of the frame is negligible compared to the slab, 
(b) Energy dissipation due to mechanisms other than friction is negligible, a reasonable as¬ 
sumption because the amplitude of motion decays linearly with time (Fig. E2.8d). 

2. Determine T n and up. 

4.5 2 n 

T„ = — = 0.5 sec a> n — — = 4jt 
9 0.5 

5.5-0.1 

4 up — - = 0.6 in. uf = 0.15 in. 

9 


(a) 

|—o- u 



(b) 


F ( 

0.025(iw 














(c) 


L, 


. X 

R/C slab 
weight = w 


Steel frame 


(d) 



Figure E2.8 
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3. Determine the coefficient of friction. The friction force along each brace is /x (0.025 w) 
and its component in the lateral direction is (0.025/xtu) cos a. The total friction force in the 
lateral direction due to the four braces, two in each of the two frames, is 


F 


4(0.025/xu>) cos a = (0.1/xiu) 



O.OSfiw 


U F 




F _ 0.08 fiw 
k k 


0.08/xmg 

k 


0.08/xg 

ml 


upaijj 0.15(4rr) 2 

0.08g 0.08g 


PROBLEMS 


2.1 A heavy table is supported by flat steel legs (Fig. P2.1). Its natural period in lateral vibration 
is 0.5 sec. When a 50-lb plate is clamped to its surface, the natural period in lateral vibration 
is lengthened to 0.75 sec. What are the weight and the lateral stiffness of the table? 


7777777777777777777777777&777777777Z777/. 7777777777777777777777777777777777777Z?77/. 

T„ = 0.5 sec T n = 0.75 sec Figure ,, 2 | 

2.2 An electromagnet weighing 400 lb and suspended by a spring having a stiffness of 100 lb/in. 
(Fig. P.2.2a) lifts 200 lb of iron scrap (Fig. P2.2b). Determine the equation describing the 
motion when the electric current is turned off and the scrap is dropped (Fig. P2.2c). 



Figure P2.2 
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2.3 A mass m is at rest, partially supported by a spring and partially by stops (Fig. P2.3). In 
the position shown, the spring force is mg/2. At time t = 0 the stops are rotated, suddenly 
releasing the mass. Determine the motion of the mass. 



Figure P2.3 


2.4 The weight of the wooden block shown in Fig. P2.4 is 10 lb and the spring stiffness is 100 
lb/in. A bullet weighing 0.5 lb is fired at a speed of 60 ft/sec into the block and becomes 
embedded in the block. Determine the resulting motion u(t) of the block. 




fy////////////////^)//??/////////, 


Figure P2.4 


2.5 A mass m\ hangs from a spring k and is in static equilibrium. A second mass m 2 drops 
through a height h and sticks to m\ without rebound (Fig. P2.5). Determine the subsequent 
motion u(t) measured from the static equilibrium position of mj and k. 



m 2 


Figure P2.5 


2.6 The packaging for an instrument can be modeled as shown in Fig. P2.6, in which the instru¬ 
ment of mass m is restrained by springs of total stiffness k inside a container; m = 10 lb/g and 
k = 50 lb/in. The container is accidentally dropped from a height of 3 ft above the ground. 
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V////////////////////////////////////////// Figure P2.6 


Assuming that it does not bounce on contact, determine the maximum deformation of the 
packaging within the box and the maximum acceleration of the instrument. 

2.7 Consider a diver weighing 200 lb at the end of a diving board that cantilevers out 3 ft. The 
diver oscillates at a frequency of 2 Hz. What is the flexural rigidity El of the diving board? 

2.8 Show that the motion of a critically damped system due to initial displacement u (0) and initial 
velocity zi(0) is 

u{t) = {«(0) + [ii(0) + a> n u(0)] t } e _ “" f 

2.9 Show that the motion of an overcritically damped system due to initial displacement u (0) and 
initial velocity u (0) is 

u(t) = e~^ 0>n ' ^ Aie~ m D' + A 2 e 0> D , ^j 
where co' D = ai n y /f 2 — 1 and 

—«(0) + ^ —f + y/%~ — 1 ^ cu„i/(0) 

2u> d 

n(0) + + y/^ -- — 1^ cOni^i. 0) 

2^ 

2.10 Derive the equation for the displacement response of a viscously damped SDF system due to 
initial velocity m(0) for three cases: (a) underdamped systems; (b) critically damped systems; 
and (c) overdamped systems. Plot u{t) -H u(0)/a> n against t/T n for f = 0.1, 1, and 2. 

2.11 For a system with damping ratio £, determine the number of free vibration cycles required to 
reduce the displacement amplitude to 10% of the initial amplitude; the initial velocity is zero. 

2.12 What is the ratio of successive amplitudes of vibration if the viscous damping ratio is known 
to be (a) ? = 0.01, (b) £ = 0.05, or (c) f = 0.25? 

2.13 The supporting system of the tank of Example 2.6 is enlarged with the objective of increasing 
its seismic resistance. The lateral stiffness of the modified system is double that of the original 
system. If the damping coefficient is unaffected (this may not be a realistic assumption), 
for the modified tank determine (a) the natural period of vibration T n , and (b) the damping 
ratio £. 


Ai = 

A 2 = 
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2.14 The vertical suspension system of an automobile is idealized as a viscously damped SDF sys¬ 
tem. Under the 3000-lb weight of the car the suspension system deflects 2 in. The suspension 
is designed to be critically damped. 

(a) Calculate the damping and stiffness coefficients of the suspension. 

(b) With four 160-lb passengers in the car, what is the effective damping ratio? 

(c) Calculate the natural vibration frequency for case (b). 

2.15 The stiffness and damping properties of a mass-spring-damper system are to be determined 
by a free vibration test; the mass is given as m = 0.1 lb-sec 2 /in. In this test the mass is 
displaced 1 in. by a hydraulic jack and then suddenly released. At the end of 20 complete 
cycles, the time is 3 sec and the amplitude is 0.2 in. Determine the stiffness and damping 
coefficients. 

2.16 A machine weighing 250 lb is mounted on a supporting system consisting of four springs 
and four dampers. The vertical deflection of the supporting system under the weight of the 
machine is measured as 0.8 in. The dampers are designed to reduce the amplitude of vertical 
vibration to one-eighth of the initial amplitude after two complete cycles of free vibration. 
Find the following properties of the system: (a) undamped natural frequency, (b) damping 
ratio, and (c) damped natural frequency. Comment on the effect of damping on the natural 
frequency. 

2.17 Determine the natural vibration period and damping ratio of the aluminum frame model 
(Fig. 1.1.4a) from the acceleration record of its free vibration shown in Fig. 1.1,4b. 

2.18 Show that the natural vibration frequency of the system in Fig. El.6a is w' n = a>„(l — 
ui/Wci) 1 ^ 2 , where ai n is the natural vibration frequency computed neglecting the action of 
gravity, and w a is the buckling weight. 

2.19 An impulsive force applied to the roof slab of the building of Example 2.8 gives it an initial 
velocity of 20 in./sec to the right. How far to the right will the slab move? What is the 
maximum displacement of the slab on its return swing to the left? 

2.20 An SDF system consisting of a weight, spring, and friction device is shown in Fig. P2.20. 
This device slips at a force equal to 10% of the weight, and the natural vibration period of the 
system is 0.25 sec. If this system is given an initial displacement of 2 in. and released, what 
will be the displacement amplitude after six cycles? In how many cycles will the system come 
to rest? 


F = 0. lw 


^//////////////A/A/a)//^////////, 


Figure P2.20 
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Response to Harmonic and 
Periodic Excitations 


PREVIEW 

The response of SDF systems to harmonic excitation is a classical topic in structural dy¬ 
namics, not only because such excitations are encountered in engineering systems (e.g., 
force due to unbalanced rotating machinery), but also because understanding the response 
of structures to harmonic excitation provides insight into how the system will respond to 
other types of forces. Furthermore, the theory of forced harmonic vibration has several 
useful applications in earthquake engineering. 

In Part A of this chapter the basic results for response of SDF systems to harmonic 
force are presented, including the concepts of steady-state response, frequency-response 
curve, and resonance. Applications of these results to experimental evaluation of the 
natural vibration frequency and damping ratio of a structure, to isolation of vibration, 
and to the design of vibration-measuring instruments is the subject of Part B; also in¬ 
cluded is the concept of equivalent viscous damping. This concept is used in Part C to 
obtain approximate solutions for the response of systems with rate-independent damp¬ 
ing or Coulomb friction; these results are then shown to be good approximations to the 
“exact” solutions. A procedure to determine the response of SDF systems to periodic 
excitation is presented in Part D. A Fourier series representation of the excitation, com¬ 
bined with the results for response to harmonic excitations, provides the desired proce¬ 
dure. 
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PART A: VISCOUSLY DAMPED SYSTEMS: BASIC RESULTS 


3.1 HARMONIC VIBRATION OF UNDAMPED SYSTEMS 

A harmonic force is p(t) = p a sin cot or p a cos cot, where p a is the amplitude or maximum 
value of the force and its frequency co is called the exciting frequency or forcing frequency; 
T = 2n/u> is the exciting period or forcing period (Fig. 3.1.1a). The response of SDF 
systems to a sinusoidal force will be presented in some detail, along with only brief com¬ 
ments on the response to a cosine force because the concepts involved are similar in the 
two cases. 

Setting p(t) = p 0 sin cot in Eq. (1.5.2) gives the differential equation governing the 
forced harmonic vibration of the system, which for systems without damping specializes to 

mii + ku = p 0 sin cot (3.1.1) 

This equation is to be solved for the displacement or deformation u(t) subject to the initial 
conditions 


u — n(0) u = m(0) (3.1.2) 

where u( 0) and «(()) are the displacement and velocity at the time instant the force is 
applied. The particular solution to this differential equation is (see Derivation 3.1) 

Po 1 

Up(t)=—- -—-—-r sin cot a>^co n (3.1.3) 

k 1 — (< (jo/(x) n y 

The complementary solution of Eq. (3.1.1) is the free vibration response determined in 
Eq. (d) of Derivation 2.1: 


u c (t) = A cos a>„t + B sin co„t (3.1.4) 

and the complete solution is the sum of the complementary and particular solutions: 

Po 1 

u(t) = Acos®„t + B sin co n t H-r- sin cot (3.1.5) 

k 1 - {(o/w n y 

The constants A and B are determined by imposing the initial conditions, Eq. (3.1.2), to 
obtain the final result (see Derivation 3.1): 


u(t) = u( 0) cos a>„t + 


u ( 0 ) Po (i>/(L> n 


u> n k 1 — (c o/co n ) 2 


sin co„ t 


Po 


1 


k 1 - (ft>/®„) 2 


transient 
sin cut 


steady state 


(3.1.6a) 
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0 0.5 1 1.5 2 

t/T 


Figure 3.1.1 (a) Harmonic force; (b) response of undamped system to harmonic force; co/co n = 0.2, 

w(0) = 0.5 p 0 /k, and w(0) = cu n p 0 /k. 


Equation (3.1.6a) has been plotted for co/co „ = 0.2, u( 0) = 0.5 p 0 /k, and ii(0) — co„p 0 /k 
as the solid line in Fig. 3.1.1. The sinatf term in this equation is the particular solution of 
Eq. (3.1.3) and is shown by the dashed line. 

Equation (3.1.6a) and Fig. 3.1.1 show that u(t) contains two distinct vibration com¬ 
ponents: (1) the sin cot term, giving an oscillation at the forcing or exciting frequency; 
and (2) the sin co n t and cos o>„ t terms, giving an oscillation at the natural frequency of the 
system. The first of these is the forced vibration or steady-state vibration, for it is present 
because of the applied force no matter what the initial conditions. The latter is the free 
vibration or transient vibration, which depends on the initial displacement and velocity. It 
exists even if u( 0) = ti(0) = 0, in which case Eq. (3.1.6a) specializes to 


u(t) = 


Po 


sin cot -sin co„ t 

(O n 


k 1 - {CO/(On ) 2 


(3.1.6b) 
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The transient component is shown as the difference between the solid and dashed lines in 
Fig. 3.1.1, where it is seen to continue forever. This is only an academic point because 
the damping inevitably present in real systems makes the free vibration decay with time 
(Section 3.2). It is for this reason that this component is called transient vibration. 

The steady-state dynamic response, a sinusoidal oscillation at the forcing frequency, 
may be expressed as 


u(t) = ( u st ) 0 


1 


sin cot 


(3.1.7) 


1 - (®/®„) 2 . 

Ignoring the dynamic effects signified by the acceleration term in Eq. (3.1.1) gives 
the static deformation (indicated by the subscript “st”) at each instant: 


. . Po . 

u s t(t) = — sin cot 
k 

The maximum value of the static deformation is 

, , _ Po 

(^st)o - , 

k 


(3.1.8) 


(3.1.9) 


which may be interpreted as the static deformation due to the amplitude p a of the force; for 
brevity we will refer to (n st ) 0 as the static deformation. The factor in brackets in Eq. (3.1.7) 
has been plotted in Fig. 3.1.2 against a)/co„ , the ratio of the forcing frequency to the natural 
frequency. For o>/<o n < 1 or co < co n this factor is positive, indicating that u(t) and pit) 
have the same algebraic sign (i.e., when the force in Fig. 1.2.1a acts to the right, the system 
would also be displaced to the right). The displacement is said to be in phase with the 
applied force. For a>/a> n > 1 or co > co n this factor is negative, indicating that u(t) and 


3 

"3 



Frequency ratio CO / co, 


3 


Figure 3.1.2 









Phase angle (j) Deformation response factor Rd = u 0 / (w s t), 
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pit ) have opposing algebraic signs (i.e., when the force acts to the right, the system would 
be displaced to the left). The displacement is said to be out of phase relative to the applied 
force. 

To describe this notion of phase mathematically, Eq. (3.1.7) is rewritten in terms of 
the amplitude u a of the vibratory displacement u(t ) and phase angle <p: 


u(t ) = u a sin(a>f — </)) = (u s t) 0 Rd sin(®f — <j>) (3.1.10) 


where 


R d 


Uo 

( w st )o 


1 

I i - («M,) 2 1 


and 


0° u> < co n 

180° co > co n 


(3.1.11) 


For co < co n , cf> = 0°, implying that the displacement varies as sin cot, in phase with the 
applied force. For co > o> n , 0 = 180°, indicating that the displacement varies as —sincur, 
out of phase relative to the force. This phase angle is shown in Fig. 3.1.3 as a function of 
the frequency ratio co/co n . 



Frequency ratio CO / co„ 


Figure 3.1.3 Deformation response factor 
and phase angle for an undamped system 
excited by harmonic force. 
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The deformation (or displacement) response factor R f i is the ratio of the amplitude 
u a of the dynamic (or vibratory) deformation to the static deformation (u st ) 0 . Figure 3.1.3, 
which shows Eq. (3.1.11 a) for R,/ plotted as a function of the frequency ratio co/co n , permits 
several observations: If co/co n is small (i.e., the force is “slowly varying”), R,i is only 
slightly larger than 1 and the amplitude of the dynamic deformation is essentially the same 
as the static deformation. If co/co n > V2 (i.e., co is higher than co n V2), Rj < 1 and the 
dynamic deformation amplitude is less than the static deformation. As co/co,, increases 
beyond V2, R,i becomes smaller and approaches zero as co/co n —► oo, implying that the 
vibratory deformation due to a “rapidly varying” force is very small. If co/co n is close to 
1 (i.e., oo is close to oo n ), R,i is many times larger than 1, implying that the deformation 
amplitude is much larger than the static deformation. 

The resonant frequency is defined as the forcing frequency at which R t i is maxi¬ 
mum. For an undamped system the resonant frequency is co„ and R,i is unbounded at this 
frequency. The vibratory deformation does not become unbounded immediately, however, 
but gradually, as we demonstrate next. 

If co = co n , the solution given by Eq. (3.1.6b) is no longer valid. In this case the 
choice of the function C sin cot for a particular solution fails because it is also a part of the 
complementary solution. The particular solution now is 

Po 

u p (t) = co n tcosco n t co — w„ (3.1.12) 

and the complete solution for at-rest initial conditions, m(0) = m( 0) = 0, is (see Deriva¬ 
tion 3.2) 


u(t) = 


l_Po 
2 k 


(co n t cos co n t 


sin co n t) 


(3.1.13a) 


or 


u{t) 1 / 2nt 2ict 2nt\ 

-= — -cos-sin- 

(«st)o 2 V T n T n T n J 


(3.1.13b) 


This result is plotted in Fig. 3.1.4, which shows that the time taken to complete one 
cycle of vibration is T n . The local maxima of nit), which occur at t — ( j — 1/2 )T n , 
are Tt(j — l/2)(w s t) 0 — j = 1, 2, 3, ...—and the local minima, which occur at t = jT„, 
are —tt j(u st ) 0 —j = 1, 2, 3, .... In each cycle the deformation amplitude increases by 

7tp 0 

I U J +1 I - I «/ 1= Ost )o\7t{j + 1) - nj] = — 

The deformation amplitude grows indefinitely, but it becomes infinite only after an in¬ 
finitely long time. 

This is an academic result and should be interpreted appropriately for real structures. 
As the deformation continues to increase, at some point in time the system would fail if 
it is brittle. On the other hand, the system would yield if it is ductile, its stiffness would 
decrease, and its “natural frequency” would no longer be equal to the forcing frequency, 
and Eq. (3.1.13) or Fig. 3.1.4 would no longer be valid. 
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Figure 3.1.4 Response of undamped system to sinusoidal force of frequency cd = u> n \ u( 0) = 
«( 0 ) = 0 . 


Derivation 3.1 

The particular solution of Eq. (3.1.1), a linear second-order differential equation, is of the form 

u p {t) = C sin tor (a) 

Differentiating this twice gives 

u p (t ) = —w C sintuf (b) 

Substituting Eqs. (a) and (b) in the differential equation (3.1.1) leads to a solution for C: 


C = 


Po 


1 


k 1 — (ai/w,,) 2 

which is combined with Eq. (a) to obtain the particular solution presented in Eq. (3.1.3). 
To determine the constants A and B in Eq. (3.1.5), it is differentiated: 

Po co 


(c) 


u (f) = —co n A sin iD n t + co n B cos co n t + 


k 1 — (cu/wn) 2 


cos cot 


(d) 


Evaluating Eqs. (3.1.5) and (d) at t = 0 gives 


u( 0) = A ii(0) = oi n B + 
These two equations give 

A = u( 0) B = 


Po 


k 1 - (cu/cun) 2 
m ( 0 ) Po w/co n 


a)„ k 1 — (a>/co n ) 2 
which are substituted in Eq. (3.1.5) to obtain Eq. (3.1.6a). 


(e) 

(f) 
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Derivation 3.2 

If co = a> n , the particular solution of Eq. (3.1.1) is of the form 

Up(t ) = Ct cos a> n t 

Substituting Eq. (a) in Eq. (3.1.1) and solving for C yields 

n Po 
2k 

which is combined with Eq. (a) to obtain the particular solution, Eq. (3.1.12). 
Thus the complete solution is 

Po 

u(t) = A cos co n t + B sin a> n t - cd„ t cos a> n t 

2k 

and the corresponding velocity is 

Po Poo. 

u{t ) = —u> n A smco n t + co„B costu„f- co„ cosa>„t H- coit sin a> n t 

2k 2k 


„ m , po 

B =-h — 

a) n Ik 


(a) 

(b) 

(c) 

(d) 


Evaluating Eqs. (c) and (d) at t = 0 and solving the resulting algebraic equations gives 
A = u(0) 

Specializing for at-rest initial conditions gives 

A = 0 B = — 

2k 

which are substituted in Eq. (c) to obtain Eq. (3.1.13a) . 


3.2 HARMONIC VIBRATION WITH VISCOUS DAMPING 
3.2.1 Steady-State and Transient Responses 

Including viscous damping the differential equation governing the response of SDF 
systems to harmonic force is 


mii + cu + ku = p 0 sin cot 

This equation is to be solved subject to the initial conditions 

u = n(0) u = ti( 0) 

The particular solution of this differential equation is (from Derivation 3.3) 

u p (t) = C sin cot + D cos cot 

where 

1 - ( co/co n ) 2 


C = 

D = 


Po _ 

k [1 -( W /ffl„) 2 ] 2 + [2((«/®n)F 

Po -2 ^O0lbO n 


(3.2.1) 

(3.2.2) 

(3.2.3) 

(3.2.4) 


k [l-ico/GorfV + mico/ton)} 2 
The complementary solution of Eq. (3.2.1) is the free vibration response given by Eq. (f) 
of Derivation 2.2: 


u c (t) = e (a) " (Acoscont + Bsincoot) 
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where <x>d = co n yJ 1 — £ 2 . The complete solution of Eq. (3.2.1) is 

u(t ) = cos coot + B sincuor) + C sin&>r + D cos cot (3.2.5) 

'-V-' '---' 

transient steady state 

where the constants A and B can be determined by standard procedures (e.g., see Deriva¬ 
tion 3.1) in terms of the initial displacement n(0) and initial velocity m( 0). As noted in 
Section 3.1, u(t) contains two distinct vibration components: forced vibration (excitation 
frequency o> terms) and free vibration (natural frequency a>„ terms). 

Equation (3.2.5) is plotted in Fig. 3.2.1 for co/co„ = 0.2, £ = 0.05, u(0) = 0.5p o /k, 
and n(0) = 0 )„p o /k: the total response is shown by the solid line and the forced response 
by the dashed line. The difference between the two is the free response, which decays 
exponentially with time at a rate depending on o:>/co„ and f ; eventually, the free response 
becomes negligible, hence we call it transient response', compare this with no decay for 
undamped systems in Fig. 3.1.1. After awhile, essentially the forced response remains, and 
we therefore call it steady-state response and focus on it for the rest of this chapter (after 
Section 3.2.2). It should be recognized, however, that the largest deformation peak may 
occur before the system has reached steady state; see Fig. 3.2.1. 



0 0.5 1 1.5 2 

t/T 


Figure 3.2.1 Response of damped system to harmonic force; io/io n = 0.2, J = 0.05, 
it(0) = 0.5 p 0 /k, and ii(0) = w n p 0 /k. 


Derivation 3.3 

Dividing Eq. (3.2.1) by m gives 

. 2 Po ■ 

u + 2fco n u + in,pi — —- sin lot (a) 

m 

The particular solution of Eq. (a) is of the form 


u p (t) — C sin at? + D cos tot 


(b) 
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Substituting Eq. (b) and its first and second derivatives in Eq. (a) gives 

[(a) 2 — a> 2 )C — a)„a>£>] sinojf + [2fo )„a>C + (a> 2 — o 2 )D] cos cot — — sintuf (c) 

m 

For Eq. (c) to be valid for all t, the coefficients of the sine and cosine terms on the two sides 
of the equation must be equal. This requirement gives two equations in C and D which, after 
dividing by co 2 and using the relation k = co 2 m , become 



Solving the two algebraic equations (d) and (e) leads to Eq. (3.2.4). 

3.2.2 Response for uj = uj n 


In this section we examine the role of damping in the rate at which steady-state response 
is attained and in limiting the magnitude of this response when the forcing frequency is 
the same as the natural frequency. For co = a>„, Eq. (3.2.4) gives C = 0 and D — 
— (M st ) 0 /2£; for co = o) n and zero initial conditions, the constants A and B in Eq. (3.2.5) 
can be determined: A = ( u st ) 0 /2c' and B = (n st ) 0 /2 % /l — £ 2 . With these solutions for A, 
B, C, and D, Eq. (3.2.5) becomes 


u{t) = (n st ) 0 — 


e ^ I cos coot + 




■ sin co D t I — cos co„t 


(3.2.6) 


This result is plotted in Fig. 3.2.2 for a system with £ = 0.05. A comparison of Fig. 3.2.2 
for damped systems and Fig. 3.1.4 for undamped systems shows that damping lowers each 
peak and limits the response to the bounded value: 


u 0 


(Mst)o 


(3.2.7) 


For lightly damped systems the sinusoidal term in Eq. (3.2.6) is small and cod — 
co n ; thus 

u(t) ~ (u st ) 0 ^-(e~ i(0nt - l)cos co n t (3.2.8) 

V— ' 

envelope function 

The deformation varies with time as a cosine function, with its amplitude increasing with 
time according to the envelope function shown by dashed lines in Fig. 3.2.2. 

The amplitude of the steady-state deformation of a system to a harmonic force with 
co = co n and the rate at which steady state is attained is strongly influenced by damping. 
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Figure 3.2.2 Response of damped system with £ = 0.05 to sinusoidal force of frequency a) = co n ; 
w(0) = w(0) = 0. 



Figure 3.2.3 Response of three systems—£ = 0.01, 0.05, and 0.1—to sinusoidal force 
of frequency co = co n ; u( 0) = w(0) = 0. 

The important influence of the damping ratio on the amplitude is seen in Fig. 3.2.3, where 
Eq. (3.2.6) is plotted for three damping ratios: f = 0.01, 0.05, and 0.1. To study how the 
response builds up to steady state, we examine the peak uj after j cycles of vibration. A 
relation between Uj and j can be written by substituting t = jT„ in Eq. (3.2.8), setting 
cos co n t = 1, and using Eq. (3.2.7) to obtain 

= 1 - e~ 27cU (3.2.9) 

u 0 

This relation is plotted in Fig. 3.2.4 for f = 0.01, 0.02, 0.05, 0.10, and 0.20. The discrete 
points are joined by curves to identify trends, but only integer values of j are meaningful. 
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Figure 3.2.4 Variation of response amplitude with number of cycles of harmonic force 
with frequency co = co n . 


The lighter the damping, the larger is the number of cycles required to reach a certain 
percentage of u 0 , the steady-state amplitude. For example, the number of cycles required 
to reach 95% of u„ is 48 for £ = 0.01, 24 for £ = 0.02, 10 for £ = 0.05, 5 for f = 0.10, 
and 2 for £ = 0.20. 


3.2.3 Maximum Deformation and Phase Lag 


The steady-state deformation of the system due to harmonic force, described by Eqs. (3.2.3) 
and (3.2.4), can be rewritten as 


u(t ) = u 0 sin(®f — </>) = (n st ) 0 R c t sin(&)f — </>) (3.2.10) 

where the response amplitude u a = VC 2 + D 2 and <f> = tan _1 (— D/C). Substituting for 
C and D gives the deformation response factor: 


Rd 


u„ 

(ttst)o 


1 

^[1 - (co/co,,) 2 ] 2 + [2{(co/co,,)] 2 


(3.2.11) 


tf> = tan 


2 f (co/co„) 

1 - ( 60/(On ) 2 


(3.2.12) 


Equation (3.2.10) is plotted in Fig. 3.2.5 for three values of a>/co n and a fixed value of 
t; = 0.20. The values of R,/ and <j> computed from Eqs. (3.2.11) and (3.2.12) are identified. 
Also shown by dashed lines is the static deformation [Eq. (3.1.8)] due to pit ), which varies 
with time just as does the applied force, except for the constant k. The steady-state motion 
is seen to occur at the forcing period T = 2n/o>, but with a time lag = f/2i r; o is called 
the phase angle or phase lag. 
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Figure 3.2.5 Steady-state response of damped systems (£ = 0.2) to sinusoidal force for three values 
of the frequency ratio: (a) a)/co n = 0.5, (b) co/co n = 1, (c) co/(o n = 2. 
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Figure 3.2.6 Deformation response factor and phase angle for a damped system excited 
by harmonic force. 


A plot of the amplitude of a response quantity against the excitation frequency is 
called a. frequency-response curve. Such a plot for deformation u is given by Fig. 3.2.6, 
wherein the deformation response factor R,i [from Eq. (3.2.11)] is plotted as a function 
of (L>/a> n for a few values of £; all the curves are below the £ = 0 curve in Fig. 3.1.3. 
Damping reduces R,i and hence the deformation amplitude at all excitation frequencies. 
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The magnitude of this reduction is strongly dependent on the excitation frequency and is 
examined next for three regions of the excitation-frequency scale: 


1. If the frequency ratio co/ao„ <<C 1 (i.e., T T n , implying that the force is “slowly 
varying”), R c i is only slightly larger than 1 and is essentially independent of damping. Thus 

uo - Mo = P .° (3.2.13) 

k 

This result implies that the amplitude of dynamic response is essentially the same as the 
static deformation and is controlled by the stiffness of the system. 


2. If ao/ao n J>> 1 (i.e., T <£ Tn, implying that the force is “rapidly varying”), R,j 
tends to zero as &>/&>„ increases and is essentially unaffected by damping. For large values 
of oo / oo n , the (oo/oo ,,) 4 term is dominant in Eq. (3.2.11), which can be approximated by 

2 

u 0 -Mo%=^ (3.2.14) 

oo mar 

This result implies that the response is controlled by the mass of the system. 


3. If co/co n — 1 (i.e., the forcing frequency is close to the natural frequency of the 
system), R,/ is very sensitive to damping and, for the smaller damping values, R,i can be 
several times larger than 1, implying that the amplitude of dynamic response can be much 
larger than the static deformation. If oo — co„, Eq. (3.2.11) gives 


(Mst)o Po 
2 £ cao„ 


(3.2.15) 


This result implies that the response is controlled by the damping of the system. 


The phase angle (jo , which defines the time by which the response lags behind the 
force, varies with co/co n as shown in Fig. 3.2.6. It is examined next for the same three 
regions of the excitation-frequency scale: 

1. If co/co n <5C 1 (i.e., the force is “slowly varying”), <jo is close to 0° and the dis¬ 
placement is essentially in phase with the applied force, as in Fig. 3.2.5a. When the force 
in Fig. 1.2.1a acts to the right, the system would also be displaced to the right. 

2. If oo/co„ ~S> 1 (i.e., the force is “rapidly varying”), (jo is close to 180° and the 
displacement is essentially of opposite phase relative to the applied force, as in Fig. 3.2.5c. 
When the force acts to the right, the system would be displaced to the left. 

3. If ao/ao n = 1 (i.e., the forcing frequency is equal to the natural frequency), cjo = 90° 
for all values of £, and the displacement attains its peaks when the force passes through 
zeros, as in Fig. 3.2.5b. 

Example 3.1 

The displacement amplitude u a of an SDF system due to harmonic force is known for two 
excitation frequencies. At co = ao n , u D = 5 in.; at oo = 5oo„, u a = 0.02 in. Estimate the 
damping ratio of the system. 
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Solution At a> = co n , from Eq. (3.2.15), 


Uo — ( M st)o^ — 5 


At a> = 5co„, from Eq. (3.2.14), 


u o — (rrst )o " 


1 


(Wst)o 


= 0.02 


C co/Q)n ) 2 25 

From Eq. (b), (« st ) 0 = 0.5 in. Substituting in Eq. (a) gives f = 0.05. 


(a) 


(b) 


3.2.4 Dynamic Response Factors 


In this section we introduce deformation (or displacement), velocity, and acceleration 
response factors that are dimensionless and define the amplitude of these three response 
quantities. The steady-state displacement of Eq. (3.2.10) is repeated for convenience: 

= R d sm(o)t-0) (3.2.16) 

Po/k 

where the deformation response factor R,/ is the ratio of the amplitude u a of the dynamic 
(or vibratory) deformation to the static deformation (n st ) 0 ; see Eq. (3.2.11). 

Differentiating Eq. (3.2.16) gives an equation for the velocity response: 

u(t) 

--= = R v cos (cot — (f>) (3.2.17) 

Polv km 

where the velocity response factor K, is related to R,i by 

R v = — Rj (3.2.18) 

o n 

Differentiating Eq. (3.2.17) gives an equation for the acceleration response: 


u(t) 

Po/m 


— R a sin(&>r — </>) 


where the acceleration response factor R a is related to R,i by 


R 


a — 



(3.2.19) 


(3.2.20) 


Observe from Eq. (3.2.19) that R a is the ratio of the amplitude of the vibratory acceleration 
to the acceleration due to force p a acting on the mass. 

The dynamic response factors /(,/, R v , and R a are plotted as functions of a>/co n in 
Fig. 3.2.7. The plots of R v and R„ are new, but the one for R,i is the same as that in 
Fig. 3.2.6. The deformation response factor R,i is unity at co/co„ = 0, peaks at o>/o>„ < 1, 
and approaches zero as &>/&>„ —> oo. The velocity response factor R v is zero at o>/(»„ — 0, 
peaks at w/®„ = 1, and approaches zero as a>/a> n —> oo. The acceleration response factor 
R a is zero at o> / o>„ = 0, peaks at a>/a> n > 1, and approaches unity as co/a> n —> oo. For 
t; > 1 /\fl no peak occurs for R,/ and R a . 
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(c) 


Figure 3.2.7 Deformation, velocity, and acceleration response factors for a damped 
system excited by harmonic force. 


The simple relations among the dynamic response factors 

R n co 

—~ = Rv= —Rd (3.2.21) 

&>/«„ m n 

make it possible to present all three factors in a single graph. The R v -co/u>„ data in the 
linear plot of Fig. 3.2.7b are replotted as shown in Fig. 3.2.8 on four-way logarithmic 
graph paper. The Rd and R„ values can be read from the diagonally oriented logarithmic 
scales that are different from the vertical scale for R v . This compact presentation makes it 
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Frequency ratio (0 / CD,, 


Figure 3.2.8 Four-way logarithmic plot of deformation, velocity, and acceleration 
response factors for a damped system excited by harmonic force. 

possible to replace the three linear plots of Fig. 3.2.7 by a single plot. The concepts under¬ 
lying construction of this four-way logarithmic graph paper are presented in Appendix 3. 

3.2.5 Resonant Frequencies and Resonant Responses 

A resonant frequency is defined as the forcing frequency at which the largest response 
amplitude occurs. Figure 3.2.7 shows that the peaks in the frequency-response curves 
for displacement, velocity, and acceleration occur at slightly different frequencies. These 
resonant frequencies can be determined by setting to zero the first derivative of R,i, R v , and 
R a with respect to &>/&>„; for £ < 1 /*/2 they are: 

Displacement resonant frequency: a>, ty /l — 2£ 2 

Velocity resonant frequency: u> n 

Acceleration resonant frequency: a>„ H- y/l — 2£ 2 

For an undamped system the three resonant frequencies are identical and equal to the 
natural frequency co n of the system. Intuition might suggest that the resonant frequencies 
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for a damped system should be at its natural frequency cod = <>>„ \j\ — C 2 , but this does not 
happen; the difference is small, however. For the degree of damping usually embodied in 
structures, typically well below 20%, the differences among the three resonant frequencies 
and the natural frequency are small. 

The three dynamic response factors at their respective resonant frequencies are 


R d = 




R v = — 

2C 


Rn = 


2CVW 2 


(3.2.22) 


3.2.6 Half-Power Bandwidth 


An important property of the frequency response curve for R d is shown in Fig. 3.2.9, where 
the half-power bandwidth is defined. If u> a and cob are the forcing frequencies on either side 



Frequency ratio (0 / (D„ 


Figure 3.2.9 Definition of half-power bandwidth. 


of the resonant frequency at which the amplitude u 0 is 1 /Jl times the resonant amplitude, 
then for small £ 


co b - co a 
co n 


= 2 C 


This result, derived in Derivation 3.4, can be rewritten as 


m b - co a 
2a> n 


or 


fb ~ fa 
2fn 


(3.2.23) 


(3.2.24) 
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where / = co/ln is the cyclic frequency. This important result enables evaluation of dam¬ 
ping from forced vibration tests without knowing the applied force (Section 3.4). 

Derivation 3.4 

Equating R,i from Eq. (3.2.11) and 1/V2 times the resonant amplitude of Rj given by 
Eq. (3.2.22), by definition, the forcing frequencies oi a and a>b satisfy the condition 

1 1 1 

, = —=- 7 (a) 

V[i - (®M.) 2 ] 2 + [2?(«M,)] 2 ' /22 w 1 - f 

Inverting both sides, squaring them, and rearranging terms gives 

( —) -2(1-2C 2 )( —) + 1 — 8f 2 (l — f 2 ) = 0 (b) 

\(o n ) \o>„ ) 

Equation (b) is a quadratic equation in (cd/co,,) 2 , the roots of which are 

= (1 — 2f 2 ) ± 2f -y/l — f 2 (c) 


where the positive sign gives the larger root oib and the negative sign corresponds to the smaller 
root oi a . 

For the small damping ratios representative of practical structures, the two terms con¬ 
taining f 2 can be dropped and 

— ~(1±2?) 1/2 (d) 

(O n 

Taking only the first term in the Taylor series expansion of the right side gives 

u> 

— - 1 ± ( (e) 

(On 

Subtracting the smaller root from the larger one gives 


o>b - (o a 

(On 


-2 f 


(f) 


3.2.7 Steady-State Response to Cosine Force 

The differential equation to be solved is 

mu + cu + ku — p a cos ait (3.2.25) 

The particular solution given by Eq. (3.2.3) still applies, but in this case the constants C 
and D are 

c _ Po^ _ Itjjco/cOn) _ 

' k [l — (ft>/<y„) 2 ] 2 + [2£(&>/&>,J] 2 

D _ Po^ _ 1 - (a>/w„) 2 _ 

' k [l — (&>/ft)„) 2 ] 2 + [2£(&>/&>,j)] 2 


(3.2.26) 
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These are determined by the procedure of Derivation 3.3. The steady-state response given 
by Eqs. (3.2.3) and (3.2.26) can be expressed as 

u(l) = u a cos(a>f — <j >) = ( u s t)oRd cos {cot — (f>) (3.2.27) 

where the amplitude u a , the deformation response factor R,/, and the phase angle 0 are the 
same as those derived in Section 3.2.3 for a sinusoidal force. This similarity in the steady- 
state responses to the two harmonic forces is not surprising since the two excitations are 
the same except for a time shift. 


PART B: VISCOUSLY DAMPED SYSTEMS: APPLICATIONS 


3.3 RESPONSE TO VIBRATION GENERATOR 

Vibration generators (or shaking machines) were developed to provide a source of har¬ 
monic excitation appropriate for testing full-scale structures. In this section theoreti¬ 
cal results for the steady-state response of an SDF system to a harmonic force caused 
by a vibration generator are presented. These results provide a basis for evalua¬ 
ting the natural frequency and damping of a structure from experimental data 
(Section 3.4). 

3.3.1 Vibration Generator 

Figure 3.3.1 shows a vibration generator having the form of two flat baskets rotating in 
opposite directions about a vertical axis. By placing various numbers of lead weights in 
the baskets, the magnitudes of the rotating weights can be altered. The two counterrotat¬ 
ing masses, m e / 2, are shown schematically in Fig. 3.3.2 as lumped masses with eccentri¬ 
city = e; their locations at t = 0 are shown in (a) and at some time t in (b). The x- 
components of the inertia forces of the rotating masses cancel out, and the y-components 
combine to produce a force 

p(t) = {m e eco 2 ) sin cot (3.3.1) 

By bolting the vibration generator to the structure to be excited, this force can be transmit¬ 
ted to the structure. The amplitude of this harmonic force is proportional to the square of 
the excitation frequency co. Therefore, it is difficult to generate force at low frequencies 
and impractical to obtain the static response of a structure. 

3.3.2 Structural Response 

Assuming that the eccentric mass m e is small compared to the mass m of the structure, the 
equation governing the motion of an SDF system excited by a vibration generator is 

mu + cu + kit = ( m e eco 2 ) sin cut 


(3.3.2) 
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Figure 3.3.1 Counterrotating eccentric weight vibration generator. 


The amplitudes of steady-state displacement and of steady-state acceleration of the SDF 
system are given by the maximum values of Eqs. (3.2.16) and (3.2.19) with p a = m e ear. 
Thus 


u 0 

u„ 


m e e 

a) Rd = 

m e e / 


k 

m \ 

CO n J 

m e e 

m 2 R a = 

m e ea>l 

( W 

m 

m 

\«n. 


R d 



(3.3.3) 

(3.3.4) 


m e /2 

o- 





\ , 

p(t) = (m e ew 2 ) sin cor 


(a) 


(b) 


Figure 3.3.2 Vibration generator: (a) initial position; (b) position and forces at time t. 
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Figure 3.3.3 

The acceleration amplitude of Eq. (3.3.4) is plotted as a function of the frequency ratio 
co/con in Fig. 3.3.3. For forcing frequencies o> greater than the natural frequency o>„ of the 
system, the acceleration increases rapidly with increasing o> because the amplitude of the 
exciting force, Eq. (3.3.1), is proportional to a> 2 . 


3.4 NATURAL FREQUENCY AND DAMPING FROM 
HARMONIC TESTS 


The theory of forced harmonic vibration, presented in the preceding sections of this chap¬ 
ter, provides a basis to determine the natural frequency and damping of a structure from 
its measured response to a vibration generator. The measured damping provides data for 
an important structural property that cannot be computed from the design of the structure. 
The measured value of the natural frequency is the “actual” property of a structure against 
which values computed from the stiffness and mass properties of structural idealizations 
can be compared. Such research investigations have led to better procedures for developing 
structural idealizations that are representative of actual structures. 

3.4.1 Resonance Testing 


The concept of resonance testing is based on the result of Eq. (3.2.15), rewritten as 


1 Ost)o 

2 (Uo)(D=(iJ n 


(3.4.1) 


The damping ratio £ is calculated from experimentally determined values of ( u st ) 0 and of 
u 0 at forcing frequency equal to the natural frequency of the system.t Usually, the accel¬ 
eration amplitude is measured and u a = ii 0 /a> 2 . This seems straightforward except that 
the true value co„ of the natural frequency is unknown. The natural frequency is detected 


tStrictly speaking, this is not the resonant frequency; see Section 3.2.5. 
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experimentally by utilizing the earlier result that the phase angle is 90° if co = co n . Thus the 
structure is excited at forcing frequency co, the phase angle is measured, and the exciting 
frequency is adjusted progressively until the phase angle is 90°. 

If the displacement due to static force p „—the amplitude of the harmonic force— 
can be obtained, Eq. (3.4.1) provides the damping ratio. As mentioned earlier, it is difficult 
for a vibration generator to produce a force at low frequencies and impractical to obtain 
a significant static force. An alternative is to measure the static response by some other 
means, such as by pulling on the structure. In this case, Eq. (3.4.1) should be modified to 
recognize any differences in the force applied in the static test relative to the amplitude of 
the harmonic force. 

3.4.2 Frequency-Response Curve 

Because of the difficulty in obtaining the static structural response using a vibration gener¬ 
ator, the natural frequency and damping ratio of a structure are usually determined by ob¬ 
taining the frequency-response curve experimentally. The vibration generator is operated 
at a selected frequency, the structural response is observed until the transient part damps 
out, and the amplitude of the steady-state acceleration is measured. The frequency of the 
vibration generator is adjusted to a new value and the measurements are repeated. The 
forcing frequency is varied over a range that includes the natural frequency of the system. 
A frequency-response curve in the form of acceleration amplitude versus frequency may 
be plotted directly from the measured data. This curve is for a force with amplitude propor¬ 
tional to ar and would resemble the frequency-response curve of Fig. 3.3.3. If each mea¬ 
sured acceleration amplitude is divided by co 1 , we obtain the frequency-acceleration curve 



Forcing frequency/ 


Figure 3.4.1 Evaluating damping from frequency-response curve. 
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for a constant-amplitude force. This curve from measured data would resemble a curve 
in Fig. 3.2.7c. If the measured accelerations are divided by a > 4 , the resulting frequency- 
displacement curve for a constant-amplitude force would be an experimental version of the 
curve in Fig. 3.2.7a. 

The natural frequency and damping ratio can be determined from any one of the 
experimentally obtained versions of the frequency-response curves of Figs. 3.3.3, 3.2.7c, 
and 3.2.7a. For the practical range of damping the natural frequency f, is essentially equal 
to the forcing frequency at resonance. The damping ratio is calculated by Eq. (3.2.24) us¬ 
ing the frequencies f a and fb, determined, as illustrated in Fig. 3.4.1, from the experimen¬ 
tal curve shown schematically. Although this equation was derived from the frequency- 
displacement curve for a constant-amplitude harmonic force, it is approximately valid for 
the other response curves mentioned earlier as long as the structure is lightly damped. 

Example 3.2 

The plexiglass frame of Fig. 1.1.4 is mounted on a shaking table that can apply harmonic base 
motions of specified frequencies and amplitudes. At each excitation frequency eo, acceleration 
amplitudes u go and u' 0 of the table and the top of the frame, respectively, are recorded. The 
transmissibility TR = ii' 0 /u g0 is compiled and the data are plotted in Fig. E3.2. Determine the 
natural frequency and damping ratio of the plexiglass frame from these data. 


Solution The peak of the frequency-response curve occurs at 3.59 Hz. Assuming that the 
damping is small, the natural frequency /„ = 3.59 Hz. 

The peak value of the transmissibility curve is 12.8. Now draw a horizontal line at 
12.8/V2 = 9.05 as shown. This line intersects the frequency-response curve at fb = 3.74 Hz 
and f a = 3.44 Hz. Therefore, from Eq. (3.2.24), 


? = 


3.74-3.44 
2(3.59) 


= 0.042 = 4.2% 



Figure E3.2 
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This damping value is slightly higher than the 3.96% determined from a free vibration test on 
the model (Example 2.5). 

Note that we have used Eq. (3.2.24) to determine the damping ratio of the system from 
its transmissibility (TR) curve, whereas this equation had been derived from the frequency- 
displacement curve. This approximation is appropriate because at excitation frequencies in 
the range f a to fy, the numerical values of TR and Rj are close; this is left for the reader to 
verify after an equation for TR is presented in Section 3.6. 


3.5 FORCE TRANSMISSION AND VIBRATION ISOLATION 

Consider the mass-spring-damper system shown in the left inset in Fig. 3.5.1 subjected to 
a harmonic force. The force transmitted to the base is 

h = fs + fo = ku(t) + cu(t) (3.5.1) 



Figure 3.5.1 Transmissibility for harmonic excitation. Force transmissibility and ground 
motion transmissibility are identical. 
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Substituting Eq. (3.2.10) for u(t ) and Eq. (3.2.17) for ii(t) and using Eq. (3.2.18) gives 

f T (t) = ( u st ) a Rd [£sin(tt>r — </>) + ccocos(cot — 0)] (3.5.2) 

The maximum value of /-/- (?) over ? is 

(fr)o = Os doRd'Jk 2 + c 2 co 2 

which, after using ( u st ) 0 = p„/k and £ = c/2mco n , can be expressed as 


( fr)o 
Po 


= Rd 



Substituting Eq. (3.2.11) for Rd gives an equation for the ratio of the maximum transmitted 
force to the amplitude p B of the applied force, known as the transmissibility (TR) of the 
system: 

1 + [2 aco/cOn)] 2 


TR = 


1/2 


(3.5.3) 


[l-(m/«„) 2 ] 2 + [2C(m/m„)] 2 . 

Note that if the spring is rigid, co n = 3 oc and TR = 1, implying that (/r)o = Po- 

The transmissibility is plotted in Fig. 3.5.1 as a function of the frequency ratio a>/a> n 
for several values of the damping ratio £. Logarithmic scales have been chosen to highlight 
the curves for large co/co„, the region of interest. While damping decreases the amplitude of 
motion at all excitation frequencies (Fig. 3.2.6), damping decreases the transmitted force 
only if co/co n < -s/2. For the transmitted force to be less than the applied force, i.e., 
TR < 1, the stiffness of the support system and hence the natural frequency should be 
small enough so that a>/a> n > V2. No damping is desired in the support system because, 
in this frequency range, damping increases the transmitted force. This implies a trade-off 
between a soft spring to reduce the transmitted force and an acceptable static displacement. 

If the applied force arises from a rotating machine, its frequency will vary as it starts 
to rotate and increases its speed to reach the operating frequency. In this case the choice of 
a flexible support system to minimize the transmitted force must be a compromise. It must 
have sufficient damping to limit the force transmitted while passing through resonance, 
but not enough to add significantly to the force transmitted at operating speeds. Luckily, 
natural rubber is a very satisfactory material and is often used for the isolation of vibration. 


3.6 RESPONSE TO GROUND MOTION AND VIBRATION ISOLATION 

In this section we determine the response of an SDF system (see the right inset in Fig. 3.5.1) 
to harmonic ground motion: 

u g {t) — u go sincu? (3.6.1) 

For this excitation the governing equation is Eq. (1.7.4), where the forcing function is 
p e ff(t) = —iniig(t) = —mu , <0 sin cot, the same as Eq. (3.2.1) for an applied harmonic force 
with p 0 replaced by —mu go . Making this substitution in Eqs. (3.1.9) and (3.2.10) gives 


m(?) 


A: 


Rd sin(&)? — <j>) 


(3.6.2) 
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The acceleration of the mass is 


u'(t ) = u g (t) + m (?) 


(3.6.3) 


Substituting Eq. (3.6.1) and the second derivative of Eq. (3.6.2) gives an equation for ii l (t) 
from which the amplitude or maximum value u' a can be determined (see Derivation 3.5): 


TR = -rr 2 - = 
u 


1 + [ 2 C (« M ,)] 2 


1/2 


^ l [l - (oV^) 2 ] + [2?(fflM.)] 2 


(3.6.4) 


The ratio of acceleration u' 0 transmitted to the mass and amplitude u go of ground accelera¬ 
tion is also known as the transmissibility (TR) of the system. From Eqs. (3.6.4) and (3.5.3) 
it is clear that the transmissibility for the ground excitation problem is the same as for the 
applied force problem. 

Therefore, Fig. 3.5.1 also gives the ratio u' 0 /u g0 as a function of the frequency ratio 
a)/a)„. If the excitation frequency co is much smaller than the natural frequency co n of the 
system, u' a ~ u go (i.e., the mass moves rigidly with the ground, both undergoing the same 
acceleration). If the excitation frequency co is much higher than the natural frequency co n of 
the system, u' 0 — 0 (i.e., the mass stays still while the ground beneath it moves). This is the 
basic concept underlying isolation of a mass from a moving base by using a very flexible 
support system. For example, buildings have been mounted on natural rubber bearings to 
isolate them from ground-borne vertical vibration—typically with frequencies that range 
from 25 to 50 Hz—due to rail traffic. 

Before closing this section, we mention without derivation the results of a related 
problem. If the ground motion is defined as u g (t) = u go sin®?, it can be shown that the 
amplitude u' 0 of the total displacement u' (t) of the mass is given by 


= f i + [2r(®/®n)] 2 ] 1/2 

u so I [l — (< w /®„) 2 ] 2 + [ 2 f (®/®„)] 2 j 


Comparing this with Eq. (3.6.4) indicates that the transmissibility for displacements and 
accelerations is identical. 


Example 3.3 

A sensitive instrument with weight 100 lb is to be installed at a location where the vertical 
acceleration is O.lg at a frequency of 10 Hz. This instrument is mounted on a rubber pad of 
stiffness 80 lb/in. and damping such that the damping ratio for the system is 10%. (a) What 
acceleration is transmitted to the instrument? (b) If the instrument can tolerate only an accel¬ 
eration of 0.005g, suggest a solution assuming that the same rubber pad is to be used. Provide 
numerical results. 


Solution (a) Determine TR. 


o n 

CO 


80 


100/386 


17.58 rad/sec 


2tt(10) 


3.575 


oi. 


17.58 
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Substituting these in Eq. (3.6.4) gives 


TR = 


■‘go 


1 + [2(0.1)(3.575)] 2 


[1 - (3.575) 2 ] 2 + [2(0.1)(3.575)] 2 


= 0.104 


Therefore, ii' 0 = (0.104)zig O = (0.104)0.lg = O.Olg. 

(b) Determine the added mass to reduce acceleration. The acceleration transmitted can 
be reduced by increasing cl>/o)„, which requires reducing a> n by mounting the instrument on 
mass mj. Suppose that we add a mass mj = 150 lb/g; the total mass = 250 lb/g, and 


. / 80 a> 

ai. = , /- = 11.11 rad/sec — r = 5.655 

" V 250/386 to' n 

To determine the damping ratio for the system with added mass, we need the damping coeffi¬ 
cient for the rubber pad: 


c = 0(2 miD n ) = 0.1(2) 



17.58 = 0.911 Ib-sec/in. 


Then 


2(m + m h )o/ n 2(250/386)11.11 

Substituting for to / oj' n and in Eq. (3.6.4) gives ii' 0 /u g0 = 0.04, ii' 0 = 0.004g, which is 
satisfactory because it is less than 0.005g. 

Instead of selecting an added mass by judgment, it is possible to set up a quadratic 
equation for the unknown mass, which will give u' 0 = 0.005g. 


Example 3.4 

An automobile is traveling along a multispan elevated roadway supported every 100 ft. Long¬ 
term creep has resulted in a 6-in. deflection at the middle of each span (Fig. E3.4a). The 
roadway profile can be approximated as sinusoidal with an amplitude of 3 in. and a period 
of 100 ft. The SDF system shown is a simple idealization of an automobile, appropriate for a 
“first approximation” study of the ride quality of the vehicle. When fully loaded, the weight of 
the automobile is 4 kips. The stiffness of the automobile suspension system is 800 lb/in., and 
its viscous damping coefficient is such that the damping ratio of the system is 40%. Determine 



Figure E3.4 
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(a) the amplitude u‘ 0 of vertical motion u r (f) when the automobile is traveling at 40 mph, and 

(b) the speed of the vehicle that would produce a resonant condition for u' 0 . 


Solution Assuming that the tires are infinitely stiff and they remain in contact with the road, 
the problem can be idealized as shown in Fig. E3.4b. The vertical displacement of the tires is 
u g (t) = u go sin air, where u go = 3 in. The forcing frequency co = 2tc/T , where the forcing 
period T = L/v, the time taken by the automobile to cross the span; therefore, co — 2nv/L. 
(a) Determine u , 0 . 


v = 40 mph = 58.67 ft/sec 


co — 


2n (58.67) 
100 


3.686 rad/sec 


&>n 



800 


4000/386 


8.786 rad/sec 


Substituting these data in Eq. (3.6.5) gives 


co 

— = 0.420 

co n 



Ugo 


1 + [2(0.4)(0.420)J 2 
[1 - (0.420) 2 ] 2 + [2(0.4)(0.420)] 2 


1/2 


1.186 


u’ 0 = lAS6u go = 1.186(3) = 3.56 in. 


(b) Determine the speed at resonance. If f were small, resonance would occur ap¬ 
proximately at co/co n = 1. However, automobile suspensions have heavy damping, to reduce 
vibration. In this case, f = 0.4, and for such large damping the resonant frequency is sig¬ 
nificantly different from co„. By definition, resonance occurs for u’ 0 when TR (or TR 2 ) is 
maximum over all co. Substituting f = 0.4 in Eq. (3.6.5) and introducing p = co/co n gives 

tr 2 = 1 + 0.64/i 2 = 1 + 0.64/l 2 

(1 - 2/1 2 + p 4 ) + 0.64/3 2 /l 4 - 1.36/S 2 + 1 


rf(TR) 2 


= 0 => p = 0.893 => co = 0.893cd„ = 0.893(8.786) = 7.846 rad/sec 


Resonance occurs at this forcing frequency, which implies a speed of 


coL 

2n 


(7.846)100 

2n 


124.9 ft/sec = 85 mph 


Example 3.5 

Repeat part (a) of Example 3.4 if the vehicle is empty (driver only) with a total weight of 3 
kips. 

Solution Since the damping coefficient c does not change but the mass m does, we need to 
recompute the damping ratio for an empty vehicle from 

c = 2$fyjkmf = 2Zey/km e 

where the subscripts / and e denote full and empty conditions, respectively. Thus 

^ ( s ) 1,2=o ' 4 (0 1,2 = 0 462 
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For an empty vehicle 


(On = 



800 


3000/386 


10.15 rad/sec 


a> 

(On 


3.686 

10.15 


0.363 


Substituting for co/co,, and f in Eq. (3.6.5) gives 



Ugo 


1 + [2(0.462) (0.363)] 2 
[1 - (0.363) 2 ] 2 + [2(0.462)(0.363)] 2 


1/2 


1.133 


u‘ 0 = 1.133«t g0 = 1.133(3) = 3.40 in. 


Derivation 3.5 


Equation (3.6.2) is first rewritten as a linear combination of sine and cosine functions. This 
can be accomplished by substituting Eqs. (3.2.11) and (3.2.12) for the R<] and <j>, respectively, 
or by replacing p 0 in Eq. (3.2.4) with —mu go and substituting in Eq. (3.2.3). Either way the 
relative displacement is 

[1 — (o>/a> n ) 2 ] sincut — [2((a>/a>„)] cos cot 


u(t) = 


(a) 


[1 - ( WMO 2 ] 2 + [ 2 f ( ffl / ffl ,)] 2 
Differentiating this twice and substituting it in Eq. (3.6.3) together with Eq. (3.6.1) gives 

u‘(t) = Ug 0 (Ci sin cut + Di cos cut) (b) 

where 

—2C, (w/tUn) 3 


Ci = 


1 - (c o/(O n ) + ^r{u>/(O n Y 


[1 -( ffl /^) 2 ] 2 - H2 ?( ffl /© n)] 2 
The acceleration amplitude is 


D i = 


[1 — ( a )/< u „) 2 ] 2 + [ 2 f (< w / co „)] 2 


C 2 + Df 


(c) 


(d) 


This result, after substituting for Ci and D\ from Eq. (c) and some simplification, leads to 
Eq. (3.6.4). 


3.7 VIBRATION-MEASURING INSTRUMENTS 

Measurement of vibration is of great interest in many aspects of structural engineering. 
For example, measurement of ground shaking during an earthquake provides basic data 
for earthquake engineering, and records of the resulting motions of a structure provide 
insight into how structures respond during earthquakes. Although measuring instruments 
are highly developed and intricate, the basic element of these instruments is some form of 
a transducer. In its simplest form a transducer is a mass-spring-damper system mounted 
inside a rigid frame that is attached to the surface whose motion is to be measured. Fig¬ 
ure 3.7.1 shows a schematic drawing of such an instrument to record the horizontal 
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— 1 > u Jt ) 



Figure 3.7.1 Schematic drawing of a vibration-measuring instrument and recorded motion. 


motion of a support point; three separate transducers are required to measure the three com¬ 
ponents of motion. When subjected to motion of the support point, the transducer mass 
moves relative to the frame, and this relative displacement is recorded after suitable mag¬ 
nification. It is the objective of this brief presentation to discuss the principle underlying 
the design of vibration-measuring instruments so that the measured relative displacement 
provides the desired support motion—acceleration or displacement. 

3.7.1 Measurement of Acceleration 

The motion to be measured generally varies arbitrarily with time and may include many 
harmonic components covering a wide range of frequencies. It is instructive, however, to 
consider first the measurement of simple harmonic motion described by Eq. (3.6.1). The 
displacement of the instrument mass relative to the moving frame is given by Eq. (3.6.2), 
which can be rewritten as 

u> Rd ) **(' 

The recorded u(t) is the base acceleration modified by a factor — Rd/col and recorded with 
a time lag <j>/co. As shown in Fig. 3.2.6, R,i and 0 vary with the forcing frequency u>, but 
is an instrument constant independent of the support motion. 

The object of the instrument design is to make Rj and ©/o> as independent of excita¬ 
tion frequency as possible because then each harmonic component of acceleration will be 
recorded with the same modifying factor and the same time lag. Then, even if the motion to 
be recorded consists of many harmonic components, the recorded u(t) will have the same 
shape as the support motion with a constant shift of time. This constant time shift simply 
moves the time scale a little, which is usually not important. According to Fig. 3.7.2 (which 
is a magnified plot of Fig. 3.2.6 with additional damping values), if f = 0.7, then over the 
frequency range 0 < co/co n < 0.50, R,/ is close to 1 (less than 2.5% error) and the variation 
of 0 with <w is close to linear, implying that ©/(>> is essentially constant. Thus an instru¬ 
ment with a natural frequency of 50 Hz and a damping ratio of 0.7 has a useful frequency 
range from 0 to 25 Hz with negligible error. These are the properties of modern, com¬ 
mercially available instruments designed to measure earthquake-induced ground accelera¬ 
tion. Because the measured amplitude of u{t) is proportional to R,/ jo>\, a high-frequency 
instrument will result in a very small displacement that is substantially magnified in these 
instruments for proper measurement. 


(3.7.1) 
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0.0 0.2 0.4 0.6 0.8 1.0 



Frequency ratio <a/(0„ 


Figure 3.7.2 Variation of Rj and (j) with frequency ratio co/a) n for f = 0.6, 0.65, 0.7, 
and 0.75. 


Figure 3.7.3 shows a comparison of the actual ground acceleration u g (t) = 
0. igsin 2uft and the measured relative displacement of Rjii g (t — <i>/a>), except for the 
instrument constant — 1/tw^ in Eq. (3.7.1). For excitation frequencies / = 20 and 10 Hz, 
the measured motion has accurate amplitude, but the error at / = 40 Hz is noticeable; and 
the time shift, although not identical for the three frequencies, is similar. If the ground ac¬ 
celeration is the sum of the three harmonic components, this figure shows that the recorded 
motion matches the ground acceleration in amplitude and shape reasonably well but not 
perfectly. 

The accuracy of the recorded motion u(t) can be improved by separating u(t) into its 
harmonic components and correcting one component at a time, by calculating ii g (t — <j)/co) 
from the measured u(t) using Eq. (3.7.1) with R,j determined from Eq. (3.2.11) and known 
instrument properties a> n and f. Such corrections are repeated for each harmonic compo¬ 
nent in u(t), and the corrected components are then synthesized to obtain u g (t). These 
computations can be carried out by discrete Fourier transform procedures, which are intro¬ 
duced in Appendix A. 
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0 0.05 0.1 0.15 

Time, sec 

Figure 3.7.3 Comparison of actual ground acceleration and measured motion by an 
instrument with /„ = 50 Hz and ( = 0.7. 

3.7.2 Measurement of Displacement 

It is desired to design the transducer so that the relative displacement u(t ) measures the 
support displacement u g (t). This is achieved by making the transducer spring so flexible 
or the transducer mass so large, or both, that the mass stays still while the support beneath 
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it moves. Such an instrument is unwieldy because of the heavy mass and soft spring, and 
because it must accommodate the anticipated support displacement, which may be as large 
as 36 in. during earthquakes. 

To examine the basic concept further, consider harmonic support displacement 

u g (t) = u go sin cot (3.7.2) 

With the forcing function p e e(t) = — mu g (t ) = mu> 2 u go sinwf, Eq. (1.7.4) governs the 
relative displacement of the mass; this governing equation is the same as Eq. (3.2.1) for 
applied harmonic force with p 0 replaced by ma> 2 u go . Making this substitution in 
Eq. (3.2.10) and using Eqs. (3.1.9) and (3.2.20) gives 

u{t) — R a u go sin(a>f — c/>) (3.7.3) 

For excitation frequencies &> much higher than the natural frequency co n , R a is close to 
unity (Fig. 3.2.7c) and cf> is close to 180°, and Eq. (3.7.3) becomes 

u(t) = — u go sincut (3.7.4) 

This recorded displacement is the same as the support displacement [Eq. (3.7.2)] except 
for the negative sign, which is usually inconsequential. Damping of the instrument is not 
a critical parameter because it has little effect on the recorded motion if a>/co n is very 
large. 


3.8 ENERGY DISSIPATED IN VISCOUS DAMPING 

Consider the steady-state motion of an SDF system due to pit) = p a sin cut. The energy 
dissipated by viscous damping in one cycle of harmonic vibration is 


E d = J fD du = J 

L 


2n/a) nln/u) 

(cu)u dt = I cir dt 

Jo 


[cou 0 cos(&v — <fi)]~ dt = nccou 2 = 2?rt; — ku 2 

(tin 


(3.8.1) 


The energy dissipated is proportional to the square of the amplitude of motion. It 
is not a constant value for any given amount of damping and amplitude since the energy 
dissipated increases linearly with excitation frequency. 

In steady-state vibration, the energy input to the system due to the applied force is 
dissipated in viscous damping. The external force p(t) inputs energy to the system, which 
for each cycle of vibration is 


Ej = J p{t) du = J 

L 


p(t)u dt 


[p 0 sin&>f][&>M 0 cos(cuf — (j))] dt — itp 0 u 0 sin (j) 


(3.8.2) 
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Utilizing Eq. (3.2.12) for phase angle, this equation can be rewritten as (see Derivation 3.6) 

Ei = 2jrt; — ku 2 (3.8.3) 

(O n 

Equations (3.8.1) and (3.8.3) indicate that Ej = Eq- 

What about the potential energy and kinetic energy? Over each cycle of harmonic 
vibration the changes in potential energy (equal to the strain energy of the spring) and 
kinetic energy are zero. This can be confirmed as follows: 

/»2 TZ/(D 

f s du= I (ku)u dt 

Jo 

2tt/o) 

k[u a sin(&>f — cj))][a>u 0 cos (cot — <p)] dt = 0 

r>2n/(o 

fjdu= I (mu)u dt 

Jo 

2tt/co 

m[—co 2 u 0 sin (cot — (ft)][cou 0 cos(cot — <fi)] dt = 0 

The preceding energy concepts help explain the growth of the displacement ampli¬ 
tude caused by harmonic force with co = co n until steady state is attained (Fig. 3.2.2). For 
w = a> n , (j) = 90° and Eq. (3.8.2) gives 

Ei = Tt p 0 u 0 (3.8.4) 

The input energy varies linearly with the displacement amplitude (Fig. 3.8.1). In contrast, 
the dissipated energy varies quadratically with the displacement amplitude (Eq. 3.8.1). As 
shown in Fig. 3.8.1, before steady state is reached, the input energy per cycle exceeds 
the energy dissipated during the cycle by damping, leading to a larger amplitude of dis¬ 
placement in the next cycle. With growing displacement amplitude, the dissipated energy 
increases more rapidly than does the input energy. Eventually, the input and dissipated 
energies will match at the steady-state displacement amplitude u a , which will be bounded 
no matter how small the damping. This energy balance provides an alternative means of 



Ed Ei 



Figure 3.8.1 Input energy Ej and energy 
dissipated Ed in viscous damping. 
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finding u 0 due to harmonic force with co = a>„; equating Eqs. (3.8.1) and (3.8.4) gives 

7T p 0 u 0 = 7XC(D n U 2 0 (3.8.5) 

Solving for u a leads to 

u 0 = — (3.8.6) 

CCOn 

This result agrees with Eq. (3.2.7), obtained by solving the equation of motion. 

We will now present a graphical interpretation for the energy dissipated in viscous 
damping. For this purpose we first derive an equation relating the damping force f D to the 
displacement u: 

fo = Cu(t ) = CU)U 0 cos(a>f — (f >) 

= ccoJ ul — ill sin 2 (tt> f — ^) 


= cwJ ut 




This can be rewritten as 



(3.8.7) 


which is the equation of the ellipse shown in Fig. 3.8.2a. Observe that the fn-u curve 
is not a single-valued function but a loop known as a hysteresis loop. The area enclosed 
by the ellipse is i t(u 0 )(ccou 0 ) = txccou 2 0 , which is the same as Eq. (3.8.1). Thus the area 
within the hysteresis loop gives the dissipated energy. 


Id +fs 



Figure 3.8.2 Hysteresis loops for (a) viscous damper; (b) spring and viscous damper in parallel. 
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It is of interest to examine the total (elastic plus damping) resisting force because 
this is the force that is measured in an experiment: 


fs + fn = ku(t) + cii(t) 


— ku + ccoJug — u 2 


(3.8.8) 


A plot of fs + //) against u is the ellipse of Fig. 3.8.2a rotated as shown in Fig. 3.8.2b 
because of the ku term in Eq. (3.8.8). The energy dissipated by damping is still the area en¬ 
closed by the ellipse because the area enclosed by the single-valued elastic force, fs = ku, 
is zero. 

The hysteresis loop associated with viscous damping is the result of dynamic hystere¬ 
sis since it is related to the dynamic nature of the loading. The loop area is proportional 
to excitation frequency; this implies that the force-deformation curve becomes a single¬ 
valued curve (no hysteresis loop) if the cyclic load is applied slowly enough ( u> = 0). A 
distinguishing characteristic of dynamic hysteresis is that the hysteresis loops tend to be 
elliptical in shape rather than pointed, as in Fig. 1.3.1c, if they are associated with plastic 
deformations. In the latter case, the hysteresis loops develop even under static cyclic loads; 
this phenomenon is therefore known as static hysteresis because the force-deformation 
curve is insensitive to deformation rate. 

In passing, we mention two measures of damping: specific damping capacity and 
the specific damping factor. The specific damping capacity, E D /Es 0 , is that fractional part 
of the strain energy, Es 0 = ku^/ 2, which is dissipated during each cycle of motion; both 
Eq and E$ 0 are shown in Fig. 3.8.3. The specific damping factor, also known as the loss 
factor, is defined as 


$ = 


J_E^ 

2n E So 


(3.8.9) 


If the energy could be removed at a uniform rate during a cycle of simple harmonic motion 
(such a mechanism is not realistic), f could be interpreted as the energy loss per radian 



Deformation 


/ 


Figure 3.8.3 Definition of energy loss 
Ed in a cycle of harmonic vibration and 
maximum strain energy Es 0 • 
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divided by the strain energy, Es 0 ■ These two measures of damping are not often used in 
structural vibration since they are most useful for very light damping (e.g., they are useful 
in comparing the damping capacity of materials). 

Derivation 3.6 

Equation (3.8.2) gives the input energy per cycle where the phase angle, defined by Eq. (3.2.12), 
can be expressed as 



Substituting this in Eq. (3.8.2) gives Eq. (3.8.3). 


3.9 EQUIVALENT VISCOUS DAMPING 


As introduced in Section 1.4, damping in actual structures is usually represented by equiv¬ 
alent viscous damping. It is the simplest form of damping to use since the governing 
differential equation of motion is linear and hence amenable to analytical solution, as seen 
in earlier sections of this chapter and in Chapter 2. The advantage of using a linear equation 
of motion usually outweighs whatever compromises are necessary in the viscous damping 
approximation. In this section we determine the damping coefficient for viscous damping 
so that it is equivalent in some sense to the combined effect of all damping mechanisms 
present in the actual structure; these were mentioned in Section 1.4. 

The simplest definition of equivalent viscous damping is based on the measured re¬ 
sponse of a system to harmonic force at exciting frequency co equal to the natural frequency 
&>„ of the system. The damping ratio £ eq is calculated from Eq. (3.4.1) using measured val¬ 
ues of u 0 and (u sl ) 0 . This is the equivalent viscous damping since it accounts for all the 
energy-dissipating mechanisms that existed in the experiments. 

Another definition of equivalent viscous damping is that it is the amount of damping 
that provides the same bandwidth in the frequency-response curve as obtained experimen¬ 
tally for an actual system. The damping ratio £ eq is calculated from Eq. (3.2.24) using the 
excitation frequencies f a , j),, and /„ (Fig. 3.4.1) obtained from an experimentally deter¬ 
mined frequency-response curve. 

The most common method for defining equivalent viscous damping is to equate the 
energy dissipated in a vibration cycle of the actual structure and an equivalent viscous sys¬ 
tem. For an actual structure the force-displacement relation is obtained from an experiment 
under cyclic loading with displacement amplitude u 0 ; such a relation of arbitrary shape is 
shown schematically in Fig. 3.9.1. The energy dissipated in the actual structure is given 
by the area Eq enclosed by the hysteresis loop. Equating this to the energy dissipated in 
viscous damping given by Eq. (3.8.1) leads to 


An$ eq 


CO 


Eso — Eq or £ eq — 


_1 _ 1 

An co/co n E So 


(3.9.1) 
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Figure 3.9.1 Energy dissipated Ed in a 
cycle of harmonic vibration determined from 
experiment. 


where the strain energy, E$ 0 = ku 2 0 / 2, is calculated from the stiffness k determined by 
experimentation. 

The experiment leading to the force-deformation curve of Fig. 3.9.1 and hence Eq 
should be conducted at a> = co „, where the response of the system is most sensitive to 
damping. Thus Eq. (3.9.1) specializes to 


Ceq — 


47T E So 


(3.9.2) 


The damping ratio £ eq determined from a test at co — u>„ would not be correct at any other 
exciting frequency, but it would be a satisfactory approximation (Section 3.10.2). 

It is widely accepted that this procedure can be extended to model the damping in 
systems with many degrees of freedom. An equivalent viscous damping ratio is assigned 
to each natural vibration mode of the system (defined in Chapter 10) in such a way that the 
energy dissipated in viscous damping matches the actual energy dissipated in the system 
when the system vibrates in that mode at its natural frequency. 

In this book the concept of equivalent viscous damping is restricted to systems vi¬ 
brating at amplitudes within the linearly elastic limit of the overall structure. The energy 
dissipated in inelastic deformations of the structure has also been modeled as equivalent 
viscous damping in some research studies. This idealization is generally not satisfactory, 
however, for the large inelastic deformations of structures expected during strong earth¬ 
quakes. We shall account for these inelastic deformations and the associated energy dis¬ 
sipation by nonlinear force-deformation relations, such as those shown in Fig. 1.3.4 (see 
Chapters 5 and 7). 

Example 3.6 

A body moving through a fluid experiences a resisting force that is proportional to the square 
of the speed, fo = ±oii 2 , where the positive sign applies to positive u and the negative sign 
to negative u. Determine the equivalent viscous damping coefficient c eq for such forces acting 
on an oscillatory system undergoing harmonic motion of amplitude u 0 and frequency co. Also 
find its displacement amplitude at co = co n . 
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Solution If time is measured from the position of largest negative displacement, the har¬ 
monic motion is 


TZ/CO 


f D u dt 


71 /(O 


= 2 


{au A )ii dt = 2 ato^Ug 


sin 3 cot dt = |aa) 2 t/ 3 


u{t) = —u 0 cos cot 

The energy dissipated in one cycle of motion is 

/ p 2n /(o r 

fo du = I fou dt = 2 f 

3 0 Jo 

■if 

Jo 

Equating this to the energy dissipated in viscous damping [Eq. (3.8.1)] gives 

2^23 8 

TCCeqCOUg = —aco Ug or Ceq = — aa)U 0 

3 3rr 

Substituting co = co n in Eq. (a) and the c e q for c in Eq. (3.2.15) gives 

_ ( 

. 8a o>l) 


pn/(o 

L ( 


(a) 


(b) 


PART C: SYSTEMS WITH NONVISCOUS DAMPING 


3.10 HARMONIC VIBRATION WITH RATE-INDEPENDENT DAMPING 
3.10.1 Rate-Independent Damping 

Experiments on structural metals indicate that the energy dissipated internally in cyclic 
straining of the material is essentially independent of the cyclic frequency. Similarly, 
forced vibration tests on structures indicate that the equivalent viscous damping ratio is 
roughly the same for all natural modes and frequencies. Thus we refer to this type of 
damping as rate-independent linear damping. Other terms used for this mechanism of in¬ 
ternal damping are structural damping, solid damping, and hysteretic damping. We prefer 
not to use these terms because the first two are not especially meaningful, and the third is 
ambiguous because hysteresis is a characteristic of all materials or structural systems that 
dissipate energy. 

Rate-independent damping is associated with static hysteresis due to plastic strain, 
localized plastic deformation, crystal plasticity, and plastic flow in a range of stresses 
within the apparent elastic limit. On the microscopic scale the inhomogeneity of stress dis¬ 
tribution within crystals and stress concentration at crystal boundary intersections 
produce local stress high enough to cause local plastic strain even though the average 
(macroscopic) stress may be well below the elastic limit. This damping mechanism does 
not include the energy dissipation in macroscopic plastic deformations, which as men¬ 
tioned earlier, is handled by a nonlinear relationship between force fs and deformation u. 


Energy dissipated Eq 
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The simplest device that can be used to represent rate-independent linear damping 
during harmonic motion at frequency co is to assume that the damping force is proportional 
to velocity and inversely proportional to frequency: 

f D =—u (3.10.1) 

co 

where k is the stiffness of the structure and rj is a damping coefficient. The energy dissi¬ 
pated by this type of damping in a cycle of vibration at frequency co is independent of o> 
(Fig. 3.10.1). It is given by Eq. (3.8.1) with c replaced by rjk/co: 


E d — nrjkul = 2m]E So (3.10.2) 

In contrast, the energy dissipated in viscous damping [Eq. (3.8.1)] increases linearly with 
the forcing frequency as shown in Fig. 3.10.1. 



Figure 3.10.1 Energy dissipated in viscous 
damping and rate-independent damping. 


Rate-independent damping is easily described if the excitation is harmonic and we 
are interested only in the steady-state response of this system. Difficulties arise in trans¬ 
lating this damping mechanism back to the time domain. Thus it is most useful in the 
frequency-domain method of analysis (Appendix A). 

3.10.2 Steady-State Response to Harmonic Force 

The equation governing harmonic motion of an SDF system with rate-independent linear 
damping, denoted by a crossed box in Fig. 3.10.2, is Eq. (3.2.1) with the damping term 
replaced by Eq. (3.10.1): 

mii + —u + ku — pit) (3.10.3) 

co 

The mathematical solution of this equation is quite complex for arbitrary pit). 
Here we consider only the steady-state motion due to a sinusoidal forcing function, 
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u 


Friction-free surface Fi S ure 3 - 10 - 2 SDF s >' slenl with 
rate-independent linear damping. 


pit) = p a sin cot, which is described by 


u(t) = u B sin(tyr — (f>) 


(3.10.4) 


The amplitude u a and phase angle </> are 


1 


u 0 — (n s t) 0 


(3.10.5) 


1 - (&>/&>„) 2 ]' + rf 



(3.10.6) 


These results are obtained by modifying the viscous damping ratio in Eqs. (3.2.11) and 
(3.2.12) to reflect the damping force associated with rate-independent damping, Eq. (3.10.1). 
In particular, £ was replaced by 


c rjk/u) ij 


(3.10.7) 


c c 2mco n 2 (co/co,,) 


Shown in Fig. 3.10.3 by solid lines are plots of u 0 /(u st ) 0 and 0 as a function of the 
frequency ratio a>/(i> n for damping coefficient ij = 0, 0.2, and 0.4; the dashed lines are 
described in the next section. Comparing these results with those in Fig. 3.2.6 for viscous 
damping, two differences are apparent: First, resonance (maximum amplitude) occurs at 
a) — u>„, not at o> < co„. Second, the phase angle for co = 0 is <(> = tan" 1 q instead of zero 
for viscous damping; this implies that motion with rate-independent damping can never be 
in phase with the forcing function. 

These differences between forced vibration with rate-independent damping and forced 
vibration with viscous damping are not significant, but they are the source of some diffi¬ 
culty in reconciling physical data. In most damped vibration, damping is not viscous, and 
to assume that it is without knowing its real physical characteristics is an assumption of 
some error. In the next section this error is shown to be small when the real damping is 
rate independent. 

3.10.3 Solution Using Equivalent Viscous Damping 

In this section an approximate solution for the steady-state harmonic response of a system 
with rate-independent damping is obtained by modeling this damping mechanism as equiv¬ 
alent viscous damping. 

Matching dissipated energies at a> = co„ led to Eq. (3.9.2), where Ed is given by 
Eq. (3.10.2), leading to the equivalent viscous damping ratio: 



(3.10.8) 
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0 12 3 

Frequency ratio (0 / CD„ 

Figure 3.10.3 Response of system with rate-independent damping: exact solution and 
approximate solution using equivalent viscous damping. 


Substituting this £ e q for £ in Eqs. (3.2.10) to (3.2.12) gives the system response. The 
resulting amplitude u a and phase angle 0 are shown by the dashed lines in Fig. 3.10.3. 
This approximate solution matches the exact result at u> = w„ because that was the cri¬ 
terion used in selecting £ eq (Fig. 3.10.1). Over a wide range of excitation frequencies the 
approximate solution is seen to be accurate enough for many engineering applications. 
Thus Eq. (3.10.3)—which is difficult to solve for arbitrary force p(t ) that contains many 
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harmonic components of different frequencies cd —can be replaced by the simpler Eq. (3.2.1) 
for a system with equivalent viscous damping defined by Eq. (3.10.8). This is the basic ad¬ 
vantage of equivalent viscous damping. 


3.11 HARMONIC VIBRATION WITH COULOMB FRICTION 
3.11.1 Equation of Motion 

Shown in Fig. 3.11.1 is a mass-spring system with Coulomb friction force F = /iN that 
opposes sliding of the mass. As defined in Section 2.4, the coefficients of static and kinetic 
friction are assumed to be equal to /x, and N is the normal force across the sliding surfaces. 
The equation of motion is obtained by including the exciting force in Eqs. (2.4.1) and 
(2.4.2) governing the free vibration of the system: 

mu + ku ± F — p(t) (3.11.1) 

The sign of the friction force changes with the direction of motion; the positive sign applies 
if the motion is from left to right (u > 0) and the negative sign is for motion from right 
to left (m < 0). Each of the two differential equations is linear, but the overall problem is 
nonlinear because the governing equation changes every half-cycle of motion. Therefore, 
exact analytical solutions would not be possible except in special cases. 


4 —OJUUO— 



V//////////////////////////////////A 


Pit ) 

/- -Friction force + F 


Figure 3.11.1 SDF system with Coulomb 
friction. 


3.11.2 Steady-State Response to Harmonic Force 

An exact analytical solution for the steady-state response of the system of Fig. 3.11.1 
subjected to harmonic force was developed by J. P. Den Hartog in 1933. The analysis 
is not included here, but his results are shown by solid lines in Fig. 3.11.2; the dashed lines 
are described in the next section. The displacement amplitude u 0 , normalized relative to 
(u st )o = p 0 /k , and the phase angle <j> are plotted as a function of the frequency ratio a>/a> n 
for three values of F / p„. If there is no friction, F = 0 and u 0 /(u st ) 0 = (Rd);= o, the same 
as in Eq. (3.1.11) for an undamped system. The friction force reduces the displacement 
amplitude u a , with the reduction depending on the frequency ratio &>/&>„. 

At co = a>„ the amplitude of motion is not limited by Coulomb friction if 


F jt 

Po 4 


(3.11.2) 
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Frequency ratio CD / C0„ 


Figure 3.11.2 Deformation response factor and phase angle of a system with Coulomb 
friction excited by harmonic force. Exact solution from J. P. Den Hartog; approximate 
solution is based on equivalent viscous damping. 


which is surprising since F = (tt/4) p„ represents a large friction force, but can be ex¬ 
plained by comparing the energy E F dissipated in friction against the input energy E/. 
The energy dissipated by Coulomb friction in one cycle of vibration with displacement 
amplitude u a is the area of the hysteresis loop enclosed by the friction force-displacement 
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diagram (Fig. 3.11.3): 


Ep = AFu 0 


(3.11.3) 


Friction 

force 



F 






U Q 



u 0 


-F 

Figure 3.11.3 Hysteresis loop for 
Coulomb friction. 


Observe that the dissipated energy in a vibration cycle is proportional to the ampli¬ 
tude of the cycle. The energy Ej input by the harmonic force applied at co — co n is also 
proportional to the displacement amplitude. If Eq. (3.11.2) is satisfied, it can be shown that 

Ep < E[ 

that is, the energy dissipated in friction per cycle is less than the input energy (Fig. 3.11.4). 
Therefore, the displacement amplitude would increase cycle after cycle and grow with¬ 
out bound. This behavior is quite different from that of systems with viscous damping or 
rate-independent damping. For these forms of damping, as shown in Section 3.8, the dis¬ 
sipated energy increases quadratically with displacement amplitude, and the displacement 
amplitude is bounded no matter how small the damping. In connection with the fact that 
infinite amplitudes occur at u> = o>„ if Eq. (3.11.2) is satisfied, the phase angle shows a 
discontinuous jump at co = co n (Fig. 3.11.2). 
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3.11.3 Solution Using Equivalent Viscous Damping 


In this section an approximate solution for the steady-state harmonic response of a system 
with Coulomb friction is obtained by modeling this damping mechanism by equivalent 
viscous damping. Substituting Ep, the energy dissipated by Coulomb friction given by 
Eq. (3.11.3), for Ed in Eq. (3.9.1) provides the equivalent viscous damping ratio: 


(eq — 


2 1 Up 

7T CL>/u> n U 0 


(3.11.4) 


where up — F/k. The approximate solution for the displacement amplitude u a is obtained 
by substituting £ eq for £ in Eq. (3.2.11): 


Up _ 1 

( “ st)o | [1 - (cuM,) 2 ] 2 + [{A/n)(u F /u 0 )f\ 1/2 


This contains u a on the right side also. Squaring and solving algebraically, the normalized 
displacement amplitude is 

u 0 _ {l-[(4/7r)(F/ Po )] 2 } 1/2 

fast )o 1 - (®Mi) 2 


This approximate result is valid provided that F/p a < tt/4. The approximate solution 
cannot be used if F/p a > n/A because then the quantity under the radical is negative and 
the numerator is imaginary. 

These approximate and exact solutions are compared in Fig. 3.11.2. If the friction 
force is small enough to permit continuous motion, this motion is practically sinusoidal 
and the approximate solution is close to the exact solution. If the friction force is large, 
discontinuous motion with stops and starts results, which is much distorted relative to a 
sinusoid, and the approximate solution is poor. 

The approximate solution for the phase angle is obtained by substituting £ C q for f in 
Eq. (3.2.12): 




(■A/n){u F /u 0 ) 

1 - (<w/w„) 2 


Substituting for u a from Eq. (3.11.5) gives 


tan (j> = ± 


(4 /tt)(F/ P o ) 

{ 1 ~ [(4/tt)(F//? o)] 2 } 1/2 


(3.11.6) 


For a given value of F / p 0 , the tan <f> is constant but with a positive value if a>/co n < 1 and 
a negative value if a>/a> n > 1. This is shown in Fig. 3.11.2, where it is seen that the phase 
angle is discontinuous at u> — a> n for Coulomb friction. 


Example 3.7 

The structure of Example 2.7 with friction devices deflects 2 in. under a lateral force of 
p — 500 kips. What would be the approximate amplitude of motion if the lateral force is 
replaced by the harmonic force p(t) = 500 sin cot, where the forcing period T = 1 sec? 
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Solution The data (given and from Example 2.7) are 


(ust )o — . — - in. 


k 


up = 0.15 in. 


CO_ _ Tn _ 
a>„ T 



Calculate u 0 from Eq. (3.11.5). 


F F/k up 



Po Po/k (^st)o 


Substituting for F/p a in Eq. (3.11.5) gives 



u a = 1.327(2) = 2.654 in. 


PART D: RESPONSE TO PERIODIC EXCITATION 


A periodic function is one in which the portion defined over Tq repeats itself indefinitely 
(Fig. 3.12.1). Many forces are periodic or nearly periodic. Under certain conditions, 
propeller forces on a ship, wave loading on an offshore platform, and wind forces induced 
by vortex shedding on tall, slender structures are nearly periodic. Earthquake ground mo¬ 
tion usually has no resemblance to a periodic function. However, the base excitation arising 
from an automobile traveling on an elevated freeway that has settled because of long-term 
creep may be nearly periodic. 


P 



t 


Figure 3.12.1 Periodic excitation. 


We are interested in analyzing the response to periodic excitation for yet another 
reason. The analysis can be extended to arbitrary excitations utilizing discrete Fourier 
transform techniques. These are introduced in Appendix A. 
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3.12 FOURIER SERIES REPRESENTATION 

A function pit ) is said to be periodic with period Tq if it satisfies the following relation¬ 
ship: 

pit + jTo) = p(t) j = — oo,..., —3, —2, —1,0, 1, 2, 3,..., oo 

A periodic function can be separated into its harmonic components using the Fourier 
series: 

OO OO 

P(t) = a 0 + E cij cos j coot -f- ^ ' bj sin jcoot (3.12.1) 

j =i j =i 

where the fundamental harmonic in the excitation has the frequency 

2 jr 

«o=— (3.12.2) 

to 

The coefficients in the Fourier series can be expressed in terms of pit) because the sine 
and cosine functions are orthogonal: 


1 f T ° 

a o = — / pit) dt 
to Jo 

2 f T ° 

a i = — / pit) cos jco 0 t dt 
to Jo 

2 fTo 

bj = ~ / Pit) sin jcoot dt 
to Jo 



(3.12.3) 

j = 1,2,3,... 

(3.12.4) 

j = 1,2,3,... 

(3.12.5) 


The coefficient ao is the average value of pit)', coefficients ay and bj are the amplitudes of 
the jth harmonics of frequency jco o. 

Theoretically, an infinite number of terms are required for the Fourier series to con¬ 
verge to pit). In practice, however, a few terms are sufficient for good convergence. At 
a discontinuity, the Fourier series converges to a value that is the average of the values 
immediately to the left and to the right of the discontinuity. 


3.13 RESPONSE TO PERIODIC FORCE 

A periodic excitation implies that the excitation has been in existence for a long time, 
by which time the transient response associated with the initial displacement and velocity 
has decayed. Thus, we are interested in finding the steady-state response. Just as for 
harmonic excitation, the response of a linear system to a periodic force can be determined 
by combining the responses to individual excitation terms in the Fourier series. 

The response of an undamped system to constant force pit) — ao is given by Eq. (f) 
of Example 1.8, in which the cos cot term will decay because of damping (see Section 4.3), 
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MO (0 = 


«0 

k 


(3.13.1) 


The steady-state response of a viscously damped SDF system to harmonic 
cosine force pit) = cij cos( ja>ot) is given by Eqs. (3.2.3) and (3.2.26) with to replaced 
by jcoo: 


aj 2£Pj sin jco 0 t + (1 - pj) cos jco 0 t 
(1 - pf) 2 + (21;Pj) 2 


(3.13.2) 


where 


Pj = 


jo> o 
0) n 


(3.13.3) 


Similarly, the steady-state response of the system to sinusoidal force p(t ) = 
bj sin jcoot is given by Eqs. (3.2.3) and (3.2.4) with to replaced by ja>o- 


bj (1 - Pj) sin jco 0 t - 2i;Pj cos jw 0 t 
~k (1 - pj) 2 + (2t;Pj) 2 


(3.13.4) 


If £ = 0 and one of pj = 1, the steady-state response is unbounded and not meaningful 
because the transient response never decays (see Section 3.1); in the following it is assumed 
that f ^ 0 and Pj ^ 1. 

The steady-state response of a system with damping to periodic excitation pit) is the 
combination of responses to individual terms in the Fourier series: 


u(t) = u 0 (t) + E m , c « + E u)(t) (3.13.5) 

j =i j =i 


Substituting Eqs. (3.13.1), (3.13.2), and (3.13.4) into (3.13.5) gives 

1 

k ^ 


oo t 

/ \ a 0 , * 
‘M = T + £t 


~[ki\- pj? + ( 2 spj) 1 


{ [aj (2 KPj) + bj (! - pj)] sin ja> 0 t 


+ [ a y( ! - Pj) - bji^Pj)] cos jcoot } (3.13.6) 

The response u(t) is a periodic function with period 7 0 . 

The relative contributions of the various harmonic terms in Eq. (3.13.6) depend on 
two factors: (1) the amplitudes aj and bj of the harmonic components of the forcing func¬ 
tion pit), and (2) the frequency ratio Pj. The response will be dominated by those har¬ 
monic components for which Pj is close to unity [i.e., the forcing frequency jco o is close 
to the natural frequency (see Fig. 3.2.6)]. 


t The notation uq used here includes the subscript zero consistent with ao\ this should not be confused with 


u Q with the subscript “oh” used earlier to denote the maximum value of u(t). 





p(t)/p o Pj(t)/p t 
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Example 3.8 

The periodic force shown in Fig. E3.8a is defined by 


P(t) = { 


Po 

~Po 


0 <t < T 0 /2 
Tq/ 2 < t < Tq 


(a) 



(a) 






(c) (e) 


Figure E3.8 
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Substituting this in Eqs. (3.12.3) to (3.12.5) gives the Fourier series coefficients: 



1 

rT 0 





a 0 = 

2b- 

a- 

II 

0 




(b) 


2 

[To 





a i = 

2b- 

1 p(t) cos ja>ot dt 






II 

rTo/2 

Po J cos ju>ot dt + (- 

~Po) 

[ To 

1 cos ja>ot dt 

JTo/2 

= 0 

(c) 


2 

[To 





’ = 

2b- 

1 p(t) sin jcoot dt 

'0 





= 

II 

[To/2 

Po J sin jcoot dt + (- 

Po) 

[To 

I sin jiDQt dt 

'To /2 




f 0 

j even 





= 

\ 4 Po /jn j odd 




(d) 


Thus the Fourier series representation of pit) is 


Pit) = ^2 Pj(t) 


A 00 1 

- > - sin jcoQt 

7 r ^' / 


7X -' J 

y'=l,3,5 


(e) 


The first four terms of this series are shown in Fig. E3.8b, where the frequencies and 
relative amplitudes—1, 5 , 5 , and ^—of the four harmonics are apparent. The cumulative sum 
of the Fourier terms is shown in Fig. E3.8c, where four terms provide a reasonable represen¬ 
tation of the forcing function. At t = To/ 2, where p(t) is discontinuous, the Fourier series 
converges to zero, the average value of p(To/2). 

The response of an SDF system to the forcing function of Eq. (e) is obtained by substi¬ 
tuting Eqs. (b), (c), and (d) in Eq. (3.13.6) to obtain 


4 \ ' 

u(t) = (Mst)o— > 

Tt 4 —< 

(=1,3,5 


Ill 


pj) sin j(DQt — 2/Pj cos ja)ot 

(1 - Pj) 2 + ( 2 Wj) 2 


(f) 


Shown in Fig. E3.8d are the responses of an SDF system with natural period T n = 7b/4 and 
damping ratio / = 5% to the first four loading terms in the Fourier series of Eq. (e). These 
are plots of individual terms in Eq. (f) with Pj = ja>o/a>„ = jT n /To = j/4. The relative 
amplitudes of these terms are apparent. None of them is especially large because none of the 
Pj values is especially close to unity; note that Pj = |, |, and so on. The cumulative 

sum of the individual response terms of Eq. (f) is shown in Fig. E3.8e, where the contribution 
of the fourth term is seen to be small. The higher terms would be even smaller because the 
amplitudes of the harmonic components of p(t) decrease with j and Pj would be even farther 
from unity. 
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APPENDIX 3: FOUR-WAY LOGARITHMIC GRAPH PAPER 

R v is plotted as a function of o> jco n on log-log graph paper [i.e., log R v is the ordinate and 
log(o>/&>„) the abscissa]. Equation (3.2.21) gives 

log Rv = log - + log R d (A3.1) 

co„ 

If Rd is a constant, Eq. (A3.1) represents a straight line with slope of +1. Grid lines 
showing constant Rd would therefore be straight lines of slope +1, and the Rd -axis would 
be perpendicular to them (Fig. A3.1). Equation (3.2.21) also gives 

log R v = - log — + log R a (A3.2) 

co n 

If R a is a constant, Eq. (A3.2) represents a straight line with slope of —1. Grid lines 
showing constant R a would be straight lines of slope —1, and the R a - axis would be per¬ 
pendicular to them (Fig. A3.1). 

With reference to Fig. A3.1, the scales are established as follows: 

1. With the point ( R v = 1, o> / o>„ = 1) as the origin, draw a vertical I? ,,-axis and a 
horizontal co/co, ,-axis with equal logarithmic scales. 

2. The mark A on the R a - axis would be located at the point ( R v = A 1//2 , o>/o> n = A 1 / 2 ) 
in order to satisfy 

R a = —Rv (A3.3) 

(o n 

R v and co/a>„ are taken to be equal because the R a - axis has a slope of +1. This 
procedure is shown for A = 9, leading to the scale marks 3 on the R, and a>/a> n 
axes. 

3. The mark D on the Rd -axis would be located at the point ( R v = /J 1 '' 2 . a>/co n = 
D~ x l 2 ) in order to satisfy 

co 

Rd = Rv -■ - 

(On 


(A3.4) 
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Figure A3.1 Construction of four-way logarithmic graph paper. 

and the condition that the Rj -axis has a slope of —1. This procedure is shown for 
D = 4, leading to the scale mark 2 on the A’,.-axis and to the scale mark ^ on the 
u>l(o n - axis. 

The logarithmic scales along the R,i and R„ axes are equal but not the same as the 
R v and co/co n scales. 


PROBLEMS 


Part A 

3.1 The mass m, stiffness k, and natural frequency co n of an undamped SDF system are unknown. 
These properties are to be determined by harmonic excitation tests. At an excitation frequency 
of 4 Hz, the response tends to increase without bound (i.e., a resonant condition). Next, a 
weight Aw — 5 lb is attached to the mass m and the resonance test is repeated. This time 
resonance occurs at / = 3 Hz. Determine the mass and the stiffness of the system. 




























120 Response to Harmonic and Periodic Excitations Chap. 3 

3.2 An SDF system is excited by a sinusoidal force. At resonance the amplitude of displacement 
was measured to be 2 in. At an exciting frequency of one-tenth the natural frequency of the 
system, the displacement amplitude was measured to be 0.2 in. Estimate the damping ratio of 
the system. 

3.3 In a forced vibration test under harmonic excitation it was noted that the amplitude of motion 
at resonance was exactly four times the amplitude at an excitation frequency 20% higher than 
the resonant frequency. Determine the damping ratio of the system. 

3.4 A machine is supported on four steel springs for which damping can be neglected. The natural 
frequency of vertical vibration of the machine-spring system is 200 cycles per minute. The 
machine generates a vertical force pit ) = po sin&if. The amplitude of the resulting steady- 
state vertical displacement of the machine is u a = 0.2 in. when the machine is running at 20 
revolutions per minute (rpm). 1.042 in. at 180 rpm, and 0.0248 in. at 600 rpm. Calculate the 
amplitude of vertical motion of the machine if the steel springs are replaced by four rubber 
isolators that provide the same stiffness but introduce damping equivalent to f = 25% for the 
system. Comment on the effectiveness of the isolators at various machine speeds. 

3.5 An air-conditioning unit weighing 1200 lb is bolted at the middle of two parallel simply 
supported steel beams (Fig. P3.5). The clear span of the beams is 8 ft. The second mo¬ 
ment of cross-sectional area of each beam is 10 in 4 . The motor in the unit runs at 300 rpm 
and produces an unbalanced vertical force of 60 lb at this speed. Neglect the weight of the 
beams and assume 1% viscous damping in the system; for steel E = 30,000 ksi. Determine 
the amplitudes of steady-state deflection and steady-state acceleration (in g’s) of the beams at 
their midpoints which result from the unbalanced force. 


Air-conditioning unit 



Figure P3.5 


3.6 (a) Show that the steady-state response of an SDF system to a cosine force, p(t ) = p a cos cot, 

is given by 


u(t) = 


p 0 [l — (a>/a>„) 2 ] cos mt + [2f (co/ain)] sin cut 
k [l-(w/w n ) 2 ] 2 + [2f(«/w„)] 2 


(b) Show that the maximum deformation due to cosine force is the same as that due to sinu¬ 
soidal force. 

3.7 (a) Show that oi r = co„{ 1 — 2f 2 ) 1 / 2 is the resonant frequency for displacement amplitude of 
an SDF system. 

(b) Determine the displacement amplitude at resonance. 

3.8 (a) Show that co r = co n ( 1 — 2f 2 )~ 1 / 2 is the resonant frequency for acceleration amplitude of 
an SDF system. 

(b) Determine the acceleration amplitude at resonance. 
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3.9 (a) Show that ay = ay is the resonant frequency for velocity amplitude of an SDF system, 

(b) Determine the velocity amplitude at resonance. 


Part B 

3.10 A one-story reinforced concrete building has a roof mass of 500 kips/g, and its natural fre¬ 
quency is 4 Hz. This building is excited by a vibration generator with two weights, each 50 lb, 
rotating about a vertical axis at an eccentricity of 12 in. When the vibration generator runs 
at the natural frequency of the building, the amplitude of roof acceleration is measured to be 
0.02g. Determine the damping of the structure. 

3.11 The steady-state acceleration amplitude of a structure caused by an eccentric-mass vibration 
generator was measured for several excitation frequencies. These data are as follows: 


Frequency (Hz) 

Acceleration (10 3 g) 

Frequency (Hz) 

Acceleration (10 3 g) 

1.337 

0.68 

1.500 

7.10 

1.378 

0.90 

1.513 

5.40 

1.400 

1.15 

1.520 

4.70 

1.417 

1.50 

1.530 

3.80 

1.438 

2.20 

1.540 

3.40 

1.453 

3.05 

1.550 

3.10 

1.462 

4.00 

1.567 

2.60 

1.477 

7.00 

1.605 

1.95 

1.487 

8.60 

1.628 

1.70 

1.493 

8.15 

1.658 

1.50 

1.497 

7.60 




Determine the natural frequency and damping ratio of the structure. 

3.12 Consider an industrial machine of mass m supported on spring-type isolators of total stiffness 
k. The machine operates at a frequency of / hertz with a force unbalance p a . 

(a) Determine an expression giving the fraction of force transmitted to the foundation as a 
function of the forcing frequency / and the static deflection <5 st = mg/k. Consider only the 
steady-state response. 

(b) Determine the static deflection 5 s t for the force transmitted to be 10% of p 0 if / = 20 Hz. 

3.13 For the automobile in Example 3.4, determine the amplitude of the force developed in the 
spring of the suspension system when the automobile is traveling at 40 mph. 

3.14 Determine the speed of the automobile in Example 3.4 that would produce a resonant condi¬ 
tion for the spring force in the suspension system. 

3.15 A vibration isolation block is to be installed in a laboratory so that the vibration from adjacent 
factory operations will not disturb certain experiments (Fig. P3.15). If the isolation block 
weighs 2000 lb and the surrounding floor and foundation vibrate at 1500 cycles per minute, 
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determine the stiffness of the isolation system such that the motion of the isolation block is 
limited to 10% of the floor vibration; neglect damping. 


Isolation block 



t Figure P3.15 

3.16 An SDF system is subjected to support displacement u g (t) — u go sma>t. Show that the 
amplitude u' a of the total displacement of the mass is given by Eq. (3.6.5). 

3.17 The natural frequency of an accelerometer is 50 Hz, and its damping ratio is 70%. Com¬ 
pute the recorded acceleration as a function of time if the input acceleration is ii g (t ) = 
O.lg sin 2 nft for / = 10, 20, and 40 Hz. A comparison of the input and recorded 
accelerations was presented in Fig. 3.7.3. The accelerometer is calibrated to read the input 
acceleration correctly at very low values of the excitation frequency. What would be the error 
in the measured amplitude at each of the given excitation frequencies? 

3.18 An accelerometer has the natural frequency f n = 25 Hz and damping ratio f = 60%. Write an 
equation for the response u(t) of the instrument as a function of time if the input acceleration 
is u g (t) — u go &m2nft. Sketch the ratio a)^ t u 0 /u g0 as a function of ///„. The accelerom¬ 
eter is calibrated to read the input acceleration correctly at very low values of the excitation 
frequency. Determine the range of frequencies for which the acceleration amplitude can be 
measured with an accuracy of ±1%. Identify this frequency range on the above-mentioned 
plot. 

3.19 The natural frequency of an accelerometer is /„ = 50 Hz, and its damping ratio is f = 70%. 
Solve Problem 3.18 for this accelerometer. 

3.20 If a displacement-measuring instrument is used to determine amplitudes of vibration at fre¬ 
quencies very much higher than its own natural frequency, what would be the optimum instru¬ 
ment damping for maximum accuracy? 

3.21 A displacement meter has a natural frequency /„ = 0.5 Hz and a damping ratio f = 0.6. 
Determine the range of frequencies for which the displacement amplitude can be measured 
with an accuracy of ± 1 %. 

3.22 Repeat Problem 3.21 for f = 0.7. 

3.23 Show that the energy dissipated per cycle for viscous damping can be expressed by 

E d = _ 2 _ 

k [l - (wM.) 2 ] 2 + [2f(o>M,)] 2 

3.24 Show that for viscous damping the loss factor § is independent of the amplitude and propor¬ 
tional to the frequency. 
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PartC 


3.25 The properties of the SDF system of Fig. P2.20 are as follows: w = 500 kips, F — 50 kips, 
and T„ = 0.25 sec. Determine an approximate value for the displacement amplitude due to 
harmonic force with amplitude 100 kips and period 0.30 sec. 


Part D 


3.26 An SDF system with natural period T n and damping ratio f is subjected to the periodic force 
shown in Fig. P3.26 with an amplitude p a and period Tq. 

(a) Expand the forcing function in its Fourier series. 

(b) Determine the steady-state response of an undamped system. For what values of Tq is the 
solution indeterminate? 

(c) For Tq/T„ = 2, determine and plot the response to individual terms in the Fourier series. 
How many terms are necessary to obtain reasonable convergence of the series solution? 


P 


Po 



■TJ1 0 TJ2 T a 


~T, 


2T, 


Figure P3.26 
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Response to Arbitrary, Step, and 
Pulse Excitations 


PREVIEW 

In many practical situations the dynamic excitation is neither harmonic nor periodic. Thus 
we are interested in studying the dynamic response of SDF systems to excitations varying 
arbitrarily with time. A general result for linear systems, Duhamel’s integral, is derived 
in Part A of this chapter. This result is used in Part B to study the response of systems 
to step force, linearly increasing force, and step force with finite rise time. These results 
demonstrate how the dynamic response of the system is affected by the rise time. 

An important class of excitations that consist of essentially a single pulse is consid¬ 
ered in Part C. The time variation of the response to three different force pulses is studied, 
and the concept of shock spectrum is introduced to present graphically the maximum re¬ 
sponse as a function of tj/T „, the ratio of pulse duration to the natural vibration period. It is 
then demonstrated that the response to short pulses is essentially independent of the pulse 
shape and that the response can be determined using only the pulse area. Most of the anal¬ 
yses and results presented are for systems without damping because the effect of damping 
on the response to a single pulse excitation is usually not important; this is demonstrated 
toward the end of the chapter. 


PART A: RESPONSE TO ARBITRARILY TIME-VARYING 
FORCES 


A general procedure is developed to analyze the response of an SDF system subjected to 
force p(t) varying arbitrarily with time. This result will enable analytical evaluation of 
response to forces described by simple functions of time. 
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We seek the solution of the differential equation of motion 

mil + cu + ku = p(t) 

subject to the initial conditions 

u(Q) = 0 m(0 ) = 0 

In developing the general solution, p(t) is interpreted as a sequence of impulses of in¬ 
finitesimal duration, and the response of the system to p(t) is the sum of the responses to 
individual impulses. These individual responses can conveniently be written in terms of 
the response of the system to a unit impulse. 


4.1 RESPONSE TO UNIT IMPULSE 


A very large force that acts for a very short time but with a time integral that is finite is 
called an impulsive force. Shown in Fig. 4.1.1 is the force p(t) = 1/e, with time duration 
e starting at the time instant t = x. As e approaches zero the force becomes infinite; 
however, the magnitude of the impulse, defined by the time integral of pit), remains equal 
to unity. Such a force in the limiting case e -» 0 is called the unit impulse. The Dirac 
delta function S(t — r) mathematically defines a unit impulse centered at t = x. 

According to Newton’s second law of motion, if a force p acts on a body of mass m, 
the rate of change of momentum of the body is equal to the applied force, that is. 


— {mu) = 
at 


P 


(4.1.1) 



Figure 4.1.1 (a) Unit impulse; (b) response to unit impulse. 
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For constant mass, this equation becomes 


p = mil 


Integrating both sides with respect to t gives 



pdt = m(ii 2 — t<i) = m Ait 


(4.1.2) 


(4.1.3) 


The integral on the left side of this equation is the magnitude of the impulse. The product 
of mass and velocity is the momentum. Thus Eq. (4.1.3) states that the magnitude of the 
impulse is equal to the change in momentum. 

This result is also applicable to an SDF mass-spring-damper system if the spring or 
damper has no effect. Such is the case because the impulsive force acts for an infinitesi¬ 
mally short duration. Thus a unit impulse at t = t imparts to the mass, m. the velocity 
[from Eq. (4.1.3)] 


«(r)=- (4.1.4) 

m 


but the displacement is zero prior to and up to the impulse: 


n(r) = 0 


(4.1.5) 


A unit impulse causes free vibration of the SDF system due to the initial velocity and 
displacement given by Eqs. (4.1.4) and (4.1.5). Substituting these in Eq. (2.2.4) gives the 
response of viscously damped systems: 

h(t — t) = u(t) = - s in[a) D (f — r)] t > r (4.1.6) 

ma>D 

This unit impulse-response function, denoted by hit — r), is shown in Fig. 4.1.1b, together 
with the special case of £ = 0. 

If the excitation is a unit impulse ground motion, based on Eq. (1.7.6), p e s(t) = 
—m8(t — r), then Eq. (4.1.4) becomes h(r) = —1 and Eq. (4.1.6) changes to 

h(t — x) = -(f-T) sin [co D (t — r)] t > x (4.1.7) 

(t) D 


4.2 RESPONSE TO ARBITRARY FORCE 

A force pit) varying arbitrarily with time can be represented as a sequence of infinites¬ 
imally short impulses (Fig. 4.2.1). The response of a linear dynamic system to one of 
these impulses, the one at time r of magnitude p{r)dr, is this magnitude times the unit 
impulse-response function: 


du(t) = [pit) dr]h(t — r) t > r 


(4.2.1) 
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du 


Response to impulse at x 



Figure 4.2.1 Schematic explanation of convolution integral. 


The response of the system at time t is the sum of the responses to all impulses up to that 
time (Fig. 4.2.1). Thus 


u(t ) = 


/' 


p(r)h(t — r) dr 


(4.2.2) 
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This is known as the convolution integral, a general result that applies to any linear dynamic 
system. 

Specializing Eq. (4.2.2) for the SDF system by substituting Eq. (4.1.7) for the unit 
impulse response function gives Duhamel’s integral: 

1 f 

u(t) =- / p(T)e~ (a, "^'~ T) sin [ao D (t — r)] dr (4.2.3) 

mco D Jo 

For an undamped system this result simplifies to 

1 f 

u(t) = - / p(r) sin [®„(r — r)] dr (4.2.4) 

mw n Jo 

Implicit in this result are “at rest” initial conditions, m( 0) = 0 and m( 0) = 0. If the initial 
displacement and velocity are u( 0) and z/(0), the resulting free vibration response given by 
Eqs. (2.2.4) and (2.1.3) should be added to Eqs. (4.2.3) and (4.2.4), respectively. Recall 
that we had used Eq. (4.2.4) in Section 1.10.2, where four methods for solving the equation 
of motion were introduced. 

Duhamel’s integral provides a general result for evaluating the response of a linear 
SDF system to arbitrary force. This result is restricted to linear systems because it is 
based on the principle of superposition. Thus it does not apply to structures deforming 
beyond their linearly elastic limit. If p(r) is a simple function, closed-form evaluation 
of the integral is possible and Duhamel’s integral is an alternative to the classical method 
for solving differential equations (Section 1.10.1). If p{ r) is a complicated function that 
is described numerically, evaluation of the integral requires numerical methods. These 
will not be presented in this book, however, because they are not particularly efficient. 
More effective methods for numerical solution of the equation of motion are presented in 
Chapter 5. 


PART B: RESPONSE TO STEP AND RAMP FORCES 


4.3 STEP FORCE 

A step force jumps suddenly from zero to p a and stays constant at that value (Fig. 4.3.1b). 
It is desired to determine the response of an undamped SDF system (Fig. 4.3.1a) starting 
at rest to the step force: 

p(t) = po (4.3.1) 

The equation of motion has been solved (Section 1.10.2) using Duhamel’s integral to obtain 

( 2irt 

uit) = (M st )o(l - cos (D„t) = (K st ) 0 II - COS — 
where (M st ) 0 = pjk, the static deformation due to force p a . 


(4.3.2) 
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Figure 4.3.1 (a) SDF system; (b) step force; (c) dynamic response. 


The normalized deformation or displacement, u(t)/(u s t) 0 , is plotted against normal¬ 
ized time, t/T n , in Fig. 4.3.1c. It is seen that the system oscillates at its natural period about 
a new equilibrium position, which is displaced through ( u st ) 0 from the original equilib¬ 
rium position of u = 0. The maximum displacement can be determined by differentiating 
Eq. (4.3.2) and setting u(t) to zero, which gives &>„ sin®,,? = 0. The values t a of t that 
satisfy this condition are 

c 0 „t o = jTT or t 0 = J -T n (4.3.3) 

where j is an odd integer; even integers correspond to minimum values of u(t). The 
maximum value u 0 of nil) is given by Eq. (4.3.2) evaluated at t — t a \ these maxima are all 
the same: 


u 0 — 2 (wst)o 


(4.3.4) 


Thus a suddenly applied force produces twice the deformation it would have caused as a 
slowly applied force. 

The response of a system with damping can be determined by substituting Eq. (4.3.1) 
in Eq. (4.2.3) and evaluating Duhamel’s integral to obtain 


u(t) = (u st ) 0 


e 


-f«„r 


COS COot 




sm&> D r 


(4.3.5) 


For analysis of damped systems the classical method (Section 1.10.1) may be easier, 
however, than evaluating Duhamel’s integral. The differential equation to be solved is 


mil + cii + ku = p„ (4.3.6) 

Its complementary solution is given by Eq. (f) of Derivation 2.2, the particular solution is 
u p = p 0 /k, and the complete solution is 

u{t) — e~^ a> "'(A cos a> D t + B sin copt) + — 

k 


(4.3.7) 
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where the constants A and B are to be determined from initial conditions. For a system 
starting from rest, u (0) = u (0) = 0 and 


A = 


Po_ 

k 


B = - 


Po f 

k yi-r 2 


Substituting these constants in Eq. (4.3.7) gives the same result as Eq. (4.3.5). When 
specialized for undamped systems this result reduces to Eq. (4.3.2), already presented in 
Fig. 4.3.1c. 

Equation (4.3.5) is plotted in Fig. 4.3.1c for two additional values of the damping 
ratio. With damping the overshoot beyond the static equilibrium position is smaller, and 
the oscillations about this position decay with time. The damping ratio determines the 
amount of overshoot and the rate at which the oscillations decay. Eventually, the system 
settles down to the static deformation, which is also the steady-state deformation. 


4.4 RAMP OR LINEARLY INCREASING FORCE 

In Fig. 4.4.1b, the applied force p(t) increases linearly with time. Naturally, it cannot 
increase indefinitely, but our interest is confined to the time duration where p(t) is still 
small enough that the resulting spring force is within the linearly elastic limit of the spring. 

While the equation of motion can be solved by any one of several methods, we 
illustrate use of Duhamel’s integral to obtain the solution. The applied force 

p(t) = Po~ (4.4.1) 

t r 

is substituted in Eq. (4.2.4) to obtain 

, , 1 f Po . . . , 

u\t) = - / —r sin&>„(r — r) dr 

mco n J 0 t r 


Pit) 




(a) 


(b) 


(c) 


Figure 4.4.1 (a) SDF system; (b) ramp force; (c) dynamic and static responses. 
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This integral is evaluated and simplified to obtain 


u(t) = (« st )o 



sin co n t 
CO n tr 


(^st)o 


/ t_Tn 
\ T„ t r 


sin 2:rt/T„\ 
2ntr/T n ) 


(4.4.2) 


where (n st ) 0 = Po/k, the static deformation due to force p a . 

Equation (4.4.2) is plotted in Fig. 4.4.1c for t r /T n = 2.5, wherein the static deforma¬ 
tion at each time instant, 


p(t) t 

Wst(0 = ^- 7 — = (wst)o- (4.4.3) 

k t r 

is also shown; n st (r) varies with time in the same manner as pit) and the two differ by the 
scale factor 1 /k. It is seen that the system oscillates at its natural period T„ about the static 
solution. 


4.5 STEP FORCE WITH FINITE RISE TIME 


Since in reality a force can never be applied suddenly, it is of interest to consider a dynamic 
force that has a finite rise time, t r , but remains constant thereafter, as shown in Fig. 4.5.1b: 

p 0 (t/t r ) t < t r 

Po t > t r 


Pit) = 


(4.5.1) 


The excitation has two phases: ramp or rise phase and constant phase. 

For a system without damping starting from rest, the response during the ramp phase 
is given by Eq. (4.4.2), repeated here for convenience: 


u(t) = (M st ) 0 ( — 


sin co n t 

0) n ty 


t < t r 


(4.5.2) 


The response during the constant phase can be determined by evaluating Duhamel’s 
integral after substituting Eq. (4.5.1) in Eq. (4.2.4). Alternatively, existing solutions for 
free vibration and step force could be utilized to express this response as 

u(t r ) 

u(t ) = u(t r ) cos<w„(f — t r ) H-sina>„(r — t r ) + (« st ) 0 [l — cos <w„(f — f,.)] (4.5.3) 

COn 


Pit) P 



(a) 


(bj 


Figure 4.5.1 (a) SDF system; (b) step 

force with finite rise time. 
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The third term is the solution for a system at rest subjected to a step force starting at t = t r \ 
it is obtained from Eq. (4.3.2). The first two terms in Eq. (4.5.3) account for free vibration 
of the system resulting from its displacement u (t r ) and velocity u ( t r ) at the end of the ramp 
phase. Determined from Eq. (4.5.2), u(t r ) and ii(t r ) are substituted in Eq. (4.5.3) to obtain 


u(t) = (u st ) c 


1 + —[d 

w„t r L 


cos co n t r ) sina>„(f — t r ) 
sina>„fr cos co n (t — t r ) ) t > t r 


(4.5.4a) 


This equation can be simplified, using a trigonometric identity, to 


u(t) = (M st ) 0 


2-r,i 

(o n t r L 


sin<w„f — sin<w„(f — t r ) 


t > t r 


(4.5.4b) 


The normalized deformation, u(t)/(u st ) 0 , is a function of the normalized time, t/T„, 
because co n t = 2n(t/T n ). This function depends only on the ratio t r /T n because a> n t r — 
2Tt(t r /T n ), not separately on t r and T n . Figure 4.5.2 shows u(t)/(u st ) 0 plotted against t/T n 
for several values of t r /T„, the ratio of the rise time to the natural period. Each plot is valid 
for all combinations of t r and T„ with the same ratio t r /T„. Also plotted is w st (f) = p(t)/k, 
the static deformation at each time instant. These results permit several observations: 


1. During the force-rise phase the system oscillates at the natural period T„ about the 
static solution. 

2. During the constant-force phase the system oscillates also at the natural period T n 
about the static solution. 

3. If the velocity u(t r ) is zero at the end of the ramp, the system does not vibrate during 
the constant-force phase. 

4. For smaller values of t r /T„ (i.e., short rise time), the response is similar to that due 
to a sudden step force; see Fig. 4.3.1c. 

5. For larger values of t r /T„, the dynamic displacement oscillates close to the static so¬ 
lution, implying that the dynamic effects are small (i.e., a force increasing slowly— 
relative to T n —from 0 to p a affects the system like a static force). 


The deformation attains its maximum value during the constant-force phase of the 
response. From Eq. (4.5.4a) the maximum value of u(t) is 


llo — (^st)o 


1 H-V(1 ~ cos co n t r ) 2 + (sina>„f,.) 2 

(O n ty 


Using trigonometric identities and T n — 2jt/co n , Eq. (4.5.5) can be simplified to 

u n . | sm.(nt r /T n )\ 


R d = 


= 1 


(4.5.5) 


(4.5.6) 


(^st)o Ittr/Tn 

The deformation response factor Rd depends only on t r /T n , the ratio of the rise time to the 
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Figure 4.5.2 Dynamic response of undamped SDF system to step force with finite rise 
time; static solution is shown by dashed lines. 


natural period. A graphical presentation of this relationship, as in Fig. 4.5.3, is called the 
response spectrum for the step force with finite rise time. 

This response spectrum characterizes the problem completely. In this case it contains 
information on the normalized maximum response, u 0 /(u st ) 0 , of all SDF systems (without 
damping) due to any step force p 0 with any rise time t r . The response spectrum permits 
several observations: 

1. If t r < T n /4 (i.e., a relatively short rise time), u a ~ 2(w st ) 0 , implying that the 
structure “sees” this excitation like a suddenly applied force. 

2. If t r > 3 T n (i.e., a relatively long rise time), u a ~ (M st ) 0 , implying that this excitation 
affects the structure like a static force. 
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3. If t r /T n = 1, 2, 3, ..., u 0 = (M st ) 0 , because u(t r ) — 0 at the end of the force- 
rise phase, and the system does not oscillate during the constant-force phase; see 
Fig. 4.5.2. 



PART C: RESPONSE TO PULSE EXCITATIONS 


We next consider an important class of excitations that consist of essentially a single pulse, 
such as shown in Fig. 4.6.1. Air pressures generated on a structure due to aboveground 
blasts or explosions are essentially a single pulse and can usually be idealized by simple 
shapes such as those shown in the left part of Fig. 4.6.2. The dynamics of structures 
subjected to such excitations was the subject of much work during the 1950s and 1960s. 


Force 



Time 


Figure 4.6.1 Single-pulse excitation. 


4.6 SOLUTION METHODS 

The response of the system to such pulse excitations does not reach a steady-state condi¬ 
tion; the effects of the initial conditions must be considered. The response of the system 
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Figure 4.6.2 Expressing pulse force as superposition of simple functions: (a) rectangular pulse; 
(b) half-cycle sine pulse; (c) triangular pulse. 


to such pulse excitations can be determined by one of several analytical methods: (1) the 
classical method for solving differential equations, (2) evaluating Duhamel’s integral, and 
(3) expressing the pulse as the superposition of two or more simpler functions for which 
response solutions are already available or easier to determine. 

The last of these approaches is illustrated in Fig. 4.6.2 for three pulse forces. For ex¬ 
ample, the rectangular pulse is the step function p\ ( t ) plus the step function piit) of equal 
amplitude, but after a time interval t,j has passed. The desired response is the sum of the re¬ 
sponses to each of these step functions, and these responses can be determined readily from 
the results of Section 4.3. A half-cycle sine pulse is the result of adding a sine function 
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of amplitude p a starting at t = 0 [pi (t) in Fig. 4.6.2b] and another sine function of the 
same frequency and amplitude starting at t = td [pi(t) in Fig. 4.6.2b]. The desired re¬ 
sponse is the sum of the total (transient plus steady state) responses to the two sinusoidal 
forces, obtained using the results of Section 3.1. Similarly, the response to the symmetri¬ 
cal triangular pulse is the sum of the responses to the three ramp functions in Fig. 4.6.2c; 
the individual responses come from Section 4.4. Thus the third method involves adapting 
existing results and manipulating them to obtain the desired response. 

We prefer to use the classical method in evaluating the response of SDF systems to 
pulse forces because it is closely tied to the dynamics of the system. Using the classical 
method the response to pulse forces will be determined in two phases. The first is the 
forced vibration phase, which covers the duration of the excitation. The second is the 
free vibration phase, which follows the end of the pulse force. Much of the presentation 
concerns systems without damping because, as will be shown in Section 4.11, damping 
has little influence on response to pulse excitations. 


4.7 RECTANGULAR PULSE FORCE 

We start with the simplest type of pulse, the rectangular pulse shown in Fig. 4.7.1. The 
equation to be solved is 

mii + ku = p(t ) = { q° | > (4.7.1) 

with at-rest initial conditions: u{ 0) = ii( 0) = 0. The analysis is organized in two phases. 

1. Forced vibration phase. During this phase, the system is subjected to a step force. 
The response of the system is given by Eq. (4.3.2), repeated for convenience: 

u(t ) 2 TTt 

-= 1 — cos®,,? = 1 — cos- t < td (4.7.2) 

(Mst)o T n 

2. Free vibration phase. After the force ends at td, the system undergoes free 
vibration, defined by modifying Eq. (2.1.3) appropriately: 

u{td) 

u(t) = u(td) cosco n (t — td) H-sin®„(f — td) (4.7.3) 

0) n 



P 






Fo 



0 


d 


t 


(a) 


(b) 


Figure 4.7.1 (a) SDF system; 

(b) rectangular pulse force. 
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This free vibration is initiated by the displacement and velocity of the mass at t = t d , 
determined from Eq. (4.7.2): 

u(t d ) = (« st ) 0 [l - cos co n t d ] u(t d ) = ( u st ) 0 co n sin w„t d (4.7.4) 


Substituting these in Eq. (4.7.3) gives 
n(r) 

7 —— = (1 - cos co„ t d ) cos co n (t -t d ) + sin co„ t d sin co„ (t - t d ) t >t d 

(u st )o 

which can be simplified, using a trigonometric identity, to 
u(t ) 

- -— = COS (D„ (t - t d ) - COS W„t t > td 

( M st )o 

Expressing co n = 2n/T n and using trigonometric identities enables us to rewrite these 
equations as 


u(t) 

(ttst)o 



sin 



1 td\ 

2T„) 


t > t d 


(4.7.5) 


Response history. The normalized deformation u(t)/(u st ) 0 given by Eqs. (4.7.2) 
and (4.7.5) is a function of t/T n . It depends only on t d /T n , the ratio of the pulse duration to 
the natural vibration period of the system, not separately on t d or T„ , and has been plotted 
in Fig. 4.7.2 for several values of t d /T n . Also shown in dashed lines is the static solution 
M st (0 = p(t)/k at each time instant due to pit). The nature of the response is seen to 
vary greatly by changing just the duration t d of the pulse. However, no matter how long 
the duration, the dynamic response is not close to the static solution, because the force is 
suddenly applied. 

While the force is applied to the structure, the system oscillates about the shifted 
position, (« st ) 0 = p 0 lk, at its own natural period T n . After the pulse has ended, the system 
oscillates freely about the original equilibrium position at its natural period T n , with no 
decay of motion because the system is undamped. If t d /T„ = 1.2,3,..., the system 
stays still in its original undeformed configuration during the free vibration phase, because 
the displacement and velocity of the mass are zero when the force ends. 

Each response result of Fig. 4.7.2 is applicable to all combinations of systems and 
forces with fixed t d /T„. Implicit in this figure, however, is the presumption that the natural 
period T n of the system is constant and the pulse duration t d varies. By modifying the time 
scale, the results can be presented for a fixed value of t d and varying values of T n . 


Maximum response. Over each of the two phases, forced vibration and free 
vibration, separately, the maximum value of response is determined next. The larger of the 
two maxima is the overall maximum response. 

The number of local maxima or peaks that develop in the forced vibration phase 
depends on t d /T„ (Fig. 4.7.2); more such peaks occur as the pulse duration lengthens. The 
first peak occurs at t a — T n /2 with the deformation 


u 0 = 2(u st ), 


(4.7.6) 
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Figure 4.7.2 Dynamic response of undamped SDF system to rectangular pulse force; 
static solution is shown by dashed lines. 


consistent with the results derived in Section 4.3. Thus t,i must be longer than T n /2 for at 
least one peak to develop during the forced vibration phase. If more than one peak develops 
during this phase, they all have this same value and occur at t a = 3T n /2, 5T n /2, and so on, 
again consistent with the results of Section 4.3. 

As a corollary, if t d is shorter than T n / 2, no peak will develop during the forced 
vibration phase (Fig. 4.7.2), and the response simply builds up from zero to u(t r i). The 
displacement at the end of the pulse is given by Eq. (4.7.4a), rewritten to emphasize the 
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parameter t d /T n : 


u(t d ) = (u st ) 0 


1 — cos 



(4.7.7) 


The maximum deformation during the forced vibration phase, Eqs. (4.7.6) and (4.7.7), 
can be expressed in terms of the deformation response factor: 


Rd 


Up 

( W st)o 


1 - cos(2tt t d /T„) t d /T n < 

2 t d /T n > \ 


(4.7.8) 


This relationship is shown as “forced response” in Fig. 4.7.3a. 

In the free vibration phase the system oscillates in simple harmonic motion, given by 
Eq. (4.7.3), with an amplitude 


u 0 


[u{t d )] 2 + 


u{t d ) 


(4.7.9) 


(a) 


a 

3 
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Forced response 


Free response 
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t d /T„ 
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Figure 4.7.3 Response to rectangular pulse force: (a) maximum response during each of 
forced vibration and free vibration phases; (b) shock spectrum. 
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which after substituting Eq. (4.7.4) and some manipulation becomes 


u 0 — 2 (w s t) 

The corresponding deformation response factor, 


71 td 

sin- 

T 

- 1 n 


R d = 


( w st)o 


= 2 


. 7tt d 

sin- 

T n 


(4.7.10) 


(4.7.11) 


depends only on t d /T n and is shown as “free response” in Fig. 4.7.3a. 

Having determined the maximum response during each of the forced and free vi¬ 
bration phases, we now determine the overall maximum. Figure 4.7.3a shows that if 
t d /T n > 5 , the overall maximum is the peak (or peaks because all are equal) in u(t) 
that develops during the forced vibration phase because it will not be exceeded in free vi¬ 
bration; see Fig. 4.7.2 for t d /T n = 1.25. This observation can also be deduced from the 
mathematical results: the R d of Eq. (4.7.11) for the free vibration phase can never exceed 
the R d = 2, Eq. (4.7.8b), for the forced vibration phase. 

If t d /T n < i, Fig. 4.7.3a shows that the overall maximum is the peak (or peaks 
because all are equal) in u (t) that develops during the free vibration phase. In this case the 
response during the forced vibration phase has built up from zero at t = 0 to u(t d ) at the 
end of the pulse, Eq. (4.7.7), and u(t d ) given by Eq. (4.7.4b) is positive; see Fig. 4.7.2 for 
t d /T n = i or i. As a result, the first peak in free vibration is larger than u(t d ). 

Finally, if t d /T n = Fig. 4.7.3a shows that the overall maximum is given by either 
the forced-response maximum or the free-response maximum because the two are equal. 
The first peak occurs exactly at the end of the forced vibration phase (Fig. 4.7.2), the 
velocity u(t d ) — 0, and the peaks in free vibration are the same as u(t d ). This observation is 
consistent with Eqs. (4.7.8) and (4.7.11) because both of them give R d = 2 for t d /T n = 2. 

In summary, the deformation response factor that defines the overall maximum re¬ 
sponse is 


Rd 


Up 

(^st)o 


2 sin Jtt d /T n t d /T n < \ 

2 t d /T n > \ 


(4.7.12) 


Clearly, R d depends only on t d /T„, the ratio of the pulse duration to the natural period of 
the system, not separately on t d or T n . This relationship is shown in Fig. 4.7.3b. 

Such a plot, which shows the maximum deformation of an SDF system as a function 
of the natural period T n of the system (or a related parameter), is called a response spec¬ 
trum. When the excitation is a single pulse, the terminology shock spectrum is also used 
for the response spectrum. Figure 4.7.3b then is the shock spectrum for a rectangular pulse 
force. The shock spectrum characterizes the problem completely. 

The maximum deformation of an undamped SDF system having a natural period T n 
to a rectangular pulse force of amplitude p„ and duration t d can readily be determined if 
the shock spectrum for this excitation is available. Corresponding to the ratio t d /T n , the 
deformation response factor R d is read from the spectrum, and the maximum deformation 
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is computed from 

Uo = (Mst )oRd = ty-Rd (4.7.13) 

k 

The maximum value of the equivalent static force (Section 1.8.2) is 

fs<> = ku a = p 0 Rd (4.7.14) 

that is, the applied force p 0 multiplied by the deformation response factor. As mentioned 
in Section 1.8.2, static analysis of the structure subjected to f$ 0 gives the internal forces 
and stresses. 

Example 4.1 

A one-story building, idealized as a 12-ft-high frame with two columns hinged at the base and 
a rigid beam, has a natural period of 0.5 sec. Each column is an American standard wide-flange 
steel section W8 x 18. Its properties for bending about its major axis are I x = 61.9 in 4 5 , S = 
I x /c = 15.2 in 3 ; E = 30,000 ksi. Neglecting damping, determine the maximum response of 
this frame due to a rectangular pulse force of amplitude 4 kips and duration t d — 0.2 sec. The 
response quantities of interest are displacement at the top of the frame and maximum bending 
stress in the columns. 

Solution 

1. Determine Rd 


t d 0.2 

— = — = 0.4 
T„ 0.5 


R d = = 2 sin — = 2sin(0.4jr) = 1.902 

( w st)o Tn 

2. Determine the lateral stiffness of the frame. 


, _ 3 El _ 3(30,000)61.9 

c°l -—y- (12x 12)3 


1.865 kips/in. 


k = 2 x 1.865 = 3.73 kips/in. 


3. Determine (u st ) 0 . 

( M st )o 


Po 

k 


3.73 


= 1.07 in. 


4. Determine the maximum dynamic deformation. 

u 0 = ( u st ) 0 Rd = (1.07)(1.902) = 2.04 in. 

5. Determine the bending stress. The resulting bending moments in each column are 
shown in Fig. E4.1c. At the top of the column the bending moment is largest and is given by 


3 El 

M = -JX U ° = 


3(30,000)61.9 


2.04 = 547.8 kip-in. 


(12 x 12) 2 

Alternatively, we can find the bending moment from the equivalent static force: 


fso = PoRd = 4(1.902) = 7.61 kips 
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Figure E4.1 


Because both columns are identical in cross section and length, the force f$ 0 will be shared 
equally. The bending moment at the top of the column is 


fso 


7.61 


M = j ~y h = I — J 12 x 12 = 547.8 kip-in. 

The bending stress is largest at the outside of the flanges at the top of the columns: 

M 547.8 

= 36.04 ksi 


S 15.2 


The stress distribution is shown in Fig. E4.1d. 


4.8 HALF-CYCLE SINE PULSE FORCE 


The next pulse we consider is a half-cycle of sinusoidal force (Fig. 4.8.1b). The response 
analysis procedure for this pulse is the same as developed in Section 4.7 for a rectangular 
pulse, but the mathematical derivation becomes a little complicated. The solution of the 
governing equation 


mu + ku = p(t) = 


p 0 sin(jrt/td) 

0 


t < t d 
t > t d 


(4.8.1) 


with at-rest initial conditions is presented separately for (1) co = Tt/td ^ co n or td/T n ^ j 
and (2) co = co„ or td/T n = For each case the analysis is organized in two phases: forced 
vibration and free vibration. 



P 



td 


t 


(a) 


0 


(b) 


Figure 4.8.1 (a) SDF system; 
(b) half-cycle sine pulse force. 
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Case 1: t d /T n ^ 1 


Forced Vibration Phase. The force is the same as the harmonic force p(t ) = 
p 0 sin cot considered earlier with frequency to = n/td- The response of an undamped 
SDF system to such a force is given by Eq. (3.1.6b) in terms of to and a > n , the excitation 
and natural frequencies. The excitation frequency to is not the most meaningful way of 
characterizing the pulse because, unlike a harmonic force, it is not a periodic function. A 
better characterization is the pulse duration t tI , which will be emphasized here. Using the 
relations to — n/td and co n = 2u/T„, and defining (u st ) 0 = p 0 /k, as before, Eq. (3.1.6b) 
becomes 

u(t ) 1 

Mo ~ 1 - (T„/2td) 2 

Free Vibration Phase. After the force pulse ends, the system vibrates freely with its 
motion described by Eq. (4.7.3). The displacement w(U) and velocity u(t,j ) at the end of the 
pulse are determined from Eq. (4.8.2). Substituting these in Eq. (4.7.3), using trigonometric 
identities and manipulating the mathematical quantities, we obtain 


■ / M T " ■ / o f 

sin \ tc —-sin 2 n — 

\ td) 2td V T n 


t < t d 


(4.8.2) 


u(t) (T n /td)cos(TTt d /T n ) . [ .ft 1 t d \ 
(n st ) 0 (TJ2t d ) 2 - 1 L \Tn 2 tJ 


t > t d (4.8.3) 


Case 2: t d /T n = \ 

Forced Vibration Phase. The forced response is now given by Eq. (3.1.13b), re¬ 
peated here for convenience: 


u(t ) 1 / 2 ret 2 ret 2 7tt\ 

-= - I sin-cos- 

(u st ) 0 2 \ T„ T n T n ) 


t < t d 


(4.8.4) 


Free Vibration Phase. After the force pulse ends at t = t d , free vibration of the 
system is initiated by the displacement u(t d ) and velocity u{t d ) at the end of the force 
pulse. Determined from Eq. (4.8.4), these are 


u(td) tt 

( M St)o 2 


u(t d ) = 0 


(4.8.5) 


The second equation implies that the displacement in the forced vibration phase reaches its 
maximum at the end of this phase. Substituting Eq. (4.8.5) in Eq. (4.7.3) gives the response 
of the system after the pulse has ended: 


u(t) n ft 1\ 

(Mst)o 2 \T n 2) 


t > t d 


(4.8.6) 


Response history. The time variation of the normalized deformation, u{t)/ 
(n st ) 0 , given by Eqs. (4.8.2) and (4.8.3) is plotted in Fig. 4.8.2 for several values of td/T n . 
For the special case of td/T n = Eqs. (4.8.4) and (4.8.6) describe the response of the syst¬ 
em, and these are also plotted in Fig. 4.8.2. The nature of the response is seen to vary greatly 
by changing just the duration td of the pulse. Also plotted in Fig. 4.8.2 is n st (f) = p(t)/k. 
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tj/T n = 1/8 
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Figure 4.8.2 Dynamic response of undamped SDF system to half-cycle sine pulse force; 
static solution is shown by dashed lines. 


the static solution. The difference between the two curves is an indication of the dynamic 
effects, which are seen to be small for td = 3 T n because this implies that the force is 
varying slowly relative to the natural period T„ of the system. 

The response during the force pulse contains both frequencies a> and o>„ and it is 
positive throughout. After the force pulse has ended, the system oscillates freely about 
its undeformed configuration with constant amplitude for lack of damping. If td/T n = 
1.5, 2.5, ..., the mass stays still after the force pulse ends because both the displacement 
and velocity of the mass are zero when the force pulse ends. 
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Maximum response. As in the preceding section, the maximum values of 
response over each of the two phases, forced vibration and free vibration, are determined 
separately. The larger of the two maxima is the overall maximum response. 

During the forced vibration phase, the number of local maxima or peaks that develop 
depends on t d /T„ (Fig. 4.8.2); more such peaks occur as the pulse duration lengthens. 
The time instants t a when the peaks occur are determined by setting to zero the velocity 
associated with u(t) of Eq. (4.8.2), leading to 

1T t q 2lT tp 

cos-= cos- 

td T„ 


This equation is satisfied by 


(j-o)l — 


+2 / 

1 + 2 (t d /T n ) 


td 


1 = 1, 2, 3, ... 


(4.8.7) 


where the negative signs (numerator and denominator) are associated with local minima 
and the positive signs with local maxima. Thus the local maxima occur at time instants 


( tp)i — 


21 

1+2 (t d /T„) td 


1 = 1, 2, 3, ... 


(4.8.8) 


While this gives an infinite number of ( t 0 )i values, only those that do not exceed t d are 
relevant. For t d /T n — 3, Eq. (4.8.8) gives three relevant time instants: t a = =jt d , ^t d , 
and |u; / = 4 gives t a — ^ t d , which is not valid because it exceeds t d . Substituting in 
Eq. (4.8.2) the ( t a )i values of Eq. (4.8.8) gives the local maxima u a , which can be expressed 
in terms of the deformation response factor: 

u 0 \ ( 2 :tI T n 2:xl 

(«st) 0 1 - (T„/2t d ) 2 V 1 + 2 t d IT n 2t d 1 + T n /2t d 

Figure 4.8.3a shows these peak values plotted as a function of t d /T„. For each t d / T n 
value the above-described computations were implemented and then repeated for many 
t d /T„ values. If 0.5 < t d /T„ < 1.5, only one peak, / = 1, occurs during the force 
pulse. A second peak develops if t d /T n > 1.5, but it is smaller than the first peak if 
1.5 < t d /T n < 2.5. A third peak develops if t d /T n > 2.5. The second peak is larger than 
the first and third peaks if 2.5 < t d /T n < 4.5. Usually, we will be concerned only with the 
largest peak because that controls the design of the system. The shock spectrum for the 
largest peak of the forced response is shown in Fig. 4.8.3b. 

If t d /T n < 1, no peak occurs during the forced vibration phase (Fig. 4.8.2). This 
becomes clear by examining the time of the first peak, Eq. (4.8.8), with 1 = 1: 

2 

tff - tfj 

1 + 2t d /T n 

If this t 0 exceeds t d , and it does for all t d < T n /2 , no peak develops during the force pulse; 
the response builds up from zero to u(t d ), obtained by evaluating Eq. (4.8.2) at t = t d : 

u(t d ) T n /2t d . / t d \ 

(Mst)o (T„/2td)--\ V TnJ 


(4.8.9) 


(4.8.10) 
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Largest peak of the forced response is: 


2-1 

l 

M / 
/ 

/ 

/ 


o 


1st peak 


2nd peak 


/ ^vn=l 
\ 


n = 2 


3rd peak 


n = 3 


/n-2 . . ..•'*** 

Sn = 3 ,-‘« = 4 ..**** 


n = 5 
n — 1 
n = 6 


0 1/2 1 

A' 
/ \ 
ii \ 


3 4 

1 d ! T„ 


6 


\ 


^Forced response 


O' 


l 


,-^Free response 

Ax/- 


\/ 


0 1/2 1 


3 4 

td/T,, 



td / T n 

Figure 4.8.3 Response to half-cycle sine pulse force: (a) response maxima during forced 
vibration phase; (b) maximum responses during each of forced vibration and free vibration 
phases; (c) shock spectrum. 

This is the maximum response during the forced vibration phase and it defines the defor¬ 
mation response factor over the range 0 < t,j / T n < \ in Fig. 4.8.3a and b. 

In the free vibration phase the response of a system is given by the sinusoidal function 
of Eq. (4.8.3), and its amplitude is 

ll 0 (T n /td) COS(7T?j fT n ) 

Kd = 


( W st)o 


(T„/2t d ) 2 


1 


(4.8.11) 
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This equation describes the maximum response during the free vibration phase and is plot¬ 
ted in Fig. 4.8.3b. 

For the special case of t d /T n = 3, the maximum response during each of the forced 
and free vibration phases can be determined from Eqs. (4.8.4) and (4.8.6), respectively; the 
two maxima are the same: 


Rd 


Uo 

(llst)o 


7T 

2 


(4.8.12) 


The overall maximum response is the larger of the two maxima determined sepa¬ 
rately for the forced and free vibration phases. Figure 4.8.3b shows that if t d > T n /2, 
the overall maximum is the largest peak that develops during the force pulse. On the 
other hand, if t d < T„ /2, the overall maximum is given by the peak response during the 
free vibration phase. For the special case of t d = T„/2, as mentioned earlier, the two 
individual maxima are equal. The overall maximum response is plotted against t d /T n 
in Fig. 4.8.3c; for each r^/T), it is the larger of the two plots of Fig. 4.8.3b. This is 
the shock spectrum for the half-cycle sine pulse force. If it is available, the maximum 
deformation and equivalent static force can readily be determined using Eqs. (4.7.13) 
and (4.7.14). 


4.9 SYMMETRICAL TRIANGULAR PULSE FORCE 

Consider next an SDF system initially at rest and subjected to the symmetrical triangular 
pulse shown in Fig. 4.9.1. The response of an undamped SDF system to this pulse could 
be determined by any of the methods mentioned in Section 4.6. For example, the classical 
method could be implemented in three separate phases: 0 < t < t d /2 , t d /2 <t<t d , and 
t > t d . The classical method was preferred in Sections 4.8 and 4.9 because it is closely 
tied to the dynamics of the system, but is abandoned here for expedience. Perhaps the 
easiest way to solve the problem is to express the triangular pulse as the superposition 
of the three ramp functions shown in Fig. 4.6.2c. The response of the system to each of 
these ramp functions can readily be determined by appropriately adapting Eq. (4.4.2) to 
recognize the slope and starting time of each of the three ramp functions. These three 
individual responses are added to obtain the response to the symmetrical triangular pulse. 




(a) 


0 


(b) 


t 


Figure 4.9.1 (a) SDF system; 

(b) triangular pulse force. 
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Figure 4.9.2 Dynamic response of undamped SDF system to triangular pulse force; static 
solution is shown by dashed lines. 


The final result is 
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td 
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td 
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The variation of the normalized dynamic deformation a(t)/(u sl ) 0 and of the static solution 
Mst(0/(«st)o with time is shown in Fig. 4.9.2 for several values of tj/T„. The dynamic 
effects are seen to decrease as the pulse duration tj increases beyond 2T n . The first peak 
develops right at the end of the pulse if tj = T n /2, during the pulse if tj > T n /2, and 
after the pulse if t,i < T n /2. The maximum response during free vibration (Fig. 4.9.3a) 
was obtained by finding the maximum value of Eq. (4.9.1c). The corresponding plot for 
maximum response during the forced vibration phase (Fig. 4.9.3a) was obtained by finding 
the largest of the local maxima of Eq. (4.9.1b), which is always larger than the maximum 
value of Eq. (4.9.1a). 

The overall maximum response is the larger of the two maxima determined sepa¬ 
rately for the forced and free vibration phases. Figure 4.9.3a shows that if tj > T n /2, the 
overall maximum is the largest peak that develops during the force pulse. On the other 
hand, if tj < T n / 2, the overall maximum is the peak response during the free vibration 
phase, and if tj = T n /2 , the forced and free response maxima are equal. The overall max¬ 
imum response is plotted against tj/T„ in Fig. 4.9.3b. This is the shock spectrum for the 
symmetrical triangular pulse force. 



Figure 4.9.3 Response to triangular pulse force: (a) maximum response during each of forced 
vibration and free vibration phases; (b) shock spectrum. 
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4.10 EFFECTS OF PULSE SHAPE AND APPROXIMATE ANALYSIS 
FOR SHORT PULSES 


The shock spectra for the three pulses of rectangular, half-cycle sine, and triangular shapes, 
each with the same value of maximum force p a , are presented together in Fig. 4.10.1. As 
shown in the preceding sections, if the pulse duration tj is longer than T n /2, the overall 
maximum deformation occurs during the pulse. Then the pulse shape is of great signifi¬ 
cance. For the larger values of tj/T,,, this overall maximum is influenced by the rapidity 
of the loading. The rectangular pulse in which the force increases suddenly from zero to 
p 0 produces the largest deformation. The triangular pulse in which the increase in force is 
initially slowest among the three pulses produces the smallest deformation. The half-cycle 
sine pulse in which the force initially increases at an intermediate rate causes deformation 
that for many values of td/T n is larger than the response to the triangular pulse. 

If the pulse duration td is shorter than T„/2, the overall maximum response of the 
system occurs during its free vibration phase and is controlled by the time integral of the 
pulse. This can be demonstrated by considering the limiting case as tj/T n approaches 
zero. As the pulse duration becomes extremely short compared to the natural period of the 
system, it becomes a pure impulse of magnitude 

1= p(t) dt (4.10.1) 

Jo 

The response of the system to this impulsive force is the unit impulse response of 
Eq. (4.1.6) times X: 


u(t) — X 



sin co„t 


(4.10.2) 






<N V 



td / T n 


Figure 4.10.1 Shock spectra for three force pulses of equal amplitude. 
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The maximum deformation. 


X _12tt 
k T n 


(4.10.3) 


is proportional to the magnitude of the impulse. 

Thus the maximum deformation due to the rectangular impulse of magnitude X = 
p 0 t d is 


m o ~ td 

- =2tc — 

(^st)o T n 

that due to the half-cycle sine pulse with X = ( 2/jt)p 0 td is 

Mo ^ td 
(rTst)o X n 

and that due to the triangular pulse of magnitude X = p 0 td/ 2 is 

U Q trf 

- =71 — 

(rCt)o T n 


(4.10.4) 


(4.10.5) 


(4.10.6) 


These pure impulse solutions, which vary linearly with td/T n (Fig. 4.10.1), are exact if 
td/T„ = 0; for all other values of i,i- they provide an upper bound to the true maximum 
deformation since the effect of the pulse has been overestimated by assuming it to be 
concentrated at t = 0 instead of being spread out over 0 to td- Over the range td/T n < |, the 
pure impulse solution is close to the exact response. The two solutions differ increasingly 
as td/T n increases up to For larger values of td/T n , the deformation attains its overall 
maximum during the pulse and the pure impulse solution is meaningless because it assumes 
that the maximum occurs in free vibration. 

The preceding observations suggest that if the pulse duration is much shorter than the 
natural period, say td < T n /4, the maximum deformation should be essentially controlled 
by the pulse area, independent of its shape. This expectation is confirmed by considering 
the rectangular pulse of amplitude p 0 /2 , the triangular pulse of amplitude p a , and the 
half-cycle sine pulse of amplitude (jt/4)p 0 \ these three pulses have the same area: \p 0 td- 
For these three pulses, the shock spectra, determined by appropriately scaling the plots of 
Fig. 4.10.1, are presented in Fig. 4.10.2; observe that the quantity plotted now is u a = p„/k , 
where p 0 is the amplitude of the triangular pulse but not of the other two. Equation (4.10.3) 
with X = i p a td gives the approximate result 


ll 0 td 

p„/k 71 T„ 


(4.10.7) 


which is also shown in Fig. 4.10.2. It is clear that for td < T n /4, the shape of the pulse has 
little influence on the response and the response can be determined using only the pulse 
area. This conclusion is valid even if the pulse has a complicated shape. 
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Figure 4.10.2 Shock spectra for three force pulses of equal area. 

Example 4.2 

The 80-ft-high full water tank of Example 2.7 is subjected to the force p(t) shown in Fig. E4.2, 
caused by an aboveground explosion. Determine the maximum base shear and bending mo¬ 
ment at the base of the tower supporting the tank. 


Solution For this water tank, from Example 2.7, weight w = 100.03 kips, k = 8.2 kips/in. 
T„ = 1.12 sec, and f = 1.23%. The ratio tj/T n = 0.08/1.12 = 0.071. Because td/T n < 
0.25, the forcing function may be treated as a pure impulse of magnitude 

f 0m 0.02 

1= p(t) dt = - [0 + 2(40) + 2(16) + 2(4) + 0] = 1.2 kip-sec 

Jo 2 


where the integral is calculated by the trapezoidal rule. Neglecting the effect of damping, the 
maximum displacement is 


u 0 


X In 

kin 


(1.2)2jt 

( 8 . 2 )( 1 . 12 ) 


= 0.821 in. 


The equivalent static force fs 0 associated with this displacement is [from Eq. (1.8.1)] 


fso — kuo = (8.2)0.821 = 6.73 kips 


The resulting shearing forces and bending moments over the height of the tower are shown in 
Fig. E4.2. The base shear and moment are Vj = 6.73 kips and Mb = 538 kip-ft. 



Figure E4.2 
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4.11 EFFECTS OF VISCOUS DAMPING 


If the excitation is a single pulse, the effect of damping on the maximum response is usu¬ 
ally not important unless the system is highly damped. This is in contrast to the results 
of Chapter 3, where damping was seen to have an important influence on the maximum 
steady-state response of systems to harmonic excitation at or near resonance. 

For example, if the excitation frequency of harmonic excitation is equal to the natural 
frequency of the system, a tenfold increase in the damping ratio £, from 1% to 10 %, results 
in a tenfold decrease in the deformation response factor Rj, from 50 to 5. Damping is so 
influential because of the cumulative energy dissipated in the many (the number depends 
on £) vibration cycles prior to attainment of steady state; see Figs. 3.2.2, 3.2.3, and 3.2.4. 

In contrast, the energy dissipated by damping is small in systems subjected to pulse- 
type excitations. Consider a viscously damped system subjected to a half-cycle sine pulse 
with td/T n = \ (which implies that co = w n ) and £ = 0.1. The variation of deformation 
with time (Fig. 4.11.1a) indicates that the maximum deformation (point £>) is attained at 




- 2-10 1 2 

ul (« st ) D 


(a) 


(b) 


Figure 4.11.1 (a) Response of damped system (£ = 0.1) to a half-cycle sine pulse force with 

td/T n = (b) force-deformation diagram showing energy dissipated in viscous damping. 
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Figure 4.11.2 Shock spectra for a half-cycle sine pulse force for five damping values. 


the end of the pulse before completion of a single vibration cycle. The total (elastic plus 
damping) force-deformation diagram of Fig. 4.11.1b indicates that before the maximum 
response is reached, the energy dissipated in viscous damping is only the small shaded area 
multiplied by p^/k. Thus the influence of damping on maximum response is expected to 
be small. 

This prediction is confirmed by the shock spectrum for the half-cycle sine pulse 
presented in Fig. 4.11.2. For £ = 0, this spectrum is the same as the spectrum of Fig. 4.8.3c 
for undamped systems. For i; / 0 and for each value of t d / T n , the dynamic response of 
the damped system was computed by a numerical time-stepping procedure (Chapter 5) 
and the maximum deformation was determined. In the case of the system acted upon by 
a half-cycle sine pulse of duration t d = T n / 2, increase in the damping ratio from 1% to 
10% reduces the maximum deformation by only 12%. Thus a conservative but not overly 
conservative estimate of the response of many practical structures with damping to pulse- 
type excitations may be obtained by neglecting damping and using the earlier results for 
undamped systems. 


4.12 RESPONSE TO GROUND MOTION 

The response spectrum characterizing the maximum response of SDF systems to ground 
motion u g (t) can be determined from the response spectrum for the applied force pit) 
with the same time variation as ii g (t). This is possible because as shown in Eq. (1.7.6), the 
ground acceleration can be replaced by the effective force, p e ff(0 = —mu g (t). 

The response spectrum for applied force p(t) is a plot of R,j = u 0 /(u sl ) 0 , where 
(m s[ ) 0 = p 0 /k , versus the appropriate system and excitation parameters: co/co n for 








156 


Response to Arbitrary, Step, and Pulse Excitations Chap. 4 


harmonic excitation and t c i/T n for pulse-type excitation. Replacing p a by (p e s) 0 gives 


(^st)o - 


(Reff)o miig 


co: 


(4.12.1) 


where u go is the maximum value of (f) and the negative sign in p e s(t) has been dropped. 
Thus 


Rj = 


wlu n 


(cist)o 


(4.12.2) 


Therefore, the response spectra presented in Chapters 3 and 4 showing the response u 0 /(u st ) 0 
due to applied force also give the response u>^u 0 /u g0 to ground motion. 

For undamped systems subjected to ground motion, Eqs. (1.7.4) and (1.7.3) indi¬ 
cate that the total acceleration of the mass is related to the deformation through u'(t ) = 
—co^u{t). Thus the maximum values of the two responses are related by u' 0 = ( 0 „u o . 
Substituting in Eq. (4.12.2) gives 


R d = ^ L (4.12.3) 

U go 

Thus the earlier response spectra showing the response u 0 /(u st ) 0 of undamped systems 
subjected to applied force also display the response u' 0 /u g0 to ground motion. 

As an example, the response spectrum of Fig. 4.8.3c for a half-cycle sine pulse force 
also gives the maximum values of responses a>^u 0 /u g0 and u‘ 0 /u g0 due to ground acceler¬ 
ation described by a half-cycle sine pulse. 


Example 4.3 

Consider the SDF model of an automobile described in Example 3.4 running over the speed 
bump shown in Fig. E4.3 at velocity v. Determine the maximum force developed in the 
suspension spring and the maximum vertical acceleration of the mass if (a) v = 5 mph, and 
(b) v = 10 mph. 


w = 4 kips 



Figure E4.3 
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Solution 

1. Determine the system and excitation parameters. 


m 

k 

V 

V 


4000 , 

-= 10.363 lb-sec 2 /in. 

386 ' 

800 lb/in. 

8.786 rad/sec T n = 0.715 sec 

3 

5 mph = 7.333 ft/sec td = -= 0.4091 sec 

v ' 7.333 

3 

10 mph = 14.666 ft/sec td = —- = 0.2046 sec 


— = 0.572 
T n 

td 

-=r = 0.286 

T n 


The vertical ground displacement u g (t ) = 6 sin (nt/td) for 0 < t < td and is zero for 
t < 0 and t > td- Two differentiations lead to an equation for ground acceleration: ii g (t) — 
— (6n 2 /tj) sin(jrf/frf) plus terms containing delta functions. The latter terms are due to the 
kink in the ground profile at the beginning and the end of the speed bump (Fig. E4.3). As 
a result, the ground acceleration is not a single pulse—in contrast to the ground displace¬ 
ment. Thus, the method presented in Section 4.12 is not applicable unless the latter terms 
are dropped, an approximation that may be appropriate at very low speeds. Such an approx¬ 
imate solution is presented to illustrate application of the method. With this approximation, 
ii go = 6n 2 /t 2 . 

2. Determine Rdfor the td/T n values above from Fig. 4.11.2. 


1 1.015 v = 5 mph 
j 0.639 v = 10 mph 


Obviously, Rd cannot be read accurately to three or four significant digits; these values are 
from the numerical data used in plotting Fig. 4.11.2. 

3. Determine the maximum force, fs 0 . 


u 


O 


U 


o 


fso 


-%Rd= 1.5 
coi 



2 

Rd 


1.5^-4—^ 1.015 = 4.65 in. 
^0.572 J 

1.5 ( —— ) 0.639 = 11.7 in. 
yO.286 J 


v = 5 mph 
v = 10 mph 


ku a = 0.8 u a 


13.72 kips 
(9.37 kips 


it = 5 mph 
v = 10 mph 


Observe that the force in the suspension is much larger at the higher speed. The large defor¬ 
mation of the suspension suggests that it may deform beyond its linearly elastic limit. 

4. Determine the maximum acceleration, ii' 0 . Equation (4.12.3) provides a relation 
between ii' 0 and Rd that is exact for systems without damping but is approximate for damped 
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systems. These approximate results can readily be obtained for this problem: 




6n 2 

u'o = u 

go^-d — 2 

f d 


' 

<N 

£ 

so 

:.t 


(0.4091) 2 

U 0 — 


r 6 jt 2 i 



(0.2046) 2 


1.015 = 359.1 in./sec 2 v = 5 mph 

0.639 = 903.7 in./sec 2 v = 10 mph 


Observe that the acceleration of the mass is much larger at the higher speed; in fact, it exceeds 
lg, indicating that the SDF model would lift off from the road. 

To evaluate the error in the approximate solution for ii' 0 , a numerical solution of the 
equation of motion was carried out, leading to the “exact” value of u' 0 = 422.7 in./sec 2 for 
v — 5 mph. 


FURTHER READING 


Ayre, R. S., “Transient Response to Step and Pulse Functions,” Chapter 8 in Shock and Vibration 
Handbook, 3rd ed. (ed. C. M. Harris), McGraw-Hill, New York, 1988. 

Jacobsen, L. S., and Ayre, R. S., Engineering Vibrations , McGraw-Hill, New York, 1958, Chapters 3 
and 4. 


PROBLEMS 


Part A 


4.1 


Show that the maximum deformation it o of an SDF system due to a unit impulse force, p{t) = 
S(f), is 


1 

u„ = -exp 

ma> n 


, 4 tan' 1 

7m 1 


7m 2 

K 


Plot this result as a function of f. Comment on the influence of damping on the maximum 
response. 

4.2 Consider the deformation response g(t) of an SDF system to a unit step function p(t) = 1, 
t > 0, and h(t) due to a unit impulse p(t) = 8(t). Show that h(t) = g(t). 

4.3 An SDF undamped system is subjected to a force p(t) consisting of a sequence of two im¬ 
pulses, each of magnitude /, as shown in Fig. P4.3. 

(a) Plot the displacement response of the system for tj/T n = A, and 1. For each case show 
the response to individual impulses and the combined response. 
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P 



Figure P4.3 


(b) Plot u 0 H- (/ /ma>„) as a function of td/T n . Indicate separately the maximum occurring at 
t <td and t >td- Such a plot is called the response spectrum for this excitation. 

4.4 Repeat Problem 4.3 for the case of the two impulses acting in the same direction. 

4.5 (a) Show that the motion of an undamped system starting from rest due to a suddenly applied 
force p 0 that decays exponentially with time (Fig. P4.5) is 

u{t) if a . , 

- = --—y —sin£u„t — cosa>„f + e 

(Usl)o 1 4- rt > n 

Note that a has the same units as co n . 

(b) Plot this motion for selected values of a/a) n = 0.01, 0.1, and 1.0. 

(c) Show that the steady-state amplitude is 

u 0 1 

y/1 + a 2 /«“ 

When is the steady-state motion reached? 



Figure P4.5 


4.6 (a) Determine the motion of an undamped system starting from rest due to the force p(t) 

shown in Fig. P4.6; b > a. 

(b) Plot the motion for b = 2 a for three values of a/co n = 0.05, 0.1, and 0.5. 


z -at -bu 
= p (e -e ) 



t 


Figure P4.6 
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Part B 

4.7 Using the classical method for solving differential equations, derive Eq. (4.4.2), which de¬ 
scribes the response of an undamped SDF system to a linearly increasing force; the initial 
conditions are u( 0) = ri(0) = 0. 

4.8 An elevator is idealized as a weight of mass m supported by a spring of stiffness k. If the 
upper end of the spring begins to move with a steady velocity v, show that the distance u r that 
the mass has risen in time t is governed by the equation 

mu t + ku' = kvt 

If the elevator starts from rest, show that the motion is 

. v 

u (t) = vt -sin a> n t 

a> n 

Plot this result. 

4.9 (a) Determine the maximum response of a damped SDF system to a step force. 

(b) Plot the maximum response as a function of the damping ratio. 

4.10 The deformation response of an undamped SDF system to a step force having finite rise time 
is given by Eqs. (4.5.2) and (4.5.4). Derive these results using Duhamel's integral. 

4.11 Derive Eqs. (4.5.2) and (4.5.4) by considering the excitation as the sum of two ramp functions 
(Fig. P4.11). For t < t r , u{t) is the solution of the equation of motion for the first ramp 
function. For t > t r , u(t) is the sum of the responses to the two ramp functions. 


/Pl(t)=p 0 t/t r 



N Pl(t) =-Po(t - t r )/t r 


Figure P4.ll 


4.12 The elevated water tank of Fig. P4.12 weighs 100.03 kips when full with water. The tower 
has a lateral stiffness of 8.2 kips/in. Treating the water tower as an SDF system, estimate 
the maximum lateral displacement due to each of the two dynamic forces shown without any 
“exact” dynamic analysis. Instead, use your understanding of how the maximum response 
depends on the ratio of the rise time of the applied force to the natural vibration period of the 
system; neglect damping. 

4.13 An SDF system with natural vibration period T n is subjected to an alternating step force 
(Fig. P4.13). Note that p(t ) is periodic with period T n . 

(a) Determine the displacement as a function of time; the initial conditions are u( 0) = 

i/(0) = 0. 

(b) Plot the response. 
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p, kips 




t, sec 


p, kips 



Figure P4.12 



Figure P4.13 


(c) Show that the displacement peaks are given by u„/(u st ) 0 = (—1)" l 2n, where n is the 
number of half cycles of p(t). 


PartC 


4.14 Determine the response of an undamped system to a rectangular pulse force of amplitude 
p 0 and duration td by considering the pulse as the superposition of two step excitations 
(Fig. 4.6.2). 

4.15 Using Duhamel’s integral, determine the response of an undamped system to a rectangular 
pulse force of amplitude p 0 and duration td- 

4.16 Determine the response of an undamped system to a half-cycle sine pulse force of amplitude 
p 0 and duration td by considering the pulse as the superposition of two sinusoidal excitations 
(Fig. 4.6.2 );t d /T n + 

4.17 The one-story building of Example 4.1 is modified so that the columns are clamped at the 
base instead of hinged. For the same excitation determine the maximum displacement at the 
top of the frame and maximum bending stress in the columns. Comment on the effect of base 
fixity. 
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4.18 Determine the maximum response of the frame of Example 4.1 to a half-cycle sine pulse force 
of amplitude p a = 5 kips and duration t d = 0.25 sec. The response quantities of interest are: 
displacement at the top of the frame and maximum bending stress in columns. 

4.19 An SDF undamped system is subjected to a full-cycle sine pulse force (Fig. P4.19). 

(a) Derive equations describing u{t) during the forced and free vibration phases. 

(b) Plot the response u(t)/(u st ) 0 versus t/T n for various values of td/T n \ on the same plots 
show the static response u s t(0/OAt)o- 

(c) Determine the peak response u 0 , defined as the maximum of the absolute value of u(t ), 
during (i) the forced vibration phase, and (ii) the free vibration phase. 

(d) Plot R d = «o/(« s t)o for each of the two phases as a function of tj/T„. 

(e) Plot the shock spectrum. 



Figure P4.19 


4.20 Derive equations (4.9.1) for the displacement response of an undamped SDF system to a sym¬ 
metrical triangular pulse by considering the pulse as the superposition of three ramp functions 
(Fig. 4.6.2). 

4.21 An undamped system is subjected to the triangular pulse in Fig. P4.21. 

(a) Show that the displacement response is 


u(t) 

( M st)c* 


t I (T n \ 2nt 

-— I sin- 

t d 2n \t d J T n 


0 <t <t d 


2n 1 

cos— (t-t d ) + — 

T n 2 tc 



2 n 

sm —if - t d ) - 

' n 


1 

2n 



t > t d 


Plot the response for two values of td/T n = j and 2. 

(b) Derive equations for the deformation response factor R d during (i) the forced vibration 
phase, and (ii) the free vibration phase. 

(c) Plot R d for the two phases against td/T n . Also plot the shock spectrum. 



t 


Figure P4.21 
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4.22 Derive equations for the deformation u(t) of an undamped SDF system due to the force p(t) 
shown in Fig. P4.22 for each of the following time ranges: t < t \, t\ < t <2t\, 2t\ < t < 3t\, 
and t > 3t\. 


P 



Figure P4.22 


4.23 An SDF system is subjected to the force shown in Fig. P4.22. Determine the maximum 
response during free vibration of the system and the time instant the first peak occurs. 

4.24 To determine the maximum response of an undamped SDF system to the force of Fig. P4.22 
for a particular value of tj/T n , where tj = 3ti, you would need to identify the time range 
among the four time ranges mentioned in Problem 4.22 during which the overall maximum 
response would occur, and then find the value of that maximum. Such analyses would need to 
be repeated for many values of td/T n to determine the complete shock spectrum. Obviously, 
this is time consuming but necessary if one wishes to determine the complete shock spectrum. 
Flowever, the spectrum for small values of td/T n can be determined by treating the force as an 
impulse. Determine the shock spectrum by this approach and plot it. What is the error in this 
approximate result for td/T n = 3 ? 

4.25 (a) Determine the response of an undamped SDF system to the force shown in Fig. P4.25 for 
each of the following time intervals: (i) 0 < t < 0 / 2 , (ii) 0/2 < f < 0 > and (iii) t > O- 
Assume that m(0) = u( 0) = 0. 

(b) Determine the maximum response u a during free vibration of the system. Plot the defor¬ 
mation response factor Rd = u 0 /(u st ) 0 as a function of td/T n over the range 0 < td/T n < 4. 

(c) If O T n , can the maximum response be determined by treating the applied force as a 
pure impulse? State reasons for your answer. 



Figure P4.25 


4.26 The 80-ft-high water tank of Examples 2.6 and 2.7 is subjected to the force p(t ) shown in 
Fig. E4.2a. The maximum response of the structure with the tank full (weight = 100.03 kips) 
was determined in Example 4.2. 

(a) If the tank is empty (weight = 20.03 kips), calculate the maximum base shear and bending 
moment at the base of the tower supporting the tank. 

(b) By comparing these results with those for the full tank (Example 4.2), comment on the 
effect of mass on the response to impulsive forces. Explain the reason. 
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Numerical Evaluation of 
Dynamic Response 


PREVIEW 

Analytical solution of the equation of motion for a single-degree-of-freedom system is 
usually not possible if the excitation—applied force p(t) or ground acceleration u g (t )— 
varies arbitrarily with time or if the system is nonlinear. Such problems can be tackled 
by numerical time-stepping methods for integration of differential equations. A vast body 
of literature, including major chapters of several books, exists about these methods for 
solving various types of differential equations that arise in the broad subject area of applied 
mechanics. The literature includes the mathematical development of these methods; their 
accuracy, convergence, and stability properties; and computer implementation. 

Only a brief presentation of a very few methods that are especially useful in dynamic 
response analysis of SDF systems is included here, however. This presentation is intended 
to provide only the basic concepts underlying these methods and to provide a few computa¬ 
tional algorithms. Although these would suffice for many practical problems and research 
applications, the reader should recognize that a wealth of knowledge exists on this subject. 


5.1 TIME-STEPPING METHODS 

For an inelastic system the equation of motion to be solved numerically is 

mil + cii + fs(u ) = p(t) or —mii g (t) (5.1.1) 

subject to the initial conditions 

mq = m(0) iiQ = «(0) 
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The system is assumed to have linear viscous damping, but other forms of damping, in¬ 
cluding nonlinear damping, could be considered, as will become obvious later. However, 
this is rarely done for lack of information on damping, especially at large amplitudes of 
motion. The applied force p(t) is given by a set of discrete values p, — p(tj), i = 0 to N 
(Fig. 5.1.1). The time interval 


Ati=t i+1 -ti (5.1.2) 

is usually taken to be constant, although this is not necessary. The response is determined at 
the discrete time instants r,, denoted as time i ; the displacement, velocity, and acceleration 
of the SDF system are m,, m ; , and ii,, respectively. These values, assumed to be known, 
satisfy Eq. (5.1.1) at time i: 


miii + cut + ( f s )i = pi (5.1.3) 

where (fs)i is the resisting force at time i ; (fs)i = kuj for a linearly elastic system but 
would depend on the prior history of displacement and on the velocity at time ; if the 
system were nonlinear. The numerical procedures to be presented will enable us to deter¬ 
mine the response quantities m !+ i, m i+ i, and m !+ i at time i + 1 that satisfy Eq. (5.1.1) at 


P 



u 



Figure 5.1.1 Notation for time-stepping methods. 
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time i + 1: 


mui+i + cu i+ i + (fs)i +1 = Pi +1 


(5.1.4) 


When applied successively with i = 0, 1, 2, 3,..., the time-stepping procedure gives the 
desired response at all time instants i = 1, 2, 3,.... The known initial conditions, uq = 
u( 0) and uq = ii( 0), provide the information necessary to start the procedure. 

Stepping from time i to i + I is usually not an exact procedure. Many approximate 
procedures are possible that are implemented numerically. The three important require¬ 
ments for a numerical procedure are (1) convergence—as the time step decreases, the nu¬ 
merical solution should approach the exact solution, (2) stability—the numerical solution 
should be stable in the presence of numerical round-off errors, and (3) accuracy—the nu¬ 
merical procedure should provide results that are close enough to the exact solution. These 
important issues are discussed briefly in this book; comprehensive treatments are available 
in books emphasizing numerical solution of differential equations. 

Three types of time-stepping procedures are presented in this chapter: (1) methods 
based on interpolation of the excitation function, (2) methods based on finite difference 
expressions of velocity and acceleration, and (3) methods based on assumed variation of 
acceleration. Only one method is presented in each of the first two categories and two from 
the third group. 


5.2 METHODS BASED ON INTERPOLATION OF EXCITATION 

A highly efficient numerical procedure can be developed for linear systems by interpolating 
the excitation over each time interval and developing the exact solution using the methods 
of Chapter 4. If the time intervals are short, linear interpolation is satisfactory. Figure 5.2.1 
shows that over the time interval f; < t < f, + i, the excitation function is given by 



(5.2.1a) 


P 



Actual \ Pi +1 


t 


ti 


X 


Figure 5.2.1 Notation for linearly 
interpolated excitation. 
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where 


A pi = p i+ 1 - pi 


(5.2.1b) 


and the time variable r varies from 0 to A?, . For algebraic simplicity, we first consider 
systems without damping; later, the procedure will be extended to include damping. The 
equation to be solved is 


mu + ku 


Pi 


A pt 

-r 

A tj 


(5.2.2) 


subject to initial conditions u( 0) = m, and ;’<(()) = n, . The response u(r) over the time 
interval 0 < r < Ar, is the sum of three parts: (1) free vibration due to initial displacement 
Ui and velocity it-, at r = 0, (2) response to step force p, with zero initial conditions, and 
(3) response to ramp force (Ap, / At,)r with zero initial conditions. Adapting the available 
solutions for these three cases from Sections 2.1, 4.3, and 4.4, respectively, gives 


14.1 Pi L-\ [Ji I L 

u( r) = m cosa>„r H-sin to„r + — (1 — coso;„r) H-— I- 


A pi 


sm&>„r 


A tj to,, A tj 


and differentiating m(t) leads to 

«0) • . «i , Pi ■ . A p; 1 

-= — Uj sin<w„r H-cos&)„r H-sin co n r H-(1 — cos&>„t) 

co n u>„ k k co n A tj 


(5.2.3a) 


(5.2.3b) 


Evaluating these equations at r = Ar, gives the displacement n, + i and velocity m, + i at 
time i + 1: 


LI i 

Ui +1 = Ui cos (co n A ti) H-sin(o)„ A t{) 

+ T^tl - cos(<w„ Ar,)] + A/J '— l — [co n At,- - sin(tt>„ Ar,)] (5.2.4a) 

K K (D n A tj 

1A. £ _|_ ] LI i 

-= — Uj sin(&>„ Ar,) H-cos(a>„ Ar,) 

(ti n (ti n 

+ ^ sin(cu„ A h) + [1 - cos(w„ Ar,)] (5.2.4b) 

k k co n A tj 

These equations can be rewritten after substituting Eq. (5.2.1b) as recurrence formulas: 


m,-+ i = Aui + Biij + Cpi + Dpi+ i (5.2.5a) 

m, + i = A Hi 4~ B iij 4~ C p, 4~ D p ,, ] (5.2.5b) 


Repeating the derivation above for under-critically damped systems (i.e., t; < 1) 
shows that Eqs. (5.2.5) also apply to damped systems with the expressions for the coeffi¬ 
cients A, B, ... , D' given in Table 5.2.1. They depend on the system parameters o>„, k, 
and (f, and on the time interval At = Ar,-. 

Since the recurrence formulas are derived from exact solution of the equation of 
motion, the only restriction on the size of the time step At is that it permit a close approxi¬ 
mation to the excitation function and that it provide response results at closely spaced time 
intervals so that the response peaks are not missed. This numerical procedure is especially 
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A = 

B 

< = 

D 

A 

B'= 

C'= 

D’= 


A < 


e~^ Wn Al — sin cud Af^ 

1 f At 


sin&>£) Af + cos ft)o Af 


k I ft»„ Af 


+ e 


l-2f 2 f 


1 - AL_ + e -^» Af 

to,, At 


ft)£> Af _ £-2 

2f 2 — 1 


sinw/j Af H-cos a;£> Af 

COD At tOn At 


I 2£ . 

sin ft)/) Af — I 1 H-I coscufl Af 

ft),, Af 


2? 


-ffi)„ At / w n 




: sin ft)/) Af 


e A ' ( cosftfo Af- ^ sin r,) g Af 

V A^ y 


1 1 

_ J-|-e 

A: I Af 


,-£<W n Af 


ten £ 


Vi-f 2 aA 1 -? 2 


sin ft) n Af H-cosftin Af 

At 


1 

k At 


l — e ( a> " A, (— ^ sin wp Af + cosi-ofi Af 


useful when the excitation is defined at closely spaced time intervals—as for earthquake 
ground acceleration—so that the linear interpolation is essentially perfect. If the time step 
Af is constant, the coefficients A, B, ... , D' need to be computed only once. 

The exact solution of the equation of motion required in this numerical procedure is 
feasible only for linear systems. It is conveniently developed for SDF systems, as shown 
above, but would be impractical for MDF systems unless their response is obtained by the 
superposition of modal responses (Chapters 12 and 13). 

Example 5.1 

An SDF system has the following properties: m = 0.2533 kip-sec 2 /in., k = 10 kips/in., 
T„ — 1 sec (ft),, = 6.283 rad/sec), and £ = 0.05. Determine the response u{t) of this system 
to p(t) defined by the half-cycle sine pulse force shown in Fig. E5.1 by (a) using piecewise 
linear interpolation of p(t) with Af = 0.1 sec, and (b) evaluating the theoretical solution. 

Solution 

1. Initial calculations 

e ~ Ku, n Af = 0.9691 co D = ft)„ A - ? 2 = 6.275 
sin cod Af = 0.5871 cos cod Af = 0.8095 
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Figure E5.1 


Substituting these in Table 5.2.1 gives 


A = 0.8129 

B = 0.09067 

C 

= 0.01236 

D = 0.006352 

A' = -3.5795 

B' = 0.7559 

C' 

= 0.1709 

D' = 0.1871 


2. Apply the recurrence equations (5.2.5). The resulting computations are summarized 
in Tables E5.1a and E5.1b. 


TABLE E5.1a NUMERICAL SOLUTION USING LINEAR INTERPOLATION OF EXCITATION 


ti 

Pi 

Cpi 

Dpi +1 

Bui 


An, 

Ui 

Theoretical m,- 

0.0 

0.0000 

0.0000 

0.0318 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.1 

5.0000 

0.0618 

0.0550 

0.0848 

0.9354 

0.0258 

0.0318 

0.0328 

0.2 

8.6602 

0.1070 

0.0635 

0.2782 

3.0679 

0.1849 

0.2274 

0.2332 

0.3 

10.0000 

0.1236 

0.0550 

0.4403 

4.8558 

0.5150 

0.6336 

0.6487 

0.4 

8.6603 

0.1070 

0.0318 

0.4290 

4.7318 

0.9218 

1.1339 

1.1605 

0.5 

5.0000 

0.0618 

0.0000 

0.1753 

1.9336 

1.2109 

1.4896 

1.5241 

0.6 

0.0000 

0.0000 

0.0000 

-0.2735 

-3.0159 

1.1771 

1.4480 

1.4814 

0.7 

0.0000 

0.0000 

0.0000 

-0.6767 

-7.4631 

0.7346 

0.9037 

0.9245 

0.8 

0.0000 

0.0000 

0.0000 

-0.8048 

-8.8765 

0.0471 

0.0579 

0.0593 

0.9 

0.0000 

0.0000 

0.0000 

-0.6272 

-6.9177 

-0.6160 

-0.7577 

-0.7751 

1.0 

0.0000 




-2.5171 


-1.2432 

-1.2718 


3. Compute the theoretical response. Equation (3.2.5)—valid for t < 0.6 sec, 
Eq. (2.2.4) modified appropriately—valid for t > 0.6 sec, and the derivatives of these two 
equations are evaluated for each ?,■; the results are given in Tables E5.1a and E5.1b. 

4. Check the accuracy of the numerical results. The numerical solution based on 
piecewise linear interpolation of the excitation agrees reasonably well with the theoretical 
solution. The discrepancy arises because the half-cycle sine curve has been replaced by the 
series of straight lines shown in Fig. E5.1. With a smaller At the piecewise linear approxima¬ 
tion would be closer to the half-cycle sine curve, and the numerical solution would be more 
accurate. 
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TABLE E5.1 b NUMERICAL SOLUTION USING LINEAR INTERPOLATION OF EXCITATION 


ti 

Pi 

C'pi 

D'pi+i 

A'uj 

Ui 

B'iii 

Ui 

Theoretical m,- 

0.0 

0.0000 

0.0000 

0.9354 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.1 

5.0000 

0.8544 

1.6201 

-0.1137 

0.0318 

0.7071 

0.9354 

0.9567 

0.2 

8.6602 

1.4799 

1.8707 

-0.8140 

0.2274 

2.3192 

3.0679 

3.1383 

0.3 

10.0000 

1.7088 

1.6201 

-2.2679 

0.6336 

3.6708 

4.8558 

4.9674 

0.4 

8.6603 

1.4799 

0.9354 

-4.0588 

1.1339 

3.5771 

4.7318 

4.8408 

0.5 

5.0000 

0.8544 

0.0000 

-5.3320 

1.4896 

1.4617 

1.9336 

1.9783 

0.6 

0.0000 

0.0000 

0.0000 

-5.1832 

1.4480 

-2.2799 

-3.0159 

-3.0848 

0.7 

0.0000 

0.0000 

0.0000 

-3.2347 

0.9037 

-5.6418 

-7.4631 

-7.6346 

0.8 

0.0000 

0.0000 

0.0000 

-0.2074 

0.0579 

-6.7103 

-8.8765 

-9.0808 

0.9 

0.0000 

0.0000 

0.0000 

2.7124 

-0.7577 

-5.2295 

-6.9177 

-7.0771 

1.0 

0.0000 




-1.2432 


-2.5171 

-2.5754 


5.3 CENTRAL DIFFERENCE METHOD 


This method is based on a finite difference approximation of the time derivatives of dis¬ 
placement (i.e., velocity and acceleration). Taking constant time steps, At, = At, the 
central difference expressions for velocity and acceleration at time i are 


Ui 


Mi -f 1 Ui— 1 

2At 


Ui 


— 2Ui -p Ui— 1 

(A ~t) 2 


(5.3.1) 


Substituting these approximate expressions for velocity and acceleration into Eq. (5.1.3), 
specialized for linearly elastic systems, gives 


U(- (_i 2 Ui T Ui —i U (-{_i Uj — i 


(Ar) 2 


+ c- 


2A t 


km = pi 


(5.3.2) 


In this equation w, and m,„i are assumed known (from implementation of the pro¬ 
cedure for the preceding time steps). Transferring these known quantities to the right side 
leads to 


m c 

(At) 2 + 2At 


u i+ 1 = pi - 


m 

(AO 2 


c 

2At 


Ui -1 



2m 

(AO 2 


Ui 


(5.3.3) 


or 


where 


and 


ku i+ i = pi 


m c 

(At) 2 + 2At 


m 

c 

Ui -1 - 

2 m 

L(Af) 2 

2At _ 

i 

<N 

< 

£ 


(5.3.4) 

(5.3.5) 

(5.3.6) 
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TABLE 5.3.1 CENTRAL DIFFERENCE METHODt 


1.0 Initial calculations 

. . ■■ P0- cuo ~ kuo 

1.1 u o = 


1.3 k = 

1.4 a = 



m 

= MO - 

1 

- Af UQ + - 

m 

c 

(At) 2 

2 At' 

m 

c 


(Af) 2 .. 


-HO- 


(At) 2 2At' 

2m 

1.5 b = k - T . 

(At) 2 

2.0 Calculations for time step i 

2.1 pi = pi — aiii-i —bui. 

Pi 


2.2 Uj + 1 = —. 


2.3 If required: m; = 


H/+1 H/_ 1 

2At 


— 2 Mi ~F M/_l 
(AO 2 ' 


3.0 Repetition for the next time step 

Replace i by i + 1 and repeat steps 2.1, 2.2, and 2.3 for the next time step. 


t If the excitation is ground acceleration u g {t), according to Eq. (1.7.6), replace pi by 
—mugi in Table 5.3.1. The computed m,-, ii;, and w, give response values relative to the 
ground. If needed, the total velocity and acceleration can be computed readily: zij = 
iii + u g i and iij = m,- + «g,-. 


The unknown u i+ \ is then given by 



(5.3.7) 


The solution w ,- + 1 at time / + I is determined from the equilibrium condition, Eq. (5.1.3), 
at time i without using the equilibrium condition, Eq. (5.1.4), at time i + 1. Such methods 
are called explicit methods. 

Observe in Eq. (5.3.6) that known displacements u ; and m,_i are used to compute 
u,i + 1 - Thus mo and m_i are required to determine up, the specified initial displacement uq 
is known. To determine m_i, we specialize Eq. (5.3.1) for i = 0 to obtain 


M 0 


III — M_! 

2A t 


MO 


Ml — 2Mo + M_i 

(AO 2 


(5.3.8) 


Solving for m i from the first equation and substituting in the second gives 


m _! = u 0 — A r(M 0 ) + 



(5.3.9) 
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The initial displacement u o and initial velocity uit are given, and the equation of motion at 
time 0 ( t 0 = 0), 

muo + ci<o + kuo = po 


provides the acceleration at time 0: 


n 0 : 


po — ciio — kiiQ 


(5.3.10) 


Table 5.3.1 summarizes the above-described procedure as it might be implemented on the 
computer. 

The central difference method will “blow up,” giving meaningless results, in the 
presence of numerical round-off if the time step chosen is not short enough. The specific 
requirement for stability is 


At 1 
T n < 7T 


(5.3.11) 


This is never a constraint for SDF systems because a much smaller time step should be 
chosen to obtain results that are accurate. Typically, A t/T n < 0.1 to define the response 
adequately, and in most earthquake response analyses even a shorter time step, typically 
At = 0.01 to 0.02 sec, is chosen to define the ground acceleration u g (t) accurately. 

Example 5.2 

Solve Example 5.1 by the central difference method using At = 0.1 sec. 

Solution 

1.0 Initial calculations 

m = 0.2533 k = 10 c = 0.1592 

u o = 0 iiQ = 0 

, t .. P0 - cuo - ku 0 „ 

1.1 u o = - = 0. 


1.2 U—\ = uq — (At)uo + 


(At) 2 .. 


iio — 0. 


m c 

1.3 k = —— T + — = 26.13. 


(Al) 2 2 At 


1.4 a = 


1.5 b = k ■ 


(At) 2 2 At 

2m 


= 24.53. 

= -40.66. 


(Al) 2 

2.0 Calculations for each time step 

2.1 pi — pi — aui -1 — buj = pi — 24.53n;_i + 40.66 m;. 

, , Pi Pi 

+ k 26.13 

3.0 Computational steps 2.1 and 2.2 are repeated for i — 0, 1, 2, 3,... leading to Table E5.2, 
wherein the theoretical result (from Table E5.1a) is also included. 
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TABLE E5.2 NUMERICAL SOLUTION BY CENTRAL DIFFERENCE METHOD 


u 

Pi 

Ui -1 

Ui 

Pi 

[Eq. (2.1)] 

Mi +1 

[Eq. (2.2)] 

Theoretical m, + i 

0.0 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0328 

0.1 

5.0000 

0.0000 

0.0000 

5.0000 

0.1914 

0.2332 

0.2 

8.6602 

0.0000 

0.1914 

16.4419 

0.6293 

0.6487 

0.3 

10.0000 

0.1914 

0.6293 

30.8934 

1.1825 

1.1605 

0.4 

8.6603 

0.6293 

1.1825 

41.3001 

1.5808 

1.5241 

0.5 

5.0000 

1.1825 

1.5808 

40.2649 

1.5412 

1.4814 

0.6 

0.0000 

1.5808 

1.5412 

23.8809 

0.9141 

0.9245 

0.7 

0.0000 

1.5412 

0.9141 

-0.6456 

-0.0247 

0.0593 

0.8 

0.0000 

0.9141 

-0.0247 

-23.4309 

-0.8968 

-0.7751 

0.9 

0.0000 

-0.0247 

-0.8968 

-35.8598 

-1.3726 

-1.2718 

1.0 

0.0000 

-0.8968 

-1.3726 

-33.8058 

-1.2940 

-1.2674 


5.4 NEWMARK’S METHOD 

5.4.1 Basic Procedure 

In 1959, N. M. Newmark developed a family of time-stepping methods based on the fol¬ 
lowing equations: 

Ui+ 1 = u, + [(1 - y ) At] ui + ( y Ar)n, + i (5.4.1a) 

Mi+i = Ui + (A t)iij + [(0.5 — P)(A r) 2 ] i /,■ + [/3(Af) 2 ] n,-_|_i (5.4.1b) 

The parameters and y define the variation of acceleration over a time step and determine 
the stability and accuracy characteristics of the method. Typical selection for y is and 
g < {5 < | is satisfactory from all points of view, including that of accuracy. These 
two equations, combined with the equilibrium equation (5.1.4) at the end of the time step, 
provide the basis for computing m,+i, and n, + i at time i + 1 from the known n,-, 
iti , and Hi at time i. Iteration is required to implement these computations because the 
unknown w (+ i appears in the right side of Eq. (5.4.1). 

For linear systems it is possible to modify Newmark's original formulation, however, 
to permit solution of Eqs. (5.4.1) and (5.1.4) without iteration. Before describing this 
modification, we demonstrate that two special cases of Newmark’s method are the well- 
known constant average acceleration and linear acceleration methods. 

5.4.2 Special Cases 

For these two methods, Table 5.4.1 summarizes the development of the relationship be¬ 
tween responses n ( +i, u,+\. and m, + i at time i + I to the corresponding quantities at time 
i. Equation (5.4.2) describes the assumptions that the variation of acceleration over a 
time step is constant, equal to the average acceleration, or varies linearly. Integration 
of ii( r) gives Eq. (5.4.3) for the variation m(t) of velocity over the time step in which 
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TABLE 5.4.1 AVERAGE ACCELERATION AND LINEAR ACCELERATION METHODS 


Constant Average Acceleration 


Linear Acceleration 



H(r) = -(tii+i + iij) 

ii(r) = iij + —(m;+i - Ui) 


(5.4.2) 

X 

T 2 



ll(z) = Ui + -(«, + 1 + iii) 

u(t) = iii + Ui T + («i + l - !(, ) 


(5.4.3) 

At 

At 



Ui+ 1 = Ui + — («/+l + Ui) 

Ui+ 1 = Uj + —(Ui+ 1 + Mi) 


(5.4.4) 

r 2 

2 3 

r z t- 3 



w(t) = Ui U;T -|- (Mi- 1-1 “h Ui) 

4 

m(t) = Ml + M/T + Ui -1- (Mi+l 

2 6Af + 

- Ui) 

(5.4.5) 

. (AO 2 ,. 

, /1.. 

1 ■■ A 


Ui + 1 — Ui + Ui At + 4 (Mj+l + Ui) 

Mj+1 — Ui + Ui At + (AO 1 — Mi+1 + 

-Ui ) 

3 / 

(5.4.6) 


r = At is substituted to obtain Eq. (5.4.4) for the velocity u i+ \ at time i + 1. Integration 
of n(r) gives Eq. (5.4.5) for the variation n(r) of displacement over the time step in which 
r = Ar is substituted to obtain Eq. (5.4.6) for the displacement k,-+i at time i + 1. Compar¬ 
ing Eqs. (5.4.4) and (5.4.6) with Eq. (5.4.1) demonstrates that Newmark’s equations with 
y = \ and P = \ are the same as those derived assuming constant average acceleration, 
and those with y = \ and /3 = g correspond to the assumption of linear variation of 
acceleration. 

5.4.3 Linear Systems 

For linear systems, it is possible to modify Newmark’s original formulation, to permit solu¬ 
tion of Eqs. (5.4.1) and (5.1.4) without iteration. Specialized for linear systems, Eq. (5.1.4) 
becomes 


miii+i + cu i+ 1 + ku i+i — p i+ 1 
From Eq. (5.4.1b), tq+i can be expressed in terms of m i+ i: 


1 1 

u i+ i = „, a ^ 2 («/+ i - «/) - 


/S(A t) 2 


/3At 


Ui 


(5.4.7) 


Ui — 


1 

2p 


1 


(5.4.8) 
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Substituting Eq. (5.4.8) into Eq. (5.4.1a) gives 

u i+ i = ^^(k,-+i ~ «/) + + Ar ^1 - m, (5.4.9) 

Next, Eqs. (5.4.8) and (5.4.9) are substituted into the governing equation (5.4.7) at time 
i + 1. This substitution gives 


kilt- f-i — Pi+\ 


(5.4.10) 


where 


k — k -f- 


-c + 


1 


Mr £(Ar) 2 


(5.4.11) 


and 


Pi+i = Pi +1 + 


/S( Ar ) 2 






-- 1 )c 


M; 


— - l) m + At( — 

LV2/S ; V2/S 


1 c 


(5.4.12) 


With k and /), +i known from the system properties m, k, and c, algorithm parameters y 
and p, and the state of the system at time i defined by m, , m,, and the displacement at 
time i + 1 is computed from 


M 1+ l 


A+i 


(5.4.13) 


Once m, + i is known, the velocity t’/, + i and acceleration m, + i can be computed from 
Eqs. (5.4.9) and (5.4.8), respectively. 

The acceleration can also be obtained from the equation of motion at time i + 1: 


Mi -f 1 


Pi -(-1 CMj-f-l 

m 


(5.4.14) 


rather than by Eq. (5.4.8). Equation (5.4.14) is needed to obtain uq to start the time¬ 
stepping computations [see Eq. (5.3.10)]. 

In Newmark’s method, the solution at time / + 1 is determined from Eq. (5.4.7), the 
equilibrium condition at time i + 1. Such methods are called implicit methods. Although 
the resisting force is an implicit function of the unknown u l+ \, it was easy to calculate for 
linear systems. 

Table 5.4.2 summarizes the time-stepping solution using Newmark’s method as it 
might be implemented on the computer. 
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TABLE 5.4.2 NEWMARK’S METHOD: LINEAR SYSTEMS’!" 


Special cases 

(1) Constant average acceleration method (y = f) = 

(2) Linear acceleration method (y = j, f = g) 

1.0 Initial calculations 

.. PO - cno - feno 

1.1 no — -■ 

m 

1.2 Select At. 

1 y 1 / y 

1.3 ai = -r-m H-c; a? = -m +- lie; and 

f(At) 2 /3At 0At 1 " 1 


1 


Y 


a3 = \2p- l ) m + At \2p- 1 ' C - 
1.4 k — k + ezi. 

2.0 Calculations for each time step, i = 0, 1, 2, ... 

2.1 p I+ i = pi+i + ai n,- + 02 Ui + fl3 «!■ 

^ ^ Pi+l 

2.2 m,- + i = —s—. 


2.3 iii+i = ^^(n,+1 - (/,■) + ( 1 

1 1 

2.4 n, + i = ——y(n,+t - M/) - 


it, + At ( 1 — 


2/1 


1 


— 1 1 Mj. 


P(At) 2 ” w /3Af 

3.0 Repetition for the next time step. Replace i by i + 1 and implement steps 2.1 to 2.4 for the 
next time step. 


t If the excitation is ground acceleration ii g (t), according to Eq. (1.7.6), replace p, by —mii g j in Table 5.4.2. 
The computed u ,, and It, give response values relative to the ground. If needed, the total velocity and 
acceleration can be computed readily: u‘. = lit + u g i and w' = n, + ii gi . 


Newmark’s method is stable if 

At l 1 

T~n ~ 

For y = \ and /3 = | this condition becomes 


At 

T~n 


< oo 


(5.4.15) 


(5.4.16a) 


This implies that the constant average acceleration method is stable for any At, no matter 
how large; however, it is accurate only if At is small enough, as discussed at the end of 
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Section 5.3. For y = \ and f> = g, Eq. (5.4.15) indicates that the linear acceleration 
method is stable if 

— < 0.551 (5.4.16b) 

Tn 

However, as in the case of the central difference method, this condition has little signifi¬ 
cance in the analysis of SDF systems because a much shorter time step than 0.5517;, must 
be used to obtain an accurate representation of the excitation and response. 

Example 5.3 

Solve Example 5.1 by the constant average acceleration method using At = 0.1 sec. 

Solution 


1.0 Initial calculations 


m = 0.2533 k = 10 c- 0.1592 
uq = 0 iiQ = 0 po = 0 

, , .. P0- cu 0 - kuQ 

1.1 UQ = - = 0. 

Ill 

1.2 At = 0.1. 

4 2 4 

1.3 ai — --|- c = 104.5; U 2 = — m + c = 10.29; and 

(A?) 2 At At 

a 3 = m = 0.2533. 

1.4 k = k+ai = 114.5. 

2.0 Calculations for each time step, i = 0, 1,2, ... 

2.1 pi -|_i = pi + 1 + oi ui + 02 ill + a 3 = Pi+l + 104.5 U{ + 10.29 ii; + 0.2533 ii;. 
Pi+l = Pi+l 
k ~ H4.5' 

2 


2.2 Mj+i = 


2.3 M i+ i = ^-("i+i “ u i )' 


2.4 ii, + i = 


r(«i+i ~Ui)~ —u, - Hi- 


(At) 2 Ar’ 


3.0 Repetition for the next time step. Steps 2.1 to 2.4 are repeated for successive time steps 
and are summarized in Table E5.3, where the theoretical result (from Table E5.1a) is 
also included. 


Example 5.4 

Solve Example 5.1 by the linear acceleration method using At = 0.1 sec. 

Solution 

1.0 Initial calculations 

m = 0.2533 k= 10 c = 0.1592 

UQ = 0 UQ = 0 po — 0 
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TABLE E5.3 NUMERICAL SOLUTION BY CONSTANT AVERAGE 
ACCELERATION METHOD 


u 

Pi 

Pi 

(Step 2.1) 

Ui 

(Step 2.4) 

Mi 

(Step 2.3) 

u t 

(Step 2.2) 

Theoretical 

Ui 

0.0 

0.0000 


0.0000 

0.0000 

0.0000 

0.0000 

0.1 

5.0000 

5.0000 

17.4666 

0.8733 

0.0437 

0.0328 

0.2 

8.6603 

26.6355 

23.1801 

2.9057 

0.2326 

0.2332 

0.3 

10.0000 

70.0837 

12.3719 

4.6833 

0.6121 

0.6487 

0.4 

8.6603 

123.9535 

-11.5175 

4.7260 

1.0825 

1.1605 

0.5 

5.0000 

163.8469 

-38.1611 

2.2421 

1.4309 

1.5241 

0.6 

0.0000 

162.9448 

-54.6722 

-2.3996 

1.4230 

1.4814 

0.7 

0.0000 

110.1710 

-33.6997 

-6.8182 

0.9622 

0.9245 

0.8 

0.0000 

21.8458 

-2.1211 

-8.6092 

0.1908 

0.0593 

0.9 

0.0000 

-69.1988 

28.4423 

-7.2932 

-0.6043 

-0.7751 

1.0 

0.0000 

-131.0066 

47.3701 

-3.5026 

-1.1441 

-1.2718 


1.1 

1.2 

1.3 

1.4 


PO - cuo - kuQ 

UQ — - = (J. 

Ill 


At = 0.1. 

6 

~ (AO 2 


in + 


3 

—c 
At 


156.8; 


c /3 = 2 in H- c = 0.5146. 

2 

k = k + oi = 166.8. 


02 — — m + 2c = 15.52; 
At 


and 


2.0 Calculations for each time step, i = 0, 1, 2, ... 


2.1 Pi +1 

2.2 Mj+i 

2.3 

2.4 iij+i 


Pi+ 1 + oi M/ + 02 «,■ + fl3 Ui = pi+i + 156.8o, + 15.52o ( - + 0.51461//. 
Pi +1 = P/+1 
k 166.8' 

3 Af 

— («i+i - Ui) - 2«/ - 

6 6 

.. («i+l - «i) - —«i - 2 m,■. 

(A/) 2 Af 


3.0 Repetition for the next time step. Steps 2.1 to 2.4 are repeated for successive time steps 
and are summarized in Table E5.4, where the theoretical result (from Table E5.1a) is 
also included. 


Observe that the numerical results obtained by the linear acceleration method are 
closer to the theoretical solution (Table E5.4), hence more accurate, than those from the 
constant average acceleration method (Table E5.3). 
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TABLE E5.4 NUMERICAL SOLUTION BY LINEAR ACCELERATION METHOD 


u 

Pi 

Pi 

(Step 2.1) 

«,■ 

(Step 2.4) 

Ui 

(Step 2.3) 

Ui 

(Step 2.2) 

Theoretical 

Ui 

0.0 

0.0000 


0.0000 

0.0000 

0.0000 

0.0000 

0.1 

5.0000 

5.0000 

17.9904 

0.8995 

0.0300 

0.0328 

0.2 

8.6603 

36.5748 

23.6566 

2.9819 

0.2193 

0.2332 

0.3 

10.0000 

102.8221 

12.1372 

4.7716 

0.6166 

0.6487 

0.4 

8.6603 

185.5991 

-12.7305 

4.7419 

1.1130 

1.1605 

0.5 

5.0000 

246.4956 

-39.9425 

2.1082 

1.4782 

1.5241 

0.6 

0.0000 

243.8733 

-56.0447 

-2.6911 

1.4625 

1.4814 

0.7 

0.0000 

158.6538 

-33.0689 

-7.1468 

0.9514 

0.9245 

0.8 

0.0000 

21.2311 

0.4892 

-8.7758 

0.1273 

0.0593 

0.9 

0.0000 

-115.9590 

31.9491 

-7.1539 

-0.6954 

-0.7751 

1.0 

0.0000 

-203.5678 

50.1114 

-3.0508 

-1.2208 

-1.2718 


5.5 STABILITY AND COMPUTATIONAL ERROR 

5.5.1 Stability 

Numerical procedures that lead to bounded solutions if the time step is shorter than some 
stability limit are called conditionally stable procedures. Procedures that lead to bounded 
solutions regardless of the time-step length are called unconditionally stable procedures. 
The average acceleration method is unconditionally stable. The linear acceleration method 
is stable if A t/T n < 0.551, and the central difference method is stable if A t/T„ < 1/n. 
Obviously, the latter two methods are conditionally stable. 

The stability criteria are not restrictive (i.e., they do not dictate the choice of time 
step) in the analysis of SDF systems because Ar/7 1 ,, must be considerably smaller than 
the stability limit (say, 0.1 or less) to ensure adequate accuracy in the numerical results. 
Stability of the numerical method is important, however, in the analysis of MDF systems, 
where it is often necessary to use unconditionally stable methods (Chapter 16). 

5.5.2 Computational Error 

Error is inherent in any numerical solution of the equation of motion. We do not discuss 
error analysis from a mathematical point of view. Rather, we examine two important char¬ 
acteristics of numerical solutions to develop a feel for the nature of the errors, and then 
mention a simple, useful way of managing error. 

Consider the free vibration problem 


mil + ku — 0 


m( 0) = 1 and m( 0) = 0 
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Figure 5.5.1 Free vibration solution by four numerical methods (A t/T n = 0.1) and the theoretical 
solution. 


for which the theoretical solution is 


u(t) = cosa> n t (5.5.1) 

This problem is solved by four numerical methods: central difference method, av¬ 
erage acceleration method, linear acceleration method, and Wilson’s method. The last of 
these methods is available elsewhere; see the references at the end of the chapter. The 
numerical results obtained using At = 0.1 T„ are compared with the theoretical solution 
in Fig. 5.5.1. This comparison shows that some numerical methods may predict that the 
displacement amplitude decays with time, although the system is undamped, and that the 
natural period is elongated or shortened. 

Figure 5.5.2 shows the amplitude decay AD and period elongation PE in the four 
numerical methods as a function of At/T n ; AD and PE are defined in part (b) of the fig¬ 
ure. The mathematical analyses that led to these data are not presented, however. Three 
of the methods predict no decay of displacement amplitude. Wilson’s method contains 
decay of amplitude, however, implying that this method introduces numerical damping 
in the system; the equivalent viscous damping ratio £ is shown in part (a) of the fig¬ 
ure. Observe the rapid increase in the period error in the central difference method near 
At/T n = 1/tt, the stability limit for the method. The central difference method intro¬ 
duces the largest period error. In this sense it is the least accurate of the methods con¬ 
sidered. For A t/T n less than its stability limit, the linear acceleration method gives the 
least period elongation. This property, combined with no amplitude decay, makes this 
method the most suitable method (of the methods presented) for SDF systems. However, 





AD 
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(a) (c) 



Figure 5.5.2 (a) Amplitude decay versus At/T n ; (b) definition of AD and PE; (c) period elongation 
versus At/T n . 


we shall arrive at a different conclusion for MDF systems because of stability requirements 
(Chapter 16). 

The choice of time step also depends on the time variation of the dynamic excita¬ 
tion, in addition to the natural vibration period of the system. Figure 5.5.2 suggests that 
At = 0.1 T„ would give reasonably accurate results. The time step should also be short 
enough to keep the distortion of the excitation function to a minimum. A very fine time 
step is necessary to describe numerically the highly irregular earthquake ground acceler¬ 
ation recorded during earthquakes; typically. At = 0.02 sec and the time step chosen for 
computing structural response should not be longer. 

One useful, although unsophisticated technique for selecting the time step is to solve 
the problem with a time step that seems reasonable, then repeat the solution with a slightly 
smaller time step and compare the results, continuing the process until two successive 
solutions are close enough. 
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The preceding discussion of stability and accuracy applies strictly to linear systems. 
The reader should consult other references for how these issues affect nonlinear response 
analysis. 


5.6 NONLINEAR SYSTEMS: CENTRAL DIFFERENCE METHOD 


The dynamic response of a system beyond its linearly elastic range is generally not amen¬ 
able to analytical solution even if the time variation of the excitation is described by a 
simple function. Numerical methods are therefore essential in the analysis of nonlinear 
systems. The central difference method can easily be adapted for solving the nonlinear 
equation of motion, Eq. (5.1.3), at time i. Substituting Eqs. (5.3.1), the central difference 
approximation for velocity and acceleration, gives Eq. (5.3.2) with ku ,■ replaced by (fs)i, 
which can be rewritten to obtain the following expression for response at time i + 1: 

ku i+ i = pi (5.6.1) 


where 


and 


m c 

(At) 2 + 2At 


(5.6.2) 


Pi - 


L(Ar) 2 


2A t 


Mi-1 + 


2m 

(Arj 1 


rMi - (/.S'), 


(5.6.3) 


Comparing these equations with those for linear systems, it is seen that the only difference 
is in the definition for With this modification Table 5.3.1 also applies to nonlinear 
systems. 

The resisting force (//), appears explicitly, as it depends only on the response at 
time i, not on the unknown response at time i + 1. Thus it is easily calculated, making the 
central difference method perhaps the simplest procedure for nonlinear systems. 


5.7 NONLINEAR SYSTEMS: NEWMARK’S METHOD 

In this section, Newmark’s method described earlier for linear systems is extended to non¬ 
linear systems. Recall that this method determines the solution at time i + 1 from the 
equilibrium condition at time i + 1, i.e., Eq. (5.1.4) for nonlinear systems. Because the 
resisting force (/*),-+1 is an implicit nonlinear function of the unknown m, +1 , iteration is 
required in this method. This requirement is typical of implicit methods. It is instructive 
first to develop the Newton-Raphson method of iteration for static analysis of a nonlinear 
SDF system. 
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5.7.1 Newton-Raphson Iteration 


Dropping the inertia and damping terms in the equation of motion [Eq. (5.1.1)] gives the 
nonlinear equation to be solved in a static problem: 

fs 00 = P (5.7.1) 


The task is to determine the deformation u due to a given external force p. where the 
nonlinear force-deformation relation fs(u) is defined for the system to be analyzed. 

Suppose that after j cycles of iteration, n (7) is an estimate of the unknown displace¬ 
ment and we are interested in developing an iterative procedure that provides an improved 
estimate u^ +l \ For this purpose, expanding the resisting force f^ +V> in Taylor series 
about the known estimate gives 


fO + 1) r(j) _J_ 

Js — Js “T 


9/s 

du 


( M 0'+b _ „(/)) + 


1 th 

2 du 1 


(n°' +1) — u^Y + ■ ■ ■ 
u u) 


(5.7.2) 


If m ( j) is close to the solution, the change in u, Au (1) = n ( ■■ ,+1, — u^\ will be small and 
the second- and higher-order terms can be neglected, leading to the linearized equation 

fY +l) ~ / s 0) + 4 ;) Am U) = p (5.7.3) 

or 

4 j) An 0) = p - / S U) = R U) (5.7.4) 


where kj = 


9/s 

du 


the tangent stiffness at u (J> . Solving the linearized equation 


(5.7.4) gives and an improved estimate of the displacement: 

u u+l) = u u) + A u u) 


(5.7.5) 


The iterative procedure is described next with reference to Fig. 5.7.1. Associated 
with m ( , ) is the force fp \ which is not equal to the applied force p, and a residual force 
is defined: = p — f'Y 1 . The additional displacement due to this residual force is 

determined from Eq. (5.7.4), leading to i/ (,+ l '. This new estimate of the solution is used 
to find a new value of the residual force R' l+] ) = p — fY +>> ■ The additional displacement 
A«7 +| ) due to this residual force is determined by solving 

4 J+1) Am°' +1) = R a+l) (5.7.6) 

This additional displacement is used to find a new value of the displacement: 

u u+2) = u u+1) + A u u+l) (5.7.7) 

and a new value of the residual force R tJ+1> , and the process is continued until convergence 
is achieved. This iterative process is known as the Newton-Raphson method. 


Convergence rate. It can be proven that near the end of the iteration process 
the Newton-Raphson algorithm converges with quadratic rate to the exact solution u, i.e., 
I u — m^ +1 )| < c \u — where c is a constant that depends on the second derivative 
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Figure 5.7.1 Newton-Raphson iteration: (a) applied and resisting forces; (b) residual force. 


of the resisting force or the change in tangent stiffness. This result implies that near the 
solution the error in the (j + l)th iterate (equal to the difference between u and u (jil> ) is 
less than the square of the error in the previous iterate u^\ 

Convergence criteria. After each iteration the solution is checked and the iter¬ 
ative process is terminated when some measure of the error in the solution is less than a 
specified tolerance. Typically, one or more of the following convergence (or acceptance) 
criteria are enforced: 

1. Residual force is less than a tolerance: 

|R (j) | < Er (5.7.8a) 

Conventional values for the tolerance Sr range from 10 3 to 10~ 8 . 

2. Change in displacement is less than a tolerance: 

|Aw 0) |<e„ (5.7.8b) 

Conventional values for the tolerance s u range from I0‘ ! to ICC 8 . 

3. Incremental work done by the residual force acting through the change in displace¬ 
ment is less than a tolerance: 

i|A u U) R u) \<e w (5.7.8c) 

Tolerance s w must be at or near the computer (machine) tolerance because the left 

side is a product of small quantities. 

Modified Newton-Raphson iteration. To avoid computation of the tangent 
stiffness for each iteration, the initial stiffness at the beginning of a time step may be used 
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Figure 5.7.2 Modified Newton-Raphson iteration: (a) applied and resisting forces; (b) residual 
force. 


as the constant stiffness for all iterations within the time step. This modified Newton- 
Raphson iteration is illustrated in Fig. 5.7.2, where it can be seen that convergence is now 
slower. At each iteration the residual force R (7) is now larger, as seen by comparing Figs. 
5.7.1 and 5.7.2, and more iterations will be required to achieve convergence. 


5.7.2 Newmark’s Method 


We have now developed Newton-Raphson iteration to solve a nonlinear equilibrium equa¬ 
tion [e.g., Eq. (5.7.1)] that governs the static problem. In dynamic analysis the goal is to 
determine response quantities u i+ \, h i+1 and m ;+ 1 at time i + 1 that satisfy Eq. (5.1.4), 
which can be written as 

(fs)i+\ = Pi+\ (5.7.9) 


where 


(fs)i +1 = muj+i + ciii+i + (fs)i +1 (5.7.10) 

By including the inertia and damping forces in defining the “resisting force” /$, the dy¬ 
namic analysis equation (5.7.9) is of the same form as the static analysis equation (5.7.1). 

Thus, we can adapt the Taylor series expansion of Eq. (5.7.2) to Eq. (5.7.9), interpret 
(f s )i +1 as a function of n 1+ i, and drop the second- and higher-order terms to obtain an 
equation analogous to Eq. (5.7.3): 


(A) 


o+i) 

! + l 


(A), ( +1 + = Pi+i 


dui 


+1 


(5.7.11) 
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where 

Au u) = (5.7.12) 

Differentiating Eq. (5.7.10) at the known displacement gives 


dfs 3 u dii df s 

- = m - 1 - c - 1 - 

3m/ + i 9n,+i 3 m, + i 3m,-+i 


where the derivatives in inertia and damping terms on the right side can be determined 
from Eqs. (5.4.8) and (5.4.9), respectively, which were derived from Newmark’s equa¬ 
tion (5.4.1): 

3u 1 3 it y 

3n !+ i fi(A t) 2 dui+i fAt 


Putting together the preceding two equations and recalling the definition of tangent stiff¬ 
ness (Section 5.7.1) gives 


(k T ) 


0) = 
l + l 


dfs 

3m,+ i 


= (*r) 


O') 

i+i 


Y , 1 

-c H- 

ySAr yS(Ar ) 2 


(5.7.13) 


With the preceding definition of (£ 7 -)+, Eq. (5.7.11) can be written as 


(+), ( +i A = p i+1 - (fs)^ = 


(5.7.14) 


Substituting Eqs. (5.4.8) and (5.4.9) in Eq. (5.7.10) and then combining it with the right 
side of Eq. (5.7.14) leads to the following expression for the residual force: 


R& = Pi+i - (/ s ) h ? 1 


1 


Y 


P(A t) 2 /iAr 


( M i+! - «-') 


1 


PA t 


4-11 c 


+ 


1+2,6 


-1 ) in + A? I-lie 


y 


2 ^ 


Mi 


(5.7.15) 


Note that the linearized equation (5.7.14) for the /th iteration in dynamic analysis is similar 
in form to the corresponding equation (5.7.4) in static analysis. However, there is an im¬ 
portant difference in the two equations in that damping and inertia terms are now included 
in both the tangent stiffness kj (Eq. 5.7.13) and the residual force R (Eq. 5.7.15). The first, 
fourth, and fifth terms on the right side of Eq. (5.7.15) do not change from one iteration 
to the next. The second and third terms need to be updated with every new estimate of 
displacement during iteration. 

Equation (5.7.14) provides the basis for the Newton-Raphson iteration method, sum¬ 
marized in step 3.0 of Table 5.7.1. Once u i+ , is determined, the rest of the computation 
proceeds as for linear systems; in particular, m , +1 and ii i+ 1 are determined from Eqs. (5.4.8) 
and (5.4.9), respectively. Table 5.7.1 summarizes Newmark’s algorithm as it might be im¬ 
plemented on the computer. 
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TABLE 5.7.1 NEWMARK’S METHOD: NONLINEAR SYSTEMS 


Special cases 

(1) Average acceleration method (y = p = 

(2) Linear acceleration method (y = P = g) 

1.0 Initial calculations 

1.1 State determination: (fs)o and (kj)o. 

■ .. P 0 ~ CUQ - (fs )0 

1.2 mo — -■ 

m 

1.3 Select At. 

1 y 1 (V \ 

1.4 a i = -r-m H-c; ai = - m + I-lie; and 

P(A f) 2 /SAf PA t \p ) 

Q3 = [-1 | m + At ( —-1 ) c. 

V 2 / 3 / V 2 ^ / 

2.0 Calculations for each time instant, i = 0, 1, 2, ... 

2.1 Initialize y = 1, u\ j ^ = (/s)-^ = (/s)i, and = (kr)i- 

2.2 pi + \ — pi + 1 + Mj + «2 w; + 03 iij. 


3.0 For each iteration, j = 1, 2, 3 ... 

3-1 tfj+i = Pi+1 - (fs )■+! - at m-+i• 

3.2 Check convergence; If the acceptance criteria are not met, implement steps 3.3 to 
3.7; otherwise, skip these steps and go to step 4.0. 

3.3 (k T )% 1 = (k T )% 1 +ai. 

3.4 A«W) = 4- (k T )% v 

3.5 m ( ^+ 1) = + Am«. 

3.6 State determination: and 

Replace j by j + 1 and repeat steps 3.1 to 3.6; denote final value as m 1+ i . 


4.0 Calculations for velocity and acceleration 


4.1 u i+ i = 


Y 

PAt' 


(«/+1 - «i) + I 1 - ^ ) Mi + Af I 1 - 


2P 


1 


1 1 . , . , .. 

4.2 U:_ 1_1 = -— — U j ) -M; — I- 1 1 Mi. 

+ P(At) 2 V ,+1 PAt \2P 1 

5.0 Repetition for next time step. Replace i by i + 1 and implement steps 2.0 to 4.0 for the 
next time step. 


Example 5.5 

An SDF system has the same properties as in Example 5.1, except that the restoring force- 
deformation relation is elastoplastic with yield deformation u y = 0.75 in. and yield force 
f y = 7.5 kips (Fig. E5.5). Determine the response u(t) of this system (starting from rest) 
to the half-cycle sine pulse force in Fig. E5.1 using the constant average acceleration method 
with Af = 0.1 sec and Newton-Raphson iteration. 
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fs’ ki P s 



Figure E5.5 


Solution 


1.0 Initial calculations 


1.1 

1.2 

1.3 

1.4 


m = 0.2533 k- 10 c = 0.1592 
uq = 0 uq = 0 po = 0 

State determination: (fs) o = 0 and (kj-)o = k = 10. 

P0 - CUQ - (fs )0 

uq = - = 0 . 

m 


At = 0.1. 

4 2 4 

aj = -r -m 4 -c = 104.5040; 02 = —m + c = 10.2912; 

(A ?) 2 At At 

03 = m = 0.2533. 


and 


As an example, the calculations of steps 2.0, 3.0 and 4.0 in Table 5.7.1, are implemented as 
follows for the time step that begins at 0.3 sec and ends at 0.4 sec. 


2.0 Calculations for i — 3 

2.1 Initialize j = 1 

u 'l\ = Ui = 0.6121, (/ 4 +i = (fs), = 6.1206, and (k T )\% = (k T )i = 10 . 

2.2 pi + 1 = pi + 1 + 104.5m,- + 10.29m,- + 0.2533m,- = 123.9535. 


3.0 First iteration, j = 1 

3.1 = p i+ i - ( fs - 104.5m^ ) 1 

= 123.9535 - 6.1206 - 63.9630 = 53.8698. 


3.2 Check of convergence: Because 


R'. 


( 1 ) 


1 + 1 


= 53.8698 exceeds e« = 10 3 , chosen for 


this example, implement steps 3.3 to 3.7. 
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3.3 (fer),-+! = rt'/'j'+i +«i = 10+ 104.5040 = 114.5040. 


3.4 Am ( 1) = -t- = 53.8698 114.5040 = 0.4705. 

3.5 uf\ = M;Vt + Aw (1) = 0.6121 + 0.4705 = 1.0825. 


n(D 


*i +1 


*i +1 


3.6 State determination: (/_$)■+1 and (kr)^ t 

(fs)-+i = (fs)i + kiuf^ - Ui ) = 6.1206 + (10 x 0.4705) = 10.8253. 
Because (fs)^ > fy, (/s)-+! = fy = 7-5 and (k T )fh = 0. 

3.0 Second iteration, j = 2 

3.1 = p i+ 1 - (/ s )® - 104.5«®j 

= 123.9535 - 7.5 - 113.1282 = 3.3253. 


( 2 ) 

i+l 


3.2 Check of convergence: Because R 
to 3.7. 

3.3 (kr)fl\ = (k T )fl\ +fli =0 + 104.5040 = 104.5040. 


= 3.3253 exceeds sr, implement steps 3.3 


3.4 Aw (2) = -r rt 7 '),'+, = 3.3253 ^ 104.5040 = 0.0318. 

3.5 + Am (2) = 1.0825 + 0.0318 = 1.1143. 

3.6 State determination: (fs)^\ and (ky-).^ 

(fs)j+i = (fs)i + *(«■+, - Ui ) = 6.1206 + (10 x 0.5023) = 11.1434. 
Because (fs)^ > fy, (/s)-+! = fy = 7.5 and = 0. 

3.0 Third iteration, j = 3 

3.1 tf® = A-+1 - (M® - 104.5b®! 

= 123.9535 - 7.5 - 116.4535 = 0. 


J2) 


S(3) 

V+l 


= 0 is less than sr, skip steps 3.3 to 3.7; 


3.2 Check of convergence: Because 

set M 4 = ;<^ 3) = 1.1143. 

4.0 Calculations for velocity and acceleration 
2 2 

4.1 u i+ 1 = — (m /+1 -uO-Ui = — (1.1143 — 0.6121) — 4.683 = 5.3624. 


4.2 u i+ 1 = 


r(»i+i - Ui) - —iii - Ui 


4 

(Ar) 2 ' 

4 4 

= - T (1.1143 - 0.6121)-4.6833 - 12.3719 = 1.2103. 

( 0 . 1) 2 0.1 

These calculations for the time step 0.3 to 0.4 sec are summarized in Table E5.5. 


5.0 Repetition for next time step. After replacing f by i + l, steps 2.0 to 4.0 are repeated 
for successive time steps and are summarized in Table E5.5. 
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TABLE E5.5 NUMERICAL SOLUTION BY CONSTANT AVERAGE ACCELERATION METHOD WITH 
NEWTON-RAPHSON ITERATION 


ti 

Pi 

Ri or 

k\ j) 

(k T )i or (k r )i or 

0 *T )P ( H 0) 

A «C) 

ui or 

(M 0+1) 

Ui 

Ui 

0.0 

0.0000 


10 



0.0000 


0.0000 

0.0000 

0.1 

5.0000 

5.0000 

10 

114.504 

0.0437 

0.0437 

0.4367 

0.8733 

17.4666 

0.2 

8.6603 

21.6355 

10 

114.504 

0.1889 

0.2326 

2.3262 

2.9057 

23.1801 

0.3 

10.0000 

43.4481 

10 

114.504 

0.3794 

0.6121 

6.1206 

4.6833 

12.3719 

0.4 

8.6603 

53.8698 

10 

114.504 

0.4705 

1.0825 

7.5000 





3.3253 

0 

104.504 

0.0318 

1.1143 

7.5000 

5.3624 

1.2103 

0.5 

5.0000 

55.9918 

0 

104.504 

0.5071 

1.6214 

7.5000 

4.7792 

-12.8735 

0.6 

0.0000 

38.4230 

0 

104.504 

0.3677 

1.9891 

7.5000 

2.5742 

-31.2270 

0.7 

0.0000 

11.0816 

0 

104.504 

0.1060 

2.0951 

7.5000 

-0.4534 

-29.3242 

0.8 

0.0000 

-19.5936 

0 

104.504 

-0.1875 

1.9076 

5.6251 





1.8749 

10 

114.504 

0.0164 

1.9240 

5.7888 

-2.9690 

-20.9876 

0.9 

0.0000 

-41.6593 

10 

114.504 

-0.3638 

1.5602 

2.1506 

-4.3075 

-5.7830 

1.0 

0.0000 

-47.9448 

10 

114.504 

-0.4187 

1.1415 

-2.0366 

-4.0668 

10.5962 


During the next three time steps (after 0.4 sec), the system is on the yielding branch 
ab. In other words, the stiffness k\ — 0 remains constant, and no iteration is necessary. 
Between 0.6 and 0.7 sec the velocity changes sign from positive to negative, implying that 
the deformation begins to decrease, the system begins to unload along the branch be , and 
the stiffness kj = 10. However, we have ignored this change during the time step, implying 
that the system stays on the branch ab and no iteration is necessary. 

The computation for the time step starting at 0.6 sec can be made more accurate by 
finding, by a process of iteration, the time instant at which u = 0. Then the calculations 
can be carried out with stiffness k, = 0 over the first part of the time step and with kj — 10 
over the second part of the time step. Alternatively, a smaller time step can be used for 
improved accuracy. 

Note that the solution over a time step is not exact because equilibrium is satisfied 
only at the beginning and end of the time step, not at all time instants within the time step. 
This implies that the energy balance equation (Chapter 7) is violated. The discrepancy in 
energy balance, usually calculated at the end of the excitation, is an indication of the error 
in the numerical solution. 

Example 5.6 

Repeat Example 5.5 using modified Newton-Raphson iteration within each time step of At = 
0.1 sec. 

Solution The procedure of Table 5.7.1 is modified to use the initial stiffness at the beginning 
of a time step as the constant stiffness for all iterations within the time step. The computations 
in steps 1.0 and 2.0 are identical to those presented in Example 5.5, but step 3.0 is now differ¬ 
ent. To illustrate these differences, step 3.0 in the modified Table 5.7.1 is implemented for the 
time step that begins at 0.3 sec and ends at 0.4 sec. 
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3.0 First iteration, j = I 

3.1 fl™ = p i+ 1 - (/ s )™, - 104.5 m ™ 

= 123.9535 - 6.1206 - 63.9630 = 53.8698. 


3.2 Check of convergence: Because 
3.3 to 3.7. 


.( 1 ) 

i+1 


= 53.8698 exceeds br, implement steps 


3.3 (k T ) i+l = (k T ) i+t +fli = 10 4- 104.5040 = 114.5040. 

3.4 Am™ = W™ 4- (k T ) i+ i = 53.8698 + 114.5040 = 0.4705. 

3.5 ufl j = m™j + Am™ = 0.6121 + 0.4705 = 1.0825. 

( 2 ) 

3.6 State determination: (fsff 

(/s)-+! = (fsh + k (m™ - mA = 6.1206 + (10 x 0.4705) = 10.8253. 

Because (fs)fh > fy, (/s)-+i = fy = 7 - 5 - 

3.0 Second iteration j = 2 

3.1 = p i+i - (/ S )® - 104.5m™! 

= 123.9535 - 7.5 - 113.1282 = 3.3253. 


3.2 Check of convergence: Because 


( 2 ) 

i+1 


= 3.3253 exceeds sr, implement steps 3.3 


to 3.7. 

3.3 (k T ) i+1 = 114.5040. 

3.4 Am ™ = ft ™ + (£ r ). +1 = 3.3253 +- 114.5040 = 0.0290. 

3.5 m™, = ufl , + Am™ = 1.0825 + 0.0290 = 1.1116. 

(3) 

3.6 State determination: (/s)) +1 

(/,)®1 = (fsh + k(ufl\ - Ui ) = 6.1206+ (10 X 0.5000) = 11.1157. 


Because (fs)fh > fy, (/s)-+i = fy = 7.5. 
3.0 Third iteration, j = 3 

3.1 *® = A+i - (/ s )® - 104.5 m® 


= 123.9535 - 7.5 - 116.1631 = 0.2904. 


3.2 Check of convergence: Because 


S(3) 

h+1 


= 0.2904 exceeds sr, implement steps 3.3 


to 3.7. 

3.3 (kr) l+] = 114.5040. 

3.4 Am ™ = fl™, 5- (k T ) i+l = 0.2904 + 114.5040 = 0.0025. 
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3.5 ufl j = j + Am (3) = 1.1116 + 0.0025 = 1.1141. 

3.6 State determination: (/s)^ 

(/s),-+l = (/s)« + *(«■+! - «i) = 6.1206 + (10 x 0.5020) = 11.1410. 

Because (fs)^ > fy, (/s),-^ = fy = 7.5. 

These calculations and those for additional iterations during the time step 0.3 to 0.4 sec are 
shown in Table E5.6. 


TABLE E5.6 NUMERICAL SOLUTION BY CONSTANT AVERAGE ACCELERATION METHOD WITH 
MODIFIED NEWTON-RAPHSON ITERATION 


u 

Pi 

Rj or 

r\ J) 

(k T )i or 

C k T )\ j) 

( k T )i or 

(k T )- j) 

A 

Ui or 

«p +1) 

(M°' +1) 

Ui 

iii 

0.0 

0.0000 


10 



0.0000 


0.0000 

0.0000 

0.1 

5.0000 

5.0000 

10 

114.504 

0.0437 

0.0437 

0.4367 

0.8733 

17.4666 

0.2 

8.6603 

21.6355 

10 

114.504 

0.1889 

0.2326 

2.3262 

2.9057 

23.1801 

0.3 

10.0000 

43.4481 

10 

114.504 

0.3794 

0.6121 

6.1206 

4.6833 

12.3719 

0.4 

8.6603 

53.8698 

10 

114.504 

0.4705 

1.0825 

7.5000 





3.3253 



0.02904 

1.1116 

7.5000 





0.2904 



2.536E-3 

1.1141 

7.5000 





2.536E-2 



2.215E-4 

1.1143 

7.5000 





2.215E-3 



1.934E-5 

1.1143 

7.5000 

5.3623 

1.2095 

0.5 

5.0000 

55.9912 

0 

104.504 

0.5071 

1.6214 

7.5000 

4.7791 

-12.8734 

0.6 

0.0000 

38.4222 

0 

104.504 

0.3677 

1.9891 

7.5000 

2.5741 

-31.2270 

0.7 

0.0000 

11.0810 

0 

104.504 

0.1060 

2.0951 

7.5000 

-0.4534 

-29.3242 

0.8 

0.0000 

-19.5936 

0 

104.504 

-0.1875 

1.9076 

5.6250 





1.8750 



1.794E-2 

1.9256 

5.8044 





-0.1794 



— 1.717E-3 

1.9238 

5.7873 





1.717E-2 



1.643E-4 

1.9240 

5.7889 





1.643E-3 



— 1.572E-5 

1.9240 

5.7888 

-2.9690 

-20.9879 

0.9 

0.0000 

-41.6600 

10 

114.504 

-0.3638 

1.5602 

2.1505 

-4.3076 

-5.7824 

1.0 

0.0000 

-47.9451 

10 

114.504 

-0.4187 

1.1414 

-2.0367 

-4.0668 

10.5969 


The original Newton-Raphson iteration converges more rapidly than the modified 
Newton-Raphson iteration, as is apparent by comparing Tables E5.5 and E5.6 that summarize 
results from the two methods, respectively. Observe the following: (1) The results of the first 
iteration are identical in the two cases because both use the initial tangent stiffness. Conse- 
quently, the resisting force (fs) i+i and the residual force R~f are identical. (2) By using 

the current tangent stiffness (+/■)- + | and the associated value of (fcr),-, j from Eq. (5.7.13) in 
the second iteration, the original Newton-Raphson method leads to a smaller residual force 
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Rf + j = 0 (Example 5.5) compared to Rl,j = 0.2904 from the modified Newton-Raphson 

method (Example 5.6). (3) Because at each iteration the residual force R^ is now smaller, 
convergence is achieved in fewer iterations; for this time step of this example, two iterations 
are required in the original Newton-Raphson method (Example 5.5) compared to five itera¬ 
tions in the modified Newton-Raphson method (Example 5.6). 
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PROBLEMS 


5.1 In Section 5.2 we developed recurrence formulas for numerical solution of the equation of 
motion of a linear SDF system based on linear interpolation of the forcing function p{t) over 
each time step. Develop a similar procedure using a piecewise-constant representation of the 
forcing function wherein the value of the force in the interval t, to f !+ i is a constant equal to 
Pi (Fig. P5.1). Show that the recurrence formulas for the response of an undamped system 
are 


sinfcu,, A tj) pi 

Uj .|_i = uj cos (u)„ Ati) + fi;-1-[1 — cos(a>„ Af;)] 

a> n k 

Pi 

itj _i_i = «;[— a> n sin(a> f! A?;)] + fi, cos (ai n Ati ) H-sin(ai„ At,) 

k 


Specialize the recurrence formulas for the following definition of the piecewise-constant force: 
pi = Ip, + pj_ |_i)/2. Write the recurrence formulas in the following form: 


«;+1 = Auj + Biti + Cpi + Dp i+ i 
Ui +1 — A'uj + B'uj + C'pi + D Pi+\ 


with equations for the constants A, B.C, ... , D'. 
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Figure P5.1 


*5.2 Solve Example 5.1 using the piecewise-constant approximation of the forcing function; ne¬ 
glect damping in the SDF system. 

*5.3 Solve the problem in Example 5.1 by the central difference method, implemented by a com¬ 
puter program in a language of your choice, using Ar = 0.1 sec. Note that this problem was 
solved as Example 5.2 and that the results were presented in Table E5.2. 

*5.4 Repeat Problem 5.3 using At — 0.05 sec. How does the time step affect the accuracy of the 
solution? 

*5.5 An SDF system has the same mass and stiffness as in Example 5.1, but the damping ratio 
is f = 20%. Determine the response of this system to the excitation of Example 5.1 by 
the central difference method using At = 0.05 sec. Plot the response as a function of time, 
compare with the solution of Problem 5.3, and comment on how damping affects the peak 
response. 

*5.6 Solve the problem in Example 5.1 by the central difference method using At = i sec. Carry 
out your solution to 2 sec, and comment on what happens to the solution and why. 

*5.7 Solve the problem in Example 5.1 by the constant average acceleration method, implemented 
by a computer program in a language of your choice, using At = 0.1 sec. Note that this 
problem was solved as Example 5.3, and the results are presented in Table E5.3. Compare 
these results with those of Example 5.2, and comment on the relative accuracy of the constant 
average acceleration and central difference methods. 

*5.8 Repeat Problem 5.7 using At = 0.05 sec. How does the time step affect the accuracy of the 
solution? 

*5.9 Solve the problem in Example 5.1 by the constant average acceleration method using At = 4 
sec. Carry out the solution to 2 sec, and comment on the accuracy and stability of the solution. 

*5.10 Solve the problem of Example 5. 1 by the linear acceleration method, implemented by a com¬ 
puter program in a language of your choice, using At = 0.1 sec. Note that this problem 
was solved as Example 5.4 and that the results are presented in Table E5.4. Compare with 
the solution of Example 5.3, and comment on the relative accuracy of the constant average 
acceleration and linear acceleration methods. 

*5.11 Repeat Problem 5.10 using At = 0.05 sec. How does the time step affect the accuracy of the 
solution? 


*Denotes that a computer is necessary to solve this problem. 
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*5.12 Solve the problem of Example 5.5 by the central difference method, implemented by a com¬ 
puter program in a language of your choice, using At = 0.05 sec. 

*5.13 Solve Example 5.5 by the constant average acceleration method with Newton-Raphson 
iteration, implemented by a computer program in a language of your choice. Note that this 
problem was solved as Example 5.5 and the results were presented in Table E5.5. 

*5.14 Solve Example 5.6 by the constant average acceleration method with modified Newton- 
Raphson iteration, implemented by a computer program in a language of your choice. Note 
that this problem was solved as Example 5.6 and the results were presented in Table E5.6. 

*5.15 Solve Example 5.5 by the linear acceleration method with Newton-Raphson iteration using 
At = 0.1 sec. 

*5.16 Solve Example 5.5 by the linear acceleration method with modified Newton-Raphson itera¬ 
tion using At — 0.1 sec. 


*Denotes that a computer is necessary to solve this problem. 
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Earthquake Response of 
Linear Systems 


PREVIEW 

One of the most important applications of the theory of structural dynamics is in analyzing 
the response of structures to ground shaking caused by an earthquake. In this chapter we 
study the earthquake response of linear SDF systems to earthquake motions. By definition, 
linear systems are elastic systems, and we shall also refer to them as linearly elastic sys¬ 
tems to emphasize both properties. Because earthquakes can cause damage to many struc¬ 
tures, we are also interested in the response of yielding or inelastic systems, the subject of 
Chapter 7. 

The first part of this chapter is concerned with the earthquake response—deforma¬ 
tion, internal element forces, stresses, and so on—of simple structures as a function of time 
and how this response depends on the system parameters. Then we introduce the response 
spectrum concept, which is central to earthquake engineering, together with procedures to 
determine the peak response of systems directly from the response spectrum. This is fol¬ 
lowed by a study of the characteristics of earthquake response spectra, which leads into the 
design spectrum for the design of new structures and safety evaluation of existing struc¬ 
tures against future earthquakes. The important distinctions between design and response 
spectra are identified and the chapter closes with a discussion of two types of response 
spectra that are not used commonly. 


6.1 EARTHQUAKE EXCITATION 

For engineering purposes the time variation of ground acceleration is the most useful way 
of defining the shaking of the ground during an earthquake. The ground acceleration ii s (t) 
appears on the right side of the differential equation (1.7.4) governing the response of 
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structures to earthquake excitation. Thus, for given ground acceleration the problem to be 
solved is defined completely for an SDF system with known mass, stiffness, and damping 
properties. 

The basic instrument to record three components of ground shaking during earth¬ 
quakes is the strong-motion accelerograph (Fig. 6.1.1), which does not record continu¬ 
ously but is triggered into motion by the first waves of the earthquake to arrive. This is 
because even in earthquake-prone regions such as California and Japan, there may not be 


(a) 



Transverse Accelerometer 


Film Take-up Magazine 


Starter/Trigger Mechanism 

\ 


Longitudinal Accelerometer 


Light Source 


Vertical Accelerometer 




Lithium 


Optional 
Memory Card 


Data Processor Board 
(front board) 


Battery 


Transversal Vertical 
Tnaxrai Force Balance 
Accelerometer 


OrvOtt switch 

Memory Board 

SSA-2 

Battery (Clock) 


Analog to Digital & Power 
Supply Board 
(behind front board) 


Figure 6.1.1 Strong motion accelerographs: (a) SMA-1, an analog-recording instrument with un¬ 
damped natural frequency of 25 Hz and damping 60% of critical; (b) SSA-2, a digital recording 
instrument with undamped natural frequency of 50 Hz and damping 70% of critical. (Courtesy of 
Kinemetrics, Inc.) 
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any strong ground motion from earthquakes to record for months, or even years, at a time. 
Consequently, continual recordings of hundreds of such instruments would be a wasteful 
exercise. After triggering, the recording continues for some minutes or until the ground 
shaking falls again to imperceptible levels. Clearly, the instruments must be regularly 
maintained and serviced so that they produce a record when shaking occurs. 

The basic element of an accelerograph is a transducer element, which in its sim¬ 
plest form is an SDF mass-spring-damper system (Section 3.7). Therefore, the transducer 
element is characterized by its natural frequency /„ and viscous damping ratio £; typi¬ 
cally, f n = 25 Hz and £ = 60% for modern analog accelerographs; and /„ = 50 Hz 
and £ = 70% in modern digital accelerographs. These transducer parameters enable the 
digital instrument to record, without excessive distortion, acceleration-time functions con¬ 
taining frequencies from very low up to, say, 30 Hz; the analog instrument is accurate over 
a narrower frequency range, say, up to 15 Hz. 

Ideally, many stations should be instrumented prior to an earthquake to record the 
ground motions. However, not knowing when and exactly where earthquakes will occur 
and having limited budgets for installation and maintenance of instruments, it is not always 
possible to obtain such recordings in the region of strongest shaking. For example, no 
strong-motion records were obtained from two earthquakes that caused much destruction: 
Killari, Maharashtra, India, September 30, 1993; and Guam, a U.S. territory, August 8, 
1993; only one record resulted from the devastating earthquake in Haiti, January 12, 2010. 
In contrast, an earthquake in Japan or California, two well-instrumented regions, can be 
expected to produce a large number of records. For example, the magnitude 9.0 Tohoku 
earthquake on March 11, 2011, near the east coast of Honshu, Japan, produced several 
hundred records of strong shaking. 

The first strong-motion accelerogram was recorded during the Long Beach earth¬ 
quake of 1933, and as of April 2011, over 3000 records have now been obtained. As might 
be expected, most of these records are of small motion and only a fraction of them have 
acceleration of 20% g or more. The geographical distribution of these ground motion 
records is very uneven. A large majority of them are from California, Japan, and Taiwan; 
most of the intense records are from six earthquakes: the San Fernando earthquake of 
February 9, 1971, the Loma Prieta earthquake of October 17, 1989, and the Northridge 
earthquake of January 17, 1994, in California; the Kobe earthquake of January 16, 1995, 
and the Tohoku earthquake of March 11, 2011, in Japan; and the Chi-Chi earthquake of 
September 20, 1999 in Taiwan. The peak values of accelerations recorded at many different 
locations during the Loma Prieta earthquake are shown in Fig. 6.1.2. These acceleration 
values are largest near the epicenter of the earthquake and tend to decrease with distance 
from the fault causing the earthquake. However, the accelerations recorded at similar dis¬ 
tances may vary significantly because of several factors, especially local soil conditions. 

Figure 6.1.3 shows a collection of representative acceleration-time records of earth¬ 
quake ground motions in the region of strong shaking. One horizontal component is given 


'It should be noted that most if not all of the digital accelerographs use a force-balance type of transducer, 
for which two parameters will not completely define the instrument response, which is that of a higher-order (than 
a mass-spring-damper) system. 
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Figure 6.1.2 Peak horizontal ground accelerations recorded during the Loma Prieta earthquake of 
October 17, 1989. (Courtesy of R. B. Seed.) 
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Figure 6.1.3 Ground motions recorded during several earthquakes. [Based in part on Hudson 
(1979).] 
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Figure 6.1.4 North-south component of horizontal ground acceleration recorded at the 
Imperial Valley Irrigation District substation, El Centro, California, during the Imperial 
Valley earthquake of May 18, 1940. The ground velocity and ground displacement were 
computed by integrating the ground acceleration. 

for each location and earthquake. All have been plotted to the same acceleration and time 
scale. The wide and very real variability of amplitude, duration, and general appearance of 
different records can be clearly seen. One of these records is enlarged in Fig. 6.1.4. This is 
the north-south component of the ground motion recorded at a site in El Centro, Califor¬ 
nia, during the Imperial Valley, California, earthquake of May 18, 1940.t At this scale it 
becomes apparent that ground acceleration varies with time in a highly irregular manner. 
No matter how irregular, the ground motion is presumed to be known and independent of 
the structural response. This is equivalent to saying that the foundation soil is rigid, im¬ 
plying no soil-structure interaction. If the structure were founded on very flexible soil, the 
motion of the structure and the resulting forces imposed on the underlying soil can modify 
the base motion. 

The ground acceleration is defined by numerical values at discrete time instants. 
These time instants should be closely spaced to describe accurately the highly irregular 
variation of acceleration with time. Typically, the time interval is chosen to be to ^ of 
a second, requiring 1500 to 3000 ordinates to describe the ground motion of Fig. 6.1.4. 


1 This ground acceleration is used extensively in this book and, for brevity, will be called El Centro ground 
motion, although three components of motion have been recorded at the same site during several earthquakes 
after 1940. 
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The top curve in Fig. 6.1.4 shows the variation of El Centro ground acceleration 
with time. The peak ground acceleration u go is 0.319g. The second curve is the ground 
velocity, obtained by integrating the acceleration-time function. The peak ground veloc¬ 
ity iigo is 13.04 in./sec. Integration of ground velocity provides the ground displace¬ 
ment, presented as the lowest trace. The peak ground displacement u go is 8.40 in. It 
is difficult to determine accurately the ground velocity and displacement because ana¬ 
log accelerographs do not record the initial part—until the accelerograph is triggered—of 
the acceleration-time function, and thus the base (zero acceleration) line is unknown. 
Digital accelerographs overcome this problem by providing a short memory so that the 
onset of ground motion is measured. 

In existence are several different versions of the El Centro ground motion. The varia¬ 
tions among them arise from differences in (1) how the original analog trace of acceleration 
versus time was digitized into numerical data, and (2) the procedure chosen to introduce 
the missing baseline in the record. The version shown in Fig. 6.1.4 is used throughout this 
book and is tabulated in Appendix 6. 


6.2 EQUATION OF MOTION 

Equation (1.7.4) governs the motion of a linear SDF system (Fig. 6.2.1) subjected to ground 
acceleration u g {t). Dividing this equation by m gives 


u + 2f<w„ u + col u = ~u g {t) (6.2.1) 

It is clear that for a given ii g (t), the deformation response u(t) of the system depends only 
on the natural frequency co n or natural period 7j, of the system and its damping ratio, £; 
writing formally, u = u(t,T n , £). Thus any two systems having the same values of T n 
and £ will have the same deformation response u (?) even though one system may be more 
massive than the other or one may be stiffer than the other. 

Ground acceleration during earthquakes varies irregularly to such an extent (see 
Fig. 6.1.4) that analytical solution of the equation of motion must be ruled out. Therefore, 
numerical methods are necessary to determine the structural response, and any of the meth¬ 
ods presented in Chapter 5 could be used. The response results presented in this chapter 



Figure 6.2.1 Single-degree-of-freedom systems. 
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were obtained by exact solution of the equation of motion for the ground motion varying 
linearly over every time step. At — 0.02 sec (Section 5.2). 


6.3 RESPONSE QUANTITIES 

Of greatest interest in structural engineering is the deformation of the system, or displace¬ 
ment u(t) of the mass relative to the moving ground, to which the internal forces are lin¬ 
early related. These are the bending moments and shears in the beams and columns of the 
one-story frame of Fig. 6.2.1a or the spring force in the system of Fig. 6.2.1b. Knowing the 
total displacement u' (t) of the mass would be useful in providing enough separation be¬ 
tween adjacent buildings to prevent their pounding against each other during an earthquake. 
Pounding is the cause of damage to several buildings during almost every earthquake (see 
Fig. 6.3.1). Similarly, the total acceleration u‘(t) of the mass would be needed if the struc¬ 
ture is supporting sensitive equipment and the motion imparted to the equipment is to be 
determined. 

The numerical solution of Eq. (6.2.1) can be implemented to provide results for rel¬ 
ative quantities u(t), u(t), and u(t ) as well as total quantities u'(t ), u'(t), and ii l (t). 



Figure 6.3.1 Two images of pounding damage to the Sanborns Building (shorter) and 
33 Reforma Avenue Building (taller), Mexico City due to Mexico earthquake of July 28, 
1957. (From the Steinbrugge Collection, National Information Service for Earthquake 
Engineering, University of California, Berkeley.) 
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6.4 RESPONSE HISTORY 

For a given ground motion u g (t), the deformation response u(t) of an SDF system depends 
only on the natural vibration period of the system and its damping ratio. Figure 6.4.1a 
shows the deformation response of three different systems due to El Centro ground accel¬ 
eration. The damping ratio, £ = 2%, is the same for the three systems, so that only the dif¬ 
ferences in their natural periods are responsible for the large differences in the deformation 
responses. It is seen that the time required for an SDF system to complete a cycle of vibra¬ 
tion when subjected to this earthquake ground motion is very close to the natural period 
of the system. (This interesting result, valid for typical ground motions containing a wide 
range of frequencies, can be proven using random vibration theory, not included in this 
book.) The peak deformation [Eq. (1.11.1)] is also noted in each case. Observe that among 
these three systems, the longer the vibration period, the greater the peak deformation. As 
will be seen later, this trend is neither perfect nor valid over the entire range of periods. 

Figure 6.4.1b shows the deformation response of three systems to the same ground 
motion. The vibration period T n is the same for the three systems, so that the differences 


(a) 


(b) 


T„ = 0.5 sec, £ = 0.02 


10i 


-to 






2.67 in. 



T n = 2 sec, = 0 


9.91 in. 






6 T 10 T 20 T 30 

Time, sec 


Figure 6.4.1 Deformation response of SDF systems to El Centro ground motion. 
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in their deformation responses are associated with their damping. We observe the expected 
trend that systems with more damping respond less than lightly damped systems. Because 
the natural period of the three systems is the same, their responses display a similarity in 
the time required to complete a vibration cycle and in the times the maxima and minima 
occur. 

Once the deformation response history u(t ) has been evaluated by dynamic analysis 
of the structure, the internal forces can be determined by static analysis of the structure 
at each time instant. Two methods to implement such analysis were mentioned in Sec¬ 
tion 1.8. Between them, the preferred approach in earthquake engineering is based on the 
concept of the equivalent static force fs (Fig. 6.4.2) because it can be related to earthquake 
forces specified in building codes; fs was defined in Eq. (1.8.1), which is repeated here for 
convenience: 


fs(t) = ku{t) 


(6.4.1) 



MO 


M h {t) 


Figure 6.4.2 Equivalent static force. 


where k is the lateral stiffness of the frame (Fig. 6.2.1a). Expressing k in terms of the mass 
m gives 

fs(t) — m col M (0 = mA{t) (6.4.2) 

where 

A{t) = co 2 n u{t) (6.4.3) 

Observe that the equivalent static force is m times A it), the pseudo-acceleration, not m 
times the total acceleration lift). This distinction is discussed in Section 6.6.3. 

The pseudo-acceleration response A(t) of the system can readily be computed from 
the deformation response u{t). For the three systems with T n — 0.5, 1, and 2 sec, all having 
'C, = 0.02, u(t) is available in Fig. 6.4.1. Multiplying each u(t) by the corresponding = 
(2n/T„) 2 gives the pseudo-acceleration responses for these systems; they are presented in 
Fig. 6.4.3, where the peak value is noted for each system. 

For the one-story frame the internal forces (e.g., the shears and moments in the 
columns and beam, or stress at any location) can be determined at a selected instant of 
time by static analysis of the structure subjected to the equivalent static lateral force fs(t) 
at the same time instant (Fig. 6.4.2). Thus a static analysis of the structure would be neces¬ 
sary at each time instant when the responses are desired. In particular, the base shear Vb(t) 
and the base overturning moment Mbit ) are 


V b (t) = fs(t ) M b it) = hfsit ) 


(6.4.4a) 
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12-, T n = 0.5 sec, ^ = 0.02 



-1.2 J 


0.191g 


10 20 
Time, sec 


30 Figure 6.4.3 Pseudo-acceleration response 
of SDF systems to El Centro ground motion. 


where h is the height of the mass above the base. We put Eq. (6.4.2) into these equations 
to obtain 

14(f) = mA(t) Mb(t) = hVb(t) (6.4.4b) 

If the SDF system is viewed as a mass-spring-damper system (Fig. 6.2.1b), the 
notion of equivalent static force is not necessary. One can readily visualize that the spring 
force is given by Eq. (6.4.1). 


6.5 RESPONSE SPECTRUM CONCEPT 

G. W. Housner was instrumental in the widespread acceptance of the concept of the earth¬ 
quake response spectrum—initiated by M. A. Biot in 1932—as a practical means of 
characterizing ground motions and their effects on structures. Now a central concept in 
earthquake engineering, the response spectrum provides a convenient means to summa¬ 
rize the peak response of all possible linear SDF systems to a particular component of 
ground motion. It also provides a practical approach to applying the knowledge of struc¬ 
tural dynamics to the design of structures and development of lateral force requirements in 
building codes. 

A plot of the peak value of a response quantity as a function of the natural vibration 
period T n of the system, or a related parameter such as circular frequency o>„ or cyclic 
frequency /„, is called the response spectrum for that quantity. Each such plot is for SDF 
systems having a fixed damping ratio f, and several such plots for different values of C, are 
included to cover the range of damping values encountered in actual structures. Whether 
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the peak response is plotted against f„ or T n is a matter of personal preference. We have 
chosen the latter because engineers prefer to use natural period rather than natural fre¬ 
quency because the period of vibration is a more familiar concept and one that is intuitively 
appealing. 

A variety of response spectra can be defined depending on the response quantity that 
is plotted. Consider the following peak responses: 

u 0 (T n , O = max \u(t, T n , 01 

t 

ii 0 (T n , O = max \u(t, T n , 01 

t 

u' 0 (T n , O = max \u'(t, T n , 01 

The deformation response spectrum is a plot of u 0 against T„ for fixed (. A similar plot 
for ii 0 is the relative velocity response spectrum, and for ii' 0 is the acceleration response 
spectrum. 


6.6 DEFORMATION, PSEUDO-VELOCITY, AND 

PSEUDO-ACCELERATION RESPONSE SPECTRA 

In this section the deformation response spectrum and two related spectra, the pseudo¬ 
velocity and pseudo-acceleration response spectra, are discussed. As shown in Section 6.4, 
only the deformation u(t) is needed to compute internal forces. Obviously, then, the de¬ 
formation spectrum provides all the information necessary to compute the peak values of 
deformation D = u 0 and internal forces. The pseudo-velocity and pseudo-acceleration 
response spectra are included, however, because they are useful in studying characteristics 
of response spectra, constructing design spectra, and relating structural dynamics results 
to building codes. 

6.6.1 Deformation Response Spectrum 

Figure 6.6.1 shows the procedure to determine the deformation response spectrum. The 
spectrum is developed for El Centro ground motion, shown in part (a) of this figure. The 
time variation of the deformation induced by this ground motion in three SDF systems is 
presented in part (b). For each system the peak value of deformation D = u 0 is determined 
from the deformation history. (Usually, the peak occurs during ground shaking; however, 
for lightly damped systems with very long periods the peak response may occur during 
the free vibration phase after the ground shaking has stopped.) The peak deformations are 
D = 2.67 in. for a system with natural period T„ — 0.5 sec and damping ratio £ = 2%; 
D — 5.97 in. for a system with 7j, = 1 sec and £ = 2%; and D = 1.47 in. for a system with 
T n = 2 sec and ( = 2%. The D value so determined for each system provides one point 
on the deformation response spectrum; these three values of D are identified in Fig. 6.6.1c. 
Repeating such computations for a range of values of T n while keeping £ constant at 
2% provides the deformation response spectrum shown in Fig. 6.6.1c. As we shall show 
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T„ = 0.5 sec 
C = 2% 


1 sec 
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Figure 6.6.1 (a) Ground acceleration; (b) deformation response of three SDF systems with f = 2% 

and T n = 0.5, 1, and 2 sec; (c) deformation response spectrum for f = 2%. 

later, the complete response spectrum includes such spectrum curves for several values of 
damping. 

6.6.2 Pseudo-velocity Response Spectrum 

Consider a quantity V for an SDF system with natural frequency co„ related to its peak 
deformation D = u 0 due to earthquake ground motion; 


2 7T 

V =co n D= — D 

1 n 


( 6 . 6 . 1 ) 


The quantity V has units of velocity. It is related to the peak value of strain energy Es 0 
stored in the system during the earthquake by the equation 


m V 2 


Eso 


2 


( 6 . 6 . 2 ) 
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This relationship can be derived from the definition of strain energy and using Eq. (6.6.1) 
as follows: 

ku 2 kD 2 k(V/co„) 2 mV 2 

Es ° ~ ~Y ~ ~T~ ~ 2 ~~ ~2~ 

The right side of Eq. (6.6.2) is the kinetic energy of the structural mass m with velocity 
V, called the peak pseudo-velocity. The prefix pseudo is used because V is not equal to 
the peak relative velocity ii a , although it has the correct units. We return to this matter in 
Section 6.12. 

The pseudo-velocity response spectrum is a plot of V as a function of the natural 
vibration period T n , or natural vibration frequency /„, of the system. For the ground motion 
of Fig. 6.6.1a, the peak pseudo-velocity V for a system with natural period T„ can be 
determined from Eq. (6.6.1) and the peak deformation D of the same system available 
from the response spectrum of Fig. 6.6.1c, which has been reproduced in Fig. 6.6.2a. As 
an example, for a system with T n = 0.5 sec and £ = 2%, D = 2.67 in.; from Eq. (6.6.1), 
V = (2^/0.5)2.67 = 33.7 in./sec. Similarly, for a system with T„ = 1 sec and the same 
£, V = (2jt/ 1)5.97 = 37.5 in./sec; and for a system with T n = 2 sec and the same 
£, V = (27r/2)7.47 = 23.5 in./sec. These three values of peak pseudo-velocity V are 
identified in Fig. 6.6.2b. Repeating such computations for a range of values of T n while 
keeping £ constant at 2% provides the pseudo-velocity spectrum shown in Fig. 6.6.2b. 

6.6.3 Pseudo-acceleration Response Spectrum 

Consider a quantity A for an SDF system with natural frequency oo„ related to its peak 
deformation D = u 0 due to earthquake ground motion: 

( 2 \ ^ 

D (6.6.3) 

The quantity A has units of acceleration and is related to the peak value of base shear Vb 0 
[or the peak value of the equivalent static force /$„, Eq. (6.4.4a)]: 

V bo = fso = mA (6.6.4) 

This relationship is simply Eq. (6.4.4b) specialized for the time of peak response with the 
peak value of A(f) denoted by A. The peak base shear can be written in the form 

V bo = —w (6.6.5) 

g 

where w is the weight of the structure and g the gravitational acceleration. When written in 
this form, A/g may be interpreted as the base shear coefficient or lateral force coefficient. 
It is used in building codes to represent the coefficient by which the structural weight is 
multiplied to obtain the base shear. 

Observe that the base shear is equal to the inertia force associated with the mass 
m undergoing acceleration A. This quantity defined by Eq. (6.6.3) is generally different 
from the peak acceleration ii' 0 of the system. It is for this reason that we call A the peak 
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Figure 6.6.2 Response spectra (£ = 0.02) for El Centro ground motion: (a) deforma¬ 
tion response spectrum; (b) pseudo-velocity response spectum; (c) pseudo-acceleration 
response spectrum. 


pseudo-acceleration ; the prefix pseudo is used to avoid possible confusion with the true 
peak acceleration ii' 0 . We return to this matter in Section 6.12. 

The pseudo-acceleration response spectrum is a plot of A as a function of the natural 
vibration period T n , or natural vibration frequency f „, of the system. For the ground motion 
of Fig. 6.6.1a, the peak pseudo-acceleration A for a system with natural period T n and 
damping ratio C, can be determined from Eq. (6.6.3), and the peak deformation D of the 
system from the spectrum of Fig. 6.6.2a. As an example, for a system with T„ = 0.5 sec 
and £ = 2%, D = 2.67 in.; fromEq. (6.6.3), A = (2 tt/ 0.5) 2 2.67 = 1.09g, where g = 386 
in./sec 2 . Similarly, for a system with T„ — 1 sec and the same £, A = (2 tt/ 1) 2 5.97 = 
0.610g; and for a system with T n = 2 sec and the same £, A = (2n /2) 2 7.47 = 0.191g. 
Note that the same values for A are also available as the peak values of A(t) presented 
in Fig. 6.4.3. These three values of peak pseudo-acceleration are identified in Fig. 6.6.2c. 
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Repeating such computations for a range of values of T n while keeping £ constant at 2% 
provides the pseudo-acceleration spectrum shown in Fig. 6.6.2c. 

6.6.4 Combined D-V-A Spectrum 

Each of the deformation, pseudo-velocity, and pseudo-acceleration response spectra for a 
given ground motion contains the same information, no more and no less. The three spec¬ 
tra are simply different ways of presenting the same information on structural response. 
Knowing one of the spectra, the other two can be obtained by algebraic operations using 
Eqs. (6.6.1) and (6.6.3). 

Why do we need three spectra when each of them contains the same information? 
One of the reasons is that each spectrum directly provides a physically meaningful quan¬ 
tity. The deformation spectrum provides the peak deformation of a system. The pseudo¬ 
velocity spectrum is related directly to the peak strain energy stored in the system during 
the earthquake; see Eq. (6.6.2). The pseudo-acceleration spectrum is related directly to the 
peak value of the equivalent static force and base shear; see Eq. (6.6.4). The second reason 
lies in the fact that the shape of the spectrum can be approximated more readily for design 
purposes with the aid of all three spectral quantities rather than any one of them alone; see 
Sections 6.8 and 6.9. For this purpose a combined plot showing all three of the spectral 
quantities is especially useful. This type of plot was developed for earthquake response 
spectra, apparently for the first time, by A. S. Veletsos and N. M. Newmark in 1960. 



T n , sec 


Figure 6.6.3 Combined D-V-A response spectrum for El Centro ground motion; f = 2%. 
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This integrated presentation is possible because the three spectral quantities are in¬ 
terrelated by Eqs. (6.6.1) and (6.6.3), rewritten as 

A T„ 2i r 

— = V = co n D or —A = V = —D (6.6.6) 

ojfi 2n T'n 

Observe the similarity between these equations relating D, V , and A and Eq. (3.2.21) for 
the dynamic response factors Rd, R v , and R a for an SDF system subjected to harmonic 
excitation. Equation (3.2.21) permitted presentation of Rj, R„, and R a , all together, on 
four-way logarithmic paper (Fig. 3.2.8), constructed by the procedure described in Ap¬ 
pendix 3 (Chapter 3). Similarly, the graph paper shown in Fig. A6.1 (Appendix 6) with 
four-way logarithmic scales can be constructed to display D, V, and A, all together. The 
vertical and horizontal scales for V and 7j, are standard logarithmic scales. The two scales 
for D and A sloping at +45° and —45°, respectively, to the 7’,,-axis are also logarithmic 
scales but not identical to the vertical scale; see Appendix 3. 

Once this graph paper has been constructed, the three response spectra—deforma¬ 
tion, pseudo-velocity, and pseudo-acceleration—of Fig. 6.6.2 can readily be combined into 
a single plot. The pairs of numerical data for V and T n that were plotted in Fig. 6.6.2b on 



Natural vibration period T n , sec 


Figure 6.6.4 Combined D—V—A response spectrum for El Centro ground motion; f = 0, 
2, 5, 10, and 20%. 
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linear scales are replotted in Fig. 6.6.3 on logarithmic scales. For a given natural period T n , 
the D and A values can be read from the diagonal scales. As an example, for T n = 2 sec. 
Fig. 6.6.3 gives D — 7.47 in. and A = 0.191g. (Actually, these numbers cannot be read so 
accurately from the graph; in this case they were available from Fig. 6.6.2.) The four-way 
plot is a compact presentation of the three—deformation, pseudo-velocity, and pseudo¬ 
acceleration—response spectra, for a single plot of this form replaces the three plots of 
Fig. 6.6.2. 

A response spectrum should cover a wide range of natural vibration periods and sev¬ 
eral damping values so that it provides the peak response of all possible structures. The 
period range in Fig. 6.6.3 should be extended because tall buildings and long-span bridges, 
among other structures, may have longer vibration periods (Fig. 2.1.2), and several damp¬ 
ing values should be included to cover the practical range of £ — 0 to 20%. Figure 6.6.4 
shows spectrum curves for £ = 0, 2, 5, 10, and 20% over the period range 0.02 to 50 sec. 
This, then, is the response spectrum for the north-south component of ground motion 
recorded at one location during the Imperial Valley earthquake of May 18, 1940. Because 
the lateral force or base shear for an SDF system is related through Eq. (6.6.5) to A/g, we 
also plot this normalized pseudo-acceleration spectrum in Fig. 6.6.5. Similarly, because 
the peak deformation is given by D, we also plot this deformation response spectrum 
in Fig. 6.6.6. 

The response spectrum has proven so useful in earthquake engineering that spec¬ 
tra for virtually all ground motions strong enough to be of engineering interest are now 



Figure 6.6.5 Normalized pseudo-acceleration, or base shear coefficient, response spec¬ 
trum for El Centro ground motion; £ = 0, 2, 5, 10, and 20%. 
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computed and published soon after they are recorded. Enough of them have been obtained 
to give us a reasonable idea of the kind of motion that is likely to occur in future earth¬ 
quakes, and how response spectra are affected by distance to the causative fault, local soil 
conditions, and regional geology. 

6.6.5 Construction of Response Spectrum 

The response spectrum for a given ground motion component u g (t) can be developed by 
implementation of the following steps: 

1. Numerically define the ground acceleration u g {t)\ typically, the ground motion ordi¬ 
nates are defined every 0.02 sec. 

2 . Select the natural vibration period T n and damping ratio £ of an SDF system. 

3. Compute the deformation response u(t) of this SDF system due to the ground mo¬ 
tion il g (t) by any of the numerical methods described in Chapter 5. [In obtaining the 



Figure 6.6.6 Deformation response spectrum for El Centro ground motion; £ = 0, 2, 5, 10, and 
20 %. 
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responses shown in Fig. 6.6.1, the exact solution of Eq. (6.2.1) for ground motion 
assumed to be piecewise linear over every At = 0.02 sec was used; see 
Section 5.2.] 

4 . Determine u „, the peak value of u(t). 

5 . The spectral ordinates are D = u a ,V — (2tt /T„) D. and A — (2tx /T n ) 2 D. 

6 . Repeat steps 2 to 5 for a range of T n and £ values covering all possible systems of 
engineering interest. 

7 . Present the results of steps 2 to 6 graphically to produce three separate spectra like 
those in Fig. 6.6.2 or a combined spectrum like the one in Fig. 6.6.4. 


Considerable computational effort is required to generate an earthquake response 
spectrum. A complete dynamic analysis to determine the time variation (or history) of the 
deformation of an SDF system provides the data for one point on the spectrum correspond¬ 
ing to the T n and f of the system. Each curve in the response spectrum of Fig. 6.6.4 was 
produced from such data for 112 values of T n unevenly spaced over the range T n = 0.02 
to 50 sec. 


Example 6.1 

Derive equations for and plot deformation, pseudo-velocity, and pseudo-acceleration response 
spectra for ground acceleration ii g (t) = u go 8(t), where S(t) is the Dirac delta function and 
i{go is the increment in velocity, or the magnitude of the acceleration impulse. Only consider 
systems without damping. 

Solution 

1. Determine the response history. The response of an SDF system to p(t) = 8(t — r) 
is available in Eq. (4.1.6). Adapting that solution to p e ff(0 — —mu g {t) = —mu go 8(t) 




Figure E6.1 
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gives 


/ \ •'"XU 

u(t) =-sin a> n t 

a>n 


(a) 


The peak value of u(t) is 


Ugo 


(b) 



2. Determine the spectral values. 



(c) 


V = co n D = Ug 0 A — co^D = 


(d) 


Two of these response spectra are plotted in Fig. E6.1. 


6.7 PEAK STRUCTURAL RESPONSE FROM THE RESPONSE 
SPECTRUM 


If the response spectrum for a given ground motion component is available, the peak value 
of deformation or of an internal force in any linear SDF system can be determined readily. 
This is the case because the computationally intensive dynamic analyses summarized in 
Section 6.6.5 have already been completed in generating the response spectrum. Corre¬ 
sponding to the natural vibration period T n and damping ratio £ of the system, the values 
of D, V , or A are read from the spectrum, such as Fig. 6.6.6, 6.6.4, or 6.6.5. Now all 
response quantities of interest can be expressed in terms of D, V, or A and the mass or 
stiffness properties of the system. In particular, the peak deformation of the system is 



(6.7.1) 


and the peak value of the equivalent static force /<,•„ is [from Eqs. (6.6.4) and (6.6.3)] 


fso — kD = mA 


(6.7.2) 


Static analysis of the one-story frame subjected to lateral force fs„ (Fig. 6.7.1) provides 
the internal forces (e.g., shears and moments in columns and beams). This involves ap¬ 
plication of well-known procedures of static structural analysis, as will be illustrated later 


h 


v//////////////////////////////// 



Figure 6.7.1 Peak value of equivalent 
static force. 
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by examples. We emphasize again that no further dynamic analysis is required beyond 
that necessary to determine n(f). In particular, the peak values of shear and overturning 
moment at the base of the one-story structure are 

V bo = kD = mA M bo = h V bo (6.7.3) 


We note that any one of these response spectra—deformation, pseudo-velocity, or 
pseudo-acceleration—is sufficient for computing the peak deformations and forces re¬ 
quired in structural design. For such applications the velocity or acceleration spectra 
(defined in Section 6.5) are not required, but for completeness we discuss these spectra 
briefly at the end of this chapter. 

Example 6.2 

A 12-ft-long vertical cantilever, a 4-in.-nominal-diameter standard steel pipe, supports a 
5200-lb weight attached at the tip as shown in Fig. E6.2. The properties of the pipe are: 
outside diameter, d 0 = 4.500 in., inside diameter di = 4.026 in., thickness t = 0.237 in., 
and second moment of cross-sectional area, / = 7.23 in 4 , elastic modulus E = 29,000 ksi, 
and weight = 10.79 lb/foot length. Determine the peak deformation and bending stress in the 
cantilever due to the El Centro ground motion. Assume that f = 2%. 


Solution The lateral stiffness of this SDF system is 


k = 


3 El 

~U~ 


3(29 x 10 3 )7.23 
(12 x 12) 3 


= 0.211 kip/in. 


The total weight of the pipe is 10.79 x 12 = 129.5 lb, which may be neglected relative to the 
lumped weight of 5200 lb. Thus 


w 5.20 7 

m = — — - = 0.01347 kip-sec^/m. 

g 386 

The natural vibration frequency and period of the system are 


(On 



0.211 

0.01347 


3.958 rad/sec 


T n = 1.59 sec 


From the response spectrum curve for f = 2% (Fig. E6.2b), for T„ = 1.59 sec, D = 5.0 in. 
and A = 0.20g. The peak deformation is 


u 0 = D = 5.0 in. 


The peak value of the equivalent static force is 
A 

fso = — = 0.20 x 5.2 = 1.04 kips 

g 

The bending moment diagram is shown in Fig. E6.2d with the maximum moment at the base 
= 12.48 kip-ft. Points A and B shown in Fig. E6.2e are the locations of maximum bending 
stress: 


Me (12.48 x 12)(4.5/2) 
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12 ' 


o 


5200 lb 


7777 ?. 


fs°= l - 04 ki P s 





(a) 


(c) 


(d) Moment (e) Section a-a 





T n , sec 


Figure E6.2 


Thus, a = +46.5 ksi at A and a = —46.5 ksi at B, where + denotes tension. The algebraic 
signs of these stresses are irrelevant because the direction of the peak force is not known, as 
the pseudo-acceleration spectrum is, by definition, positive. 


Example 6.3 

The stress computed in Example 6.2 exceeded the allowable stress and the designer decided 
to increase the size of the pipe to an 8-in.-nominal standard steel pipe. Its properties are 
d 0 = 8.625 in., d ; = 7.981 in., t = 0.322 in., and I — 72.5 in 4 . Comment on the advantages 
and disadvantages of using the larger pipe. 
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Solution 


, 3(29 x 10 3 )72.5 

k = -—-r—;— = 2.112 kips/in. 


(12 x 12) 3 


2.112 


= 12.52 rad/sec T n = 0.502 sec 


0.01347 

From the response spectrum (Fig. E6.2b): D = 2.7 in. and A = l.lg. Therefore, 
u n = D = 2.7 in. 


f So = 1.1 x 5.2 = 5.72 kips 


M\, ase — 5.72 x 12 = 68.64 kip-ft 


'Tnax 


(68.64 x 12)(8.625/2) 
7225 


49.0 ksi 


Using the 8-in.-diameter pipe decreases the deformation from 5.0 in. to 2.7 in. Flowever, 
contrary to the designer’s objective, the bending stress increases slightly. 

This example points out an important difference between the response of structures to 
earthquake excitation and to a fixed value of static force. In the latter case, the stress would 
decrease, obviously, by increasing the member size. In the case of earthquake excitation, 
the increase in pipe diameter shortens the natural vibration period from 1.59 sec to 0.50 sec, 
which for this response spectrum has the effect of increasing the equivalent static force f$ 0 . 
Whether the bending stress decreases or increases by increasing the pipe diameter depends on 
the increase in section modulus, I/c, and the increase or decrease in fs 0 , depending on the 
response spectrum. 


Example 6.4 

A small one-story reinforced-concrete building is idealized for purposes of structural analysis 
as a massless frame supporting a total dead load of 10 kips at the beam level (Fig. E6.4a). 
The frame is 24 ft wide and 12 ft high. Each column and the beam has a 10-in.-square cross 
section. Assume that the Young’s modulus of concrete is 3 x 10 3 ksi and the damping ratio for 
the building is estimated as 5%. Determine the peak response of this frame to the El Centro 
ground motion. In particular, determine the peak lateral deformation at the beam level and 
plot the diagram of bending moments at the instant of peak response. 


17.1 kip-ft 



(a) (b) (c) 

Figure E6.4 (a) Frame; (b) equivalent static force; (c) bending moment diagram. 
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Solution The lateral stiffness of such a frame was calculated in Chapter 1: k = 96£//7/; 3 , 
where El is the flexural rigidity of the beam and columns and h is the height of the frame. 
For this particular frame, 


96(3 x 10 3 )(10 4 /12) 
7(12 x 12) 3 


11.48 kips/in. 


The natural vibration period is 

2: r /10/386 

Hn — ~ — 2n . / 

^/k/m V 11.48 


0.30 sec 


For T„ = 0.3 and £ = 0.05, we read from the response spectrum of Fig. 6.6.4: D — 0.67 in. 
and A = 0.76g. Peak deformation: u 0 = D = 0.67 in. Equivalent static force: fs 0 = 
(A/g)w = 0.76 x 10 = 7.6 kips. Static analysis of the frame for this lateral force, shown in 
Fig. E6.4b, gives the bending moments that are plotted in Fig. E6.4c. 


Example 6.5 

The frame of Example 6.4 is modified for use in a building to be located on sloping ground 
(Fig. E6.5). The beam is now made much stiffer than the columns and can be assumed to be 
rigid. The cross sections of the two columns are 10 in. square, as before, but their lengths are 
12 ft and 24 ft, respectively. Determine the base shears in the two columns at the instant of 
peak response due to the El Centro ground motion. Assume the damping ratio to be 5%. 


Solution 

1. Compute the natural vibration period. 

12(3 x 10 3 )(10 4 /12) | 12(3 x 10 3 )(10 4 /12) 
+ (24 x 12) 3 


k = 


(12 x 12) 3 
= 10.05+ 1.26 = 11.31 kips/in. 


r 9 / 10 / 386 ntn 

T„ = 2jt. - = 0.30 sec 

V 11.31 

2. Compute the shear force at the base of the short and long columns. 
u a = D = 0.67 in., A = 0.76g 


V'short = hhortUo = (10.05)0.67 = 6.73 kips 
Viong = h 0ng u 0 = (1.26)0.67 = 0.84 kip 



Figure E6.5 
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Observe that both columns go through equal deformation. Undergoing equal deformations, the 
stiffer column carries a greater force than the flexible column; the lateral force is distributed 
to the elements in proportion to their relative stiffnesses. Sometimes this basic principle has, 
inadvertently, not been recognized in building design, leading to unanticipated damage of the 
stiffer elements. 

Example 6.6 

For the three-span box-girder bridge of Example 1.3, determine the base shear in each of 
the six columns of the two bents due to El Centro ground motion applied in the longitudinal 
direction. Assume the damping ratio to be 5%. 

Solution The weight of the bridge deck was computed in Example 1.3: w = 6919 kips. The 
natural period of longitudinal vibration of the bridge was computed in Example 2.2: T n — 
0.573 sec. For 7), = 0.573 sec and f = 0.05, we read from the response spectrum of Fig. 6.6.4: 
D = 2.591 in. and A = 0.807g. 

All the columns have the same stiffness and they go through equal deformation u 0 = 
D = 2.591 in. Thus, the base shear will be the same in all columns, which can be computed 
in one of two ways: The total equivalent static force on the bridge is [from Eq. (6.6.5)] 

f so = 0.807 x 6919 = 5584 kips 

Base shear for one column, Vy, = 5584 4- 6 = 931 kips. Alternatively, the base shear in each 
column is 

2.591 

Vb = k C0 \u 0 = 4313 x =931 kips 


6.8 RESPONSE SPECTRUM CHARACTERISTICS 

We now study the important properties of earthquake response spectra. Figure 6.8.1 shows 
the response spectrum for El Centro ground motion together with u go , u go , and u go , the 
peak values of ground acceleration, ground velocity, and ground displacement, respec¬ 
tively, identified in Fig. 6.1.4. To show more directly the relationship between the response 
spectrum and the ground motion parameters, the data of Fig. 6.8.1 have been presented 
again in Fig. 6.8.2 using normalized scales: D/u go , V/u go . and A/u go . Figure 6.8.3 shows 
one of the spectrum curves of Fig. 6.8.2, the one for 5% damping, together with an ideal¬ 
ized version shown in dashed lines; the latter will provide a basis for constructing smooth 
design spectra directly from the peak ground motion parameters (see Section 6.9). Based 
on Figs. 6.8.1 to 6.8.3, we first study the properties of the response spectrum over various 
ranges of the natural vibration period of the system separated by the period values at a, b, 
c, d, e, and /: T a = 0.035 sec, 7* = 0.125, T c = 0.5, Tj — 3.0, T e = 10, and Tf = 15 sec. 
Subsequently, we identify the effects of damping on spectrum ordinates. 

For systems with very short period, say T n < T a — 0.035 sec, the peak pseudo¬ 
acceleration A approaches u go and D is very small. This trend can be understood based on 
physical reasoning. For a fixed mass, a very short-period system is extremely stiff or es¬ 
sentially rigid. Such a system would be expected to undergo very little deformation and its 
mass would move rigidly with the ground; its peak acceleration should be approximately 
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Figure 6.8.1 Response spectrum (£ = 0, 2, 5, and 10%) and peak values of ground 
acceleration, ground velocity, and ground displacement for El Centro ground motion. 


equal to u go (Fig. 6.8.4d). This expectation is confirmed by Fig. 6.8.4, where the ground 
acceleration is presented in part (a), the total acceleration u' (?) of a system with T n — 0.02 
sec and £ = 2% in part (b), and the pseudo-acceleration A (? ) for the same system in part 
(c). Observe that u'(t) and u g (t) are almost identical functions and u‘ ri — u go . Further¬ 
more, for lightly damped systems it' (?) ~ —Ait) and u' 0 — A (Section 6.12.2); therefore, 
A — u go . 

For systems with a very long period, say T n > Tf — 15 sec, D for all damping 
values approaches u go and A is very small; thus the forces in the structure, which are 
related to mA, would be very small. This trend can again be explained by relying on 
physical reasoning. For a fixed mass, a very-long-period system is extremely flexible. The 
mass would be expected to remain essentially stationary while the ground below moves 
(Fig. 6.8.5c). Thus «'(?) — 0, implying that A(?) ~ 0 (see Section 6.12.2); and n(?) ~ 
—u g [t), implying that D ~ u go . This expectation is confirmed by Fig. 6.8.5, where the 
deformation response uit) of a system with T n = 30 sec and £ = 2% to the El Centro 
ground motion is compared with the ground displacement u g (t). Observe that the peak 
values for u 0 and u go are close and the time variation of n(?) is similar to that of —«,,(?), 
but for rotation of the baseline. The discrepancy between the two arises, in part, from the 
loss of the initial portion of the recorded ground motion prior to triggering of the recording 
accelerograph. 
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Figure 6.8.2 Response spectrum for El Centro ground motion plotted with normalized 
scales A/iig 0 , V/u go , and D/u go \ £ = 0, 2, 5, and 10%. 


For short-period systems with T n between T a = 0.035 sec and T c — 0.50 sec, A 
exceeds u go , with the amplification depending on T„ and t,. Over a portion of this period 
range, 7), = 0.125 sec to T c = 0.5 sec, A may be idealized as constant at a value equal to 
Ug 0 amplified by a factor depending on f. 

For long-period systems with T„ between Tj = 3 sec and 7) = 15 sec, D generally 
exceeds u go , with the amplification depending on 7’, and £. Over a portion of this period 
range, Tj = 3.0 sec to T e = 10 sec, D may be idealized as constant at a value equal to u go 
amplified by a factor depending on £. 

For intermediate-period systems with T n between T c = 0.5 sec and Tj = 3.0 sec, V 
exceeds u go . Over this period range, V may be idealized as constant at a value equal to 
u go , amplified by a factor depending on f. 

Based on these observations, it is logical to divide the spectrum into three period 
ranges (Fig. 6.8.3). The long-period region to the right of point d, T n > Tj, is called 
the displacement-sensitive region because structural response is related most directly to 
ground displacement. The short-period region to the left of point c, T„ < 7' r , is called the 
acceleration-sensitive region because structural response is most directly related to ground 
acceleration. The intermediate period region between points c and d, T c < T n < T c i , is 
called the velocity-sensitive region because structural response appears to be better related 
to ground velocity than to other ground motion parameters. For a particular ground motion. 
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S 

Acceleration 

sensitive 


pectral Regions 
_ I Velocity | _ Displacement 

sensitive sensitive 



T„, sec 

Figure 6.8.3 Response spectrum for El Centro ground motion shown by a solid line 
together with an idealized version shown by a dashed line; f = 5%. 


the periods T a , Tb, T e , and Tf on the idealized spectrum are independent of damping, but 
T c and vary with damping. 

The preceding observations and discussion have brought out the usefulness of the 
four-way logarithmic plot of the combined deformation, pseudo-velocity, and pseudo¬ 
acceleration response spectra. These observations would be difficult to glean from the 
three individual spectra. 

Idealizing the spectrum by a series of straight lines a-b-c-d-e-f in the four-way 
logarithmic plot is obviously not a precise process. For a given ground motion, the period 
values associated with the points a, b, c, d, e, and / and the amplification factors for the 
segments b-c, c-d, and d-e are somewhat judgmental in the way we have approached 
them. However, formal curve-fitting techniques can be used to replace the actual spec¬ 
trum by an idealized spectrum of a selected shape. In any case, the idealized spectrum in 
Fig. 6.8.3 is not a close approximation to the actual spectrum. This may not be visually 
apparent but becomes obvious when we note that the scales are logarithmic. As we shall 
see in the next section, the greatest benefit of the idealized spectrum is in constructing a 
design spectrum representative of many ground motions. 
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0 0 


W7? 7777?. 


(d) 


Figure 6.8.4 (a) El Centro ground acceleration; (b) total acceleration response of an SDF 
system with T n = 0.02 sec and £ = 2%; (c) pseudo-acceleration response of the same 
system; (d) rigid system. 


The periods T a , Tb, T c , T,t , T e , and Tf separating spectral regions and the ampli¬ 
fication factors for the segments b—c, c—d, and d—e depend on the time variation of 
ground motion, in particular, the relative values of peak ground acceleration, velocity, and 
displacement, as indicated by their ratios: u go /u go and u go /ii go . These ground motion 
characteristics depend on the earthquake magnitude, fault-to-site distance, source-to-site 
geology, and soil conditions at the site. 

Ground motions recorded within the near-fault region of an earthquake at stations 
located toward the direction of the fault rupture are qualitatively quite different from the 
usual far-fault earthquake ground motions. The fault-normal component of a ground mo¬ 
tion recorded in the near-fault region of the Northridge, California, earthquake of January 
17, 1994 displays a long-period pulse in the acceleration history that appears as a coherent 
pulse in the velocity and displacements histories (Fig. 6.8.6a). Such a pronounced pulse 
does not exist in ground motions recorded at locations away from the near-fault region, 
such as the Taft record obtained from the Kern County, California, earthquake of July 21, 
1952 (Fig. 6.8.6b). 

The ratios ii go /u go and u go /it go are very different between the fault normal compo¬ 
nents of near- and far-fault motions. As apparent from the peak values noted in Fig. 6.8.6, 











in./sec 
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Figure 6.8.5 (a) El Centro ground displacement; (b) deformation response of SDF sys¬ 

tem with T n = 30 sec and £ = 2%; (c) very flexible system. 


(a) 



0 5 10 15 


Time, sec 



- 0.2 


(b) 


u =0.152g 

go ° 



Figure 6.8.6 Fault-normal component of ground motions recorded at (a) Rinaldi Receiv¬ 
ing Station, 1994 Northridge earthquake, and (b) Taft, 1952 Kern County earthquake. 


the ratio u go /u go for near-fault motions is much larger than the ratio for far-fault motions, 
whereas the ratio u go /u go for near-fault motions is much smaller. As a result, the response 
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Natural vibration period T , sec 

n 


Figure 6.8.7 Idealized response spectra for fault-normal component of three near-fault 
ground motion records—LP89Lex: Lexington Dam, 1989 Loma Prieta earthquake; NR94rrs: 
Rinaldi Receiving Station, 1994 Northridge earthquake; and KB95tato: Takatori Station, 
1994 Hygogo-Ken-Nanbu (or Kobe) earthquake—and of the 1952 Taft record; £ = 5%. 


spectra for near- and far-fault motions are very different in shape. Shown in Fig. 6.8.7 are 
the idealized versions of response spectra for the fault normal components of one far-fault 
motion—the Taft motion of Fig. 6.8.6a—and for three near-fault motions—including the 
one in Fig. 6.8.6b—from earthquakes of similar magnitudes. Comparing them indicates 
that the velocity-sensitive region is much narrower and shifted to a longer period for near¬ 
fault motions, and their acceleration- and displacement-sensitive regions are much wider 
than those for far-fault motions. Despite these differences, researchers have demonstrated 
that response trends identified earlier from the three spectral regions of far-fault ground 
motions are generally valid for the corresponding spectral regions of near-fault ground 
motions. We return to this assertion in Section 22.3.3. 

We now turn to damping, which has significant influence on the earthquake response 
spectrum (Figs. 6.6.4 to 6.6.6). The zero damping curve is marked by abrupt jaggedness, 
which indicates that the response is very sensitive to small differences in the natural vibra¬ 
tion period. The introduction of damping makes the response much less sensitive to the 
period. 

Damping reduces the response of a structure, as expected, and the reduction achieved 
with a given amount of damping is different in the three spectral regions. In the limit as 




A(Q/A(£ = 0) 
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T„ —>• 0, damping does not affect the response because the structure moves rigidly with 
the ground. In the other limit as T„ -> oo, damping again does not affect the response be¬ 
cause the structural mass stays still while the ground underneath moves. Among the three 
period regions defined earlier, the effect of damping tends to be greatest in the velocity- 
sensitive region of the spectrum. In this spectral region the effect of damping depends on 
the ground motion characteristics. If the ground motion is nearly harmonic over many cy¬ 
cles (e.g., the record from Mexico City shown in Fig. 6.1.3), the effect of damping would be 
especially large for systems near “resonance” (Chapter 3). If the ground motion is short in 
duration with only a few major cycles (e.g., the record from Parkfield, California, shown 
in Fig. 6.1.3), the influence of damping would be small, as in the case of pulse excitations 
(Chapter 4). 

Figure 6.8.8 shows the peak pseudo-acceleration A(£), normalized relative to 
A(f = 0), plotted as a function of £ for several T„ values. These are some of the data 
from the response spectrum of Figs. 6.6.4 and 6.6.5 replotted in a different format. Ob¬ 
serve that the effect of damping is stronger for smaller damping values. This means that 
if the damping ratio is increased from 0 to 2%, the reduction in response is greater than 
the response reduction, due to an increase in damping from 10% to 12%. The effect of 
damping in reducing the response depends on the period T„ of the system, but there is no 
clear trend from Fig. 6.8.8. This is yet another indication of the complexity of structural 
response to earthquakes. 

The motion of a structure and the associated forces could be reduced by increas¬ 
ing the effective damping of the structure. The addition of dampers achieves this goal 
without significantly changing the natural vibration periods of the structure. Viscoelastic 
dampers have been introduced in many structures; for example, 10,000 dampers were 



Figure 6.8.8 Variation of peak 
pseudo-acceleration with damping for 
systems with T n = 0.2, 0.5, 1, 3, and 5 sec; 
El Centro ground motion. 
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installed throughout the height of each tower of the World Trade Center in New York 
City to reduce wind-induced motion to within a comfortable range for the occupants. In 
recent years there is a growing interest in developing dampers suitable for structures in 
earthquake-prone regions. Because the inherent damping in most structures is relatively 
small, their earthquake response can be reduced significantly by the addition of dampers. 
These can be especially useful in improving the seismic safety of an existing structure. We 
will return to this topic in Chapter 7. 


6.9 ELASTIC DESIGN SPECTRUM 

In this section we introduce the concept of earthquake design spectrum for elastic systems 
and present a procedure to construct it from estimated peak values for ground acceleration, 
ground velocity, and ground displacement. 

The design spectrum should satisfy certain requirements because it is intended for 
the design of new structures, or the seismic safety evaluation of existing structures, to resist 
future earthquakes. For this purpose the response spectrum for a ground motion recorded 
during a past earthquake is inappropriate. The jaggedness in the response spectrum, as 
seen in Fig. 6.6.4, is characteristic of that one excitation. The response spectrum for another 
ground motion recorded at the same site during a different earthquake is also jagged, but the 
peaks and valleys are not necessarily at the same periods. This is apparent from Fig. 6.9.1, 
where the response spectra for ground motions recorded at the same site during three past 
earthquakes are plotted. Similarly, it is not possible to predict the jagged response spectrum 


Figure 6.9.1 Response spectra for the 
north-south component of ground motions 
recorded at the Imperial Valley Irrigation 
District substation, El Centro, California, 
during earthquakes of May 18, 1940; 
February 9, 1956; and April 8, 1968. 
f = 2%. 
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in all its detail for a ground motion that may occur in the future. Thus the design spectrum 
should consist of a set of smooth curves or a series of straight lines with one curve for each 
level of damping. 

The design spectrum should, in a general sense, be representative of ground motions 
recorded at the site during past earthquakes. If none have been recorded at the site, the 
design spectrum should be based on ground motions recorded at other sites under similar 
conditions. The factors that one tries to match in the selection include the magnitude of 
the earthquake, the distance of the site from the causative fault, the fault mechanism, the 
geology of the travel path of seismic waves from the source to the site, and the local soil 
conditions at the site. While this approach is feasible for some parts of the world, such as 
California and Japan, where numerous ground motion records are available, in many other 
regions it is hampered by the lack of a sufficient number of such records. In such situa¬ 
tions compromises in the approach are necessary by considering ground motion records 
that were recorded for conditions different from those at the site. Detailed discussion of 
these issues is beyond the scope of this book. The presentation here is focused on the nar¬ 
row question of how to develop the design spectrum that is representative of an available 
ensemble (or set) of recorded ground motions. 

The design spectrum is based on statistical analysis of the response spectra for the 
ensemble of ground motions. Suppose that I is the number of ground motions in the en¬ 
semble, the ith ground motion is denoted by u' g (t), and u' go , u' go , and ii' go are its peak 
displacement, velocity, and acceleration, respectively. Each ground motion is normalized 
(scaled up or down) so that all ground motions have the same peak ground acceleration, 
say u go \ other bases for normalization can be chosen. The response spectrum for each 
normalized ground motion is computed by the procedures described in Section 6.6. At 
each period T n there are as many spectral values as the number / of ground motion records 
in the ensemble: D', V' , and A' (i — 1,2,, I), the deformation, pseudo-velocity, and 
pseudo-acceleration spectral ordinates. Such data were generated for an ensemble of 10 
earthquake records, and selected aspects of the results are presented in Fig. 6.9.2. The 
quantities u go , ii go , and u go in the normalized scales of Fig. 6.9.2 are the average values 
of the peak ground displacement, velocity, and acceleration—averaged over the 1 ground 
motions. Statistical analysis of these data provide the probability distribution for the spec¬ 
tral ordinate, its mean value, and its standard deviation at each period T n . The probability 
distributions are shown schematically at three selected T„ values, indicating that the coef¬ 
ficient of variation (= standard deviation ~ mean value) varies with T n . Connecting all 
the mean values gives the mean response spectrum. Similarly connecting all the mean- 
plus-one-standard-deviation values gives the mean-plus-one-standard-deviation response 
spectrum. Observe that these two response spectra are much smoother than the response 
spectrum for an individual ground motion (Fig. 6.6.4). As shown in Fig. 6.9.2, such a 
smooth spectrum curve lends itself to idealization by a series of straight lines much better 
than the spectrum for an individual ground motion (Fig. 6.8.3). 

Researchers have developed procedures to construct such design spectra from ground 
motion parameters. One such procedure, which is illustrated in Fig. 6.9.3, will be summa¬ 
rized later. The recommended period values T a = sec, 7), = | sec, T e = 10 sec, and 
Tf = 33 sec, and the amplification factors a a, ay, and «/> for the three spectral regions, 
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Figure 6.9.2 Mean and mean +lcr spectra with probability distributions for V at 
T n = 0.25, 1, and 4 sec; £ = 5%. Dashed lines show an idealized design spectrum. 
(Based on numerical data from R. Riddell and N. M. Newmark, 1979.) 



Figure 6.9.3 Construction of elastic design spectrum. 
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TABLE 6.9.1 AMPLIFICATION FACTORS: ELASTIC DESIGN SPECTRA 


Median (50th percentile) One Sigma (84.1th percentile) 
Damping, f - - 


(%) 


ay 

ClD 

a A 

ay 

a D 

1 

3.21 

2.31 

1.82 

4.38 

3.38 

2.73 

2 

2.74 

2.03 

1.63 

3.66 

2.92 

2.42 

5 

2.12 

1.65 

1.39 

2.71 

2.30 

2.01 

10 

1.64 

1.37 

1.20 

1.99 

1.84 

1.69 

20 

1.17 

1.08 

1.01 

1.26 

1.37 

1.38 


Source: N. M. Newmark and W. J. Hall, Earthquake Spectra and Design, Earth¬ 
quake Engineering Research Institute, Berkeley, Calif., 1982, pp. 35 and 36. 


TABLE 6.9.2 AMPLIFICATION FACTORS: ELASTIC DESIGN SPECTRA 3 



Median (50th percentile) 

One Sigma (84.1th percentile) 

OtA 

3.21 - 0.68 In f 

4.38 - 1.04 In f 

ay 

2.31 - 0.41 In ? 

3.38 - 0.67 In f 

OtD 

1.82- 0.27 In f 

2.73 - 0.45 In ? 


Source: N. M. Newmark and W. J. Hall, Earthquake Spectra and 
Design, Earthquake Engineering Research Institute, Berkeley, Calif., 
1982, pp. 35 and 36. 

“Damping ratio in percent. 


were developed by the preceding analysis of a larger ensemble of ground motions recorded 
on firm ground (rock, soft rock, and competent sediments). The amplification factors 
for two different nonexceedance probabilities, 50% and 84.1%, are given in Table 6.9.1 
for several values of damping and in Table 6.9.2 as a function of damping ratio. The 
50% nonexceedance probability represents the median value of the spectral ordinates and 
the 84.1% approximates the mean-plus-one-standard-deviation value assuming lognormal 
probability distribution for the spectral ordinates. 

Observe that the period values T a , Tb, T e , and 7) are fixed; the values in Fig. 6.9.3 
are for firm ground. Period values T c and 7)/ are determined by the intersections of the 
constant-A (= ctAUgo), constant-V (= ayit go ), and constant-77 (= a£,u go ) branches of the 
spectrum. Because a a , ay, and ap, are functions of £ (Tables 6.9.1 and 6.9.2), T c and 7); 
depend on the damping ratio. 

Summary. A procedure to construct a design spectrum is now summarized with 
reference to Fig. 6.9.3: 

1. Plot the three dashed lines corresponding to the peak values of ground acceleration 
ii go , velocity u go , and displacement u go for the design ground motion. 

2. Obtain from Table 6.9. 1 or 6.9.2 the values for a a, ay, and ap> for the £ selected. 
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3. Multiply ii go by the amplification factor a A to obtain the straight line b—c represent¬ 
ing a constant value of pseudo-acceleration A. 

4. Multiply ii go by the amplification factor ay to obtain the straight line c-d represent¬ 
ing a constant value of pseudo-velocity V. 

5. Multiply u go by the amplification factor ao to obtain the straight line d-e represent¬ 
ing a constant value of deformation D. 

6. Draw the line A = u go for periods shorter than T a and the line I) — u go for periods 
longer than 7}. 

7. The transition lines a-b and e-/ complete the spectrum. 

We now illustrate use of this procedure by constructing the 84.1th percentile design 
spectrum for systems with 5% damping. For convenience, a peak ground acceleration 
iig 0 — lg is selected; the resulting spectrum can be scaled by ?/ to obtain the design spec¬ 
trum corresponding to ii go = ;/g. Consider also that no specific estimates for peak ground 
velocity ii go and displacement u go are provided; thus typical values u g0 /ug 0 — 48 in./sec/g 
and Ug 0 x u go lir^ 0 = 6, recommended for firm ground, are used. For ii go = lg, these ratios 
give iigo = 48 in./sec and u go = 36 in. 

The design spectrum shown in Fig. 6.9.4 is determined by the following steps: 

1. The peak parameters for the ground motion: u go = lg, ii go = 48 in./sec, and u go = 
36 in. are plotted. 

2. From Table 6.9.1, the amplification factors for the 84.1th percentile spectrum and 
5% damping are obtained: a a — 2.71, ay — 2.30, and ao — 2.01. 

3-5. The ordinate for the constant-A branch is A = lg x 2.71 = 2.71g, for the con¬ 
stant-V branch: V = 48 x 2.30 = 110.4, and for the constant-/) branch: I) — 
36 x 2.01 = 72.4. The three branches are drawn as shown. 

6. The line A = lg is plotted for T„ < ' sec and D = 36 in. for T„ > 33 sec. 

7. The transition line b-a is drawn to connect the point A = 2.7lg at T„ = 1 sec to 
ii go = lg at T„ = Tg sec. Similarly, the transition line e-f is drawn to connect the 
point D = 72.4 at T n = 10 sec to u go = 36 in. at T n — 33 sec. 

With the pseudo-velocity design spectrum known (Fig. 6.9.4), the pseudo¬ 
acceleration design spectrum and the deformation design spectrum are determined using 
Eq. (6.6.6) and plotted in Figs. 6.9.5 and 6.9.6, respectively. Observe that A approaches 
iig 0 = lg at T„ = 0 and D tends to u go = 36 in. at 7j, = 50 sec. The design spectrum can 
be defined completely by numerical values for 7], , 7),, T r , Tj, T e , and 7), and equations for 
A(T„), V(7], ), or D(T n ) for each branch of the spectrum. As mentioned before, some of 
these periods— T a , Tb, T e , and Tf —are fixed, but others— T c and 7)/—depend on damping. 
The intersections of A = 2.7 lg, V — 110.4 in./sec, and D — 12A in. are determined from 
Eq. (6.6.6): T c = 0.66 sec and 7)/ = 4.12 sec for ( = 5%. Equations describing various 
branches of the pseudo-acceleration design spectrum are given in Fig. 6.9.5. 

Repeating the preceding construction of the design spectrum for additional values 
of the damping ratio leads to Figs. 6.9.7 to 6.9.10. This, then, is the design spectrum for 
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Figure 6.9.4 Construction of elastic design spectrum (84.1th percentile) for ground 
motions with u go = lg, ii go = 48 in./sec, and u go = 36 in.; £ = 5%. 



Figure 6.9.5 Elastic pseudo-acceleration design spectrum (84.1th percentile) for ground 
motions with u go = lg, ii go = 48 in./sec, and u go = 36 in.; £ = 5%. 
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Figure 6.9.6 Deformation design spectrum (84.1th percentile) for ground motions with 
Ug 0 = lg, u go = 48 in./sec, and u go = 36 in.; £ = 5%. 
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Figure 6.9.7 Pseudo-velocity design spectrum for ground motions with u go = lg, u go = 
48 in./sec, and u go = 36 in.; £ = 1, 2, 5, 10, and 20%. 
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ground motions on firm ground with u go = lg, ii go = 48 in./sec, and u go = 36 in. in three 
different forms: pseudo-velocity, pseudo-acceleration, and deformation. Observe that the 
pseudo-acceleration design spectrum has been plotted in two formats: logarithmic scales 
(Fig. 6.9.8) and linear scales (Fig. 6.9.9). 

The elastic design spectrum provides a basis for calculating the design force and 
deformation for SDF systems to be designed to remain elastic. For this purpose the design 
spectrum is used in the same way as the response spectrum was used to compute peak 
response; see Examples 6.2 to 6.6. The errors in reading spectral ordinates from a four-way 
logarithmic plot can be avoided, however, because simple functions of T n define various 
branches of the spectrum in Figs. 6.9.4 to 6.9.6. 

Parameters that enter into construction of the elastic design spectrum should be 
selected considering the factors that influence ground motion mentioned previously. Thus 
the selection of design ground motion parameter ii g0 , u go , and u go should be based on 



T , sec 

n 

Figure 6.9.8 Pseudo-acceleration design spectrum (84.1th percentile) for ground mo¬ 
tions with iig 0 = lg, iig 0 = 48 in./sec, and u go = 36 in.; £ = 1,2, 5, 10, and 20%. 
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Figure 6.9.9 Pseudo-acceleration design spectrum (84.1th percentile) for ground mo¬ 
tions with iig 0 = lg, u go = 48 in./sec, and u go = 36 in.; £ = 1, 2, 5, 10, and 20%. 



Figure 6.9.10 Deformation design spectrum (84.1th percentile) for ground motions with 
Ug 0 = lg, Ugo = 48 in./sec, and u go = 36 in.; £ = 1, 2, 5, 10, and 20%. 
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earthquake magnitude, distance to the earthquake fault, fault mechanism, wave-travel-path 
geology, and local soil conditions. Results of research on these factors and related is¬ 
sues are available; they are used to determine site-dependent design spectra for important 
projects. Similarly, numerical values for the amplification factors a a, av, and «/j should 
be chosen consistent with the expected frequency content of the ground motion. 

The selected values of ii go , ii go , and u go are consistent with u go /ii go — 48 in./sec/g 
and ii go x u go /u 2 go = 6. These ratios are considered representative of ground motions on 
firm ground. For such sites the resulting spectrum may be scaled to conform to the peak 
ground acceleration estimated for the site. Thus if this estimate is 0.4g, the spectrum of 
Figs. 6.9.7 to 6.9.9 multiplied by 0.4 gives the design spectrum for the site. Such a simple 
approach may be reasonable if a site-specific seismic hazard analysis is not planned. 


6.10 COMPARISON OF DESIGN AND RESPONSE SPECTRA 

It is instructive to compare the “standard” design spectrum developed in Section 6.9 for 
firm ground with an actual response spectrum for similar soil conditions. Figure 6.10.1 
shows a standard design spectrum for u go = 0.319g, the peak acceleration for the El 
Centro ground motion; the implied values for ii go and u go are 15.3 in./sec and 11.5 in., 
respectively, based on the standard ratios mentioned in the preceding paragraph. Also 
shown in Fig. 6.10.1 is the response spectrum for the El Centro ground motion; recall that 
the actual peak values for this motion are it go = 13.04 in./sec and u go = 8.40 in. The 
El Centro response spectrum agrees well with the design spectrum in the acceleration- 
sensitive region, largely because the peak accelerations for the two are matched. However, 
the two spectra are considerably different in the velocity-sensitive region because of the 
differences (15.3 in./sec versus 13.04 in./sec) in the peak ground velocity. Similarly, they 
are even more different in the displacement-sensitive region because of the larger differ¬ 
ences (11.5 in. versus 8.4 in.) in the peak ground displacement. 

The response spectrum for an individual ground motion differs from the design 
spectrum even if the peak values ii go , u go , and u go for the two spectra are matched. In 
Fig. 6.10.2 the response spectrum for the El Centro ground motion is compared with the 
design spectrum for ground motion parameters ii go = 0.319g, u go = 13.04 in./sec, and 
u go = 8.40 in.—the same as for the El Centro ground motion. Two design spectra are 
included: the 50th percentile spectrum and the 84.1th percentile spectrum. The agreement 
between the response and design spectra is now better because the ground motion parame¬ 
ters are matched. However, significant differences remain: over the acceleration-sensitive 
region the response spectrum is close to the 84.1th percentile design spectrum; over the 
velocity- and displacement-sensitive regions the response spectrum is between the two de¬ 
sign spectra for some periods and below the median design spectrum for other periods. 

Such differences are to be expected because the design spectrum is not intended 
to match the response spectrum for any particular ground motion but is constructed to 
represent the average characteristics of many ground motions. These differences are due 
to the inherent variability in ground motions as reflected in the probability distributions of 
the amplification factors and responses; see Fig. 6.9.2. 


240 


Earthquake Response of Linear Systems Chap. 6 



Figure 6.10.1 Comparison of standard design spectrum ( u go = 0.319g) with elastic 
response spectrum for El Centro ground motion; £ = 5%. 



Figure 6.10.2 Comparison of design spectra (ii go = 0.319g, u go = 13.04 in./sec, 
u go = 8.40 in.) with elastic response spectrum for El Centro ground motion; £ = 5%. 
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6.11 DISTINCTION BETWEEN DESIGN AND RESPONSE SPECTRA 

A design spectrum differs conceptually from a response spectrum in two important ways. 
First, the jagged response spectrum is a plot of the peak response of all possible SDF 
systems and hence is a description of a particular ground motion. The smooth design 
spectrum, however, is a specification of the level of seismic design force, or deformation, 
as a function of natural vibration period and damping ratio. This conceptual difference 
between the two spectra should be recognized, although in some situations, their shapes 
may be similar. Such is the case when the design spectrum is determined by statistical 
analysis of several comparable response spectra. 

Second, for some sites a design spectrum is the envelope of two different elas¬ 
tic design spectra. Consider a site in southern California that could be affected by two 
different types of earthquakes: a Magnitude 6.5 earthquake originating on a nearby fault 
and a Magnitude 8.5 earthquake on the distant San Andreas fault. The design spectrum 
for each earthquake could be determined by the procedure developed in Section 6.9. The 
ordinates and shapes of the two design spectra would differ, as shown schematically in 
Fig. 6.11.1, because of the differences in earthquake magnitude and distance of the site 
from the earthquake fault. The design spectrum for this site is defined as the envelope 
of the design spectra for the two different types of earthquakes. Note that the short-period 
portion of the design spectrum is governed by the nearby earthquake, while the long-period 
portion of the design spectrum is controlled by the distant earthquake. 

Before leaving the subject, we emphasize that this limited presentation on construct¬ 
ing elastic design spectra has been narrowly focused on methods that are directly related 
to structural dynamics that we have learned. In contrast, modern methods for constructing 
design spectra are based on probabilistic seismic hazard analysis, which considers the past 
rate of seismic activity on all faults that contribute to the seismic hazard at the site, leading 
to the uniform hazard spectrum. 



Figure 6.11.1 Design spectrum defined as the envelope of design spectra for earthquakes 
originating on two different faults. 
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6.12 VELOCITY AND ACCELERATION RESPONSE SPECTRA 

We now return to the relative velocity response spectrum and the acceleration response 
spectrum that were introduced in Section 6.5. In one sense there is little motivation to 
study these “true” spectra because they are not needed to determine the peak deformations 
and forces in a system; for this purpose the pseudo-acceleration (or pseudo-velocity or 
deformation) response spectrum is sufficient. A brief discussion of these “true” spectra 
is included, however, because the distinction between them and “pseudo” spectra has not 
always been made in the early publications, and the two have sometimes been used inter¬ 
changeably. 



0.02 0.1 1 10 50 

T n , sec 


Figure 6.12.1 (a) Comparison between pseudo-velocity and relative-velocity response 

spectra; £ = 10%; (b) ratio V/u Q for £ = 0, 10, and 20%. 
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To study the relationship between these spectra, we write them in mathematical form. 
The deformation response of a linear SDF system to an arbitrary ground motion with zero 
initial conditions is given by the convolution integral, Eq. (4.2.2), adapted for earthquake 
excitation: 


u(t) = 


/'"■ 

Jo 


(r)h(t — r) dr 


( 6 . 12 . 1 ) 


where the unit impulse response function, h(t — r), is given by Eq. (4.1.7). Thus, 

1 C‘ 

u(t) =-/ M ? (r)e _f “" (,_r) s,m\(jo D (t — t)] dr (6.12.2) 

«£> Jo 

Using theorems from calculus to differentiate under the integral sign leads to 

u(t) = —t;co n u(t) — f M g (r)e _f “" (,_T) cos[®£)(r — r)] r/r (6.12.3) 

Jo 


An equation for the acceleration u‘(t) of the mass can be obtained by differentiating 
Eq. (6.12.3) and adding the ground acceleration u g (t). However, the equation of motion 
for the system [Eq. (6.2.1)] provides a more convenient alternative: 

ii' (t) = — co^u (?) — 2 t;co„u(t) (6.12.4) 


As defined earlier, the relative-velocity spectrum and acceleration spectrum are plots of u 0 
and u' 0 , the peak values of ii(t ) and i'i’ (t), respectively, as functions of T n . 


6.12.1 Pseudo-velocity and Relative-Velocity Spectra 

In Fig. 6.12. la the relative-velocity response spectrum is compared with the pseudo-velocity 
response spectrum, both for El Centro ground motion and systems with £ = 10%. The lat¬ 
ter spectrum is simply one of the curves of Fig. 6.6.4 presented in a different form. Each 
point on the relative-velocity response spectrum represents the peak velocity of an SDF 
system obtained from u(t) determined by the numerical methods of Chapter 5. The differ¬ 
ences between the two spectra depend on the natural period of the system. For long-period 
systems, V is less than ii 0 and the differences between the two are large. This can be under¬ 
stood by recognizing that as T n becomes very long, the mass of the system stays still while 
the ground underneath moves. Thus, as T n —> oo, D —> u go (see Section 6.8 and Fig. 6.8.5) 
and u 0 —> u go . Now D —> u go implies that V — > 0 because of Eq. (6.6.1). These trends 
are confirmed by the results presented in Fig. 6.12.1a. For short-period systems V exceeds 
u 0 , with the differences increasing as T n becomes shorter. For medium-period systems, the 
differences between V and ii„ are small over a wide range of T n . 

In Fig. 6.12.1b the ratio V/u 0 is plotted for three damping values, C = 0, 10, and 
20%. The differences between the two spectra, as indicated by how much the ratio V / u 0 
differs from unity, are smallest for undamped systems and increase with damping. This can 
be explained from Eqs. (6.12.2) and (6.12.3) by observing that for £ = 0, ii(t) and co n u(t ) 
are the same except for the sine and cosine terms in the integrand. With damping, the first 
term in Eq. (6.12.3) contributes to suggesting that ii(t) would differ from co„u(t) to a 
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T n , sec 

Figure 6.12.2 (a) Comparison between pseudo-acceleration and acceleration response 

spectra; f = 10%; (b) ratio A/u' 0 for f = 0, 10, and 20%. 

greater degree. Over the medium-period range V can be taken as an approximation to u a 
for the practical range of damping. 

6.12.2 Pseudo-acceleration and Acceleration Spectra 

The pseudo-acceleration and acceleration response spectra are identical for systems with¬ 
out damping. This is apparent from Eq. (6.12.4), which for undamped systems specializes 
to 

u\t) = ~(o 2 n u{t) (6.12.5) 

The peak values of the two sides are therefore equal, that is, 

u ' 0 = ar n u 0 = co^D = A (6.12.6) 

With damping, Eq. (6.12.5) is not valid at all times, but only at the time instants when 
u(t) = 0, in particular when u(t) attains its peak u„. At this instant, —a>lu 0 represents 
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the true acceleration of the mass. The peak value ii' 0 of u‘(t) does not occur at the same 
instant, however, unless £ = 0. The peak values ii' 0 and A occur at the same time and are 
equal only for £ = 0. 

Equation (6.12.4) suggests that the differences between A and u' 0 are expected to 
increase as the damping increases. This expectation is confirmed by the data presented in 
Fig. 6.12.2, where the pseudo-acceleration and the acceleration spectra for the El Centro 
ground motion are plotted for £ = 10%, and the ratio A/u' 0 is presented for three damping 
values. The difference between the two spectra is small for short-period systems and is of 
some significance only for long-period systems with large values of damping. Thus for a 
wide range of conditions the pseudo-acceleration may be treated as an approximation to 
the true acceleration. 

As the natural vibration period T n of a system approaches infinity, the mass of the 
system stays still while the ground underneath moves. Thus, as T„ -> oo, u' 0 —» 0 and 
D —»■ u go \ the latter implies that A 0 because of Eq. (6.6.3). Both A and (u t ) 0 —> 0 as 
T n —> oo, but at different rates, as evident from the ratio A/u‘ 0 plotted as a function of T n \ 
A —> 0 at a much faster rate because of T~ in the denominator of Eq. (6.6.3). 

Another way of looking at the differences between the two spectra is by recalling 
that mA is equal to the peak value of the elastic-resisting force. In contrast, mu‘ 0 is equal 
to the peak value of the sum of elastic and damping forces. As seen in Fig. 6.12.3b, the 
pseudo-acceleration is smaller than the true acceleration, because it is that part of the true 
acceleration which gives the elastic force. 

Parenthetically, we note that the widespread adoption of the prefix pseudo is in one 
sense misleading. The literal meaning of pseudo (false) is not really appropriate since we 
are dealing with approximation rather than with concepts that are in any sense false or in¬ 
appropriate. In fact, there is rarely the need to use the “pseudo”-spectra as approximations 
to the “true” spectra because the latter can be computed by the same numerical procedures 
as those used for the former. Furthermore, as emphasized earlier, the pseudo quantities 
provide the exact values of the desired deformation and forces. 
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APPENDIX 6: EL CENTRO, 1940 GROUND MOTION 

The north-south component of the ground motion recorded at a site in El Centro, 
California, during the Imperial Valley, California, earthquake of May 18, 1940 is shown 
in Fig. 6.1.4. This particular version of this record is used throughout this book, and is 
required in solving some of the end-of-chapter problems. Numerical values for the ground 
acceleration in units of g, the acceleration due to gravity, are presented in Table A6.1. 
This includes 1559 data points at equal time spacings of 0.02 sec, to be read row by row; 
the first value is at t = 0.02 sec; acceleration at t = 0 is zero. These data are also 
available electronically from the National Information Service for Earthquake Engineering 
(NISEE), University of California at Berkeley, on the World Wide Web at the following 
URL: <http://nisee.berkeley.edU/data/strong_motion/a.k.chopra/index.html>. 
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TABLE A6.1 GROUND ACCELERATION DATA 


0.00630 

0.00364 

0.00099 

0.00428 

0.00758 

0.01087 

0.00682 

0.00277 

-0.00128 

0.00368 

0.00864 

0.01360 

0.00727 

0.00094 

0.00420 

0.00221 

0.00021 

0.00444 

0.00867 

0.01290 

0.01713 

-0.00343 

-0.02400 

-0.00992 

0.00416 

0.00528 

0.01653 

0.02779 

0.03904 

0.02449 

0.00995 

0.00961 

0.00926 

0.00892 

-0.00486 

-0.01864 

-0.03242 

-0.03365 

-0.05723 

-0.04534 

-0.03346 

-0.03201 

-0.03056 

-0.02911 

-0.02766 

-0.04116 

-0.05466 

-0.06816 

-0.08166 

-0.06846 

-0.05527 

-0.04208 

-0.04259 

-0.04311 

-0.02428 

-0.00545 

0.01338 

0.03221 

0.05104 

0.06987 

0.08870 

0.04524 

0.00179 

-0.04167 

-0.08513 

-0.12858 

-0.17204 

-0.12908 

-0.08613 

-0.08902 

-0.09192 

-0.09482 

-0.09324 

-0.09166 

-0.09478 

-0.09789 

-0.12902 

-0.07652 

-0.02401 

0.02849 

0.08099 

0.13350 

0.18600 

0.23850 

0.21993 

0.20135 

0.18277 

0.16420 

0.14562 

0.16143 

0.17725 

0.13215 

0.08705 

0.04196 

-0.00314 

-0.04824 

-0.09334 

-0.13843 

-0.18353 

-0.22863 

-0.27372 

-0.31882 

-0.25024 

-0.18166 

-0.11309 

-0.04451 

0.02407 

0.09265 

0.16123 

0.22981 

0.29839 

0.23197 

0.16554 

0.09912 

0.03270 

-0.03372 

-0.10014 

-0.16656 

-0.23299 

-0.29941 

-0.00421 

0.29099 

0.22380 

0.15662 

0.08943 

0.02224 

-0.04495 

0.01834 

0.08163 

0.14491 

0.20820 

0.18973 

0.17125 

0.13759 

0.10393 

0.07027 

0.03661 

0.00295 

-0.03071 

-0.00561 

0.01948 

0.04458 

0.06468 

0.08478 

0.10487 

0.05895 

0.01303 

-0.03289 

-0.07882 

-0.03556 

0.00771 

0.05097 

0.01013 

-0.03071 

-0.07156 

-0.11240 

-0.15324 

-0.11314 

-0.07304 

-0.03294 

0.00715 

-0.06350 

-0.13415 

-0.20480 

-0.12482 

-0.04485 

0.03513 

0.11510 

0.19508 

0.12301 

0.05094 

-0.02113 

-0.09320 

-0.02663 

0.03995 

0.10653 

0.17311 

0.11283 

0.05255 

-0.00772 

0.01064 

0.02900 

0.04737 

0.06573 

0.02021 

-0.02530 

-0.07081 

-0.04107 

-0.01133 

0.00288 

0.01709 

0.03131 

-0.02278 

-0.07686 

-0.13095 

-0.18504 

-0.14347 

-0.10190 

-0.06034 

-0.01877 

0.02280 

-0.00996 

-0.04272 

-0.02147 

-0.00021 

0.02104 

-0.01459 

-0.05022 

-0.08585 

-0.12148 

-0.15711 

-0.19274 

-0.22837 

-0.18145 

-0.13453 

-0.08761 

-0.04069 

0.00623 

0.05316 

0.10008 

0.14700 

0.09754 

0.04808 

-0.00138 

0.05141 

0.10420 

0.15699 

0.20979 

0.26258 

0.16996 

0.07734 

-0.01527 

-0.10789 

-0.20051 

-0.06786 

0.06479 

0.01671 

-0.03137 

-0.07945 

-0.12753 

-0.17561 

-0.22369 

-0.27177 

-0.15851 

-0.04525 

0.06802 

0.18128 

0.14464 

0.10800 

0.07137 

0.03473 

0.09666 

0.15860 

0.22053 

0.18296 

0.14538 

0.10780 

0.07023 

0.03265 

0.06649 

0.10033 

0.13417 

0.10337 

0.07257 

0.04177 

0.01097 

-0.01983 

0.04438 

0.10860 

0.17281 

0.10416 

0.03551 

-0.03315 

-0.10180 

-0.07262 

-0.04344 

-0.01426 

0.01492 

-0.02025 

-0.05543 

-0.09060 

-0.12578 

-0.16095 

-0.19613 

-0.14784 

-0.09955 

-0.05127 

-0.00298 

-0.01952 

-0.03605 

-0.05259 

-0.04182 

-0.03106 

-0.02903 

-0.02699 

0.02515 

0.01770 

0.02213 

0.02656 

0.00419 

-0.01819 

-0.04057 

-0.06294 

-0.02417 

0.01460 

0.05337 

0.02428 

-0.00480 

-0.03389 

-0.00557 

0.02274 

0.00679 

-0.00915 

-0.02509 

-0.04103 

-0.05698 

-0.01826 

0.02046 

0.00454 

-0.01138 

-0.00215 

0.00708 

0.00496 

0.00285 

0.00074 

-0.00534 

-0.01141 

0.00361 

0.01863 

0.03365 

0.04867 

0.03040 

0.01213 

-0.00614 

-0.02441 

0.01375 

0.01099 

0.00823 

0.00547 

0.00812 

0.01077 

-0.00692 

-0.02461 

-0.04230 

-0.05999 

-0.07768 

-0.09538 

-0.06209 

-0.02880 

0.00448 

0.03777 

0.01773 

-0.00231 

-0.02235 

0.01791 

0.05816 

0.03738 

0.01660 

-0.00418 

-0.02496 

-0.04574 

-0.02071 

0.00432 

0.02935 

0.01526 

0.01806 

0.02086 

0.00793 

-0.00501 

-0.01795 

-0.03089 

-0.01841 

-0.00593 

0.00655 

-0.02519 

-0.05693 

-0.04045 

-0.02398 

-0.00750 

0.00897 

0.00384 

-0.00129 

-0.00642 

-0.01156 

-0.02619 

-0.04082 

-0.05545 

-0.04366 

-0.03188 

-0.06964 

-0.05634 

-0.04303 
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TABLE A6.1 GROUND ACCELERATION DATA ( Continued) 


-0.02972 

-0.01642 

-0.00311 

0.01020 

0.02350 

0.03681 

0.05011 

0.02436 

-0.00139 

-0.02714 

-0.00309 

0.02096 

0.04501 

0.06906 

0.05773 

0.04640 

0.03507 

0.03357 

0.03207 

0.03057 

0.03250 

0.03444 

0.03637 

0.01348 

-0.00942 

-0.03231 

-0.02997 

-0.03095 

-0.03192 

-0.02588 

-0.01984 

-0.01379 

-0.00775 

-0.01449 

-0.02123 

0.01523 

0.05170 

0.08816 

0.12463 

0.16109 

0.12987 

0.09864 

0.06741 

0.03618 

0.00495 

0.00420 

0.00345 

0.00269 

-0.05922 

-0.12112 

-0.18303 

-0.12043 

-0.05782 

0.00479 

0.06740 

0.13001 

0.08373 

0.03745 

0.06979 

0.10213 

-0.03517 

-0.17247 

-0.13763 

-0.10278 

-0.06794 

-0.03310 

-0.03647 

-0.03984 

-0.00517 

0.02950 

0.06417 

0.09883 

0.13350 

0.05924 

-0.01503 

-0.08929 

-0.16355 

-0.06096 

0.04164 

0.01551 

-0.01061 

-0.03674 

-0.06287 

-0.08899 

-0.05430 

-0.01961 

0.01508 

0.04977 

0.08446 

0.05023 

0.01600 

-0.01823 

-0.05246 

-0.08669 

-0.06769 

-0.04870 

-0.02970 

-0.01071 

0.00829 

-0.00314 

0.02966 

0.06246 

-0.00234 

-0.06714 

-0.04051 

-0.01388 

0.01274 

0.00805 

0.03024 

0.05243 

0.02351 

-0.00541 

-0.03432 

-0.06324 

-0.09215 

-0.12107 

-0.08450 

-0.04794 

-0.01137 

0.02520 

0.06177 

0.04028 

0.01880 

0.04456 

0.07032 

0.09608 

0.12184 

0.06350 

0.00517 

-0.05317 

-0.03124 

-0.00930 

0.01263 

0.03457 

0.03283 

0.03109 

0.02935 

0.04511 

0.06087 

0.07663 

0.09239 

0.05742 

0.02245 

-0.01252 

0.00680 

0.02611 

0.04543 

0.01571 

-0.01402 

-0.04374 

-0.07347 

-0.03990 

-0.00633 

0.02724 

0.06080 

0.03669 

0.01258 

-0.01153 

-0.03564 

-0.00677 

0.02210 

0.05098 

0.07985 

0.06915 

0.05845 

0.04775 

0.03706 

0.02636 

0.05822 

0.09009 

0.12196 

0.10069 

0.07943 

0.05816 

0.03689 

0.01563 

-0.00564 

-0.02690 

-0.04817 

-0.06944 

-0.09070 

-0.11197 

-0.11521 

-0.11846 

-0.12170 

-0.12494 

-0.16500 

-0.20505 

-0.15713 

-0.10921 

-0.06129 

-0.01337 

0.03455 

0.08247 

0.07576 

0.06906 

0.06236 

0.08735 

0.11235 

0.13734 

0.12175 

0.10616 

0.09057 

0.07498 

0.08011 

0.08524 

0.09037 

0.06208 

0.03378 

0.00549 

-0.02281 

-0.05444 

-0.04030 

-0.02615 

-0.01201 

-0.02028 

-0.02855 

-0.06243 

-0.03524 

-0.00805 

-0.04948 

-0.03643 

-0.02337 

-0.03368 

-0.01879 

-0.00389 

0.01100 

0.02589 

0.01446 

0.00303 

-0.00840 

0.00463 

0.01766 

0.03069 

0.04372 

0.02165 

-0.00042 

-0.02249 

-0.04456 

-0.03638 

-0.02819 

-0.02001 

-0.01182 

-0.02445 

-0.03707 

-0.04969 

-0.05882 

-0.06795 

-0.07707 

-0.08620 

-0.09533 

-0.06276 

-0.03018 

0.00239 

0.03496 

0.04399 

0.05301 

0.03176 

0.01051 

-0.01073 

-0.03198 

-0.05323 

0.00186 

0.05696 

0.01985 

-0.01726 

-0.05438 

-0.01204 

0.03031 

0.07265 

0.11499 

0.07237 

0.02975 

-0.01288 

0.01212 

0.03711 

0.03517 

0.03323 

0.01853 

0.00383 

0.00342 

-0.02181 

-0.04704 

-0.07227 

-0.09750 

-0.12273 

-0.08317 

-0.04362 

-0.00407 

0.03549 

0.07504 

0.11460 

0.07769 

0.04078 

0.00387 

0.00284 

0.00182 

-0.05513 

0.04732 

0.05223 

0.05715 

0.06206 

0.06698 

0.07189 

0.02705 

-0.01779 

-0.06263 

-0.10747 

-0.15232 

-0.12591 

-0.09950 

-0.07309 

-0.04668 

-0.02027 

0.00614 

0.03255 

0.00859 

-0.01537 

-0.03932 

-0.06328 

-0.03322 

-0.00315 

0.02691 

0.01196 

-0.00300 

0.00335 

0.00970 

0.01605 

0.02239 

0.04215 

0.06191 

0.08167 

0.03477 

-0.01212 

-0.01309 

-0.01407 

-0.05274 

-0.02544 

0.00186 

0.02916 

0.05646 

0.08376 

0.01754 

-0.04869 

-0.02074 

0.00722 

0.03517 

-0.00528 

-0.04572 

-0.08617 

-0.06960 

-0.05303 

-0.03646 

-0.01989 

-0.00332 

0.01325 

0.02982 

0.01101 

-0.00781 

-0.02662 

-0.00563 

0.01536 

0.03635 

0.05734 

0.03159 

0.00584 

-0.01992 

-0.00201 

0.01589 

-0.01024 

-0.03636 

-0.06249 

-0.04780 

-0.03311 

-0.04941 

-0.06570 

-0.08200 

-0.04980 

-0.01760 

0.01460 

0.04680 

0.07900 

0.04750 

0.01600 

-0.01550 

-0.00102 

0.01347 

0.02795 

0.04244 

0.05692 

0.03781 

0.01870 

-0.00041 

-0.01952 

-0.00427 

0.01098 

0.02623 

0.04148 

0.01821 

-0.00506 
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TABLE A6.1 GROUND ACCELERATION DATA ( Continued) 


-0.00874 

-0.03726 

-0.06579 

-0.02600 

0.01380 

0.05359 

0.09338 

0.05883 

0.02429 

-0.01026 

-0.04480 

-0.01083 

-0.01869 

-0.02655 

-0.03441 

-0.02503 

-0.01564 

-0.00626 

-0.01009 

-0.01392 

0.01490 

0.04372 

0.03463 

0.02098 

0.00733 

-0.00632 

-0.01997 

0.00767 

0.03532 

0.03409 

0.03287 

0.03164 

0.02403 

0.01642 

0.00982 

0.00322 

-0.00339 

0.02202 

-0.01941 

-0.06085 

-0.10228 

-0.07847 

-0.05466 

-0.03084 

-0.00703 

0.01678 

0.01946 

0.02214 

0.02483 

0.01809 

-0.00202 

-0.02213 

-0.00278 

0.01656 

0.03590 

0.05525 

0.07459 

0.06203 

0.04948 

0.03692 

-0.00145 

0.04599 

0.04079 

0.03558 

0.03037 

0.03626 

0.04215 

0.04803 

0.05392 

0.04947 

0.04502 

0.04056 

0.03611 

0.03166 

0.00614 

-0.01937 

-0.04489 

-0.07040 

-0.09592 

-0.07745 

-0.05899 

-0.04052 

-0.02206 

-0.00359 

0.01487 

0.01005 

0.00523 

0.00041 

-0.00441 

-0.00923 

-0.01189 

-0.01523 

-0.01856 

-0.02190 

-0.00983 

0.00224 

0.01431 

0.00335 

-0.00760 

-0.01856 

-0.00737 

0.00383 

0.01502 

0.02622 

0.01016 

-0.00590 

-0.02196 

-0.00121 

0.01953 

0.04027 

0.02826 

0.01625 

0.00424 

0.00196 

-0.00031 

-0.00258 

-0.00486 

-0.00713 

-0.00941 

-0.01168 

-0.01396 

-0.01750 

-0.02104 

-0.02458 

-0.02813 

-0.03167 

-0.03521 

-0.04205 

-0.04889 

-0.03559 

-0.02229 

-0.00899 

0.00431 

0.01762 

0.00714 

-0.00334 

-0.01383 

0.01314 

0.04011 

0.06708 

0.04820 

0.02932 

0.01043 

-0.00845 

-0.02733 

-0.04621 

-0.03155 

-0.01688 

-0.00222 

0.01244 

0.02683 

0.04121 

0.05559 

0.03253 

0.00946 

-0.01360 

-0.01432 

-0.01504 

-0.01576 

-0.04209 

-0.02685 

-0.01161 

0.00363 

0.01887 

0.03411 

0.03115 

0.02819 

0.02917 

0.03015 

0.03113 

0.00388 

-0.02337 

-0.05062 

-0.03820 

-0.02579 

-0.01337 

-0.00095 

0.01146 

0.02388 

0.03629 

0.01047 

-0.01535 

-0.04117 

-0.06699 

-0.05207 

-0.03715 

-0.02222 

-0.00730 

0.00762 

0.02254 

0.03747 

0.04001 

0.04256 

0.04507 

0.04759 

0.05010 

0.04545 

0.04080 

0.02876 

0.01671 

0.00467 

-0.00738 

-0.00116 

0.00506 

0.01128 

0.01750 

-0.00211 

-0.02173 

-0.04135 

-0.06096 

-0.08058 

-0.06995 

-0.05931 

-0.04868 

-0.03805 

-0.02557 

-0.01310 

-0.00063 

0.01185 

0.02432 

0.03680 

0.04927 

0.02974 

0.01021 

-0.00932 

-0.02884 

-0.04837 

-0.06790 

-0.04862 

-0.02934 

-0.01006 

0.00922 

0.02851 

0.04779 

0.02456 

0.00133 

-0.02190 

-0.04513 

-0.06836 

-0.04978 

-0.03120 

-0.01262 

0.00596 

0.02453 

0.04311 

0.06169 

0.08027 

0.09885 

0.06452 

0.03019 

-0.00414 

-0.03848 

-0.07281 

-0.05999 

-0.04717 

-0.03435 

-0.03231 

-0.03028 

-0.02824 

-0.00396 

0.02032 

0.00313 

-0.01406 

-0.03124 

-0.04843 

-0.06562 

-0.05132 

-0.03702 

-0.02272 

-0.00843 

0.00587 

0.02017 

0.02698 

0.03379 

0.04061 

0.04742 

0.05423 

0.03535 

0.01647 

0.01622 

0.01598 

0.01574 

0.00747 

-0.00080 

-0.00907 

0.00072 

0.01051 

0.02030 

0.03009 

0.03989 

0.03478 

0.02967 

0.02457 

0.03075 

0.03694 

0.04313 

0.04931 

0.05550 

0.06168 

-0.00526 

-0.07220 

-0.06336 

-0.05451 

-0.04566 

-0.03681 

-0.03678 

-0.03675 

-0.03672 

-0.01765 

0.00143 

0.02051 

0.03958 

0.05866 

0.03556 

0.01245 

-0.01066 

-0.03376 

-0.05687 

-0.04502 

-0.03317 

-0.02131 

-0.00946 

0.00239 

-0.00208 

-0.00654 

-0.01101 

-0.01548 

-0.01200 

-0.00851 

-0.00503 

-0.00154 

0.00195 

0.00051 

-0.00092 

0.01135 

0.02363 

0.03590 

0.04818 

0.06045 

0.07273 

0.02847 

-0.01579 

-0.06004 

-0.05069 

-0.04134 

-0.03199 

-0.03135 

-0.03071 

-0.03007 

-0.01863 

-0.00719 

0.00425 

0.01570 

0.02714 

0.03858 

0.02975 

0.02092 

0.02334 

0.02576 

0.02819 

0.03061 

0.03304 

0.01371 

-0.00561 

-0.02494 

-0.02208 

-0.01923 

-0.01638 

-0.01353 

-0.01261 

-0.01170 

-0.00169 

0.00833 

0.01834 

0.02835 

0.03836 

0.04838 

0.03749 

0.02660 

0.01571 

0.00482 

-0.00607 

-0.01696 

-0.00780 

0.00136 

0.01052 

0.01968 

0.02884 

-0.00504 

-0.03893 

-0.02342 

-0.00791 

0.00759 

0.02310 

0.00707 

-0.00895 

-0.02498 

-0.04100 

-0.05703 

-0.02920 
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TABLE A6.1 GROUND ACCELERATION DATA ( Continued) 


-0.00137 

0.02645 

0.05428 

0.03587 

0.01746 

-0.00096 

-0.01937 

-0.03778 

-0.02281 

-0.00784 

0.00713 

0.02210 

0.03707 

0.05204 

0.06701 

0.08198 

0.03085 

-0.02027 

-0.07140 

-0.12253 

-0.08644 

-0.05035 

-0.01426 

0.02183 

0.05792 

0.09400 

0.13009 

0.03611 

-0.05787 

-0.04802 

-0.03817 

-0.02832 

0.02970 

0.03993 

0.05017 

0.06041 

0.07065 

0.08089 

-0.00192 

-0.08473 

-0.01846 

-0.00861 

-0.03652 

-0.06444 

-0.06169 

-0.05894 

-0.05618 

-0.06073 

-0.06528 

-0.04628 

-0.02728 

-0.00829 

0.01071 

0.02970 

0.03138 

0.03306 

0.03474 

0.03642 

0.04574 

0.05506 

0.06439 

0.07371 

0.08303 

0.03605 

-0.01092 

-0.05790 

-0.04696 

-0.03602 

-0.02508 

-0.01414 

-0.03561 

-0.05708 

-0.07855 

-0.06304 

-0.04753 

-0.03203 

-0.01652 

-0.00102 

0.00922 

0.01946 

-0.07032 

-0.05590 

-0.04148 

-0.05296 

-0.06443 

-0.07590 

-0.08738 

-0.09885 

-0.06798 

-0.03710 

-0.00623 

0.02465 

0.05553 

0.08640 

0.11728 

0.14815 

0.08715 

0.02615 

-0.03485 

-0.09584 

-0.07100 

-0.04616 

-0.02132 

0.00353 

0.02837 

0.05321 

-0.00469 

-0.06258 

-0.12048 

-0.09960 

-0.07872 

-0.05784 

-0.03696 

-0.01608 

0.00480 

0.02568 

0.04656 

0.06744 

0.08832 

0.10920 

0.13008 

0.10995 

0.08982 

0.06969 

0.04955 

0.04006 

0.03056 

0.02107 

0.01158 

0.00780 

0.00402 

0.00024 

-0.00354 

-0.00732 

-0.01110 

-0.00780 

-0.00450 

-0.00120 

0.00210 

0.00540 

-0.00831 

-0.02203 

-0.03575 

-0.04947 

-0.06319 

-0.05046 

-0.03773 

-0.02500 

-0.01227 

0.00046 

0.00482 

0.00919 

0.01355 

0.01791 

0.02228 

0.00883 

-0.00462 

-0.01807 

-0.03152 

-0.02276 

-0.01401 

-0.00526 

0.00350 

0.01225 

0.02101 

0.01437 

0.00773 

0.00110 

0.00823 

0.01537 

0.02251 

0.01713 

0.01175 

0.00637 

0.01376 

0.02114 

0.02852 

0.03591 

0.04329 

0.03458 

0.02587 

0.01715 

0.00844 

-0.00027 

-0.00898 

-0.00126 

0.00645 

0.01417 

0.02039 

0.02661 

0.03283 

0.03905 

0.04527 

0.03639 

0.02750 

0.01862 

0.00974 

0.00086 

-0.01333 

-0.02752 

-0.04171 

-0.02812 

-0.01453 

-0.00094 

0.01264 

0.02623 

0.01690 

0.00756 

-0.00177 

-0.01111 

-0.02044 

-0.02977 

-0.03911 

-0.02442 

-0.00973 

0.00496 

0.01965 

0.03434 

0.02054 

0.00674 

-0.00706 

-0.02086 

-0.03466 

-0.02663 

-0.01860 

-0.01057 

-0.00254 

-0.00063 

0.00128 

0.00319 

0.00510 

0.00999 

0.01488 

0.00791 

0.00093 

-0.00605 

0.00342 

0.01288 

0.02235 

0.03181 

0.04128 

0.02707 

0.01287 

-0.00134 

-0.01554 

-0.02975 

-0.04395 

-0.03612 

-0.02828 

-0.02044 

-0.01260 

-0.00476 

0.00307 

0.01091 

0.00984 

0.00876 

0.00768 

0.00661 

0.01234 

0.01807 

0.02380 

0.02953 

0.03526 

0.02784 

0.02042 

0.01300 

-0.03415 

-0.00628 

-0.00621 

-0.00615 

-0.00609 

-0.00602 

-0.00596 

-0.00590 

-0.00583 

-0.00577 

-0.00571 

-0.00564 

-0.00558 

-0.00552 

-0.00545 

-0.00539 

-0.00532 

-0.00526 

-0.00520 

-0.00513 

-0.00507 

-0.00501 

-0.00494 

-0.00488 

-0.00482 

-0.00475 

-0.00469 

-0.00463 

-0.00456 
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Figure A6.1 Graph paper with four-way logarithmic scales. 
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PROBLEMS 


*6.1 Determine the deformation response u(t) for 0 < t < 15 sec for an SDF system with natural 
period T n = 2 sec and damping ratio f = 0 to El Centro 1940 ground motion. The ground 
acceleration values are available at every At = 0.02 sec in Appendix 6. Implement the 
numerical time-stepping algorithm of Section 5.2. Plot u{t) and compare it with Fig. 6.4.1. 
*6.2 Solve Problem 6.1 for f = 5%. 

*6.3 Solve Problem 6.2 by the central difference method. 

6.4 Derive equations for the deformation, pseudo-velocity, and pseudo-acceleration response spec¬ 
tra for ground acceleration ii g (t) — u go 8(t), where 8(t) is the Dirac delta function and ii go 
is the increment in velocity or the magnitude of the acceleration impulse. Plot the spectra for 
f = 0 and 10%. 

6.5 An SDF undamped system is subjected to ground motion ii g (t) consisting of a sequence of 
two acceleration impulses, each with a velocity increment u go , as shown in Fig. P6.5. 

(a) Plot the displacement response of the system t d /T n — g, j, and 1. For each case show 
the response to individual impulses and the combined response. 

(b) Determine the deformation response spectrum for this excitation by plotting u 0 /(u g0 /cu n ) 
as a function of t d /T n . Indicate separately the maximum occurring during t < t d and during 
t > t d . 

(c) Determine the pseudo-velocity response spectrum for this excitation with t d = 0.5 sec by 
plotting V/ugo as a function of f n = 1 /T n . 


Mg Mg 




Figure P6.5 Figure P6.6 

6.6 Repeat Problem 6.5 with the two velocity pulses acting in the same direction (Fig. P6.6). 

6.7 Consider harmonic ground motion ii g (t) — u go s'm(2nt/T). 

(a) Derive equations for A and for iij, in terms of the natural vibration period T n and the 
damping ratio f of the SDF system. A is the peak value for the pseudo-acceleration, and ii' 0 
is the peak value of the true acceleration. Consider only the steady-state response. 

(b) Show that A and u' a are identical for undamped systems but different for damped systems. 

(c) Graphically display the two response spectra by plotting the normalized values A/ii go and 
iig/iigo against T n /T , the ratio of the natural vibration period of the system and the period of 
the excitation. 


Denotes that a computer is necessary to solve this problem. 








Chap. 6 Problems 


253 


6 . 8 - Certain types of near-fault ground motion can be represented by a full sinusoidal cycle of 

6.9 ground acceleration (Fig. P6.8) or a full cosine cycle of ground acceleration (Fig. P6.9). 
Assuming that the ground velocity and displacement are both zero at time zero, plot the ground 
velocity and ground displacement as a function of time. Determine the pseudo-acceleration 
response spectrum for undamped systems. Plot this spectrum against Flow will the 

true-acceleration response spectrum differ? 


u u 




Figure P6.8 


Figure P6.9 


6.10 A 10-ft-long vertical cantilever made of a 6-in.-nominal-diameter standard steel pipe supports 
a 3000-lb weight attached at the tip, as shown in Fig. P6.10. The properties of the pipe are: 
outside diameter = 6.625 in., inside diameter = 6.065 in., thickness = 0.280 in., second moment 
of cross-sectional area / = 28.1 in 4 . Young’s modulus E = 29,000 ksi, and weight = 18.97 
lb/ft length. Determine the peak deformation and the bending stress in the cantilever due to 
the El Centro ground motion; assume that f = 5%. 


10 ' 


o 


3000 lb 






Figure P6.10 


6.11 (a) A full water tank is supported on an 80-ft-high cantilever tower. It is idealized as an SDF 

system with weight w = 100 kips, lateral stiffness k = 4 kips/in., and damping ratio £ = 5%. 
The tower supporting the tank is to be designed for ground motion characterized by the design 
spectrum of Fig. 6.9.5 scaled to 0.5g peak ground acceleration. Determine the design values 
of lateral deformation and base shear. 

(b) The deformation computed for the system in part (a) seemed excessive to the structural 
designer, who decided to stiffen the tower by increasing its size. Determine the design val¬ 
ues of deformation and base shear for the modified system if its lateral stiffness is 8 kips/in.; 
assume that the damping ratio is still 5%. Comment on how stiffening the system has affected 
the design requirements. What is the disadvantage of stiffening the system? 
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(c) If the stiffened tower were to support a tank weighing 200 kips, determine the design re¬ 
quirements; assume for purposes of this example that the damping ratio is still 5%. Comment 
on how the increased weight has affected the design requirements. 

6.12 Solve Problem 6.11 modified as follows: w = 16 kips in part (a) and w = 32 kips in part (c). 

6.13 Solve Problem 6.11 modified as follows: w — 1600 kips in part (a) and w — 3200 kips in 
part (c). 

6.14 A one-story reinforced-concrete building is idealized for structural analysis as a massless 
frame supporting a dead load of 10 kips at the beam level. The frame is 24 ft wide and 12 ft 
high. Each column, clamped at the base, has a lO-in.-square cross section. The Young’s 
modulus of concrete is 3 x 10 3 ksi, and the damping ratio of the building is estimated as 5%. 
If the building is to be designed for the design spectrum of Fig. 6.9.5 scaled to a peak ground 
acceleration of 0.5g, determine the design values of lateral deformation and bending moments 
in the columns for two conditions: 

(a) The cross section of the beam is much larger than that of the columns, so the beam may 
be assumed as rigid in flexure. 

(b) The beam cross section is much smaller than the columns, so the beam stiffness can be 
ignored. Comment on the influence of beam stiffness on the design quantities. 

6.15 The columns of the frame of Problem 6.14 with condition (a) (i.e., rigid beam) are hinged at 
the base. For the same design earthquake, determine the design values of lateral deformation 
and bending moments on the columns. Comment on the influence of base fixity on the design 
deformation and bending moments. 

6.16 Determine the peak response of the one-story industrial building of Example 1.2 to ground 
motion characterized by the design spectrum of Fig. 6.9.5 scaled to a peak ground motion 
acceleration of 0.25g. 

(a) For north-south excitation determine the lateral displacement of the roof and the bending 
moments in the columns. 

(b) For east-west excitation determine the lateral displacement of the roof and the axial force 
in each brace. 

6.17 A small one-story reinforced-concrete building shown in Fig. P6.17 is idealized as a massless 
frame supporting a total dead load of 10 kips at the beam level. Each 10-in.-square column 
is hinged at the base; the beam may be assumed to be rigid in flexure; and E = 3 x 10 3 ksi. 
Determine the peak response of this structure to ground motion characterized by the design 
spectrum of Fig. 6.9.5 scaled to 0.25g peak ground acceleration. The response quantities of 
interest are the displacement at the top of the frame and the bending moments in the two 
columns. Draw the bending moment diagram. 



Figure P6.17 
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6.18 A one-story steel frame of 24-ft span and 12-ft height has the following properties: The second 
moments of cross-sectional area for beam and columns are lg = 160 in 4 and I c = 320 in 4 , 
respectively; the elastic modulus for steel is 30 x 10 3 ksi. For purposes of dynamic analysis 
the frame is considered massless with a weight of 100 kips lumped at the beam level; the 
columns are clamped at the base; the damping ratio is estimated at 5%. Determine the peak 
values of lateral displacement at the beam level and bending moments throughout the frame 
due to the design spectrum of Fig. 6.9.5 scaled to a peak ground acceleration of 0.5g. 

6.19 Solve Problem 6.18 assuming that the columns are hinged at the base. Comment on the 
influence of base fixity on the design deformation and bending moments. 

6.20 The ash hopper in Fig. 6.20 consists of a bin mounted on a rigid platform supported by four 
columns 24 ft long. The weight of the platform, bin, and contents is 100 kips and may be 
taken as a point mass located 6 ft above the bottom of the platform. The columns are braced 
in the longitudinal direction, that is, normal to the plane of the paper, but are unbraced in the 
transverse direction. The column properties are: A = 20 in 2 , E = 29,500 ksi, 1 = 2000 in 4 , 
and S = 170 in 3 . Taking the damping ratio to be 5%, find the peak lateral displacement and 
the peak stress in the columns due to gravity and the earthquake characterized by the design 
spectrum of Fig. 6.9.5 scaled to jg acting in the transverse direction. Take the columns to be 
clamped at the base and at the rigid platform. Neglect axial deformation of the column and 
gravity effects on the lateral stiffness. 



6 ' 


24 ' 


Figure P6.20 


6.21 The structure of Example 1.7 subjected to rotational acceleration ii g g = S(t) of the foundation. 
Derive an equation for the rotation ug(t) of the roof slab in terms of /q, k x , k y , b , and d. 
Neglect damping. 

6.22 The peak response of the system described in Examples 1.7 and 2.4 due to rotational ground 
acceleration u g g (see Fig. El.7) is to be determined; f = 5%. The design spectrum for 
translational ground acceleration ( b/2)u g g is given by Fig. 6.9.5 scaled to a peak ground 
acceleration of 0.05g. Determine the displacement at each comer of the roof slab, the base 
torque, and the bending moments about the x and y axes at the base of each column. 

6.23 For the design earthquake at a site, the peak values of ground acceleration, velocity, and dis¬ 
placement have been estimated: ii go = 0.5g, u go = 24 in./sec, and u go — 18 in. For systems 
with 2% damping ratio, construct the 50th and 84.1th percentile design spectra. 
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(a) Plot both spectra, together, on four-way log paper. 

(b) Plot the 84.1th percentile spectrum for pseudo-acceleration on log-log paper, and deter¬ 
mine the equations for A(T n ) for each branch of the spectrum and the period values at the 
intersections of the branches. 

(c) Plot the spectrum of part (b) on a linear-linear graph (the T„ scale should cover the range 
0 to 5 sec). 


Base shear coefficient 


7 


Earthquake Response of 
Inelastic Systems 


PREVIEW 

We have shown that the peak base shear induced in a linearly elastic system by ground 
motion is 14 = (A/g)w, where w is the weight of the system and A is the pseudo¬ 
acceleration spectrum ordinate corresponding to the natural vibration period and damp¬ 
ing of the system (Chapter 6). Most buildings are designed, however, for base shear 
smaller than the elastic base shear associated with the strongest shaking that can occur 
at the site. This becomes clear from Fig. 7.1, wherein the base shear coefficient A /g 



Natural vibration period T , sec 
n 


Figure 7.1 Comparison of base shear 
coefficients from elastic design spectrum 
and International Building Code. 
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from the design spectrum of Fig. 6.9.5, scaled by 0.4 to correspond to peak ground 
acceleration of 0.4g, is compared with the base shear coefficient specified in the 2000 
International Building Code. This disparity implies that buildings designed for the code 
forces would be deformed beyond the limit of linearly elastic behavior when subjected to 
ground motions represented by the 0.4g design spectrum. Thus it should not be surprising 
that buildings suffer damage during intense ground shaking. However, if an earthquake 
causes damage that is too severe to be repaired economically (Figs. 7.2 and 7.3) or it 
causes a building to collapse (Fig. 7.4), the design was obviously flawed. The challenge 
to the engineer is to design the structure so that the damage is controlled to an acceptable 
degree. 

The response of structures deforming into their inelastic range during intense ground 
shaking is therefore of central importance in earthquake engineering. This chapter is con¬ 
cerned with this important subject. After introducing the elastoplastic system and the 
parameters describing the system, the equation of motion is presented and the various 
parameters describing the system and excitation are identified. Then the earthquake re¬ 
sponse of elastic and inelastic systems is compared with the objective of understanding 
how yielding influences structural response. This is followed by a procedure to deter¬ 
mine the response spectrum for yield force associated with specified values of the duc¬ 
tility factor, together with a discussion of how the spectrum can be used to determine 
the design force and deformation for inelastic systems. The chapter closes with a proce¬ 
dure to determine the design spectrum for inelastic systems from the elastic design spec¬ 
trum, followed by a discussion of the important distinction between design and response 
spectra. 


7.1 FORCE-DEFORMATION RELATIONS 
7.1.1 Laboratory Tests 

Since the 1960s hundreds of laboratory tests have been conducted to determine the force- 
deformation behavior of structural components for earthquake conditions. During an earth¬ 
quake structures undergo oscillatory motion with reversal of deformation. Cyclic tests 
simulating this condition have been conducted on structural members, assemblages of 
members, reduced-scale models of structures, and on small full-scale structures. The ex¬ 
perimental results indicate that the cyclic force-deformation behavior of a structure de¬ 
pends on the structural material (Fig. 7.1.1) and on the structural system. The force- 
deformation plots show hysteresis loops under cyclic deformations because of inelastic 
behavior. 

Since the 1960s many computer simulation studies have focused on the earthquake 
response of SDF systems with their force-deformation behavior defined by idealized ver¬ 
sions of experimental curves, such as in Fig. 7.1.1. For this chapter, the simplest such 
idealized force-deformation behavior is chosen. 
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(a) 



(b) 


Figure 7.2 The six-story Imperial County Services Building was overstrained by the 
Imperial Valley, California, earthquake of October 15, 1979. The building is located in 
El Centro, California, 9 km from the causative fault of the Magnitude 6.5 earthquake; the 
peak ground acceleration near the building was 0.23g. The first-story reinforced-concrete 
columns were overstrained top and bottom with partial hinging. The four columns at the 
right end were shattered at ground level, which dropped the end of the building about 
6 in.; see detail. The building was demolished. (Courtesy of K. V. Steinbrugge Collection, 
Earthquake Engineering Research Center, University of California at Berkeley.) 
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(c) (d) 


Figure 7.3 The O’Higgin’s Tower, built in 2009, is a 21-story reinforced-concrete build¬ 
ing with an unsymmetric (in plan) shear wall and column-resisting system that is discon¬ 
tinuous and highly irregular over height. Located in Concepcion, 65 miles from the point 
of the initial rupture of the fault causing the Magnitude 8.8 Offshore Maule Region, Chile, 
earthquake of February 27, 2010, the building experienced very strong shaking. The dam¬ 
age was so extensive-including collapse of its 12th floor-that the building is slated to be 
demolished: (a) east face; (b) southeast face; (c) south face; and (d) southeast face: three 
upper floors and machine room. (Courtesy of Francisco Medina.) 

























Sec. 7.1 


Force-Deformation Relations 


261 




(b) 


Figure 7.4 Psychiatric Day Care Center: (a) before and (b) after the San Fernando, Cali¬ 
fornia, earthquake. Magnitude 6.4, February 9, 1971. The structural system for this two- 
story reinforced-concrete building was a moment-resisting frame. However, the masonry 
walls added in the second story increased significantly the stiffness and strength of this 
story. The first story of the building collapsed completely. (Photograph by V. V. Bertero 
in W. G. Godden collection, National Information Service for Earthquake Engineering, 
University of California, Berkeley.) 
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Figure 7.1.1 (continues overleaf ) 
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Figure 7.1.1 Force-deformation relations for structural components in different materials: (a) struc¬ 
tural steel (from H. Krawinkler, V. V. Bertero, and E. P. Popov, “Inelastic Behavior of Steel Beam- 
to Column Subassemblages,” Report No. EERC 71-7, University of California, Berkeley, 1971); 
(b) reinforced concrete [from E. P. Popov and V. V. Bertero, “On Seismic Behavior of Two R/C Struc¬ 
tural Systems for Tall Buildings,” in Structural and Geotechnical Mechanics (ed. W. J. Hall), Prentice 
Hall, Englewood Cliffs, N.J., 1977]; (c) masonry [from M. J. N. Priestley, “Masonry,” in Design of 
Earthquake Resistant Structures (ed. E. Rosenblueth), Pentech Press, Plymouth, U.K., 1980]. 


7.1.2 Elastoplastic Idealization 

Consider the force-deformation relation for a structure during its initial loading shown 
in Fig. 7.1.2. It is convenient to idealize this curve by an elastic-perfectly plastic (or 
elastoplastic for brevity) force-deformation relation because this approximation permits, 
as we will see later, the development of response spectra in a manner similar to linearly 
elastic systems. The elastoplastic approximation to the actual force-deformation curve is 


fs 



Figure 7.1.2 Force-deformation 
u curve during initial loading: actual and 
elastoplastic idealization. 
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Figure 7.1.3 Elastoplastic 
force-deformation relation. 


drawn, as shown in Fig. 7.1.2, so that the areas under the two curves are the same at the 
value selected for the maximum displacement u m . On initial loading this idealized system 
is linearly elastic with stiffness k as long as the force is less than f y . Yielding begins when 
the force reaches f y , the yield strength. The deformation at which yielding begins is u y , 
the yield deformation. Yielding takes place at constant force f y (i.e., the stiffness is zero). 

Figure 7.1.3 shows a typical cycle of loading, unloading, and reloading for an elasto¬ 
plastic system. The yield strength is the same in the two directions of deformation. Unload¬ 
ing from a point of maximum deformation takes place along a path parallel to the initial 
elastic branch. Similarly, reloading from a point of minimum deformation takes place 
along a path parallel to the initial elastic branch. The cyclic force-deformation relation 
is path dependent; for deformation u at time t the resisting force fs depends on the prior 
history of motion of the system and whether the deformation is currently increasing or 
decreasing. Thus, the resisting force is an implicit function of deformation: f s = f s (u). 


7.1.3 Corresponding Linear System 

It is desired to evaluate the peak deformation of an elastoplastic system due to earthquake 
ground motion and to compare this deformation to the peak deformation caused by the 
same excitation in the corresponding linear system. This elastic system is defined to have 
the same stiffness as the stiffness of the elastoplastic system during its initial loading; see 
Fig. 7.1.4. Both systems have the same mass and damping. Therefore, the natural vibration 
period of the corresponding linear system is the same as the period of the elastoplastic 
system undergoing small (n < u y ) oscillations. At larger amplitudes of motion the natural 
vibration period is not defined for inelastic systems. 
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Figure 7.1.4 Elastoplastic system and its 
corresponding linear system. 


7.2 NORMALIZED YIELD STRENGTH, YIELD STRENGTH 
REDUCTION FACTOR, AND DUCTILITY FACTOR 

The normalized yield strength f y of an elastoplastic system is defined as 

7 y = Y = — (7.2.1) 

Jo 

where f a and u a are the peak values of the earthquake-induced resisting force and defor¬ 
mation, respectively, in the corresponding linear system. (For brevity the notation f 0 has 
been used instead of fs 0 employed in preceding chapters.) The second part of Eq. (7.2.1) 
is obvious because f y = ku } and f a = ku 0 . We may interpret f a as the minimum strength 
required for the structure to remain linearly elastic during the ground motion. Normal¬ 
ized yield strength less than unity implies that the yield strength of the system is less than 
the minimum strength required for the system to remain elastic during the ground motion. 
Such a system will yield and deform into the inelastic range. The normalized yield strength 
of a system that remains linearly elastic is equal to unity because such a system can be in¬ 
terpreted as an elastoplastic system with f y = f„. This system will deform exactly up to 
the yield deformation during the ground motion. 

Alternatively, f y can be related to f a through a yield strength reduction factor R y 
defined by 

Ry = Y = — {122) 

Jy u y 

Obviously, R y is the reciprocal of f y ; R y is equal to 1 for linearly elastic systems and R y 
greater than 1 implies that the system is not strong enough to remain elastic during the 
ground motion. Such a system will yield and deform into the inelastic range. 

The peak, or absolute (without regard to algebraic sign) maximum, deformation of 
the elastoplastic system due to the ground motion is denoted by u m . It is meaningful to 
normalize u m relative to the yield deformation of the system: 

H = — (7.2.3) 

Uy 

This dimensionless ratio is called the ductility factor. For systems deforming into the 
inelastic range, by definition, u m exceeds u y and the ductility factor is greater than unity. 
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The corresponding linear system may be interpreted as an elastoplastic system with f y = 
f 0 , implying that the ductility factor is unity. Later, we relate the peak deformations u m and 
u a of the elastoplastic and corresponding linear systems. Their ratio can be expressed as 


u m 

u 0 


= flfy = 


_E_ 

Ry 


This equation follows directly from Eqs. (7.2.1) to (7.2.3). 


(7.2.4) 


7.3 EQUATION OF MOTION AND CONTROLLING PARAMETERS 

The governing equation for an inelastic system, Eq. (1.7.5), is repeated here for conve¬ 
nience: 


mu + cu + fs(u) — —mu g (t) (7.3.1) 

where the resisting force f$(u ) for an elastoplastic system is shown in Fig. 7.1.3. Equa¬ 
tion (7.3.1) will be solved numerically using the procedures of Chapter 5 to determine u(t). 
The response results presented in this chapter were obtained by the average acceleration 
method using a time step A? = 0.02 sec, which was further subdivided to detect the tran¬ 
sition from elastic to plastic branches, and vice versa, in the force-deformation relation 
(Section 5.7). 

For a given ii g (t), u(t) depends on three system parameters: co n , £, and u y . in ad¬ 
dition to the form of the force-deformation relation; here the elastoplastic form has been 
selected. To demonstrate this fact, Eq. (7.3.1) is divided by m to obtain 

u + 2 t;aj„u + co 2 n u y fs(u) = -u g (t) (7.3.2) 

where 





C = 


c 

2m co n 


fs(u) = 


fs(u) 

fy 


(7.3.3) 


It is clear from Eq. (7.3.2) that u(t ) depends on co n , C, and u y . The quantity co n is the natural 
frequency ( T„ = 2tx /<w„ is the natural period) of the inelastic system vibrating within its 
linearly elastic range (i.e., u < u y ). It is also the natural frequency of the corresponding 
linear system. We will also refer to w n and T n as the small-oscillation frequency and small- 
oscillation period, respectively, of the inelastic system. Similarly, £ is the damping ratio of 
the system based on the critical damping 2 mu>„ of the inelastic system vibrating within its 
linearly elastic range. It is also the damping ratio of the corresponding linear system. The 
function fs(u) describes the force-deformation relation in partially dimensionless form, 
as shown in Fig. 7.3.1a. 

For a given u g (t), the ductility factor /i depends on three system parameters: o > n , 
and f\, ; recall that f y is the normalized yield strength of the elastoplastic system. This 
can be demonstrated as follows. First, Eq. (7.3.2) is rewritten in terms of fi(t) = u(t)/u y . 
Substituting u(t) — u y ^(t), ii(t) — u y fi(t), and ii(t) = u y jl(t ) in Eq. (7.3.2) and dividing 
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Figure 7.3.1 Force-deformation relations in normalized form. 


by u y gives 



(7.3.4) 


where a y = f y /m may be interpreted as the acceleration of the mass necessary to produce 
the yield force f y , and fsinf is the force-deformation relation in dimensionless form 
(Fig. 7.3.1b). The acceleration ratio ii g (t)/a y is the ratio between the ground acceleration 
and a measure of the yield strength of the structure. Equation (7.3.4) indicates that doubling 
the ground accelerations u g (t) will produce the same response /lit) as if the yield strength 
had been halved. 

Second, we observe from Eq. (7.3.4) that for a given u g (t) and form for /s(/x), say 
elastoplastic, /x(f) depends on a>„, £, and a y . In turn, a y depends on co n , f, and f y ; this can 
be shown by substituting Eq. (7.2.1) in the definition of a y = f y /m to obtain a y = ufu 0 f y , 
and noting that the peak deformation u a of the corresponding linear system depends on co n 
and £ . We have now demonstrated that for a given u g (t), /x depends on o>„ , f, and f y . 

7.4 EFFECTS OF YIELDING 

To understand how the response of SDF systems is affected by inelastic action or yielding, 
in this section we compare the response of an elastoplastic system to that of its corre¬ 
sponding linear system. The excitation selected is the El Centro ground motion shown in 
Fig. 6.1.4. 

7.4.1 Response History 

Figure 7.4.1 shows the response of a linearly elastic system with weight w, natural vibra¬ 
tion period T n = 0.5 sec, and no damping. The time variation of deformation shows that 
the system oscillates about its undeformed equilibrium position and the peak deformation, 
u 0 — 3.34 in.; this is also the deformation response spectrum ordinate for T n — 0.5 sec and 
£ = 0 (Fig. 6.6.6). Also shown is the time variation of the elastic resisting force fs ; the 
peak value of this force f D is given by f a /w = 1.37. This is the minimum strength required 
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Figure 7.4.1 Response of linear system with T n =0.5 sec and ( = 0 to El Centro ground 
motion. 


for the structure to remain elastic. In passing, note from Eq. (7.3.1) that for undamped 
systems, fs(t)/w = —u‘(t)/ g; recall that u' is the total acceleration of the mass. Thus 
the peak value of this acceleration is u' 0 = 1.37g; this is also the acceleration spectrum 
ordinate for T„ = 0.5 sec and £ = 0. 

Figure 7.4.2 shows the response of an elastoplastic system having the same mass 
and initial stiffness as the linearly elastic system, with normalized strength f y = 0.125 (or 
yield strength reduction factor R y = 8). The yield strength of this system is f y = 0.125 f a , 
where f„ = 1.37 w (Fig. 7.4.1); therefore, f y = 0.125(1.37w) = 0.171w. To show 
more detail, only the first 10 sec of the response is shown in Fig. 7.4.2, which is orga¬ 
nized in four parts: (a) shows the deformation u(t)\ (b) shows the resisting force fs(t) 
and acceleration w'(f); (c) identifies the time intervals during which the system is yield¬ 
ing; and (d) shows the force-deformation relation for one cycle of motion. In the be¬ 
ginning, up to point b, the deformation is small, f s < f y , and the system is vibrating 
within its linearly elastic range. We now follow in detail a vibration cycle starting at 
point a when u and are both zero. At this point the system is linearly elastic and re¬ 
mains so until point b. When the deformation reaches the yield deformation for the first 
time, identified as b, yielding begins. From b to c the system is yielding (Fig. c), the 
force is constant at f y (Fig. b), and the system is on the plastic branch b-c of the force- 
deformation relation (Fig. d). At c, a local maximum of deformation, the velocity is zero, 
and the deformation begins to reverse (Fig. a); the system begins to unload elastically 
along c-d (Fig. d) and is not yielding during this time (Fig. c). Unloading continues until 
point d (Fig. d), when the resisting force reaches zero. Then the system begins to de¬ 
form and load in the opposite direction and this continues until f s reaches — f y at point e 
(Figs, b and d). Now yielding begins in the opposite direction and continues until point / 
(Fig. c); fs — —f y during this time span (Fig. b) and the system is moving along the plastic 
branch e—f (Fig. d). At / a local minimum for deformation, the velocity is zero, and the 
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Figure 7.4.2 Response of elastoplastic system with T n = 0.5 sec, f = 0, and f y = 0.125 to El 
Centro ground motion: (a) deformation; (b) resisting force and acceleration; (c) time intervals of 
yielding; (d) force-deformation relation. 


deformation begins to reverse (Fig. a); the system begins to reload elastically along f—g 
(Fig. d) and is not yielding during this time (Fig. c). Reloading brings the resisting force in 
the system to zero at g, and it continues along this elastic branch until the resisting force 
reaches +f y . 

The time variation of deformation of the yielding system differs from that of the elas¬ 
tic system. Unlike the elastic system (Fig. 7.4.1), the inelastic system after it has yielded 
does not oscillate about its initial equilibrium position. Yielding causes the system to drift 
from its initial equilibrium position, and the system oscillates around a new equilibrium 
position until this gets shifted by another episode of yielding. Therefore, after the ground 
has stopped shaking, the system will come to rest at a position generally different from its 
initial equilibrium position (i.e., permanent deformation remains). Thus a structure that has 
undergone significant yielding during an earthquake may not stand exactly vertical at the 
end of the motion. For example, the roof of the pergola shown in Fig. 1.1.1 was displaced 
by 9 in. relative to its original position at the end of the Caracas, Venezuela, earthquake of 
July 29, 1967; this permanent displacement resulted from yielding of the pipe columns. In 
contrast, a linear system returns to its initial equilibrium position following the decay of 
free vibration after the ground has stopped shaking. The peak deformation, 1.71 in., of the 
elastoplastic system is different from the peak deformation, 3.34 in., of the corresponding 
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linear system (Figs. 7.4.1 and 7.4.2); also, these peak values are reached at different times 
in the two cases. 

We next examine how the response of an elastoplastic system is affected by its yield 
strength. Consider four SDF systems all with identical properties in their linearly elas¬ 
tic range: T n = 0.5 sec and £ = 5%, but they differ in their yield strength: f y = 1, 
0.5, 0.25, and 0.125. f y = 1 implies a linearly elastic system; it is the correspond¬ 
ing linear system for the other three elastoplastic systems. Decreasing values of f y in¬ 
dicate smaller yield strength f y . The deformation response of these four systems to the 
El Centro ground motion is presented in Fig. 7.4.3. The linearly elastic system (f y = 1) 
oscillates around its equilibrium position and its peak deformation u a = 2.25 in. The 
corresponding peak value of the resisting force is f 0 — ku D = 0.919 w, the minimum 
strength required for a system with T n — 0.5 and ( = 5% to remain elastic during the 
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Figure 7.4.3 Deformation response and yielding of four systems due to El Centro ground motion; 
T n = 0.5 sec, f = 5%; and J y = 1, 0.5, 0.25, and 0.125. 
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selected ground motion. The other three systems with smaller yield strength— f y — 0.5 /„, 
0.25 f 0 , and 0.125/ o , respectively—are therefore expected to deform into the inelastic 
range. This expectation is confirmed by Fig. 7.4.3, where the time intervals of yielding 
of these systems are identified. As might be expected intuitively, systems with lower yield 
strength yield more frequently and for longer intervals. With more yielding, the perma¬ 
nent deformation u p of the structure after the ground stops shaking tends to increase, but 
this trend may not be perfect. For the values of T n and ( selected, the peak deforma¬ 
tions u m of the three elastoplastic systems are smaller than the peak deformation u 0 of 
the corresponding linear system. This is not always the case, however, because the rel¬ 
ative values of u m and u a depend on the natural vibration period T„ of the system and 
the characteristics of the ground motion, and to a lesser degree on the damping in the 
system. 

The ductility factor for an elastoplastic system can be computed using Eq. (7.2.4). 
For example, the peak deformations of an elastoplastic system with f y = 0.25 and the 
corresponding linear system are u m = 1.75 in. and u 0 = 2.25 in., respectively. Substituting 
for u m , u a , and f y in Eq. (7.2.4) gives the ductility factor: p = (1 /0.25)(1.75/2.25) = 
3.11. This is the ductility demand imposed on this elastoplastic system by the ground 
motion. It represents a requirement on the design of the system in the sense that its ductility 
capacity (i.e., the ability to deform beyond the elastic limit) should exceed the ductility 
demand. 

7.4.2 Ductility Demand, Peak Deformations, and Normalized 
Yield Strength 

In this section we examine how the ductility demand and the relationship between u m and 
u a depend on the natural vibration period 7’, and on the normalized yield strength f y or its 
reciprocal, the yield strength reduction factor R v . Figure 7.4.4a is a plot of u m as a function 
of T„ for four values of f y = 1, 0.5, 0.25, and 0.125; u„ is the same as u m for f y = 1. 
(Note that u a and u,„ have been divided by the peak ground displacement u go = 8.4 in.; 
see Fig. 6.1.4.) Figure 7.4.4b shows the ratio u m /u 0 . In Fig. 7.4.5 the ductility factor 
H is plotted versus T„ for the same four values of f y \ p = I if f y = I. The response 
histories presented in Fig. 7.4.3 for systems with T n = 0.5 sec and £ = 5% provide the 
value for u a = 2.25 in., and u m — 1.62, 1.75, and 2.07 in. for f y = 0.5, 0.25, and 0.125, 
respectively. Two of these four data points are identified in Fig. 7.4.4a. The ductility 
demands p for the three elastoplastic systems are 1.44, 3.11 (computed in Section 7.4.1), 
and 7.36, respectively. These three data points are identified in Fig. 7.4.5. Also identified 
in these plots are the period values T a , Tb, T c , Tj, 1], , and Tf that define the various spectral 
regions; these were introduced in Section 6.8. 

We now study the trends for each spectral region based on the data in Figs. 7.4.4 
and 7.4.5. For very-long-period systems ( T n > Tf) in the displacement-sensitive region 
of the spectrum, the deformation u m of an elastoplastic system is independent of f y and is 
essentially equal to the peak deformation u a of the corresponding linear system; the ratio 
u m /u 0 ~ 1. This observation can be explained as follows: For a fixed mass, such a system 
is very flexible and, as mentioned in Section 6.8, its mass stays still while the ground 
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Figure 7.4.4 (a) Peak deformations u m and u a of elastoplastic systems and corresponding linear 
system due to El Centro ground motion; (b) ratio u m /u 0 . T n is varied; £ = 5% and f y = 1, 0.5, 0.25, 
and 0.125. 
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Figure 7.4.5 Ductility demand for elastoplastic system due to El Centro ground motion; 
( = 5% and J y = 1 , 0.5, 0.25, and 0.125, or R y = 1 , 2, 4, and 8. 


beneath moves. It experiences a peak deformation equal to the peak ground displacement, 
independent of f y . Thus u m ~ u a ~ u go and Eq. (7.2.4) gives /x ~ l//y or /x ~ 7?^,, a 
result confirmed by Fig. 7.4.5. 

For systems with 7’„ in the velocity-sensitive region of the spectrum, u m may be 
larger or smaller than u a (i.e., u m /u 0 may or may not exceed 1); both are affected irregu¬ 
larly by variations in f y ; the ductility demand /x may be larger or smaller than R y ; and the 
influence of f y , although small, is not negligible. 

For systems in the acceleration-sensitive region of the spectrum, u m is greater than 
u 0 , and u m /u 0 increases with decreasing f y (i.e., decreasing yield strength) and decreasing 
T„. Therefore, according to Eq. (7.2.4), the ductility demand can be much larger than R y , 
an observation confirmed by Fig. 7.4.5. This result implies that the ductility demand on 
very-short-period systems may be large even if their strength is only slightly below that 
required for the system to remain elastic. 

In the preceding paragraphs we have examined the ductility demand and the rela¬ 
tionship between the peak deformations u m and u 0 for elastoplastic and corresponding 
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linear systems, and their dependence on T n and f y or R y . Researchers have demonstrated 
that these relationships identified for the various regions of the response spectrum for one 
ground motion are valid for the corresponding spectral regions of other ground motions. 
The period values T a , Tb, T c , Tj, T e , and Tf separating these regions vary from one ground 
motion to the next, however, as mentioned in Section 6.8. 


7.5 RESPONSE SPECTRUM FOR YIELD DEFORMATION AND YIELD 
STRENGTH 


For design purposes it is desired to determine the yield strength f y (or yield deformation 
u y ) of the system necessary to limit the ductility demand imposed by the ground motion 
to a specified value. In their 1960 paper, A. S. Veletsos and N. M. Newmark developed a 
response spectrum for elastoplastic systems that readily provides the desired information. 
We present next a procedure to determine this spectrum, which is central to understanding 
the earthquake response and design of yielding structures. 

7.5.1 Definitions 

Response spectra are plotted for the quantities 



(7.5.1) 


Note that D y is the yield deformation u y of the elastoplastic system, not its peak defor¬ 
mation u m . A plot of D y against T n for fixed values of the ductility factor pt is called 
the yield-deformation response spectrum. Following the definitions for linearly elastic 
systems (Section 6.6), similar plots of V y and A y are called the pseudo-velocity response 
spectrum and pseudo-acceleration response spectrum , respectively. 

These definitions of D y , V y , and A y for elastoplastic systems are consistent with the 
definitions of D, V, and A for linear systems. This becomes apparent by interpreting a 
linear system with peak deformation u 0 as an elastoplastic system with yield deformation 
u y = u a . Then Eqs. (7.5.1) for the elastoplastic system are equivalent to Eqs. (6.6.1) and 
(6.6.3) for linear systems. 

The quantities D y , V y , and A y can be presented in a single four-way logarithmic plot 
in the same manner as for linear systems. This is possible because these quantities are 
related through 



Vy - 0)1 Dy 


or 



(7.5.2) 


and these relations are analogous to Eq. (6.6.6) relating D, V, and A for linear systems. 
The yield strength of an elastoplastic system is 


Sec. 7.5 Response Spectrum for Yield Deformation and Yield Strength 


275 


where w is the weight of the system. This result can be derived using Eq. (7.5.1) as follows: 

2 A y 

fy = ku y = m(a> n u y ) = mAy = — U) 

§ 

Observe that Eq. (7.5.3) is analogous to Eq. (6.7.2), repeated here for convenience: 

f a = —w (7.5.4) 

g 

where A is the pseudo-acceleration response spectrum for linearly elastic systems. 

7.5.2 Yield Strength for Specified Ductility 

An interpolative procedure is necessary to obtain the yield strength of an elastoplastic sys¬ 
tem for a specified ductility factor since the response of a system with arbitrarily selected 
yield strength will seldom correspond to the desired ductility value. This becomes appar¬ 
ent considering the response results of Fig. 7.4.3 for four systems, all having the same 
T n = 0.5 sec and £ = 5%, but different yield strengths, as defined by the normalized yield 
strength f y = 1, 0.5, 0.25, and 0.125. The ductility factors for these four systems are 
1, 1.44, 3.11, and 7.36 (Section 7.4.2). Clearly, these results do not provide the f y value 
corresponding to a specified ductility factor, say, 4. 

These results provide the basis, however, to obtain the desired information. They 
lead to a plot showing f y (or R v ) as functions of /x for a fixed T n and The solid lines 
in Fig. 7.5.1 show such plots for several values of T n and f = 5%. In the plot for T n = 
0.5 sec, three of the four pairs of f y and /x values mentioned in the preceding paragraph 
are identified. To develop some insight into the trends, for each f y two values of the 
ductility factor are shown: m+/m v , where «+ is the maximum deformation in the positive 
direction, and u~/u y , where u~ is the absolute value of the largest deformation in the 
negative direction. The solid line represents /x, the larger of the two values of the ductility 
factor. 

Contrary to intuition, the ductility factor /x does not always increase monotonically 
as the normalized strength f y decreases. In particular, more than one yield strength is 
possible corresponding to a given /x. For example, the plot for T„ = 2 sec features two 
values of / v corresponding to /x = 5. This peculiar phenomenon occurs where the uf n /u y 
and u~Ju y curves cross (e.g., points a or b in Fig. 7.5.1). Such a point often corresponds 
to a local minimum of the ductility factor, which permits more than one value of f y for a 
slightly larger value of /x. For each /x value, it is the largest f y , or the largest yield strength, 
that is relevant for design. 

The yield strength f y of an elastoplastic system for a specified ductility factor /x can 
be obtained using the corresponding f y value and Eq. (7.2.1). To ensure accuracy in this 
f y value it is obtained by an iterative procedure, not from a plot like Fig. 7.5.1. From the 
available data pairs (/ v , /x) interpolation assuming a linear relation between log(/ v ) and 
log(/x) leads to f y , corresponding to the /x specified. The response history of the system 
with this f y is computed to determine the ductility factor. If this is close enough to the 
/x specified—say to within 1%—the f y value is considered satisfactory; otherwise, it is 
modified until satisfactory agreement is reached. 


Normalized strength f y = f y / f a = u y / u 
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Figure 7.5.1 Relationship between normalized strength (or reduction factor) and ductility factor due 
to El Centro ground motion; £ = 5%. 


7.5.3 Construction of Constant-Ductility 
Response Spectrum 


The procedure to construct the response spectrum for elastoplastic systems corresponding 
to specified levels of ductility factor is summarized as a sequence of steps: 

1. Numerically define the ground motion 

2. Select and fix the damping ratio £ for which the spectrum is to be plotted. 

3. Select a value for T„. 

4. Determine the response u(t) of the linear system with T„ and £ equal to the values 
selected. From u(t) determine the peak deformation u a and the peak force f a — ku a . 
Such results for T n — 0.5 sec and £ = 5% are shown in Fig. 7.4.3a. 

5. Determine the response u ( t ) of an elastoplastic system with the same 7j, and ( and 
yield force f y = j\ f„ , with a selected f y < I. From u(t) determine the peak 
deformation u m and the associated ductility factor from Eq. (7.2.4). Repeat such an 
analysis for enough values of f y to develop data points ( f y , /i) covering the ductility 
range of interest. Such results are shown in Fig. 7.4.3 for f y = 0.5, 0.25, and 0.125, 
which provide three data points for the T„ = 0.5 case in Fig. 7.5.1. 
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Figure 7.5.2 Constant-ductility response spectrum for elastoplastic systems and El Cen¬ 
tro ground motion; n = 1, 1.5, 2, 4, and 8; £ = 5%. 



T ,„ sec 


Figure 7.5.3 Constant-ductility response spectrum for elastoplastic systems and El Cen¬ 
tro ground motion; \i = 1, 1.5, 2, 4, and 8; £ = 5%. 
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6. a. For a selected /i determine the f y value from the results of step 5 using the 

procedure described in Section 7.5.2. If more than one f y value corresponds to 
a particular value of /j., the largest value of f y is chosen, 
b. Determine the spectral ordinates corresponding to the value of f y determined in 
step 6a. Equation (7.2.1) gives u y , from which D y , V y . and A y can be determined 
using Eq. (7.5.1). These data provide one point on the response spectrum plots 
of Figs. 7.5.2 and 7.5.3. 

7. Repeat steps 3 to 6 for a range of T n resulting in the spectrum valid for the /r value 
chosen in step 6a. 

8. Repeat steps 3 to 7 for several values of fi. 

Constructed by this procedure, the response spectrum for elastoplastic systems with 
C = 5% subjected to the El Centro ground motion is presented for /r. = 1, 1.5, 2, 4, and 8 in 
two different forms: linear plot of A y /g versus T„ (Fig. 7.5.2) and a four-way logarithmic 
plot showing D y , V y , and A y (Fig. 7.5.3). 


7.6 YIELD STRENGTH AND DEFORMATION FROM THE 
RESPONSE SPECTRUM 


Given the excitation, say the El Centro ground motion, and the properties T„ and £ of an 
SDF system, it is desired to determine the yield strength for the system consistent with 
a ductility factor /i. Corresponding to T „, f, and //, the value of A y /g is read from the 
spectrum of Fig. 7.5.2 or 7.5.3 and substituted in Eq. (7.5.3) to obtain the desired yield 
strength f y . An equation for the peak deformation can be derived in terms of A v as follows. 
From Eq. (7.2.3): 


Hffl - fJsMy 


where 



Putting Eqs. (7.6.1) and (7.6.2) together gives 


(7.6.1) 

(7.6.2) 


ll m 



(7.6.3) 


As an example, for T n = 0.5 sec, £ = 5%, and n = 4, Fig. 7.5.2 gives A y /g = 0.179. 
From Eq. (7.5.3), f y = 0.179w. From Eq. (7.6.2), u y = (0.5/2jr) 2 0.179g = 0.438 in., 
andEq. (7.6.1) gives u rn = 4(0.438) = 1.752 in. 


7.7 YIELD STRENGTH-DUCTILITY RELATION 

The yield strength f y required of an SDF system permitted to undergo inelastic defor¬ 
mation is less than the minimum strength necessary for the structure to remain elastic. 
Figure 7.5.2 shows that the required yield strength is reduced with increasing values of the 
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T n , sec 


Figure 7.7.1 Normalized strength f y of elastoplastic systems as a function of natural 
vibration period T„ for ji — 1. 1.5, 2, 4, and 8; f = 5%; El Centro ground motion. 


ductility factor. Even small amounts of inelastic deformation, corresponding to /z = 1.5, 
produce a significant reduction in the required strength. Additional reductions are achieved 
with increasing values of /z but at a slower rate. 

To study these reductions quantitatively. Fig. 7.7.1 shows the normalized yield 
strength f y and yield strength reduction factor R Y of elastoplastic systems as a function 
of T n for four values of /z. This is simply the data of Fig. 7.5.2 (or Fig. 7.5.3) plotted 
in a different form. From Fig. 7.5.2, for each value of T„, the /z = 1 curve gives f 0 /w 
and the curve for another /z gives the corresponding f y /u>. The normalized strength f y 
is then computed from Eq. (7.2.1). For example, consider systems with T n — 0.5 sec; 
f a = 0.919 w and f y = 0. 17 9 w for /z = 4; the corresponding f y = 0.195. Such computa¬ 
tions for n = 1, 1.5, 2, 4, and 8 give J y = 1, 0.442, 0.370, 0.195, and 0.120 (or 100, 44.2, 
37.0, 19.5, and 12.0%), respectively; three of these data points are identified in Fig. 7.7.1. 
Repeating such computations for a range of T n leads to Fig. 7.7.1, wherein the period val¬ 
ues T a , 7/,, T c , Tj, T e , and Tf that define the various spectral regions are identified; these 
were introduced in Section 7.4. 

The practical implication of these results is that a structure may be designed 
for earthquake resistance by making it strong, by making it ductile, or by designing it 
for economic combinations of both properties. Consider again an SDF system with 
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T n = 0.5 sec and ( — 5% to be designed for the El Centro ground motion. If this system 
is designed for a strength f 0 = 0.919 w or larger, it will remain within its linearly elastic 
range during this excitation; therefore, it need not be ductile. On the other hand, if it can 
develop a ductility factor of 8, it need be designed for only 12% of the strength f a required 
for elastic behavior. Alternatively, it may be designed for strength equal to 37% of f a and 
a ductility capacity of 2; or strength equal to 19.5% of f a and a ductility capacity of 4. 
For some types of materials and structural members, ductility is difficult to achieve, and 
economy dictates designing for large lateral forces; for others, providing ductility is much 
easier than providing lateral strength, and the design practice reflects this. If the combina¬ 
tion of strength and ductility provided is inadequate, the structure may be damaged to an 
extent that repair is not economical (see Fig. 7.2), or it may collapse (see Fig. 7.3). 

The strength reduction permitted for a specified allowable ductility varies with T n . 
As shown in Fig. 7.7.1, the normalized strength f y tends to 1 (and the yield-strength reduc¬ 
tion factor R y tends to 1), implying no reduction, at the short-period end of the spectrum; 
and to f y = 1 /n (i.e., R y = fi) at the long-period end of the spectrum. In between, f y 
determined for a single ground motion varies in an irregular manner. However, smooth 
curves can be developed for design purposes (Section 7.10). 

The normalized strength for a specified ductility factor also depends on the damp¬ 
ing ratio £, but this dependence is not strong. It is usually ignored, therefore, in design 
applications. 


7.8 RELATIVE EFFECTS OF YIELDING AND DAMPING 

Figure 7.8.1 shows the response spectra for linearly elastic systems for three values of vis¬ 
cous damping: f = 2, 5, and 10%. For the same three damping values, response spectra 
for elastoplastic systems are presented for two different ductility factors: /x = 4 and /x = 8. 
From these results the relative effects of yielding and damping are identified in this section. 

The effects of yielding and viscous damping are similar in one sense but different in 
another. They are similar in the sense that both mechanisms reduce the pseudo-acceleration 
A y and hence the peak value of the lateral force for which the system should be designed. 
The relative effectiveness of yielding and damping is quite different, however, in the vari¬ 
ous spectral regions: 

1. Damping has negligible influence on the response of systems with Tn > Tf in 
the displacement-sensitive region of the spectrum, whereas for such systems the effects of 
yielding on the design force are very important, but on the peak deformation u m they are 
negligible (Fig. 7.4.4). 

2. Damping has negligible influence in the response of systems with T n < T a in 
the acceleration-sensitive region of the spectrum, whereas for such systems the effects of 
yielding on the peak deformation and ductility demand are very important (Figs. 7.4.4 
and 7.4.5), but on the design force they are small. In the limit as T n tends to zero, the 
pseudo-acceleration A or A y will approach the peak ground acceleration, implying that 
this response parameter is unaffected by damping or yielding. 
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Figure 7.8.1 Response spectra for elastoplastic systems and El Centro ground motion; 

£ = 2, 5, and 10% and n = 1,4, and 8. 

3. Damping is most effective in reducing the response of systems with T n in the 
velocity-sensitive region of the spectrum, where yielding is even more effective. 

Thus, in general, the effects of yielding cannot be considered in terms of a fixed 
amount of equivalent viscous damping. If this were possible, the peak response of inelas¬ 
tic systems could be determined directly from the response spectrum for linearly elastic 
systems, which would have been convenient. 

The effectiveness of damping in reducing the response is smaller for inelastic systems 
and decreases as inelastic deformations increase (Fig. 7.8.1). For example, averaged over 
the velocity-sensitive spectral region, the percentage reduction in response resulting from 
increasing the damping ratio from 2% to 10% for systems with /x = 4 is about one-half 
of the reduction for linearly elastic systems. Thus the added viscoelastic dampers men¬ 
tioned in Section 6.8 may be less beneficial in reducing the response of inelastic systems 
compared to elastic systems. 


7.9 DISSIPATED ENERGY 

The input energy imparted to an inelastic system by an earthquake is dissipated by both 
viscous damping and yielding. These energy quantities are defined and discussed in this 
section. The various energy terms can be defined by integrating the equation of motion of 
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an inelastic system, Eq. (7.3.1), as follows: 

pH pll pU p u 

/ mii(t)du + / cu(t)du+ / fs{u)du = — / mu g (t)du (7.9.1) 

Jo Jo Jo Jo 

The right side of this equation is the energy input to the structure since the earthquake 
excitation began: 

Ei{t) = — I mu g (t)du (7.9.2) 

Jo 

This is clear by noting that as the structure moves through an increment of displacement 
du, the energy supplied to the structure by the effective force p c (((t) = —mu g (f) is 

dEi = —mii g (t) du 


The first term on the left side of Eq. (7.9.1) is the kinetic energy of the mass associated 
with its motion relative to the ground: 

f u f u mir 

Efc(t) = I mu{t)du = I mu(t)du = —— (7.9.3) 

Jo Jo 2 

The second term on the left side of Eq. (7.9.1) is the energy dissipated by viscous damping, 
defined earlier in Section 3.8: 

p U pu 

E D {t)= I f D (t)du= I cii(t)du (7.9.4) 

Jo Jo 

The third term on the left side of Eq. (7.9.1) is the sum of the energy dissipated by yielding 
and the recoverable strain energy of the system: 

E s (t ) = (7.9.5) 

2k 

where k is the initial stiffness of the inelastic system. Thus the energy dissipated by yield¬ 
ing is 

E Y (t) = f fs(u)du - E s (t) (7.9.6) 

Jo 

Based on these energy quantities, Eq. (7.9.1) is a statement of energy balance for the 
system: 


E,(t) = E K (t) + E D (t) + E s {t) + E Y {t) (7.9.7) 


Concurrent with the earthquake response analysis of a system these energy quantities 
can be computed conveniently by rewriting the integrals with respect to time. Thus 


E D {t) = 


Ey(t ) = 


= [ c[u 
Jo 

-L 


[u(t)]~ dt 


iifs(u) dt 


(7.9.8) 


Es(t) 


The kinetic energy Ek and strain energy E s at any time t can be computed conveniently 
from Eqs. (7.9.3) and (7.9.5), respectively. 
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The foregoing energy analysis is for a structure whose mass is acted upon by a force 
p e ff(t) = —mu g (t), not for a structure whose base is excited by acceleration u g (t). There¬ 
fore, the input energy term in Eq. (7.9.1) represents the energy supplied by p e ff(t), not 
by u g {t), and the kinetic energy term in Eq. (7.9.1) represents the energy of motion rela¬ 
tive to the base rather than that due to the total motion. As it is the relative displacement 
and velocity that cause forces in a structure, an energy equation expressed in terms of the 
relative motion is more meaningful than one expressed in terms of absolute velocity and 
displacement. Furthermore, the energy dissipated in viscous damping or yielding depends 
only on the relative motion. 




(a) 


(b) 


Figure 7.9.1 Time variation of energy dissipated by viscous damping and yielding, and 
of kinetic plus strain energy; (a) linear system, T n = 0.5 sec, £ = 5%; (b) elastoplastic 
system, T n = 0.5 sec, £ = 5%, f y = 0.25. 
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Shown in Fig. 7.9.1 is the variation of these energy quantities with time for two SDF 
systems subjected to the El Centro ground motion. The results presented are for a linearly 
elastic system with natural period T n = 0.5 sec and damping ratio £ =0.05, and for an 
elastoplastic system with the same properties in the elastic range and normalized strength 
f y =0.25. Recall that the deformation response of these two systems was presented in 
Fig. 7.4.3. 

The results of Fig. 7.9.1 show that eventually the structure dissipates by viscous 
damping and yielding all the energy supplied to it. This is indicated by the fact that the 
kinetic energy and recoverable strain energy diminish near the end of the ground shaking. 
Viscous damping dissipates less energy from the inelastic system, implying smaller velo¬ 
cities relative to the elastic system. Figure 7.9.1 also indicates that the energy input to a 
linear system and to an inelastic system, both with the same T n and £, is not the same. 
Furthermore, the input energy varies with T n for both systems. 

The yielding energy shown in Fig. 7.9.1b indicates a demand imposed on the struc¬ 
ture. If this much energy can be dissipated through yielding of the structure, it needs to 
be designed only for f y = 0.25 (i.e., one-fourth the force developed in the correspond¬ 
ing linear system). The repeated yielding that dissipates energy causes damage to the 
structure, however, and leaves it in a permanently deformed condition at the end of the 
earthquake. 


7.10 SUPPLEMENTAL ENERGY DISSIPATION DEVICES 

If part of this energy could be dissipated through supplemental devices that can easily be 
replaced, as necessary, after an earthquake, the structural damage could be reduced. Such 
devices may be cost-effective in the design of new structures and for seismic protection 
of existing structures. Available devices can be classified into three main categories: fluid 
viscous and viscoelastic dampers, metallic yielding dampers, and friction dampers. Only 
one of the several devices available in each category is described briefly here. 

7.10.1 Fluid Viscous and Viscoelastic Dampers 

In the most commonly used viscous damper for seismic protection of structures, a vis¬ 
cous fluid, typically silicone-based fluid, is forced to flow through small orifices within 
a closed container (Fig. 7.10.1a). Energy is dissipated due to friction between the fluid 
and orifice walls. The damper force-velocity relation, which is a function of the rate of 
loading, may be linear or nonlinear. Figure 7.10.1b shows an experimentally determined 
force-displacement relation for a damper subjected to sinusoidal force. An elliptical loop 
indicates a linear force-velocity relation, as demonstrated analytically in Section 3.10. 
Fluid viscous dampers are installed within the skeleton of a building frame, typically in 
line with diagonal bracing (Fig. 7.10.1c) or between the towers (or piers) and the deck of 
a bridge. 
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(a) (b) 



Figure 7.10.1 (a) Fluid viscous damper: schematic drawing; (b) force-displacement relation; and 

(c) diagonal bracing with fluid viscous damper. [Credits: (a) Cameron Black; (b) Cameron Black; and 
(c) Taylor Devices, Inc.] 
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Displacement (in) 

(b) 



Figure 7.10.2 (a) Buckling restrained brace (BRB): schematic drawings; (b) force-displacement 
relation; and (c) diagonal bracing with BRB. [Credits: (a) Ian Aiken; (b) Cameron Black; 
and (c) Ian Aiken.] 
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7.10.2 Metallic Yielding Dampers 

Metallic dampers dissipate energy through hysteretic behavior of metals when deformed 
into their inelastic range. A wide variety of devices have been developed and tested that 
dissipate energy in flexural, shear, or extensional deformation modes. Among them, the 
bucking restrained brace (BRB) has been widely used in buildings in Japan—where it was 
first developed—and in the United States. One such device consists of a steel core encased 
in a steel tube filled with mortar (Fig. 7.10.2a). The steel core carries the axial load, 
whereas the filler material provides lateral support to the core and prevents its buckling. 
Displaying stable hysteresis loops (Fig. 7.10.2b), BRBs are typically installed in Chevron- 
type bracing configurations (Fig. 7.10.2c). 

7.10.3 Friction Dampers 

Various types of energy-dissipating devices, utilizing friction as a means of energy dissipa¬ 
tion, have been developed and tested by researchers. These devices increase the 
capacity of the structure to dissipate energy but do not change the natural vibration periods 
significantly—by about 10 to 20%. One of these devices is the slotted bolted connection 
(SBC). Figure 7.10.3 includes a schematic diagram of an SBC, the resulting almost rectan¬ 
gular hysteresis loop, the SBC connected to the top of chevron braces, and a test structure 
with 12 SBCs. 


Outer plate 3/4"-diameter A325 bolt 



(a) 



Displacement u, in. 


(b) 


Figure 7.10.3a, b (a) Schematic diagram of slotted bolted connection (SBC); (b) force-displacement 
diagram of an SBC. (Adapted from C. E. Grigorian and E. P. Popov, 1994.) 
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Figure 7.10.3c, d (c) SBC at top of chevron brace in test structure; (d) test structure 
with 12 SBCs on the shaking table at the University of California at Berkeley. (Courtesy 
of K. V. Steinbrugge Collection, Earthquake Engineering Research Center, University of 
California at Berkeley.) 
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7.11 INELASTIC DESIGN SPECTRUM 

In this section a procedure is presented for constructing the design spectrum for elasto- 
plastic systems for specified ductility factors. This could be achieved by constructing the 
constant-ductility response spectrum (Section 7.5.3) for many plausible ground motions for 
the site and, based on these data, the design spectrum associated with an exceedance prob¬ 
ability could be established. A simpler approach is to develop a constant-ductility design 
spectrum from the elastic design spectrum (Section 6.9), multiplying it by the normalized 
strength f y or dividing it by the yield strength reduction factor R y . 

7.11.1 Ry-n-T n Equations 

Figure 7.11.1 shows the yield-strength reduction factor R y for elastoplastic systems as a 
function of T n for selected values of /i. These data for the El Centro ground motion, which 
are the reciprocal of the f y values in Fig. 7.7.1, are shown in Fig. 7.11.1a and the median 
value over 20 ground motions in Fig. 7.11.1b. As noted in Section 7.7, the reduction in 
yield strength permitted for a specified ductility factor varies with T„. At the short-period 
end of the spectrum, R y tends to 1, implying no reduction. At the long-period end of 
the spectrum, R y tends to /i. In between, R Y varies with T n in an irregular manner for a 
single ground motion, but its median over the ground motion ensemble varies relatively 
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Figure 7.11.1 Yield-strength reduction factor R y for elastoplastic systems as a function 
of T„ for ji = 1, 1.5, 2, 4, and 8; f = 5%: (a) El Centro ground motion; (b) LMSR 
ensemble of ground motions (median values are presented). 
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Figure 7.11.2 Design values of yield-strength reduction factor. 


smoothly with T n , generally increasing significantly with T n over the acceleration-sensitive 
spectral region, but only slightly over the velocity-sensitive region and the Tj-to-Tf part of 
the displacement-sensitive region; in the period range longer than Tf, R y decreases as T„ 
increases and approaches /x at very long periods. 

Based on results similar to those presented in Fig. 7.11.1b, several researchers have 
proposed equations for the variation of R y with T n and /x. One of the early simpler propos¬ 
als relates R v to /x in different spectral regions as follows: 

(1 T„ < T a 

R y = | 72^1 T h <T n < T c , (7.11.1) 

l /x T„ > T c 

where the periods T a , 7),,..., Tf separating the spectral regions were defined in Figs. 6.9.2 
and 6.9.3, and T c > will become clear later. Equation (7.11.1) is plotted for several values of 
jjL in a log-log format in Fig. 7.11.2, where sloping straight lines are included to provide 
transitions among the three constant segments. 

7.11.2 Construction of Constant-Ductility Design Spectrum 

It is presumed that the elastic design spectrum a-b-c-d-e-f shown in Fig. 7.11.3 has 
been developed by the procedure described in Section 6.9. This elastic design spectrum 
is divided by R y for a chosen value of ductility factor /x [Eq. (7.11.1) and Fig. 7.11.2] 
to construct the inelastic design spectrum a'-b'-c'-d'-e'-f shown in Fig. 7.11.3. This 
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implementation involves the following steps: 

1. Divide the constant-/! ordinate of segment b—c by R y = *j2/i — I to locate the 
segment b'-c'. 

2. Divide the constant- V ordinate of segment c-d by R y = fi to locate the segment c'-d'. 

3. Divide the constant-// ordinate of segment d-e by R y = // to locate the segment d'—e'. 

4. Divide the ordinate at / by R y = /i to locate /'. Join points /' and e'. Draw 
D y — Ugg/fj, for T„ > 33 sec. 

5. Take the ordinate a' of the inelastic spectrum at T n = ^ sec as equal to that of point 
a of the elastic spectrum. This is equivalent to R y = 1. Join points a' and b'. 

6. Draw A y = ii go for T n < ^ sec. 

The period values associated with points a', b', e\ and /' are fixed, as shown in 
Fig. 7.11.3, at the same values as the corresponding points of the elastic spectrum. For 
ground motions on firm ground, T a = ^ sec, TJ, = g sec, T e = 10 sec, and Tf = 33 sec 
(Fig. 6.9.3). T c and T d depend on damping because they are determined by the amplifica¬ 
tion factors a a, and cy w , which depend on damping (Table 6.9.1). The period values T d 
and T d i depend on the values used to reduce the segments h-c, c-d , and d-e of the elastic 
design spectrum because the R y vary with /i. With the selected R y values of Eq. (7.11.1) 
for the three spectral regions, respectively, T,r is the same as Td but T d differs from T c . T d ' 
would differ from T d if R y was not the same for the c-d and d-e spectral regions. Observe 
that the c-d-e-f portion of the spectrum has been reduced by a constant factor /r. 



Figure 7.11.3 Construction of inelastic design spectrum. 
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Consider ground motions on firm ground with peak acceleration u go = Ig, peak 
velocity ii go — 48 in./sec, and peak displacement u go — 36 in. The 84.1th percentile 
spectrum is desired for elastoplastic systems with damping ratio £ = 5% for a ductility 
factor of fi = 2. The design spectrum for elastic systems with £ = 5% and the ground 
motion selected was presented in Fig. 6.9.4 and is reproduced in Fig. 7.11.4. The inelastic 
spectrum for /r = 2 is determined by the following steps (with reference to Figs. 7.11.3 
and 7.11.4): 

1. The ordinate A = 2.7lg of the constant-A branch is divided by R y = ,/2/x — 1 = 
1.732 for fL = 2 to obtain the ordinate A y — 1.56g for the segment b'—d. 

2. The ordinate V = 110.4 in./sec of the constant- V branch is divided by R y = /j, = 2 
to obtain the ordinate V y = 55.2 in./sec for the segment c'-d'. 

3. The ordinate D = 72.4 in. of the constant- D branch is divided by R y = fi = 2 to 
obtain the ordinate D v = 36.2 for the segment d'—e'. 

4. The ordinate D = 36 in. of the point / is divided by R y = = 2 to obtain the 

ordinate D y = 18 in. for the point /'; points /' and e' are joined by a straight line. 
This D y value also defines the spectrum for T n > 33 sec. 



T , sec 

n 


Figure 7.11.4 Inelastic design spectrum (84.1th percentile) for ground motions with u go = lg, 
u go = 48 in./sec, and u go = 36 in.; /i = 1.5, 2, 4, 6, and 8; £ = 5%. 
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5. Point a', the same as point a, is joined to point b'. 

6. The line A y = ii go — lg is drawn for 7j, < sec. 

The resulting inelastic design spectrum for /r = 2 is shown in Fig. 7.11.4, together with 
design spectra for other values of /r = 1, 1.5,4, 6, and 8 constructed by the same procedure. 

With the pseudo-velocity (V y ) design spectrum known (Fig. 7.11.4), the pseudo¬ 
acceleration (A y ) design spectrum is constructed by using Eq. (7.5.2), and the resulting 
spectrum has been plotted in two formats: logarithmic scales (Fig. 7.11.5) and linear scales 
(Fig. 7.11.6). Determined from the A y data of Fig. 7.11.5 and Eq. (7.6.3), the deformation 
design spectrum is presented in Fig. 7.11.7. Shown herein is u m versus T„ for // = 1. 1.5, 
2, 4, 6, and 8. The /r = 1 curve also gives the deformation u a of the system if it were to 
remain elastic. Thus, the ratio u m /u 0 can be determined from Fig. 7.11.7; this is plotted 
against T n in Fig. 7.11.8. Over a wide range of periods, T n > T c , the peak deformation 
of an inelastic system is independent of /i and equal to the peak deformation of the elastic 
(or corresponding linear) system. For shorter T n , T„ < T c , the peak deformation of an 



Figure 7.11.5 Inelastic (pseudo-acceleration) design spectrum (84.1th percentile) for 
ground motions with u go = lg, u go = 48 in./sec, and u go = 36 in; fi = 1.5, 2, 4, 6, 
and 8; £ = 5%. 
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Figure 7.11.6 Inelastic (pseudo-acceleration) design spectrum (84.1th percentile) for 
ground motions with u go = lg, u go = 48 in./sec, and u go = 36 in; fi = 1.5, 2, 4, 6, 
and 8; £ = 5%. 
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Figure 7.11.7 Inelastic (deformation) design spectrum (84.1th percentile) for ground mo¬ 
tions with ii go = lg, u go = 48 in./sec, and u go = 36 in; i± = 1.5, 2, 4, 6, and 8; £ = 5%. 
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inelastic system exceeds that of the elastic system; for fixed /i, the ratio u m /u„ increases 
as T n decreases; and for fixed T„, the ratio u m /u 0 increases with /i. 

Researchers have developed results for SDF systems with various inelastic force- 
deformation relations (see Section 7.1.1), similar to the data presented in this chapter for 
elastoplastic systems. In particular, they have demonstrated that the design spectrum for 
elastoplastic systems is generally conservative and may therefore be used for bilinear sys¬ 
tems and stiffness degrading systems. 

7.11.3 Equations Relating f y to f 0 and u m to u 0 

Using Eqs. (7.2.2), (7.2.4), and (7.11.1), simple relations can be developed between the 
peak deformations u 0 and u m and between the required yield strengths f 0 and f y for elastic 
and elastoplastic systems; these relations depend on the spectral regions (Fig. 7.11.2): 

1. In the period region T n < T a , Ry = 1, which implies that 

fy — fo — flU 0 (7.11.2) 



Figure 7.11.8 Ratio u m /u 0 of peak deformations u m and u Q of elastoplastic system and 
corresponding linear system plotted against T n \ n = 1, 1.5, 2, 4, 6, and 8. 
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Thus, the required strength for the elastoplastic system is the same for all /x, equal to 
the minimum strength required for the system to remain elastic (Fig. 7.11.5). The peak 
deformation of the elastoplastic system is /x times that of the elastic system (Fig. 7.11.8). 
^ fy < fo (he-, less strength is provided), the ductility demand would be large (Fig. 7.4.5). 

2. For the period region 7* < T n < 7' r -, R y = y/2 /x — 1, which implies that 


f _ fo M 

h V2^T Um V2iT^J U ' 


(7.11.3)1 


Thus, the required strength for the elastoplastic system is the minimum strength required 
for the system to remain elastic divided by /x — 1 = 1, 2.65, and 3.87 for /x = 1, 4, 
and 8, respectively. The peak deformation of the elastoplastic system is larger than that 
of the elastic system by the factor /x/V2/x — 1 = 1, 1.51, and 2.06 for /x = 1, 4, and 8, 
respectively. 

3. For the period region T„ > T c , R y = /x, which implies that 

fy = — u m = u 0 (7.11.4) 

/X 

Thus, the required strength for the elastoplastic system is the strength demand for the 
elastic system divided by /x (Fig. 7.11.6). The peak deformations of the two systems are 
the same (Fig. 7.11.8). 

Similar relations between f y and f D and between u m and u a can be developed to 
provide transitions between the relations developed above for the three spectral regions. 


7.12 APPLICATIONS OF THE DESIGN SPECTRUM 

The inelastic design spectrum, developed in the preceding section, provides a convenient 
basis to address questions that arise in the design of new structures and safety evaluation 
of existing structures. In this section we discuss three such applications. 

7.12.1 Structural Design for Allowable Ductility 

First, consider an SDF system to be designed for an allowable ductility /x, which has 
been decided based on the allowable deformation and on the ductility capacity that can be 
achieved for the materials and design details selected. It is desired to determine the design 
yield strength and the design deformation for the system. Corresponding to the allowable 
/x and the known values of T n and £, the value of A y /g is read from the spectrum of 
Fig. 7.11.5 or 7.11.6. The minimum yield strength necessary to limit the ductility demand 
to the allowable ductility is given by Eq. (7.5.3), repeated here for convenience: 

1 Although there is little rational basis for doing so, Eq. (7.11.3a) for 7), < T n < T c : can be derived by 
equating the areas under the force-deformation relations for elastic and elastoplastic systems (Fig. 7.1.4). 
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(7.12.1) 


The peak deformation is given by Eq. (7.6.3), which can be expressed in terms of A, 
the pseudo-acceleration design spectrum for elastic systems. For this purpose we use the 
relation 


Ry = 


A 

T y 


(7.12.2) 


which comes from substituting Eqs. (7.5.4) and (7.12.1) in Eq. (7.2.2). Putting Eqs. (7.6.3) 
and (7.12.2) together gives 


M ft: 



(7.12.3) 


The deformation of the inelastic system can be conveniently determined by Eq. (7.6.3) 
using the inelastic design spectrum, or by Eq. (7.12.3) using the elastic design spectrum. 
The Ry~n~T n relation needed in the latter case is available in Eq. (7.11.1) and Fig. 7.11.2. 


Example 7.1 

Consider a one-story frame with lumped weight w and natural vibration period in the linearly 
elastic range, T„ — 0.25 sec. Determine the lateral deformation and lateral force (in terms 
of w) for which the frame should be designed if (1) the system is required to remain elastic, 
(2) the allowable ductility factor is 4, and (3) the allowable ductility factor is 8. Assume that 
( = 5% and elastoplastic force-deformation behavior. The design earthquake has a peak 
acceleration of 0.5g and its elastic design spectrum is given by Fig. 6.9.5 multiplied by 0.5. 


Solution For a system with T„ — 0.25 sec, A — (2.7lg) 0.5 = 1.355g from Fig. 6.9.5 
and R y — — 1 from Eq. (7.11.1) or Fig. 7.11.2. Then, Eq. (7.12.2) gives A y = 

1.355g/V2/r - 1 and Eq. (7.12.1) leads to 


1.355uj 
fy ~ V2ft- 1 


Substituting known data in Eq. (7.12.3) gives 


U m 


fi ( 0.25 
— 1 \ 2n 


2 

1.355g 


0.828 

y/2/j. - 1 


(a) 


(b) 


Observe that Eqs. (a) and (b) are equivalent to Eq. (7.11.3). Substituting [i = 1, 4, and 8 in 
Eqs. (a) and (b) gives the following results. 


A 

fy/w 

U m (in-) 

1 

1.355 

0.828 

4 

0.512 

1.252 

8 

0.350 

1.710 
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7.12.2 Evaluation of an Existing Structure 

Consider the problem of estimating the deformation of an existing structure at which its 
performance should be evaluated. To illustrate application of the inelastic design spectrum 
to the solution of this problem, we consider the simplest possible structure, an SDF system. 
The mass m, initial stiffness k at small displacements, and the yield strength f y of the 
structure are determined from its properties: dimensions, member sizes, and design details 
(reinforcement in reinforced-concrete structures, connections in steel structures, etc.) The 
small-oscillation period T„ is computed from the known k and m , and the damping ratio ( 
is estimated by the approach presented in Chapter 11. 

For a system with known T n and f, A is read from the elastic design spectrum. From 
the known value of f y , A y is obtained by inverting Eq. (7.12.1): 


Jy_ 

w/g 


(7.12.4) 


With A and A y known, R y is calculated from Eq. (7.12.2). Corresponding to this R y and 
T n determined earlier, /x is calculated from Eq. (7.11.2) or Fig. 7.11.2. Substituting A, T„, 
R y , and fi in Eq. (7.12.3) provides an estimate of the peak deformation u m . 

Example 7.2 

Consider a one-story frame with lumped weight w, T„ = 0.25 sec, and f y = 0.512w. Assume 
that f = 5% and elastoplastic force-deformation behavior. Determine the lateral deformation 
for the design earthquake defined in Example 7.1. 

Solution For a system with T n = 0.25 sec, A = (2.71g)0.5 = 1.355g from Fig. 6.9.5. 
Equation (7.12.4) gives 


Ay _ fy _ 0.512k; 


= 0.512 


gw w 


w 


and Eq. (7.12.2) leads to 



Knowing R y , /x can be computed from Eq. (7.11.1) for T n = 0.25 sec: 



1 + (2.646) 2 
2 


The desired u m is calculated by substituting these values of /x and R y in Eq. (7.12.3): 








Sec. 7.12 Applications of the Design Spectrum 


299 


7.12.3 Displacement-Based Structural Design 

The inelastic design spectrum is also useful for direct displacement-based design of struc¬ 
tures. The goal is to determine the initial stiffness and yield strength of the structure nec¬ 
essary to limit the deformation to some acceptable value. Applied to an elastoplastic SDF 
system (Fig. 7.12.1), such a design procedure may be implemented as a sequence of the 
following steps: 


1. Estimate the yield deformation u y for the system. 

2. Determine acceptable plastic rotation 9 p of the hinge at the base. 

3. Determine the design displacement u m from 


ll m - ll y -f- hOp 


(7.12.5) 


and design ductility factor from Eq. (7.2.3). 

4. Enter the deformation design spectrum (Fig. 7.11.7) with known u m and /a to read 
T n . Determine the initial elastic stiffness 


k = 



(7.12.6) 


5. Determine the required yield strength 

f y = ku y (7.12.7) 


6. Select member sizes and detailing (reinforcement in reinforced-concrete structures, 
connections in steel structures, etc.) to provide the strength determined from 
Eq. (7.12.7). For the resulting design of the structure, calculate its initial elastic 
stiffness k and yield deformation u y = f y /k. 

7. Repeat steps 2 through 6 until a satisfactory solution is reached. 


Uy 



zzfe: Figure 7.12.1 Idealized SDF system. 

Example 7.3 

Consider a long reinforced-concrete viaduct that is part of a freeway. The total weight of 
the superstructure, 13 kips/ft, is supported on identical bents 30 ft high, uniformly spaced at 
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130 ft. Each bent consists of a single circular column 60 in. in diameter (Fig. E7.3a). Using 
the displacement-based design procedure, design the longitudinal reinforcement of the column 
for the design earthquake defined in Example 7.1. 


Solution For transverse ground motion the viaduct can be idealized as an SDF system 
(Fig. E7.3b) with its lateral stiffness computed from 


k = 


3 El 


(a) 


where E is the elastic modulus of concrete, I is the effective second moment of area of the 
reinforced-concrete cross section, and h is the column length. Based on the American Con¬ 
crete Institute design provisions ACI 318-95, the effective El for circular columns subjected 
to lateral force is given by 


El = E c I g 


( 02+2 «>' 2 |) 


(b) 


where I g is the second moment of area of the gross cross section, E c and E s are the elastic 
moduli of concrete and reinforcing steel, respectively; p t is the longitudinal reinforcement 
ratio, and y is the ratio of the distances from the center of the column to the center of the 
outermost reinforcing bars and to the column edge. 

We select the following system properties: concrete strength = 4 ksi, steel strength = 
60 ksi, and y = 0.9. The mass of the idealized SDF system is the tributary mass for one bent 
(i.e., the mass of 130-ft length of the superstructure): 


m 


v 

8 


1690 

~386~ 


= 4.378 kip-sec 2 /in. 


(c) 


The step-by-step procedure described earlier in this section is now implemented as 
follows: 

1. An initial estimate of u y = 1.80 in. 

2. The plastic rotation acceptable at the base of the column is 9 p = 0.02 rad. 

3. The design displacement given by Eq. (7.12.5) is 


u m = u y + h9 p = 1.80 + 360 x 0.02 = 9.00 in. 

and the design ductility factor is 

_Um_ _ 94)0 _ 5 
^ Uy 1.80 


4. The deformation design spectrum for inelastic systems (Fig. 7.11.7) is shown in 
Fig. E7.3c for p — 5. Corresponding to u m = 9.00 in., this spectrum gives T n = 1.024 
sec and k is computed by Eq. (7.12.6): 


k = 


2n 

1.024 


2 

4.378 = 164.9 kips/in. 


5. The yield strength is given by Eq. (7.12.7): 

fy = kuy = 164.9 x 1.80 = 296.9 kips 
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T , sec 

n 

(C) 

Figure E7.3 

6. Using ACI 318-95, the circular column is then designed for axial force due to the dead 
load of 1690 kips due to the superstructure plus 127 kips due to self-weight of the 
column and the bending moment due to lateral force = f y : M = hf y = 106,884 kip- 
in. For the resulting column design, p, = 3.6%, flexural strength = 120,528 kip-in., 
and lateral strength = 334.8 kips. For p, = 3.6%, Eq. (b) gives El = 1.57 x 10 9 
kip-in 2 ; using this El value, Eq. (a) gives k = 101.1 kips/in. The yield deformation is 
Uy = fy/k = 334.8/101.1 = 3.31 in. 

7. Since the yield deformation computed in step 6 differs significantly from the initial 
estimate of u y = 1.80 in., iteration is necessary. The results of such iterations are 
summarized in Table E7.3. 
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TABLE E7.3 ITERATIVE PROCEDURE FOR DIRECT DISPLACEMENT-BASED DESIGN 


Iteration 

Uy 

(in.) 

Mm 

(in.) 

M 

T n 

(sec) 

k 

(kips/in.) 

fy 

(kips) 

Pt 

(%) 

Design f y 
(kips) 

Design k 
(kips/in.) 

Uy 

(in.) 

1 

1.80 

9.00 

5.00 

1.024 

164.9 

269.9 

3.60 

334.8 

101.1 

3.31 

2 

3.31 

10.5 

3.17 

1.196 

120.9 

400.5 

5.50 

442.8 

138.8 

3.19 

3 

3.19 

10.4 

3.26 

1.182 

123.8 

394.8 

5.40 

435.0 

136.8 

3.18 

4 

3.18 

10.4 

3.26 

1.181 

124.0 

394.3 

5.40 

435.0 

136.8 

3.18 


The procedure converged after four iterations, giving a column design with p, — 5.4%. 
This column has an initial stiffness k = 136.8 kips/in. and lateral yield strength f y = 435.0 
kips. 


7.13 COMPARISON OF DESIGN AND RESPONSE SPECTRA 

In this section the design spectrum presented in Section 7.11 is compared with the re¬ 
sponse spectrum for elastoplastic systems. Such a comparison for elastic systems was pre¬ 
sented in Section 6.10, and the data presented in Figs. 6.10.1 and 6.10.2 are reproduced in 
Figs. 7.13.1 and 7.13.2. Also included now are (1) the inelastic design spectrum for fi — 8 



T n , sec 


Figure 7.13.1 Comparison of standard design spectrum (ii go = 0.319g) with response 
spectrum for El Centro ground motion; p = 1 and 8; f — 5%. 
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T n , sec 


Figure 7.13.2 Comparison of design spectrum (u go = 0.319g, ii go = 13.04 in./sec, 
u go = 8.40 in.) with response spectrum for El Centro ground motion; p. = 1 and 8; 
f = 5%. 


determined from the elastic design spectrum using the procedure described in Section 7.11, 
and (2) the actual spectrum for the El Centro ground motion for fi — 8, reproduced from 
Fig. 7.5.3. 

Observe that the differences between the design and response spectra for elastoplas- 
tic systems are greater than between the two spectra for elastic systems. For the latter 
case, the reasons underlying these differences were discussed in Section 6.10. Additional 
discrepancies arise in the two spectra for elastoplastic systems because the jagged varia¬ 
tion of f y with T n (Fig. 7.7.1) was approximated by simple functions (Fig. 7.11.1). The 
errors introduced by this simplification are responsible for the additional discrepancies in 
the velocity- and displacement-sensitive regions of the spectrum. 
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PROBLEMS 


7.1 The lateral force-deformation relation of the system of Example 6.3 is idealized as elastic- 
perfectly plastic. In the linear elastic range of vibration this SDF system has the following 
properties: lateral stiffness, k = 2.112 kips/in., and f = 2%. The yield strength f y = 5.55 
kips and the lumped weight w = 5200 lb. 

(a) Determine the natural period and damping ratio of this system vibrating at amplitudes 
smaller than u y . 

(b) Can these properties be defined for motions at larger amplitudes? Explain your answer. 

(c) Determine the natural period and damping ratio of the corresponding linear system. 

(d) Determine f y and R y for this system subjected to El Centro ground motion scaled up by 
a factor of 3. 

*7.2 Determine by the central difference method the deformation response u(t) for 0 < t < 10 sec 
of an elastoplastic undamped SDF system with T n = 0.5 sec and f y = 0.125 to El Centro 
ground motion. Reproduce Fig. 7.4.2, showing the force-deformation relation in part (d) for 
the entire duration. 


Denotes that a computer is necessary to solve this problem. 
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*7.3 For a system with T n = 0.5 sec and f = 5% and El Centro ground motion, verify the 
following assertion: “doubling the ground acceleration ii g (t) will produce the same response 
/i(t) as if the yield strength had been halved.” Use the deformation-time responses available in 
Fig. 7.4.3a-c and generate similar results for an additional system and excitation as necessary. 

*7.4 For a system with T„ = 0.5 sec and f = 5% and El Centro ground motion, show that for 
f y = 0.25 the ductility factor fi is unaffected by scaling the ground motion. 

7.5 From the response results presented in Fig. 7.4.3, compute the ductility demands for f y = 0.5, 
0.25, and 0.125. 

7.6 For the design earthquake at a site, the peak values of ground acceleration, velocity, and dis¬ 
placement have been estimated: ii go = 0.5g, u go — 24 in./sec, and u go = 18 in. For systems 
with a 2% damping ratio and allowable ductility of 3, construct the 84.1th percentile design 
spectrum. Plot the elastic and inelastic spectra together on (a) four-way log paper, (b) log-log 
paper showing pseudo-acceleration versus natural vibration period, T n , and (c) linear-linear 
paper showing pseudo-acceleration versus T n from 0 to 5 sec. Determine equations A(T n ) for 
each branch of the inelastic spectrum and the period values at intersections of branches. 

7.7 Consider a vertical cantilever tower that supports a lumped weight w at the top; assume that 
the tower mass is negligible, f = 5%, and that the force-deformation relation is elastoplastic. 
The design earthquake has a peak acceleration of 0.5g, and its elastic design spectrum is given 
by Fig. 6.9.5 multiplied by 0.5. For three different values of the natural vibration period in the 
linearly elastic range, T n = 0.02, 0.2, and 2 sec, determine the lateral deformation and lateral 
force (in terms of w) for which the tower should be designed if (i) the system is required to 
remain elastic, and (ii) the allowable ductility factor is 2, 4, or 8. Comment on how the design 
deformation and design force are affected by structural yielding. 

7.8 Consider a vertical cantilever tower with lumped weight w, T n — 2 sec, and f y = 0.1 12w. 
Assume that f = 5% and elastoplastic force-deformation behavior. Determine the lateral 
deformation for the elastic design spectrum of Fig. 6.9.5 scaled to a peak ground acceleration 
of 0.5g. 

7.9 Solve Example 7.3 for an identical structure except for one change: The bents are 13 ft high. 


Denotes that a computer is necessary to solve this problem. 
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Generalized 

Single-Degree-of-Freedom 

Systems 


PREVIEW 

So far in this book we have considered single-degree-of-freedom systems involving a single 
point mass (Figs. 1.2.1 and 1.6.1) or the translation of a rigid distributed mass (Fig. 1.1.3a), 
which is exactly equivalent to a mass lumped at a single point. Once the stiffness of 
the system was determined, the equation of motion was readily formulated, and solution 
procedures were presented in Chapters 2 to 7. 

In this chapter we develop the analysis of more complex systems treated as SDF 
systems, which we call generalized SDF systems. The analysis provides exact results for 
an assemblage of rigid bodies supported such that it can deflect in only one shape, but only 
approximate results for systems with distributed mass and flexibility. In the latter case, the 
approximate natural frequency is shown to depend on the assumed deflected shape. The 
same frequency estimate is also determined by the classical Rayleigh’s method, based on 
the principle of conservation of energy; this method also provides insight into the error in 
the estimated natural frequency. 


8.1 GENERALIZED SDF SYSTEMS 

Consider, for example, the system of Fig. 8.1.1a, consisting of a rigid, massless bar sup¬ 
ported by a hinge at the left end with two lumped masses, a spring and a damper, attached 
to it, subjected to a time-varying external force p(t). Because the bar is rigid, its deflections 
can be related to a single generalized displacement z(t) through a shape function f(x) as 
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Figure 8.1.1 Generalized SDF systems, 
shown, and can be expressed as 

u(x, t) — \p-(x)z(t) (8.1.1) 

We have some latitude in choosing the displacement coordinate and, quite arbitrarily, we 
have chosen the rotation z of the bar. For this system f(x) = x is known exactly from 
the configuration of the system and how it is constrained by a hinged support. This is an 
SDF system, but it is difficult to replace the two masses by an equivalent mass lumped at a 
single point. 

Next consider, for example, the system of Fig. 8.1.1b consisting of a cantilever beam 
with distributed mass. This system can deflect in an infinite variety of shapes, and for exact 
analysis it must be treated as an infinite-degree-of-freedom system. Such exact analysis, 
developed in Chapter 16, shows that the system, unlike an SDF system, possesses an infi¬ 
nite number of natural vibration frequencies, each paired with a natural mode of vibration. 
It is possible to obtain approximate results that are accurate to a useful degree for the low¬ 
est (also known as fundamental) natural frequency, however, by restricting the deflections 
of the beam to a single shape function \j/(x) that approximates the fundamental vibration 
mode. The deflections of the beam are then given by Eq. (8.1.1), where the generalized 
coordinate z(t) is the deflection of the cantilever beam at a selected location—say the free 
end, as shown in Fig. 8.1.1b. 

The two systems of Fig. 8.1.1 are called generalized SDF systems because in each 
case the displacements at all locations are defined in terms of the generalized coordinate 
z(t) through the shape function \j/(x). We will show that the equation of motion for a 
generalized SDF system is of the form 

mi + cz + kz = p(t) (8.1.2) 

where m, c, k, and p(t) are defined as the generalized mass, generalized damping, general¬ 
ized stiffness, and generalized force of the system; these generalized properties are associ¬ 
ated with the generalized displacement z(t) selected. Equation (8.1.2) is of the same form 
as the standard equation formulated in Chapter 1 for an SDF system with a single lumped 
mass. Thus the analysis procedures and response results presented in Chapters 2 to 7 can 
readily be adapted to determine the response z(t) of generalized SDF systems. With z(t) 
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known, the displacements at all locations of the system are determined from Eq. (8.1.1). 
This analysis procedure leads to the exact results for the system of Fig. 8.1.1a because the 
shape function i js(x) could be determined exactly but provides only approximate results 
for the system of Fig. 8.1.1b because they are based on an assumed shape function. 

The key step in the analysis outlined above that is new is the evaluation of the gen¬ 
eralized properties m, c, k, and pit) for a given system. Procedures are developed to 
determine these properties for (1) assemblages of rigid bodies that permit exact evaluation 
of the deflected shape (Section 8.2), and (2) multi-degree-of-freedom systems with dis¬ 
tributed mass or several lumped masses which require that a shape function be assumed 
that satisfies the displacement boundary conditions (Sections 8.3 and 8.4). 


8.2 RIGID-BODY ASSEMBLAGES 

In this section the equation of motion is formulated for an assemblage of rigid bodies 
with distributed mass supported by discrete springs and dampers subjected to time-varying 
forces. In formulating the equation of motion for such generalized SDF systems, appli¬ 
cation of Newton’s second law of motion can be cumbersome, and it is simpler to use 
D’Alembert’s principle and include inertia forces in the free-body diagram. The dis¬ 
tributed inertia forces for a rigid body with distributed mass can be expressed in terms of 
the inertia force resultants at the center of gravity using the total mass and the moment of 
inertia of the body. These properties for rigid plates of three configurations are presented in 
Appendix 8. 

Example 8.1 

The system shown in Fig. E8.1a consists of a rigid bar supported by a fulcrum at O, with 
an attached spring and damper subjected to force p(t). The mass m\ of the part OB of the 
bar is distributed uniformly along its length. The portions O A and SC of the bar are mass¬ 
less, but a uniform circular plate of mass mi is attached at the midpoint of BC. Selecting 
the counterclockwise rotation about the fulcrum as the generalized displacement and consid¬ 
ering small displacements, formulate the equation of motion for this generalized SDF system, 
determine the natural vibration frequency and damping ratio, and evaluate the dynamic re¬ 
sponse of the system without damping subjected to a suddenly applied force p a . How would 
the equation of motion change with an axial force on the horizontal bar; what is the buckling 
load? 

Solution 

1. Determine the shape function. The L-shaped bar rotates about the fulcrum at O. 
Assuming small deflections, the deflected shape is shown in Fig. E8.1b. 

2. Draw the free-body diagram and write the equilibrium equation. Figure E8.1c shows 
the forces in the spring and damper associated with the displacements of Fig. E8.1b, to¬ 
gether with the inertia forces. Setting the sum of the moments of all forces about O to zero 
gives 

/ L L ( L \ L ( L \ L ( 3L \ 3L L 

h6+\nn-0 \ - + I 2 9 + (m 2 L9)L+lm 2 -dj - + ( c-9 J -+U —6M ~j- = P(0j 
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Substituting 1\ = m\L~/\2 and I 2 = miiL/S) 2 /2 = m2i 2 /128 (see Appendix 8) 
gives 


3 128 

The equation of motion is 


cl? ■ 9kL~ L 

H- miL I 9 H- 9 -)- 6 = pit) — 


16 


m9 + c9 + k9 = pit) 


where 


m 1 137 


cl 2 


m = I-1-m 2 |L“ c = - fc = 

’ ” 128 ' 


9kL 1 

l6~ 


Pit) = Pit)- 


(a) 


(b) 


(c) 


3. Determine the natural frequency and damping ratio. 


k c 

Otn = \ — £ = 


2\/ km 


(d) 


4. Solve the equation of motion. 
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By adapting Eq. (4.3.2), the solution of Eq. (b) with c = 0 is 

6(t) = ^(1 - cos co„t) = (1 - cos oj n t ) 

k 9k L 

5. Determine the displacements. 

u(x, t) = x9{t) u{x', t ) = x'9{t) 


(e) 

(f) 


where 9(t ) is given by Eq. (e). 

6. Include the axial force. In the displaced position of the bar, the axial force Q intro¬ 
duces a counterclockwise moment = QL9. Thus Eq. (b) becomes 

m9 + c9 + (k - QL)9 = p(t) (g) 


A compressive axial force decreases the stiffness of the system and hence its natural vibration 
frequency. These become zero if the axial force is 


Qcr = 


k 

L 


9 kL 

l6~ 


This is the critical or buckling axial load for the system. 


8.3 SYSTEMS WITH DISTRIBUTED MASS AND ELASTICITY 


As an illustration of approximating a system having an infinite number of degrees of free¬ 
dom by a generalized SDF system, consider the cantilever tower shown in Fig. 8.3.1. This 
tower has mass m(x) per unit length and flexural rigidity El(x). and the excitation is 
earthquake ground motion u g (t). In this section, first the equation of motion for this sys¬ 
tem without damping is formulated; damping is usually expressed by a damping ratio esti¬ 
mated based on experimental data from similar structures (Chapter 11). Then the equation 
of motion is solved to determine displacements and a procedure is developed to determine 
the internal forces in the tower. Finally, this procedure is applied to evaluation of the peak 
response of the system to earthquake ground motion. 



Figure 8.3.1 (a) Tower deflections and virtual displacements; (b) inertia forces; (c) equiv¬ 

alent static forces. 
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8.3.1 Assumed Shape Function 

We assume that the displacement relative to the ground can be expressed by Eq. (8.1.1). 
The total displacement of the tower is 

u' (x, t) = n(x, t) + u g (t) (8.3.1) 

The shape function i/r(x) in Eq. (8.1.1) must satisfy the displacement boundary con¬ 
ditions (Fig. 8.3.1a). For this tower, these conditions at the base of the tower are iJ/(Q) — 0 
and i/F(0) = 0. Within these constraints a variety of shape functions could be chosen. One 
possibility is to determine the shape function as the deflections of the tower due to some 
static forces. For example, the deflections of a uniform tower with flexural rigidity EI due 
to a unit lateral force at the top are u(x) — (3 Lx 2 — x 3 )/6 El. If we select the generalized 
coordinate as the deflection of some convenient reference point, say the top of the tower, 
then z = u(L) = L 3 /3EI , and 

3 x 2 1 x 3 

u(x) = ^{x)z x/s(x) = - 3 (8.3.2a) 

This i/r(x) automatically satisfies the displacement boundary conditions at x = 0 because 
it was determined from static analysis of the system. The xj/(x) of Eq. (8.3.2a) may also 
be used as the shape function for a nonuniform tower, although it was determined for a 
uniform tower. It is not necessary to select the shape function based on deflections due to 
static forces, and it could be assumed directly; possibilities are 

9 

X 71X 

x// (x) = — and \jr (x) = 1 — cos (8.3.2b) 

The three shape functions above have i jr(L) = 1, although this is not necessary. The ac¬ 
curacy of the generalized SDF system formulation depends on the assumed shape function 
i//(x) in which the structure is constrained to vibrate. This issue will be discussed later 
together with how to select the shape function. 

8.3.2 Equation of Motion 

We now proceed to formulate the equation of motion for the tower. At each time instant 
the system is in equilibrium under the action of the internal resisting bending moments and 
the fictitious inertia forces (Fig. 8.3.1b), which by D’Alembert’s principle are 

//(x, t ) = — m(x)u'(x, t) 

Substituting Eq. (8.3.1) for u‘ gives 

//(x, t) = — m(x)[ii(x, t) + ii g (t )] (8.3.3) 

The equation of dynamic equilibrium of this generalized SDF system can be formulated 
conveniently only by work or energy principles. We prefer to use the principle of virtual 
displacements. This principle states that if the system in equilibrium is subjected to vir¬ 
tual displacements Su(x), the external virtual work W E is equal to the internal virtual 
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work 8 Wi: 


8W! = 8W e 


(8.3.4) 


The external virtual work is due to the forces //(x, t) acting through the virtual displace¬ 
ments <5n(x): 


-l 


8W e = I fi(x,t)8u(x) dx 


which after substituting Eq. (8.3.3) becomes 


f L .. .. f L 

8W e = — I m(x)u(x, t)8u(x) dx — u g (t) I m(x)8u(x) dx (8.3.5) 

Jo * Jo 

The internal virtual work is due to the bending moments M(x,t) acting through the cur¬ 
vature 8k (x) associated with the virtual displacements: 


Substituting 


8Wj= f A i(x, t)SK(x) dx 

Jo 


Ai(x, t ) = EI(x)u" (x, t) 8 k{x) = 8[u"(x)] 


where u" = d 2 u/dx- gives 


l 


8W, = I EI(x)u"(x,t)S[u'\x)]dx 


(8.3.6) 


The internal and external virtual work is expressed next in terms of the generalized 
coordinate z and shape function i/(x). For this purpose, from Eq. (8.1.1) we obtain 


m"(x, t ) = V fV (x)z(f) u(x, t ) = i (r(x)z(t) 


(8.3.7) 


The virtual displacement is selected consistent with the assumed shape function 
(Fig. 8.3.1a), giving Eq. (8.3.8a), and the virtual curvature is defined by Eq. (8.3.8b): 


8u(x) = i j/{x)8z 8[u"{x)} = ij/"(x)8z 

Substituting Eqs. (8.3.7b) and (8.3.8a) in Eq. (8.3.5) gives 


8W e = -8z 


i / m(x)[i/r(x)Y dx + u g (t) 

L Jo 


f 


m(x)\[r(x) dx 


Substituting Eqs. (8.3.7a) and (8.3.8b) in Eq. (8.3.6) gives 


8Wj = 8z 




z I El (x)[i/r (x)] dx 
0 


(8.3.8) 


(8.3.9) 


(8.3.10) 


Having obtained the final expressions for SW E and 8 W /, Eq. (8.3.4) gives 
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where 


m 

k 

l 



m(x)[\lf(x)] 2 dx 


EI (x)[f" {x)f dx 


m(x)i[r(x) dx 


(8.3.12) 


Because Eq. (8.3.11) is valid for every virtual displacement 8z, we conclude that 


mi + kz = —Lu g (t) 


(8.3.13a) 


This is the equation of motion for the tower assumed to deflect according to the shape func¬ 
tion i fr(x). For this generalized SDF system, the generalized mass m, generalized stiffness 
k , and generalized excitation — Lii g (t ) are defined by Eq. (8.3.12). Dividing Eq. (8.3.13a) 
by m gives 

z + 2£co n z + co 2 z =-rii g (t) (8.3.13b) 

where w 2 = k/m and a damping term using an estimated damping ratio £ has been in¬ 
cluded. This equation is the same as Eq. (6.2.1) for an SDF system, except for the factor 

f = 4 (8.3.14) 

m 


8.3.3 Natural Vibration Frequency 


Once the generalized properties m and k are determined, the natural vibration frequency of 
the system is given by 


k Jq E I (x)[f (x )] 2 dx 
™ fo m(x)[\ls(x)] 2 dx 


(8.3.15) 


8.3.4 Response Analysis 

The generalized coordinate response z(t) of the system to specified ground acceleration 
can be determined by solving Eq. (8.3.13b) using the methods presented in Chapters 5 and 
6. Equation (8.1.1) then gives the displacements u(x, 1) of the tower relative to the base. 

The next step is to compute the internal forces—bending moments and shears—in 
the tower associated with the displacements u{x,t). The second of the two methods de¬ 
scribed in Section 1.8 is used if we are working with deflected shape i// (x) that is assumed 
and not exact, as for generalized SDF systems. In this method internal forces are com¬ 
puted by static analysis of the structure subjected to equivalent static forces. Denoted by 
fs(x), these forces are defined as external forces that would cause displacements u(x). 
Elementary beam theory gives 


f s (x) = [EI(x)u"(x)] 


(8.3.16) 
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Because u varies with time, so will f$; thus 

f s (x,t) = [EI(x)u"(x,t)]" (8.3.17) 

which after substituting Eq. (8.1.1) becomes 

fs(x, t ) = [EI(x)r(x)]"z(t) (8.3.18) 

These external forces, which depend on derivatives of the assumed shape function, will 
give internal forces that are usually less accurate than the displacements, because the 
derivatives of the assumed shape function are poorer approximations than the shape func¬ 
tion itself. 

The best estimate, best within the constraints of the assumed shape function, for 
equivalent static forces is 

fs(x, t) = (olm(x)f(x)z,{t) (8.3.19) 

This can be shown to be identical to Eq. (8.3.18) if the assumed shape function is ex¬ 
act, as we shall see in Chapter 16. With an approximate shape function, the two sets of 
forces given by Eqs. (8.3.18) and (8.3.19) are not the same locally at all points along the 
length of the structure, but the two are globally equivalent (see Derivation 8.1). Further¬ 
more, Eq. (8.3.19) does not involve the derivatives of the assumed i// (x ), and is therefore 
a better approximation, relative to Eq. (8.3.18). Internal forces can be determined at each 
time instant by static analysis of the tower subjected to forces fs(x, t) determined from 
Eq. (8.3.19). 

8.3.5 Peak Earthquake Response 


Comparing Eq. (8.3.13b) to Eq. (6.2.1) for an SDF system and using the procedure of 
Section 6.7 gives the peak value of z(t): 

z 0 = f D = --A (8.3.20) 

< 

where D and A are the deformation and pseudo-acceleration ordinates, respectively, of the 
design spectrum at period T n = 2tt/ oj n for damping ratio f. In Eqs. (8.1.1) and (8.3.19), 
z(t) is replaced by z„ of Eq. (8.3.20) to obtain the peak values of displacements and equiv¬ 
alent static forces: 


u 0 {x) = r D^r (x) fo(x) = rm(x)\jf(x)A (8.3.21) 

where the conventional subscript s has been dropped from fs„ for brevity. 

The internal forces—bending moments and shears—in the cantilever tower are ob¬ 
tained by static analysis of the structure subjected to the forces f 0 (x); see Fig. 8.3.1c. Thus 
the shear and bending moment at height x above the base are 

<*L r*L 

VJx) = I f 0 (£)d% = rA J mGM&dS (8.3.22a) 


M 0 (x) 


I fo 

J X 

[ ($-x)/ 0 (£)rf£ = fA 

J X 


/ V 


x)m(f)VKf)^ (8.3.22b) 
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In particular the shear and bending moment at the base of the tower are 
V bo = V o (0) = it A M bo = A4 o (0) = L e t A 
where L was defined in Eq. (8.3.12) and 


(8.3.23) 



(8.3.24) 


This completes the approximate evaluation of the earthquake response of a system with 
distributed mass and flexibility based on an assumed shape function \j/(x). 

8.3.6 Applied Force Excitation 

If the excitation were external forces p(x, t) instead of ground motion u g (t), the equation 
of motion could be derived following the methods of Section 8.3.2, leading to 


mi + kz = p(t) 


(8.3.25) 


where the generalized force 





(8.3.26) 


Observe that the only difference in the two equations (8.3.25) and (8.3.13a) is in the exci¬ 
tation term. 

Derivation 8.1 

The equivalent static forces from elementary beam theory, Eq. (8.3.17), are written as 


fs(x, t ) = M"(x, t) 


(a) 


where the internal bending moments 


A4(x, t ) = EI(x)u”(x, t ) 


(b) 


We seek lateral forces fs(x, t) that do not involve the derivatives of M(x , f) and at 
each time instant are in equilibrium with the internal bending moments; equilibrium is sat¬ 
isfied globally for the system (but not at every location x). Using the principle of virtual 
displacements, the external work done by the unknown forces fs(x, t ) in acting through the 
virtual displacement Su(x) equals the internal work done by the bending moments acting 
through the curvatures Sk(x) associated with the virtual displacements: 



(c) 


This equation is rewritten by substituting Eq. (8.3.8a) for 8u(x) in the left side and by using 
Eq. (8.3.10) for the integral on the right side; thus 



(d) 
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Utilizing Eq. (8.3.15) and dropping Sz, Eq. (d) can be rewritten as 

»L 

[fs(x, t) — a>^m(;t)i/r(x)z(f)] f(x)dx = 0 


/' 


Setting the quantity in brackets to zero gives 


fs(x, t ) = w, l m{x)\!f(x)z{t) 


(e) 


(f) 


where the tilde above /j has now been dropped. This completes the derivation of Eq. (8.3.19). 


Example 8.2 

A uniform cantilever tower of length L has mass per unit length = m and flexural rigidity El 
(Fig. E8.2). Assuming that the shape function i/r(jc) = 1 — cos(nx/2L), formulate the equa¬ 
tion of motion for the system excited by ground motion, and determine its natural frequency. 


Solution 

1. Determine the generalized properties. 


m — 



7ZX\ 2 

cos-I 

2 L) 


dx = 0.227 mL 


k = 



L = 



71X \ 

cos-I 

2 L) 


dx = 0.363 mL 


(a) 

(b) 

(c) 


The computed k is close to the stiffness of the tower under a concentrated lateral force at the 
top. 

2. Determine the natural vibration frequency. 


w n 



3.66 f~EI 
L 2 V m 


(d) 


This approximate result is close to the exact natural frequency, a> ex act = (3.516 /L 2 )^/El/m, 
determined in Chapter 16. The error is only 4%. 

3. Formulate the equation of motion. Substituting L and m in Eq. (8.3.14) gives T = 1.6 
and Eq. (8.3.13b) becomes 

z + atlz = -l.6iig(t) (e) 
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Example 8.3 

A reinforced-concrete chimney, 600 ft high, has a uniform hollow circular cross section with 
outside diameter 50 ft and wall thickness 2 ft 6 in. (Fig. E8.3a). For purposes of preliminary 
earthquake analysis, the chimney is assumed clamped at the base, the mass and flexural rigidity 
are computed from the gross area of the concrete (neglecting the reinforcing steel), and the 
damping is estimated as 5%. The unit weight of concrete is 150 lb/ft 3 and its elastic modulus 
E c = 3600 ksi. 

Assuming the shape function as in Example 8.2, estimate the peak displacements, shear 
forces, and bending moments for the chimney due to ground motion characterized by the 
design spectrum of Fig. 6.9.5 scaled to a peak acceleration 0.25g. 


Solution 

1. Determine the chimney properties. 


Length: 

Cross-sectional area: 
Mass/foot length: 
Second moment of area: 
Flexural rigidity: 


L = 600 ft 

A = 7r(25 2 - 22.5 2 ) = 373.1 ft 2 

150 x 373.1 , , 

= 1.738 kip-sec"/ft 2 


32.2 


/ = ^(25 4 - 22.5 4 ) = 105.507 ft 4 
El = 5.469 x 10 10 kip-ft 2 


2. Determine the natural period. From Example 8.2, 



Figure E8.3 
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3. Determine the peak value of z(t). For T n = 3.49 sec and f = 0.05, the design 
spectrum gives A /g = 0.25(1.80/3.49) = 0.129. The corresponding deformation is D = 
A/aft = 15.3 in. Equation (8.3.20) gives the peak value of z(t): 

z 0 = 1.6 D = 1.6 x 15.3 = 24.5 in. 

4. Determine the peak displacements u 0 (x) of the tower (Fig. E8.3b). 

( nx\ 

u 0 (x) = \/r(x)z 0 = 24.5 (^1 — cos — J in. 

5. Determine the equivalent static forces. 

f,(x) = fm(x)f(x)A = (1.6)(1.738) (l - cos 0.129g 
( nx\ 

= 11.58 ^1 — cos — j kips/ft 
These forces are shown in Fig. E8.3c. 

6. Compute the shears and bending moments. Static analysis of the chimney subjected 
to external forces f 0 (x) gives the shear forces and bending moments. The results using 
Eq. (8.3.22) are presented in Fig. E8.3d and e. If we were interested only in the forces at 
the base of the chimney, they could be computed directly from Eq. (8.3.23). In particular, the 
base shear is 

V bo = If A = (0.363m L) (1.6)0.129g 
= 0.0749mLg = 2518 kips 
This is 7.49% of the total weight of the chimney. 

Example 8.4 

A simply supported bridge with a single span of L feet has a deck of uniform cross section 
with mass m per foot length and flexural rigidity El. A single wheel load p a travels across the 
bridge at a uniform velocity of v, as shown in Fig. E8.4. Neglecting damping and assuming 
the shape function as i jr(x) = su\(rcx/L), determine an equation for the deflection at midspan 
as a function of time. The properties of a prestressed-concrete box-girder elevated-freeway 
connector are L = 200 ft, m = 11 kips/g per foot, / = 700 ft 4 , and E — 576,000 kips/ft 2 . 
If v = 55 mph, determine the impact factor defined as the ratio of maximum deflection at 
midspan and the static deflection. 

Solution We assume that the mass of the wheel load is small compared to the bridge mass, 
and it can be neglected. 

1. Determine the generalized mass , generalized stiffness, and natural frequency. 
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Figure E8.4 


This happens to be the exact value of the lowest natural frequency of the bridge because 
the r/r (jc) selected is the exact shape of the fundamental natural vibration mode of a simply 
supported beam (see Section 16.3.1). 

2. Determine the generalized force. A load p 0 traveling with a velocity v takes time 
tj = L/v to cross the bridge. At any time t its position is as shown in Fig. E8.4a. Thus the 
moving load can be described mathematically as 


{xJ)= \PoKx- v t) 0 <t<t d 

10 t>t d 


(d) 


where 8{x — vt) is the Dirac delta function centered at x = vf, it is a mathematical description 
of the traveling concentrated load. From Eq. (8.3.26) the generalized force is 




p(t) = / p(x, t)tfr(x) dx = 

Jo 


rL 

Jo Po8(x — vt) sin(jix/L)dx 0 < t < td 
0 t > t d 


p 0 sin(nvt/L) 
0 

p 0 sm(iU/td) 
0 


0 < t < td 

t > t d 
0 < t < t d 
t > t d 


(e) 


This generalized force is the half-cycle sine pulse shown in Fig. E8.4b. 
3. Solve the equation of motion. 


mi + kz = p(t) 


(f) 


Equations (4.8.2) and (4.8.3) describe the response of an SDF system to a half-cycle sine 
pulse. We will adapt this solution to the bridge problem by changing the notation from u(t) to 
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z(t) and noting that 


The results are 
2 Po 


z(t ) = 


L 

td = — 
v 


1 


T 2jr Po 2po 

111 - ~ ry 

o) n k mLcoi 


TtVt TCV 


sin • 


wi co„ — ( Ttv/L ) 2 

2p a (2nv/a> n L) cos(ca n L /2v) 
mL a> 2 — (nv/L) 2 


—- sin co n t I 
(On L J 

/ < L/v 

(g) 

sin[a>„(/ — L/ 2n)] 

t > L/v 

(h) 


The response is given by Eq. (g) while the moving load is on the bridge span and by Eq. (h) 
after the load has crossed the span. These equations are valid provided that cn n ^ nv/L or 
T„ ± 2L/v. 

4. Determine the deflection at midspan. 


u(x, t ) = z(t)f/(x) = z(t) sin — 


At midspan, x = L/2 and 


« I t ) = z(t) 


(i) 


0 ) 


Thus the deflection at midspan is also given by Eqs. (g) and (h). 

5. Numerical results. For the given prestressed-concrete structure and vehicle speed: 


m = - = 0.3416 kip-sec 2 /ft 2 

32.2 F 

El = 576,000 x 700 = 4.032 x 10 8 kip-ft 2 


(On 


( 200 )- 


4.032 x 10 8 
0.3416 


8.477 rad/sec 


T„ = 0.74 sec 


v = 55 mph = 80.67 ft/sec 


nv 

~L 

L 

v 


1.267 


200 

80.67 


= 2.479 sec 


Because the duration of the half-cycle sine pulse td = L/v is greater than T n /2, the maximum 
response occurs while the moving load is on the bridge span. This phase of the response is 
given by Eqs. (g) and (j): 


«(L/2, t) 


2 p 0 1 ( 1.267 \ 

-—---- sin 1.267/-sin 8.477/ 

(0.3416)200 (8.477) 2 - (1.267) 2 V 8.477 J 

—- (sin 1.267/ - 0.1495 sin 8.477/) 

2400 


(k) 
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Equation (k) is valid for 0 < t < 2.479 sec. The values of midspan deflections calculated 
from Eq. (k) at many values of t are shown in Fig. E8.4c; the maximum deflection is u 0 = 
(p o /2400)(1.147). The static deflection is u(L/2) = p 0 L 3 /48£T = p 0 /2419. The ratio of 
these deflections gives the impact factor: 1.156 (i.e., the static load should be increased by 
15.6% to account for the dynamic effect). 


Example 8.5 

Determine the natural frequency of transverse vibration of the three-span, box-girder bridge 
of Example 1.3. Therein several of the properties of this structure were given. In addition, the 
second moment of area for transverse bending of the bridge deck is given: I y = 65,550 ft 4 . 
Neglect torsional stiffness of the bents. 

Solution 

1. Select the shape function. We select a function appropriate for a beam simply sup¬ 
ported at both ends (Fig. E8.5): 


7ZX 

i/r(x) = sin -j- 


(a) 


This shape function is shown in Fig. E8.5. 

2. Determine the generalized mass. 


7 


2 Ttx mL 

m = I m sin" —dx = - 


(b) 


3. Determine the generalized stiffness. 

k - [ £7 v [i/f"(x)] 2 dx + 'Y' fcbentV^Obent) 

JO 


-l 


L / 2 

/ 7 T TTX 

E/ >'U L 


dx T kbent si n 


jrL/3 

L 


+ fcbent Sin- 


7r2L/3\ 

~ ) 


Jt^EIy 3 


2 L 3 


+ . ^bent T , ^bent 


n^Ely 3 

^3-+^bent 
^deck ^bents 


(C) 


4. Determine numerical values for m and k. From Example 1.3, the weight of the bridge 
deck per unit length is 18.45 kips/ft. 


1 18.45 x 375 


32.2 


= 107.5 kip-sec 2 /ft 


jt 4 (3000 x 144)65, 550 . 

kdeck = - „ - = 26,154 kips/ft 


2(375) 3 
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Figure E8.5 


From Example 1.3, the stiffness of each bent in the longitudinal direction is kb ent — 12,940 
kips/ft. Because each column in the bent has a circular section, its second moment of area is 
the same for bending in the longitudinal or transverse directions. Thus, the transverse stiffness 
of each bent is also kbent = 12,940 kips/ft. 

kbent = ^bent = -(12,940) = 19,410 kips/ft 


k = A'deck + £'bents = 26,154 + 19,410 = 45,564 kips/ft 


5. Determine the natural vibration period. 


G) n — 



/45,564 
V 107.5 


20.59 rad/sec 


T n 


— = 0.305 sec 

0)fl 


8.4 LUMPED-MASS SYSTEM: SHEAR BUILDING 

As an illustration of approximating a system having several degrees of freedom by a gen¬ 
eralized SDF system, consider the frame shown in Fig. 8.4.1a and earthquake excitation. 
The mass of this A'-story frame is lumped at the floor levels with m ; denoting the mass 
at the y th floor. This system has N degrees of freedom: u\, U 2 , ■ • ■, u v■ In this section, 
first the equation of motion for this system without damping is formulated; damping is 
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Figure 8.4.1 (a) Building displacements and virtual displacements; (b) inertia forces; 

(c) equivalent static forces. 


usually defined by a damping ratio estimated from experimental data for similar structures 
(Chapter 11). Then the equation of motion is solved to determine the peak response— 
displacements and internal forces—of the structure to earthquake ground motion. 

8.4.1 Assumed Shape Vector 


We assume that the floor displacements relative to the ground can be expressed as 

Uj(t) = fjz(t) j — 1,2, N (8.4.1a) 

which in vector form is 

u (t)=ipz(t) (8.4.1b) 

where tp is an assumed shape vector that defines the deflected shape. The total displace¬ 
ment of the j th floor is 

n'(f) = Uj(t ) + u g (t ) (8.4.2) 


8.4.2 Equation of Motion 

Before we can formulate the equation of motion for this system, we must define how the 
internal forces are related to the displacements. This relationship is especially easy to de¬ 
velop if the beams are rigid axially as well as in flexure and this “shear building” assump¬ 
tion is adequate for our present objectives; however, realistic idealizations of multistory 
buildings will be developed in Chapter 9. For this shear building idealization, the shear Vj 
in the yth story (which is the sum of the shear in all columns) is related to the story drift 
A j = Uj — Uj -1 through the story stiffness kj\ 

v j = k i A j = M'O - Uj- 1) 


(8.4.3) 
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The story stiffness is the sum of the lateral stiffnesses of all columns in the story: 


k j= E 


columns 


12 El 


(8.4.4) 


where El is the flexural rigidity of a column and h its height. 

We now proceed to formulate the equation of motion for the shear building. At 
each time instant the system is in equilibrium under the action of the internal story shears 
Vj(t) and the fictitious inertia forces (Fig. 8.4.1b), which by D’Alembert’s principle are 
fij = —niju'j. Substituting Eq. (8.4.2) for m'. gives 

fij = ~mj[Uj(t ) + u g (t)] (8.4.5) 


As before, the principle of virtual displacements provides a convenient approach for 
formulating the equation of motion. The procedure is similar to that developed in Section 
8.3 for a beam. The external virtual work is due to the forces fij acting through the virtual 
displacements Suj\ 


N 

sw h: = 

j =1 

which after substituting Eq. (8.4.5) becomes 


N N 

SWe — — E/ njiij(t)8uj — u g (t) ^^mj Suj (8.4.6) 

j= 1 7=1 

The internal virtual work is due to the story shears Vj (t) acting through the story drifts 
associated with the virtual displacements: 


N 

SW! = J2Vj(t)(Suj - Suj-0 (8.4.7) 

7=1 

where Vj(t) is related to displacements by Eq. (8.4.3). 

The internal and external virtual work can be expressed in terms of the generalized 
coordinate z and shape vector ip by noting that the virtual displacements consistent with 
the assumed shape vector (Fig. 8.4.1a) are 


Suj = i pj Sz or Su = ip Sz 


(8.4.8) 


Proceeding as in Section 8.3 leads to the following equations of external and internal virtual 
work: 


SW E = Sz 


N N 

Z E m J fj + “g 0 ) E m i ^7 

7=1 7=1 


(8.4.9) 


N 

zY, k Mj ~ ti- 1) 2 

7=1 


SWi = Sz 


(8.4.10) 
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Having obtained these expressions for &We and SWi, Eq. (8.3.4), after dropping Sz (see 
Section 8.3.2), gives the equation of motion: 

mi + kz = —Lu g (t) (8.4.11) 

where 

N N N 

m = rrij ipf k = — V^-i) 2 L = nij xjfj (8.4.12a) 

7=1 7 = 1 7 = 1 

We digress briefly to mention that the preceding derivation would have been easier 
if we used a matrix formulation, but we avoided this approach because the stiffness matrix 
k and the mass matrix m of a structure are not introduced until Chapter 9. However, most 
readers are expected to be familiar with the stiffness matrix of a structure, and as we shall 
see in Chapter 9, the mass matrix of the system of Fig. 8.4.1 is a diagonal matrix with 
rrijj = nij. Using these matrices and the shape vector ip = (i/g t/t 2 ••• 4r N ) T , 
Eq. (8.4.12a) for the generalized properties becomes 

m = ip T mip k = ip T kip L — ip T ml (8.4.12b) 

where 1 is a vector with all elements unity. Equation (8.4.12b) for the generalized stiffness 
is a general result because, unlike Eq. (8.4.12a), it is not restricted to shear buildings, as 
long as k is determined for a realistic idealization of the structure. 

Equation (8.4.11) governs the motion of the multistory shear frame assumed to de¬ 
flect in the shape defined by the vector ip. For this generalized SDF system, the gener¬ 
alized mass m , generalized stiffness k, and generalized excitation —Lii g (t) are defined 
by Eq. (8.4.12). Dividing Eq. (8.4.11) by m and including a damping term using an 
estimated modal damping ratio p gives Eqs. (8.3.13b) and (8.3.14), demonstrating that 
the same equation of motion applies to both—lumped mass or distributed mass— 
generalized SDF systems; the generalized properties m, k, and L depend on the system, 
of course. 


8.4.3 Response Analysis 


The generalized SDF system can now be analyzed by the methods developed in preceding 
chapters for SDF systems. In particular, the natural vibration frequency of the system is 
given by 


2 k EjLi k Mj ~ tj- 1) 2 

m Ej= i m A] 

Rewriting this equation in matrix notation gives 

2 ip T kip 
" ip T mip 


(8.4.13a) 


(8.4.13b) 


The generalized coordinate response z(t) of the system to specified ground acceleration can 
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be determined by solving Eq. (8.3.13b) using the methods of Chapters 5 and 6. Equation 
(8.4.1) then gives floor displacements relative to the base. 

Suppose that it is desired to determine the peak response of the frame to earthquake 
excitation characterized by a design spectrum. The peak value of z(t) is still given by 
Eq. (8.3.20), and the floor displacements relative to the ground are given by Eq. (8.4.1) 
with z(t ) replaced by z 0 - 

ujo = fjZo = VDfj j = 1,2, ...,N (8.4.14) 

The equivalent static forces associated with these floor displacements are given by 
Eq. (8.3.21b) modified for a lumped-mass system: 

f jo = tm j ^ j A j = 1,2,N (8.4.15) 

Static analysis of the structure subjected to these floor forces (Fig. 8.4.1c) gives the 
shear force V/ c in the ;th story and overturning moment at the ith floor: 

N N 

Via = ^ fjo M,o = J> 7 - hj)fjo (8.4.16) 

j=i j=i 

where hi is the height of the ith floor above the base. In particular, the shear and overturn¬ 
ing moment at the base are 


N N 

Vbo = ^2 fj° Mbo = X! h ifi° 

7=1 7=1 

Substituting Eq. (8.4.15) gives 

V bo = Lt A M bo = L e t A (8.4.17) 

where L was defined by Eq. (8.4.12) and 

N 

L e = J2 h j' n j'l / j (8.4.18) 

7=1 

Observe that these equations for forces at the base of a lumped-mass system are the same 
as derived earlier for distributed-mass systems [Eqs. (8.3.23) and (8.3.24)]; the parameters 
L, L e , and T depend on the system, of course. 

Example 8.6 

The uniform five-story frame with rigid beams shown in Fig. E8.6a is subjected to ground ac¬ 
celeration tig (t). All the floor masses are m, and all stories have the same height h and stiffness 
k. Assuming the displacements to increase linearly with height above the base (Fig. E8.6b), 
formulate the equation of motion for the system and determine its natural frequency. 
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m 


k 

k 

k 

k 

k 


-o 

m 

-o- 

m 

-o- 

m 

o- 

m 

-o- 





(a) 


(h) Figure E8.6 


Solution 

1. Determine the generalized properties. 
5 

m 

j =1 
5 


. l z + 2 z + 3 z + 4 z + 5 z 11 
= ymjYj = m - rs -= —m 


5 2 


l 2 + l 2 + l 2 + l 2 + l 2 

52 


k = - xlrj-xf = i 

7=1 

~ ^ / 1+2+3+4+5 

L = > mjWj = m - = 3m 

7=1 


it 

5 


2. Formulate the equation of motion. Substituting for m and L in Eq. (8.3.14) gives 
f = jj and Eq. (8.3.13b) becomes 

z + = -ff iig(f) 

where z is the lateral displacement at the location where i/rj — 1, in this case the top of the 
frame. 

3. Determine the natural vibration frequency. 

co n = / k/5 = 0.302 

y llm/5 V tn 

This is about 6% higher than a>„ = 0.28 5^/k/m, the exact frequency of the system determined 
in Chapter 12. 


Example 8.7 

Determine the peak displacements, story shears, and floor overturning moments for the frame 
of Example 8.6 with m — 100 kips/g, k = 31.54 kips/in., and h — 12 ft (Fig. E8.7a) due to 
the ground motion characterized by the design spectrum of Fig. 6.9.5 scaled to a peak ground 
acceleration of 0.25g. 
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m 



(a) (b) (c) (d) (e) 

Figure E8.7 


Solution 

1. Compute the natural period. 


ai n 


Tn 


0.302. 


31.54 

100/386 


3.332 


2n 

3.332 


1.89 sec 


2. Determine the peak value of z{t). For T n = 1.89 sec and f = 0.05, the design 
spectrum gives A /g = 0.25(1.80/1.89) = 0.238 and D — A/co^ = 8.28 in. The peak value 
of z(t) is 


z a =\ f» = |f (8.28)= 11.3 in. 


3. Determine the peak values uj 0 of floor displacements. 


Ujo - fljZo fj = - 

Therefore, u\ a = 2.26, U2o = 4.52, u^o = 6.78, u^ 0 = 9.04, and u$ a = 11.3, all in inches 
(Fig. E8.7b). 

4. Determine the equivalent static forces. 

fjo = f niji/rjA = jf/ni/')(0.238g) = 32.45i/ry kips 
These forces are shown in Fig. E8.7c. 

5. Compute the story shears and overturning moments. Static analysis of the structure 
subjected to external floor forces fj 0 . Eq. (8.4.16), gives the story shears (Fig. E8.7d) and 
overturning moments (Fig. E8.7e). If we were interested only in the forces at the base, they 
could be computed directly from Eq. (8.4.17). In particular, the base shear is 

V bo = Lt A = (3m) jf (0.238g) 


= 0.195(5mg) = 97.35 kips 


This is 19.5% of the total weight of the building. 
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8.5 NATURAL VIBRATION FREQUENCY BY RAYLEIGH’S METHOD 

Although the principle of virtual displacements provides an approximate result for the 
natural vibration frequency [Eqs. (8.3.15) and (8.4.13)] of any structure, it is instructive 
to obtain the same result by another approach, developed by Lord Rayleigh. Based on 
the principle of conservation of energy, Rayleigh’s method was published in 1873. In this 
section this method is applied to a mass-spring system, a distributed-mass system, and a 
lumped-mass system. 

8.5.1 Mass-Spring System 

When an SDF system with lumped mass m and stiffness k is disturbed from its equilibrium 
position, it oscillates at its natural vibration frequency co n , and it was shown in Section 2.1 
by solving the equation of motion that u> n = -Jk/m. Now we will obtain the same result 
using the principle of conservation of energy. 

The simple harmonic motion of a freely vibrating mass-spring system, Eq. (2.1.3), 
can be described conveniently by defining a new time variable t' with its origin as shown 
in Fig. 8.5.1a: 


u(t') = u a sin u> n t' 


(8.5.1) 


where the frequency co n is to be determined and the amplitude u„ of the motion is given by 
Eq. (2.1.9). The velocity of the mass, shown in Fig. 8.5.1b, is 


u(t') = (D n U 0 COS ft),, t' 


(8.5.2) 


The potential energy of the system is the strain energy in the spring, which is propor¬ 
tional to the square of the spring deformation u (Eq. 2.3.2). Therefore, the strain energy is 


u 


t = 0 



T 

J n 


U 



Figure 8.5.1 Simple harmonic motion of a 
freely vibrating system: (a) displacement; 
(b) velocity. 
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maximum at t' — T„/4 (also at t' = 3T n /4 , 5T n /4, .. .) when u(t) — u 0 and is given by 

E So = \ku\ (8.5.3) 

This is also the total energy of the system because at this t' the velocity is zero (Fig. 8.5. lb), 
implying that the kinetic energy is zero. 

The kinetic energy of the system is proportional to the square of the velocity of the 
mass u [Eq. (2.3.2)]. Therefore, the kinetic energy is maximum at t' = 0 (also at t' = T,J 2, 
37’„/2, ...) when the velocity ii(t) = 0)„u o and is given by 

E Ko = \mo)lu 2 0 (8.5.4) 

This is also the total energy of the system because at this t', the deformation is zero 
(Fig. 8.5.1a), implying that the strain energy is zero. 

The principle of conservation of energy states that the total energy in a freely vi¬ 
brating system without damping is constant (i.e., it does not vary with time), as shown by 
Eq. (2.3.5). Thus the two alternative expressions, Ek 0 and Es 0 , for the total energy must 
be equal, leading to the important result: 

maximum kinetic energy, Ek 0 = maximum potential energy, Es 0 (8.5.5) 

Substituting Eqs. (8.5.3) and (8.5.4) gives 



This is the same result for the natural vibration frequency as Eq. (2.1.4) obtained by solving 
the equation of motion. 

Rayleigh’s method does not provide any significant advantage in obtaining the nat¬ 
ural vibration frequency of a mass-spring system, but the underlying concept of energy 
conservation is useful for complex systems, as shown in the next two sections. 


8.5.2 Systems with Distributed Mass and Elasticity 

As an illustration of such a system, consider the cantilever tower of Fig. 8.3.1 vibrating 
freely in simple harmonic motion: 

u(x, t') = z 0 sin m n t'tjf{x) (8.5.7) 

where ij/(x) is an assumed shape function that defines the form of deflections, z„ is the 
amplitude of the generalized coordinate z(t), and the natural vibration frequency u>„ is to 
be determined. The velocity of the tower is 

u(x, t') = a> n Zo COS a>„t'Tjf(x) (8.5.8) 

The maximum potential energy of the system over a vibration cycle is equal to its strain 
energy associated with the maximum displacement u a (x ): 

Eso = f \EI{x)[u" 0 (x)fdx (8.5.9) 

Jo 
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The maximum kinetic energy of the system over a vibration cycle is associated with the 
maximum velocity u a (x): 





(8.5.10) 


FromEqs. (8.5.7) and (8.5.8), u 0 (x) = z 0 ^(x) and u 0 (x) = co n z 0 iz(x). Substituting these 
in Eqs. (8.5.9) and (8.5.10) and equating Ek 0 to E So gives 


f 0 L El (x)[r(x)] 2 dx 
Jq m{x)[\j/(x)] 2 dx 


(8.5.11) 


This is known as Rayleigh’s quotient for a system with distributed mass and elasticity; re¬ 
call that the same result, Eq. (8.3.15), was obtained using the principle of virtual displace¬ 
ments. Rayleigh’s quotient is valid for any natural vibration frequency of a multi-degree- 
of-freedom system, although its greatest utility is in determining the lowest or fundamental 
frequency. 

8.5.3 Systems with Lumped Masses 

As an illustration of such a system, consider the shear building of Fig. 8.4.1 vibrating freely 
in simple harmonic motion. 


u(F) = z 0 sin w n t'ip 


(8.5.12) 


where the vector ip is an assumed shape vector that defines the form of deflections, z 0 is 
the amplitude of the generalized coordinate z(t), and the natural vibration frequency a>„ 
is to be determined. The velocities of the lumped masses of the system are given by the 
vector 


u(?') = a> n z 0 cos w n t r ip 


(8.5.13) 


The maximum potential energy of the system over a vibration cycle is equal to its strain 
energy associated with the maximum displacements, u c = (u \ a U 2 o • ■ • uno) t - 


N 



(8.5.14) 


The maximum kinetic energy of the system over a vibration cycle is associated with the 
maximum velocities, u 0 = (fl i 0 « 2 o ••• un 0 ) t - 


N 



(8.5.15) 


From Eqs. (8.5.12) and (8.5.13), Uj 0 = Zotyj and uj 0 = tD n z 0 '4'j- Substituting these in 
Eqs. (8.5.14) and (8.5.15) and equating E Ko to E So gives 



(8.5.16a) 
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Rewriting this in matrix notation gives 

2 xjj T kt/r 
W " 


(8.5.16b) 


This is Rayleigh’s quotient for the shear building with N lumped masses; recall that the 
same result, Eq. (8.4.13), was obtained using the principle of virtual displacements. 


8.5.4 Properties of Rayleigh’s Quotient 

What makes Rayleigh’s method especially useful for estimating the lowest or fundamental 
natural vibration frequency of a system are the properties of Rayleigh’s quotient, presented 
formally in Section 10.12 but only conceptually here: First, the approximate frequency 
obtained from an assumed shape function is never smaller than the exact value. Second, 
Rayleigh’s quotient provides excellent estimates of the fundamental frequency, even with 
a mediocre shape function. 

Let us examine these properties in the context of a specific system, the cantilever 
tower considered in Example 8.2. Its fundamental frequency can be expressed as co n = 
a n yjEl/mL 4 [see Eq. (d) of Example 8.2]. Three different estimates of ot n using three 
different shape functions are summarized in Table 8.5.1. The second frequency estimate 
comes from Example 8.2. The same procedure leads to the results using the other two 
shape functions. The percentage error shown is relative to the exact value of a n = 3.516 
(Chapter 16). 


TABLE 8.5.1 NATURAL FREQUENCY 
ESTIMATES FOR A UNIFORM CANTILEVER 


f(x) 

a„ 

% Error 

3x 2 /2L 2 - jc 3 /2L 3 

3.57 

1.5 

1 — cos (nx/2L) 

3.66 

4 

x 2 !L 2 

4.47 

27 


Consistent with the properties of Rayleigh’s quotient, the three estimates of the nat¬ 
ural frequency are higher than its exact value. Even if we did not know the exact value, as 
would be the case for complex systems, we could say that the smallest value, a n = 3.57, is 
the best among the three estimates for the natural frequency. This concept can be used to 
determine the exact frequency of a two-DOF system by minimizing the Rayleigh’s quotient 
over a shape function parameter. 

Why such a large error in the third case of Table 8.5.1? The shape function i/r (x) = 
x 2 /L 2 satisfies the displacement boundary conditions at the base of the tower but violates 
a force boundary condition at the free end. It implies a constant bending moment over 
the height of the tower, but a bending moment at the free end of a cantilever is unrealistic 
unless there is a mass at the free end with a moment of inertia. Thus, a shape function that 
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satisfies only the geometric boundary conditions does not always ensure an accurate result 
for the natural frequency. 

An estimate of the natural vibration frequency of a system obtained using Rayleigh’s 
quotient can be improved by iterative methods. Such methods are developed in 
Chapter 10. 


8.6 SELECTION OF SHAPE FUNCTION 


The accuracy of the natural vibration frequency estimated using Rayleigh’s quotient de¬ 
pends entirely on the shape function that is assumed to approximate the exact mode shape. 
In principle any shape may be selected that satisfies the displacement and force boundary 
conditions. In this section we address the question of how a reasonable shape function can 
be selected to ensure good results. 

For this purpose it is useful to identify the properties of the exact mode shape. In 
free vibration the displacements are given by Eq. (8.5.7) and the associated inertia forces 
are 


fi(x, t) — —m(x)u(x, t') = a>lz 0 rn(x)\lr(x) sin co n t' 


If i \r(x) were the exact mode shape, static application of these inertia forces at each time 
instant will produce deflections given by Eq. (8.5.7), a result that will become evident 
in Chapter 16. This concept is not helpful in evaluating the exact mode shape \l/ (x ) 
because the inertia forces involve this unknown shape. However, it suggests that an 
approximate shape function i (r(x) may be determined as the deflected shape due to static 
forces p(x) = m(x)\jf(x), where i/r(x) is any reasonable approximation of the exact mode 
shape. 

In general, this procedure to select the shape function involves more computational 
effort than is necessary because, as mentioned earlier, Rayleigh’s method gives excellent 
accuracy even if the shape function is mediocre. However, the preceding discussion does 
support the concept of determining the shape function from deflections due to a selected 
set of static forces. One common selection for these forces is the weight of the struc¬ 
ture applied in an appropriate direction. For the cantilever tower it is the lateral direction 
(Fig. 8.6.1a). This selection is equivalent to taking i//-(x) = 1 in p(x ) = m(x)\jr(x). 
Another selection includes several concentrated forces as shown in Fig. 8.6.1b. 

The displacement and force boundary conditions are satisfied automatically if the 
shape function is determined from the static deflections due to a selected set of forces. 
This choice of shape function has the additional advantage that the strain energy can be 
calculated as the work done by the static forces in producing the deflections, an approach 
that is usually simpler than Eq. (8.5.9). Thus, the maximum strain energy of the system 
associated with the forces p(x) in Fig. 8.6.1a is 
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Figure 8.6.1 Shape function from deflections due to static forces. 


Equating this Ego to Ek 0 of Eq. (8.5.10) with u 0 (x) = a> n u 0 (x) and dropping the subscript 
“o” gives 


rL 

J 0 p(x)u(x)dx 
Jq m(x)[it(x)] 2 dx 


( 8 . 6 . 1 ) 


This equation with p(x) = p 0 (i.e., uniformly distributed forces) appears in the AASHTO 
(American Association of State Highway and Transportation Officials) code to estimate 
the fundamental natural frequency of a bridge. 

For p(x) = gm(x) in Fig. 8.6.1a, Eq. (8.6.1) becomes 


= § 


/ q L m(x)u(x) dx 
f 0 L m(x)[u(x)] 2 dx 


( 8 . 6 . 2 ) 


Similarly, the maximum strain energy of the system associated with deflections u(x) 
due to the forces of Fig. 8.6.1b is 

Es» = \ X! Pj u(x J^ 


Equating this Es 0 to E Ko of Eq. (8.5.10) gives 

Eft «(■*/) 


col = 


f 0 m(x)[u(x)] 2 dx 


(8.6.3) 


Although attractive in principle, selecting the shape function as the static deflections 
due to a set of forces can be cumbersome for the nonuniform (variable EI) tower shown in 
Fig. 8.6.1a. A convenient approach is to determine the static deflections of a uniform (con¬ 
stant El) tower of the same length, and use the resulting shape function for the nonuniform 
tower. The reader is reminded, however, against doing complicated analysis to determine 
deflected shapes in the interest of obtaining an extremely accurate natural frequency. The 
principal attraction of Rayleigh’s method lies in its ability to provide a useful estimate of 
the natural frequency from any reasonable assumption on the shape function that satisfies 
the displacement and force boundary conditions. 
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7Z77?. 7&7?. 7Z77?. 7ZV?. 7V7/. 


Figure 8.6.2 Shape function from deflections due to static forces. 


The concept of using the shape function as the static deflections due to a selected set 
of forces is also useful for lumped-mass systems. Three sets of forces that may be used 
for a multistory building frame are shown in Fig. 8.6.2. The maximum strain energy of the 
system associated with deflections u s in the three cases is 

N N 

Eso = \pnun E So = \ PjUj E So = 

7=1 7=1 


Equating these Es 0 to E Ko of Eq. (8.5.15) with u jo 
and simplifying gives 

2 PnUn 2 ^ PjMj 

^n v-- 2 2 

2^ m jUj b ln i"i 


co n Uj 0 , dropping the subscript “o,” 


J2 m i u 


7 


(8.6.4) 


respectively. Equations (8.6.4b) and (8.6.4c) appear in building codes to estimate the fun¬ 
damental natural frequency of a building (Chapter 21). Unlike Eq. (8.5.16a), these results 
are not restricted to a shear building as long as the deflections are calculated using the 
actual stiffness properties of the frame. 

It is important to recognize that the success of Rayleigh’s method for estimating the 
lowest or fundamental natural frequency of a structure depends on the ability to visualize 
the corresponding natural mode of vibration that the shape function is intended to approx¬ 
imate. The fundamental mode of a multistory building or of a single-span beam is easy 
to visualize because the deflections in this mode are all of the same sign. However, the 
mode shape of more complex systems may not be easy to visualize, and even a shape func¬ 
tion calculated from the static deflections due to the self-weight of the structure may not 
be appropriate. Consider, for example, a two-span continuous beam. Its symmetric de¬ 
flected shape under its own weight, shown in Fig. 8.6.3a, is not appropriate for computing 
the lowest natural frequency because this frequency is associated with the antisymmetric 
mode shown in Fig. 8.6.3b. If this mode shape can be visualized, we can approximate it by 
the static deflections due to the self-weight of the beam applied downward in one span and 
upward in the other span (Fig. 8.6.3b). 






















Sec. 8.6 Selection of Shape Function 


337 


m(x)g 




m(x) g 



u(x ) 


Figure 8.6.3 Shape functions resulting from self-weight applied in appropriate direc¬ 
tions. 


Example 8.8 

Estimate the natural frequency of a uniform cantilever beam assuming the shape function 
obtained from static deflections due to a load p at the free end. 

Solution 

1. Determine the deflections. With the origin at the clamped end, 

u(x) = -^-{3Lx 2 - x 3 ) (a) 

6 El 

2. Determine the natural frequency from Eq. (8.6.3). 


E 2 

Pju(xj) = pu(L) = P~jjpj 


f 


2 P 

m(x)[u(x)] dx = m- 


f 


(6EI) 2 

Substituting Eqs. (b) and (c) in Eq. (8.6.3) gives 


(3 Lx 1 — x 2 ) 2 dx = 


lip 2 mL 1 
420 (El) 2 


(b) 

(c) 


3.57 

IX 


This is the first frequency estimate in Table 8.5.1. 


Example 8.9 

Estimate the fundamental natural frequency of the five-story frame in Fig. E8.9 assuming the 
shape function obtained from static deflections due to lateral forces equal to floor weights 
w — mg. 

Solution 

1. Determine the deflections due to applied forces. The static deflections are determined 
as shown in Fig. E8.9 by calculating the story shears and the resulting story drifts; and adding 
these drifts from the bottom to the top to obtain 

rj U) T 

u r = -(5 9 12 14 \5) t 
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Forces 
w 


• w 


Story 

shears 


w 

2 w 

3 w 

4 w 
5w 


Story 

drift 


Floor 

deflection 


w/k 
2 w/k 
3w/k 

4 w/k 

5 w/k 



Figure E8.9 


2. Determine the natural frequency from Eq. (8.6.4c). 

2 _ w(w/k)( 5 + 9+12+14+15) _ 55 k 

Wn ~ l w(w/k)H 25T8r^M44TT96T225) “ 671 m 

(o n = 0.286 

This estimate is very close to the exact value, <M exact = 0.285 *fk/m, and better than from a 
linear shape function (Example 8.6). 



FURTHER READING 


Rayleigh, J. W. S., Theory of Sound, Dover, New York, 1945; published originally in 1894. 


APPENDIX 8: INERTIA FORCES FOR RIGID BODIES 

The inertia forces for a rigid bar and rectangular and circular rigid plates associated with 
accelerations ii x , u y , and 0 of the center of mass O (or center of gravity) are shown in 
Fig. A8.1. Each rigid body is of uniform thickness, and its total mass m is uniformly 
distributed; the moment of inertia Io about the axis normal to the bar or plate and passing 
through O is as noted in the figure. 
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U 


y 


0 



(a) 


mL 2 p 

TT 9 




,lP 

T 


fo = 


mL 2 

12 


(b) 



Figure A8.1 Inertia forces for rigid plates. 


PROBLEMS 


8.1 Repeat parts (a), (b), and (c) of Example 8.1 with one change: Use the horizontal displace¬ 
ment at C as the generalized coordinate. Show that the natural frequency, damping ratio, and 
displacement response are independent of the choice of generalized displacement. 

8.2 For the rigid-body system shown in Fig. P8.2: 

(a) Formulate the equation of motion governing the rotation at O. 

(b) Determine the natural frequency and damping ratio. 

(c) Determine the displacement response u(x, t ) to p(t ) = S(t), the Dirac delta function. 


Pit) 
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8.3 Solve Problem 8.2 with one change: Use the vertical displacement at the center of gravity of 
the square plate as the generalized displacement. Show that the results are independent of the 
choice of generalized displacement. 

8.4 The rigid bar in Fig. P8.4 with a hinge at the center is bonded to a viscoelastic foundation, 
which can be modeled by stiffness k and damping coefficient c per unit of length. Using the 
rotation of the bar as the generalized coordinate: 

(a) Formulate the equation of motion. 

(b) Determine the natural vibration frequency and damping ratio. 



8.5 For the rigid-body system shown in Fig. P8.5: 

(a) Choose a generalized coordinate. 

(b) Formulate the equation of motion. 

(c) Determine the natural vibration frequency and damping ratio. 


Pit) 



LI 2 , L/2 , L/2 /' L/2 


Figure P8.5 


8.6 Solve Example 8.3 assuming the deflected shape function due to lateral force at the top: 


i I'M = 


3 x 2 
2 L 2 


1 x 2 

2 L 2 


The shear forces and bending moments need to be calculated only at the base and mid¬ 
height. (Note that these forces were determined in Example 8.3 throughout the height of the 
chimney.) 

8.7 A reinforced-concrete chimney 600 ft high has a hollow circular cross section with outside 
diameter 50 ft at the base and 25 ft at the top: the wall thickness is 2 ft 6 in., uniform over 
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the height (Fig. P8.7). Using the approximation that the wall thickness is small compared 
to the radius, the mass and flexural stiffness properties are computed from the gross area of 
concrete (neglecting reinforcing steel). The chimney is assumed to be clamped at the base, 
and its damping ratio is estimated to be 5%. The unit weight of concrete is 150 lb/ft 3 , and its 
elastic modulus E c = 3600 ksi. Assuming that the shape function is 

IT X 

\l/(x) = 1 — COS- 

2 L 

where L is the length of the chimney and x is measured from the base, calculate the following 
quantities: (a) the shear forces and bending moments at the base and at the midheight, and (b) 
the top deflection due to ground motion defined by the design spectrum of Fig. 6.9.5, which 
is scaled to a peak acceleration of 0.25g. 


600' 


25' 

2 '- 6 " 

rn 


'))///>//}////. 


Figure P8.7 


8.8 Solve Problem 8.7 asssuming that the shape function is 

3 x 2 1 x 3 

nx) = 2j?~2 ZJ 


8.9 Solve Problem 8.7 for a different excitation: a blast force varying linearly over height from 
zero at the base to p(t) at the top, where p(t) is given in Fig. P8.9. 
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8 . 10 - Three-story shear frames (rigid beams and flexible columns) in structural steel (£ = 29,000 ksi) 
8.11 are shown in Figs. P8.10 and P8.ll; w = 100 kips; / = 1400 in 4 ; and the modal damping 
ratios are 5% for all modes. Assuming that the shape function is given by deflections due 
to lateral forces that are equal to the floor weights, determine the floor displacements, story 
shears, and overturning moments at the floors and base due to ground motion characterized 
by the design spectrum of Fig. 6.9.5 scaled to a peak ground acceleration of 0.25g. 


12 ' 

12 ' 

12 ' 





Figure P8.10 Figure P8.ll 

8 . 12 - Solve Problems 8.10 and 8.11 using the shape function given by deflections due to a lateral 

8.13 force at the roof level. 

8.14 A five-story frame with rigid beams shown in Fig. P8.14a is subjected to ground acceleration 
u g (ty, kj are story stiffnesses. Assuming the displacements to increase linearly with height 
above the base (Fig. P8.14b), formulate the equation of motion for the system and determine 
its natural frequency. Determine the floor displacements, story shears, and floor overturning 
moments due to ground motion characterized by the design spectrum of Fig. 6.9.5 scaled to a 
peak ground acceleration of 0.25g. 



(a) 


(b) 


Figure P8.14 
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8.15 Solve Problem 8.14 using the shape function obtained from static deflections due to lateral 
forces equal to floor weights. 

8.16 Solve Problem 8.14 using the shape function given by deflections due to a lateral force at the 
roof level. 

8.17 Determine the natural vibration frequency of the inverted L-shaped frame shown in Fig. P8.17 
using the shape function given by the deflections due to a vertical force at the free end. Neglect 
deformations due to shear and axial force. El is constant. 



Figure P8.17 Figure P8.18 


8.18 (a) By Rayleigh’s method determine the natural vibration frequency of the rigid bar on two 
springs (Fig. P8.18) using the shape function shown. Note that the result involves the unknown 
i jr r . Plot the value of as a function of t j/ r . 

(b) Using the properties of Rayleigh's quotient, determine the exact values of the two vibration 
frequencies and the corresponding vibration shapes. 

8.19 The umbrella structure shown in Fig. P8.19 consists of a uniform column of flexural rigidity 
El supporting a uniform slab of radius R and mass m. By Rayleigh’s method determine the 
natural vibration frequency of the structure. Neglect the mass of the column and the effect of 
axial force on column stiffness. Assume that the slab is rigid in flexure and that the column is 
axially rigid. 



L 


Figure P8.19 


8.20 By Rayleigh’s method determine the natural vibration frequency of the uniform beam shown 
in Fig. P8.20. Assume that the shape function is given by the deflections due to a force applied 
at the free end. 
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El 


m(x) = m 

V///. 





2 L 


L 

T- 


-+- 

-1 


Figure P8.20 


8.21 By Rayleigh’s method determine the natural vibration frequency of transverse vibration of the 
three-span, box-girder bridge of Example 8.5. Assume that the shape function is given by 
the deflections due to uniform force p{x) = 1 applied in the transverse direction. Neglect 
torsional stiffness of the bents. 

8.22 Repeat Problem 8.21 using a simpler approach in which the deflections are assumed to be 
u(x) — u 0 s'm(7Tx/L), where u 0 is the midspan deflection due to uniform force p{x) = 1 
applied in the transverse direction. 

8.23 Repeat Problem 8.21 using a simpler approach in which the deflections are assumed to be 
u(x) = u 0 \j/(x), where u a is the midspan deflection due to uniform force p(x) = 1 applied 
in the transverse direction and 


f{x) = 


16 

y 


X 

L 



4' 


Note that i/f (x) is the deflected shape of a simply supported beam without bents subjected to 
transverse force p(x) = 1. 

8.24 Repeat Problem 8.21 with one change: Consider torsional stiffness of the bents. 

8.25 A simply supported bridge with a single span of L feet has a deck of uniform cross section 
with mass m per foot length and flexural rigidity El. An infinitely long, uniformly distributed 
force p 0 per foot length (that represents a very long train) travels across the bridge at a uniform 
velocity v (Fig. P8.25). Determine an equation for the deflection at midspan as a function of 
time. Neglect damping and assume the shape function to be i {r(x) — sinfjrx/L). 
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+-+ Figure P8.25 

8.26 A pulsating force p(t) = p 0 cos mt travels across the bridge of Fig. P8.25 at a uniform velocity 
of v, as shown in Fig. P8.26. Determine an equation for the deflection at midspan as a function 
of time. Neglect damping and assume the shape function to be i[r(x) = sin(7rjc/L). 
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j Figure P8.26 
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Equations of Motion, Problem 
Statement, and Solution Methods 


PREVIEW 

In this opening chapter of Part II the structural dynamics problem is formulated for struc¬ 
tures discretized as systems with a finite number of degrees of freedom. The equations 
of motion are developed first for a simple multi-degree-of-freedom (MDF) system; a two- 
story shear frame is selected to permit easy visualization of elastic, damping, and inertia 
forces. Subsequently, a general formulation is presented for MDF systems subjected to 
external forces or earthquake-induced ground motion. This general formulation is then il¬ 
lustrated by several examples and applied to develop the equations of motion for multistory 
buildings, first for symmetric-plan buildings and then for unsymmetric-plan buildings. 
Subsequently, the formulation for earthquake response analysis is extended to systems 
subjected to spatially varying ground motion and to inelastic systems. The chapter ends 
with an overview of methods for solving the differential equations governing the motion 
of the structure and of how our study of dynamic analysis of MDF systems is organized. 


9.1 SIMPLE SYSTEM: TWO-STORY SHEAR BUILDING 

We first formulate the equations of motion for the simplest possible MDF system, a highly 
idealized two-story frame subjected to external forces pi(t) and piit) (Fig. 9.1.1a). In this 
idealization the beams and floor systems are rigid (infinitely stiff) in flexure, and several 
factors are neglected: axial deformation of the beams and columns, and the effect of axial 
force on the stiffness of the columns. This shear-frame or shear-building idealization, 
although unrealistic, is convenient for illustrating how the equations of motion for an MDF 
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Figure 9.1.1 (a) Two-story shear frame; (b) forces acting on the two masses. 


system are developed. Later, we extend the formulation to more realistic idealizations 
of buildings that consider beam flexure and joint rotations, and to structures other than 
buildings. 

The mass is distributed throughout the building, but we will idealize it as concen¬ 
trated at the floor levels. This assumption is generally appropriate for multistory buildings 
because most of the building mass is indeed at the floor levels. 

Just as in the case of SDF systems (Chapter 1), we assume that a linear viscous 
damping mechanism represents the energy dissipation in a structure. If energy dissipation 
is associated with the deformational motions of each story, the viscous dampers may be 
visualized as shown. 

The number of independent displacements required to define the displaced positions 
of all the masses relative to their original equilibrium position is called the number of de¬ 
grees of freedom. The two-story frame of Fig. 9.1.1a, with lumped mass at each floor level, 
has two DOFs: the lateral displacements u \ and m 2 of the two floors in the direction of the 
x-axis. 


9.1.1 Using Newton’s Second Law of Motion 


The forces acting on each floor mass mj are shown in Fig. 9.1.1b. These include the 
external force Pj(t), the elastic (or inelastic) resisting force fsj , and the damping force 
foj. The external force is taken to be positive along the positive direction of the v-axis. 
The elastic and damping forces are shown acting in the opposite direction because they are 
internal forces that resist the motions. 

Newton’s second law of motion then gives for each mass: 


Pi ~ fsj ~ Idj = mjUj or rnjUj + f Dj + f Sj = Pj(t) (9.1.1) 


Equation (9.1.1) contains two equations for j = 1 and 2, and these can be written in matrix 
form: 


m i 0 

0 m 2 


Ml 

M2 


/di 
fD2 


fsi 

fs2 


Pl(t) \ 
PlU) J 


(9.1.2) 
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Equation (9.1.2) can be written compactly as 

mii + f D + f s = p(f) 


(9.1.3) 


by introducing the following notation: 


u = 




0 

m 2 


f D 


I 

fD2 J 


fs = 


/si 1 

fs2 } 


P = 


P 1 
P2 


where m is the mass matrix for the two-story shear frame. 

Assuming linear behavior, the elastic resisting forces f s are next related to the floor 
displacements u. For this purpose we introduce the lateral stiffness kj of the yth story; it 
relates the story shear Vj to the story deformation or drift, A j = uj — w y _i, by 


Vj = kj A } 


(9.1.4) 


The story stiffness is the sum of the lateral stiffnesses of all columns in the story. For a 
story of height h and a column with modulus E and second moment of area l r . the lateral 
stiffness of a column with clamped ends, implied by the shear-building idealization, is 
\2EI c /h 3 . Thus the story stiffness is 


k i 


E 

columns 


12 El c 
~h^~ 


(9.1.5) 


With the story stiffnesses defined, we can relate the elastic resisting forces fs \ and 
fs 2 to the floor displacements, u and u 2 . The force / S1 at the first floor is made up of two 
contributions: / s “ from the story above, and from the story below. Thus 

fsi — fsi + fsi 


which, after substituting Eq. (9.1.4) and noting that Ai = u i and A 2 = u 2 — u \, 
becomes 


fsi = k\ii\ + k 2 (u\ - u 2 ) 
The force f $2 at the second floor is 


fs 2 = k 2 (u 2 — uf) 


(9.1.6a) 


(9.1.6b) 


Observe that f'f and fsi are equal in magnitude and opposite in direction because both 
represent the shear in the second story. In matrix form Eqs. (9.1.6a) and (9.1.6b) are 


fsi 

fs2 


k\ + k 2 —k 2 
—k 2 k 2 



or fv = ku 


(9.1.7) 


Thus the elastic resisting force vector F, and the displacement vector u are related through 
the stiffness matrix k for the two-story shear building. 

The damping forces fo\ and fo 2 are next related to the floor velocities it [ and it 2 . 
The y'th story damping coefficient cj relates the story shear V) due to damping effects to 
the velocity A y associated with the story deformation by 


Vj = cj A j 


(9.1.8) 
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In a manner similar to Eq. (9.1.6), we can derive 

fD\ = C\U\ + C 2 (u 1 - il 2 ) fD2 = C 2 (u 2 - Ml) 

In matrix form Eq. (9.1.9) is 


/oi 

fm 


Cl + c 2 —c 2 
-C 2 c 2 



or f D — cu 


(9.1.9) 


(9.1.10) 


The damping resisting force vector io and the velocity vector u are related through the 
damping matrix c for the two-story shear building. 

We now substitute Eqs. (9.1.7) and (9.1.10) into Eq. (9.1.3) to obtain 

mil + cu + ku = p(f) (9.1.11) 

This matrix equation represents two ordinary differential equations governing the displace¬ 
ments «i(f) and u 2 (t) of the two-story frame subjected to external dynamic forces p\(t) 
and p 2 (t). Each equation contains both unknowns u \ and u 2 . The two equations are there¬ 
fore coupled and in their present form must be solved simultaneously. 


9.1.2 Dynamic Equilibrium 

According to D’Alembert’s principle (Chapter 1), with inertia forces included, a dynamic 
system is in equilibrium at each time instant. For the two masses in the system of Fig. 9.1.1a, 
Fig. 9.1.2 shows their free-body diagrams, including the inertia forces. Each inertia force 
is equal to the product of the mass times its acceleration and acts opposite to the direction 
of acceleration. From the free-body diagrams the condition of dynamic equilibrium also 
gives Eq. (9.1.3), which leads to Eq. (9.1.11), as shown in the preceding section. 


P 2 ( ? ) - 
fsi 


fa 



P i(0 


fn 

'O 


Figure 9.1.2 Free-body diagrams. 


9.1.3 Mass-Spring-Damper System 

We have introduced the linear two-DOF system by idealizing a two-story frame—an 
approach that should appeal to structural engineering students. However, the classic 
two-DOF system, shown in Fig. 9.1.3a, consists of two masses connected by linear springs 
and linear viscous dampers subjected to external forces p\{t) and p 2 (t). At any instant 
of time the forces acting on the two masses are as shown in their free-body diagrams 
(Fig. 9.1.3b). The resulting conditions of dynamic equilibrium also lead to Eq. (9.1.11), 
with u, m, c, k, and p(f) as defined earlier. 
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Figure 9.1.3 (a) Two-degree-of-freedom system; (b) free-body diagrams. 


Example 9.1a 

Formulate the equations of motion for the two-story shear frame shown in Fig. E9.1a. 


Solution Equation (9.1.11) is specialized for this system to obtain its equation of motion. 
To do so, we note that 

m i = 2m m 2 = m 

12(2EI C ) _ 48 EI C t _ ^ 12 (El c ) _ 24 EI C 

kl = 2 /,3 = “P - = 2— P - = “P - 


Substituting these data in Eqs. (9.1.2) and (9.1.7) gives the mass and stiffness matrices: 


r 2 °i 

, 24EI C [3-11 

Lo ij 

1 *3 L—1 ij 


Substituting these m and k in Eq. (9.1.11) gives the governing equations for this system with¬ 
out damping: 



Observe that the stiffness matrix is nondiagonal, implying that the two equations are coupled, 
and in their present form must be solved simultaneously. 



7Z&/. 


7Z&/. 


Figure E9.1a 
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Figure 9.1.4 (a) System; (b) stiffness component; (c) damping component; (d) mass component. 


9.1.4 Stiffness, Damping, and Mass Components 

In this section the governing equations for the two-story shear frame are formulated based 
on an alternative viewpoint. Under the action of external forces p\(t) and p 2 (t) the state 
of the system at any time instant is described by displacements Uj(t), velocities uj (t), 
and accelerations Uj(t)\ see Fig. 9.1.4a. Now visualize this system as the combination 
of three pure components: (1) stiffness component: the frame without damping or mass 
(Fig. 9.1.4b); (2) damping component: the frame with its damping property but no stiffness 
or mass (Fig. 9.1.4c); and (3) mass component: the floor masses without the stiffness or 
damping of the frame (Fig. 9.1.4d). The external forces fsj on the stiffness component 
are related to the displacements by Eq. (9.1.7). Similarly, the external forces foj on the 
damping component are related to the velocities by Eq. (9.1.10). Finally, the external forces 
fij on the mass component are related to the accelerations by f / = mil. The external forces 
p(f) on the system may therefore by visualized as distributed among the three components 
of the structure. Thus fs + f/j +f/ must equal the applied forces p(f), leading to Eq. (9.1.3). 
This alternative viewpoint may seem unnecessary for the two-story shear frame, but it can 
be useful in visualizing the formulation of the equations of motion for complex MDF 
systems (Section 9.2). 


9.2 GENERAL APPROACH FOR LINEAR SYSTEMS 

The formulation of the equations of motion in the preceding sections, while easy to visu¬ 
alize for a shear building and other simple systems, is not suitable for complex structures. 
For this purpose a more general approach is presented in this section. We define the three 
types of forces—inertia forces, elastic forces, and damping forces—and use the line of 
reasoning presented in Section 9.1.4 to develop the equations of motion. Before defining 
the forces, we need to discretize the structure and define the DOFs. 
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Figure 9.2.1 Degrees of freedom: (a) axial deformation included, 18 DOFs; (b) axial deformation 
neglected, 8 DOFs. 


9.2.1 Discretization 

A frame structure can be idealized as an assemblage of elements—beams, columns, walls— 
interconnected at nodal points or nodes (Fig. 9.2.1a). The displacements of the nodes are 
the degrees of freedom. In general, a node in a planar two-dimensional frame has three 
DOFs—two translations and one rotation. A node in a three-dimensional frame has six 
DOFs—three translations (the x, y, and z components) and three rotations (about the x, y, 
and z axes). 

For example, a two-story, two-bay planar frame has six nodes and 18 DOFs 
(Fig. 9.2.1a). Axial deformations of beams can be neglected in analyzing most buildings, 
and axial deformations of columns need not be considered for low-rise buildings. With 
these assumptions the two-story, two-bay frame has eight DOFs (Fig. 9.2.1b). This is the 
structural idealization we use to illustrate a general approach for formulating equations of 
motion. The external dynamic forces are applied at the nodes (Fig. 9.2.2). The external 
moments pi(t ) to p%(t) are zero in most practical cases. 



Figure 9.2.2 External dynamic forces, 
P(0. 
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9.2.2 Elastic Forces 

We will relate the external forces fsj on the stiffness component of the structure to the 
resulting displacements uj (Fig. 9.2.3a). For linear systems this relationship can be ob¬ 
tained by the method of superposition and the concept of stiffness influence coefficients. 

We apply a unit displacement along DOF j, holding all other displacements to zero 
as shown; to maintain these displacements, forces must be applied generally along all 
DOFs. The stiffness influence coefficient k, t is the force required along DOF i due to unit 
displacement at DOF j. In particular, the forces kn 0 = 1, 2,..., 8) shown in Fig. 9.2.3b 
are required to maintain the deflected shape associated with u i = 1 and all other u t = 0 . 
Similarly, the forces k ,4 (i = 1,2, ..., 8) shown in Fig. 9.2.3c are required to maintain the 
deflected shape associated with H 4 = 1 and all other uj = 0. All forces in Fig. 9.2.3 are 
shown with their positive signs, but some of them may be negative to be consistent with 
the deformations imposed. 

The force f$i at DOF i associated with displacements uj , j = 1 to N (Fig. 9.2.3a), 
is obtained by superposition: 

fsi = knU\ + kjnui + ■ ■ ■ + kijUj + ■ ■ ■ + k iN un (9.2.1) 




Figure 9.2.3 (a) Stiffness component of frame; (b) stiffness influence coefficients for 
u\ = 1; (c) stiffness influence coefficients for 114 = 1. 
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One such equation exists for each i — 1 to N. The set of N equations can be written in 
matrix form: 


1 

— 04 

1 _ 


k ii kn ■■■ k\j 
k 2 i k 2 2 ■■■ k 2 j 

. to H- 

_1 


Ml ] 

u 2 

- fsN - 


-k N \ k N 2 ■■■ k N j 

• k NN _ 


. u N J 


or 

f s = ku (9.2.3) 

where k is the stiffness matrix of the structure; it is a symmetric matrix (i.e., k,j = kjj). 

The stiffness matrix k for a discretized system can be determined by any one of 
several methods. The yth column of k can be obtained by calculating the forces kjj 
(i = 1,2 ,..., N) required to produce uj = 1 (with all other u ,■ = 0). The direct equi¬ 
librium method is feasible to implement such calculations for simple structures with a few 
DOFs; it is not practical, however, for complex structures or for computer implementation. 
The most commonly used method is the direct stiffness method, wherein the stiffness ma¬ 
trices of individual elements are assembled to obtain the structural stiffness matrix. This 
and other methods should be familiar to the reader. Therefore, these methods will not be 
developed in this book; we will use the simplest method appropriate for the problem to be 
solved. 

9.2.3 Damping Forces 

As mentioned in Section 1.4, the mechanisms by which the energy of a vibrating structure 
is dissipated can usually be idealized by equivalent viscous damping. With this assumption 
we relate the external forces foj acting on the damping component of the structure to the 
velocities iij (Fig. 9.2.4). We impart a unit velocity along DOF j, while the velocities in 
all other DOFs are kept zero. These velocities will generate internal damping forces that 
resist the velocities, and external forces would be necessary to equilibrate these forces. 
The damping influence coefficient c,j is the external force in DOF i due to unit velocity in 
DOF j . The force fD, at DOF i associated with velocities itj, j = 1 to N (Fig. 9.2.4), is 
obtained by superposition: 

f D i = cnii i + c i2 u 2 H-h CijUj H-h c iN u N (9.2.4) 



□ Node; 

no lumped mass 


Figure 9.2.4 Damping component of frame. 
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Collecting all such equations for i = 1 to N and writing them in matrix form gives 


or 


fo 1 


cn 

c 12 • 

• Cl j • 

ClN 


ill ] 

fD2 

— 

C 21 

C 22 

• C 2j ■ 

C2N 


U2 

- Idn - 


-c N i 

CN2 ' 

■ C N j ■ 

■ Cnn - 


u N > 


f d = cu 


(9.2.5) 


(9.2.6) 


where c is the damping matrix for the structure. 

It is impractical to compute the coefficients c,j of the damping matrix directly from 
the dimensions of the structure and the sizes of the structural elements. Therefore, damping 
for MDF systems is generally specified by numerical values for the damping ratios, as for 
SDF systems, based on experimental data for similar structures (Chapter 11). Methods are 
available to construct the damping matrix from known damping ratios (Chapter 11). 


9.2.4 Inertia Forces 


We will relate the external forces f acting on the mass component of the structure to 
the accelerations iij (Fig. 9.2.5a). We apply a unit acceleration along DOF j, while the 
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Figure 9.2.5 (a) Mass component of frame; (b) mass influence coefficients for ii 1 = 1; 

(c) mass influence coefficients for U 4 = 1. 
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accelerations in all other DOFs are kept zero. According to D’Alembert’s principle, the fic¬ 
titious inertia forces oppose these accelerations; therefore, external forces will be necessary 
to equilibrate these inertia forces. The mass influence coefficient m,j is the external force in 
DOF i due to unit acceleration along DOF j. In particular, the forces m t \ (i = 1, 2,..., 8) 
shown in Fig. 9.2.5b are required in the various DOFs to equilibrate the inertia forces as¬ 
sociated with u i = 1 and all other iij = 0. Similarly, the forces m ,-4 (i = 1, 2,..., 8 ) 
shown in Fig. 9.2.5c are associated with acceleration U 4 — 1 and all other iij = 0. The 
force flu at DOF i associated with accelerations iij, j = 1 to N (Fig. 9.2.5a), is obtained 
by superposition: 

fn = m,iMi + m i2 U2 H-h m^Uj H-h m iN ii N (9.2.7) 

One such equation exists for each i = 1 to N. The set of N equations can be written in 
matrix form: 


fn 


m n 

m 12 ■ 

■ mij ■ 

■ m\ N 


' Ml j 

fn 

= 

'«2I 

m 22 ■ 

' m 2j ■ 

' m 2N 


“2 

flN - 


-m N 1 

m N 2 ■ 

■ m Nj ■ 

• m NN _ 


Un ' 


or 

f 7 = mii (9.2.9) 

where m is the mass matrix. Just like the stiffness matrix, the mass matrix is symmetric 
(i.e., ntij = mji). 

The mass is distributed throughout an actual structure, but it can be idealized as 
lumped or concentrated at the nodes of the discretized structure; usually, such a lumped- 
mass idealization is satisfactory. The lumped mass at a node is determined from the portion 
of the weight that can reasonably be assigned to the node. Each structural element is 
replaced by point masses at its two nodes, with the distribution of the two masses being 
determined by static analysis of the element under its own weight. The lumped mass at 
a node of the structure is the sum of the mass contributions of all the structural elements 
connected to the node. This procedure is illustrated schematically in Fig. 9.2.6 for a two- 
story, two-bay frame where the beam mass includes the floor-slab mass it supports. The 
lumped masses m a , m /,, and so on, at the various nodes are identified. 
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Figure 9.2.6 Lumping of mass at structural nodes. 
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Once the lumped masses at the nodes have been calculated, the mass matrix for 
the structure can readily be formulated. Consider again the two-story, two-bay frame of 
Fig. 9.2.1b. The external forces associated with acceleration = 1 (Fig. 9.2.5b) are 
m n = mi, where m \ = m a + nib + m c (Fig. 9.2.6c), and mu = 0 for i = 2,3,... ,8. 
Similarly, the external forces 777/4 associated with M 4 = 1 (Fig. 9.2.5c) are zero for all i, 
except possibly for i — 4. The coefficient 77744 is equal to the rotational inertia of the mass 
lumped at the middle node at the first floor. This rotational inertia has negligible influence 
on the dynamics of practical structures; thus, we set 77744 = 0 . 

In general, then, for a lumped-mass idealization, the mass matrix is diagonal: 

777 jj = 0 i / j mjj = nij or 0 (9.2.10) 

where mj is the lumped mass associated with the jth translational DOF, and mjj = 0 for a 
rotational DOF. The mass lumped at a node is associated with all the translational degrees 
of freedom of that node: (1) the horizontal (x) and vertical (z) DOFs for a two-dimensional 
frame, and (2) all three (x, y, and z) translational DOFs for a three-dimensional frame. 

The mass representation can be simplified for multistory buildings because of the 
constraining effects of the floor slabs or floor diaphragms. Each floor diaphragm is usually 
assumed to be rigid in its own plane but is flexible in bending in the vertical direction, 
which is a reasonable representation of the true behavior of several types of floor systems 
(e.g., cast-in-place concrete). Introducing this assumption implies that both (x and y) hori¬ 
zontal DOFs of all the nodes at a floor level are related to the three rigid-body DOFs of the 
floor diaphragm in its own plane. For the yth floor diaphragm these three DOFs, defined 
at the center of mass, are translations uj x and u jy in the x and y directions and rotation Ujg 
about the vertical axis (Fig. 9.2.7). Therefore, the mass needs to be defined only in these 
DOFs and need not be identified separately for each node. The diaphragm mass gives the 
mass associated with DOFs uj x and uj y , and the moment of inertia of the diaphragm about 
the vertical axis through O gives the mass associated with DOF ujg. The diaphragm mass 
should include the contributions of the dead load and live load on the diaphragm and of the 
structural elements—columns, walls, etc.—and of the nonstructural elements—partition 
walls, architectural finishes, etc.—between floors. 

The mass idealization for a multistory building becomes complicated if the floor di¬ 
aphragm cannot be assumed as rigid in its own plane (e.g., floor system with wood framing 
and plywood sheathing). The diaphragm mass should then be assigned to individual nodes. 
The distributed dead and live loads at a floor level are assigned to the nodes at that floor 
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Figure 9.2.7 Degrees of freedom 
for in-plane-rigid floor diaphragm with 


1 J distributed mass. 
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Figure 9.2.8 Tributary areas for 
distributing diaphragm mass to nodes. 


in accordance with their respective tributary areas (Fig. 9.2.8). Similarly, the distributed 
weights of the structural and nonstructural elements between floors should be distributed 
to the nodes at the top and bottom of the story according to statics. The diaphragm flexi¬ 
bility must also be recognized in formulating the stiffness properties of the structure; the 
finite element method (Chapter 17) is effective in idealizing flexible diaphragms for this 
purpose. 

9.2.5 Equations of Motion: External Forces 

We now write the equations of motion for an MDF system subjected to external dynamic 
forces pj (f), j = 1 to N. The dynamic response of the structure to this excitation is defined 
by the displacements uj(t), velocities iij(t), and accelerations iij(t), j = 1 to N. As 
mentioned in Section 9.1.4, the external forces p(f) may be visualized as distributed among 
the three components of the structure: fs(t) to the stiffness components (Fig. 9.2.3a), f d(0 
to the damping component (Fig. 9.2.4), and f/ (t) to the mass component (Fig. 9.2.5a). 
Thus 


f/ + t D + fs = p(0 (9.2.11) 

Substituting Eqs. (9.2.3), (9.2.6), and (9.2.9) into Eq. (9.2.11) gives 

mil + cu + ku = p(t) (9.2.12) 

This is a system of N ordinary differential equations governing the displacements u(t) due 
to applied forces p(t). Equation (9.2.12) is the MDF equivalent of Eq. (1.5.2) for an SDF 
system; each scalar term in the SDF equation has become a vector or a matrix of order N, 
the number of DOFs in the MDF system. 

Coupling of equations. The off-diagonal terms in the coefficient matrices m, 
c, and k are known as coupling terms. In general, the equations have mass, damping, and 
stiffness coupling; however, the coupling in a system depends on the choice of degrees of 
freedom used to describe the motion. This is illustrated in Examples 9.2 and 9.3 for the 
same physical system with two different choices for the DOFs. 







360 


Equations of Motion, Problem Statement, and Solution Methods Chap. 9 


Example 9.1b 

Formulate the equations of motion for the two-story shear frame in Fig. E9.1a using influence 
coefficients. 

Solution 

The two DOFs of this system are u = ( u\ U 2 ) T ■ 



Figure E9.1b 


1. Determine the stiffness matrix. To obtain the first column of the stiffness matrix, we 
impose u\ = \ and U 2 = 0. The stiffness influence coefficients are kjj (Fig. E9.lb). The forces 
necessary at the top and bottom of each story to maintain the deflected shape are expressed 
in terms of story stiffnesses k\ and &2 [part (b) of the figure], defined in Section 9.1.1 and 
determined in Example 9.1a: 


48£7 C 24 El c 

The two sets of forces in parts (a) and (b) of the figure are one and the same. Thus, 


(a) 


72 EI C 
/r 3 


2AEI C 

hi 


k it = k\ + k2 = 


k2\ = —kz = ~ 


(b) 
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The second column of the stiffness matrix is obtained in a similar manner by imposing 
«2 = 1 with u\ =0. The stiffness influence coefficients are k ,2 [part (c) of the figure] and the 
forces necessary to maintain the deflected shape are shown in part (d) of the figure. The two 
sets of forces in parts (c) and (d) of the figure are one and the same. Thus, 


k 12 = — &2 = - 


24EI C 

~h^~ 


ki2 —k2 = 


24EI C 

~h^~ 


With the stiffness influence cofficients determined, the stiffness matrix is 


(c) 


24 EI C r 3 


-r 

l. 


(d) 


2. Determine the mass matrix. With the DOFs defined at the locations of the lumped 
masses, the diagonal mass matrix is given by Eq. (9.2.10): 



3. Determine the equations of motion. The governing equations are 


mii + ku = p(f) 

where m and k are given by Eqs. (e) and (d), and p(?) = ( p\ (t) pi{t) ) T . 


ffi 


Example 9.2 

A uniform rigid bar of total mass m is supported on two springs k\ and T 2 at the two ends 
and subjected to dynamic forces shown in Fig. E9.2a. The bar is constrained so that it can 
move only vertically in the plane of the paper; with this constraint the system has two DOFs. 


Rigid bar 





Figure E9.2 
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Formulate the equations of motion with respect to displacements u i and U 2 of the two ends as 
the two DOFs. 


Solution 

1. Determine the applied forces. The external forces do not act along the DOFs and 
should therefore be converted to equivalent forces p\ and p 2 along the DOFs (Fig. E9.2b) us¬ 
ing equilibrium equations. This can also be achieved by the principle of virtual displacements. 
Thus if we introduce a virtual displacement 8 u\ along DOF 1, the work done by the applied 
forces is 


8 W = 




(a) 


Similarly, the work done by the equivalent forces is 


8 W — p\ 8 u\ + p 2 (0) 


(b) 


Because the work done by the two sets of forces should be the same, we equate Eqs. (a) and 
(b) and obtain 



(c) 


In a similar manner, by introducing a virtual displacement 8 u 2 , we obtain 

Pt , PB 
F2 = y + T 


(d) 


2. Determine the stiffness matrix. Apply a unit displacement u\ = 1 with U 2 = 0 
and identify the resulting elastic forces and the stiffness influence coefficients k\ \ and £21 
(Fig. E9.2c). By statics, k\\ = k\ and £21 = 0. Now apply a unit displacement ui = 1 
with u\ = 0 and identify the resulting elastic forces and the stiffness influence coefficients 
(Fig. E9.2d). By statics, k \2 = 0 and A 52 = Thus the stiffness matrix is 


k = 


'*1 

0 


0 ' 

^2. 


(e) 


In this case the stiffness matrix is diagonal (i.e., there are no coupling terms) because the two 
DOFs are defined at the locations of the springs. 

3. Determine the mass matrix. Impart a unit acceleration iq = 1 with U 2 = 0, de¬ 
termine the distribution of accelerations of (Fig. E9.2e) and the associated inertia forces, and 
identify mass influence coefficients (Fig. E9.2f). By statics, m\\ = m/3 and m 2 \ = m/ 6 . 
Similarly, imparting a unit acceleration t /2 = 1 with it 1 = 0, defining the inertia forces and 
mass influence coefficients, and applying statics gives m 12 = m /6 and 11122 — m/3. Thus the 
mass matrix is 


m = 


m r 2 

6" L 1 


r 

2. 


(f) 


The mass matrix is coupled, as indicated by the off-diagonal terms, because the mass is dis¬ 
tributed and not lumped at the locations where the DOFs are defined. 

4. Determine the equations of motion. Substituting Eqs. (c)-(f) in Eq. (9.2.12) with 
c = 0 gives 

» \2 I 1 f"! 1 , p, 0]r«] 

6 L 1 2 J L M 2 J L 0 k 2 J L»2 

The two differential equations are coupled because of mass coupling due to the off-diagonal 
terms in the mass matrix. 


- 


\Pt/~) — (Pel P) 1 
(Pr/2) + (pn/L) \ 


(g) 
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Example 9.3 

Formulate the equations of motion of the system of Fig. E9.2a with the two DOFs defined at 
the center of mass O of the rigid bar: translation u, and rotation ug (Fig. E9.3a). 

Solution 

1. Determine the stiffness matrix. Apply a unit displacement u, = 1 with ug = 0 and 
identify the resulting elastic forces and k, t and kg, (Fig. E9.3b). By statics, k t t = k\ + k 2 
and kg, = {k 2 — k\)L/2. Now, apply a unit rotation ug = 1 with u t = 0 and identify the 
resulting elastic forces and k,g and kgg (Fig. E9.3c). By statics, k,g = (k 2 — k\)L/2 and 
kgg = ( k\ + k2)L 2 /4. Thus the stiffness matrix is 


k = 


k\ + k2 
{k 2 -ki)L/2 


(k 2 -h)L/2 1 
(k l +k 2 )L 2 /4j 


(a) 



(f) u f = 0, ii Q = 1 


'I 


Un = 1 


(g) £ 



Inertia forces = - (m/L)x 


Figure E9.3 
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Observe that now the stiffness matrix has coupling terms because the DOFs chosen are not the 
displacements at the locations of the springs. 

2. Determine the mass matrix. Impart a unit acceleration iii t = 1 with iig = 0, deter¬ 
mine the acceleration distribution (Fig. E9.3d) and the associated inertia forces, and identify 
m tt and mg, (Fig. E9.3e). By statics, m tt = m and mg, = 0. Now impart a unit rotational 
acceleration iig = 1 with ii, = 0, determine the resulting accelerations (Fig. E9.3f) and 
the associated inertia forces, and identify m,g and mgg (Fig. E9.3g). By statics, m,g = 0 
and mgg = mL 2 / 12. Note that mgg = Io, the moment of inertia of the bar about an 
axis that passes through O and is perpendicular to the plane of rotation. Thus the mass 
matrix is 


-[ 


° 1 
2 /n J 


mL 2 / 12 


(b) 


Now the mass matrix is diagonal (i.e., it has no coupling terms) because the DOFs of this rigid 
bar are defined at the mass center. 


3. Determine the equations of motion. Substituting u = 
and Eqs. (a) and (b) in Eq. (9.2.12) gives 


u, ug, 


■ P = [Pt Po, 


m 

. 0 


(k 2 -h)L/2 
(*i + k 2 )L 2 /A 


]l 


(c) 


0 i { “/ i , r ki + ki 

mL 2 /12 J l iig 1 + |_ {k 2 — k\)L/2 

The two differential equations are now coupled through the stiffness matrix. 

We should note that if the equations of motion for a system are available in one set of 
DOFs, they can be transformed to a different choice of DOF. This concept is illustrated for the 
system of Fig. E9.2a. Suppose that the mass and stiffness matrices and the applied force vector 
for the system are available for the first choice of DOF, u = (u i u 2 ) T . These displacements 
are related to the second set of DOF, u = (u, ug ) T , by 


uii r 1 -i/21 iu, i 

1 «2 J L1 L/lWug] 


or u = au 


(d) 


where a denotes the coordinate transformation matrix. The stiffness and mass matrices and 
the applied force vector for the u DOFs are given by 


k = a ka in = a ma 


T 

P = a p 


(e) 


Substituting for a from Eq. (d) and for k, m, and p from Example 9.2 into Eq. (e) leads to k 
and m, which are identical to Eqs. (a) and (b) and to the p in Eq. (c). 


Example 9.4 

A massless cantilever beam of length L supports two lumped masses mL/2 and mL/A at the 
midpoint and free end as shown in Fig. E9.4a. The flexural rigidity of the uniform beam is EL 
With the four DOFs chosen as shown in Fig. E9.4b and the applied forces p\{t) and p 2 (t), 
formulate the equations of motion of the system. Axial and shear deformations in the beam 
are neglected. 

Solution 

The beam consists of two beam elements and three nodes. The left node is constrained 
and each of the other two nodes has two DOFs (Fig. E9.4b). Thus, the displacement vector 
u = (ui u 2 u 2 ug ) T . 
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Figure E9.4 
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1. Determine the mass matrix. With the DOFs defined at the locations of the lumped 
masses, the diagonal mass matrix is given by Eq. (9.2.10): 


mL/A 


mL/2 


(a) 


2. Determine the stiffness matrix. Several methods are available to determine the stiff¬ 
ness matrix. Here we use the direct equilibrium method based on the definition of stiffness 
influence coefficients (Appendix 1). 

To obtain the first column of the stiffness matrix, we impose u\ = 1 and U 2 = u 3 = 
U 4 — 0. The stiffness influence coefficients are kn (Fig. E9.4c). The forces necessary at the 
nodes of each beam element to maintain the deflected shape are determined from the beam 
stiffness coefficients (Fig. E9.4d). The two sets of forces in figures (c) and (d) are one and the 
same. Thus ifcu = 96 EI/L 3 , k 21 = -96 EI/L 3 , k n = -2AEI/L 2 , and k 4] = -2AEI/L 2 . 

The second column of the stiffness matrix is obtained in a similar manner by imposing 
u 2 = 1 with u\ = u 3 = i <4 = 0. The stiffness influence coefficients are k, 2 (Fig. E9.4e) 
and the forces on each beam element necessary to maintain the imposed displacements are 
shown in Fig. E9.4f. The two sets of forces in figures (e) and (f) are one and the same. 
Thus kn = -96EI/L 3 , k 32 = 2AEI/L 2 , k 22 = 96EI/L 3 + 96 EI/L 3 = X92EI/L 3 , and 
k 42 = -24 EI/L 2 + 2AEI/L 2 = 0. 

The third column of the stiffness matrix is obtained in a similar manner by imposing 
«3 = 1 with u\ = it 2 = u 4 = 0. The stiffness influence coefficients ki 3 are shown in 
Fig. E9.4g and the nodal forces in Fig. E9.4h. Thus k 13 = —2AEI/L 2 , £23 = 24 EI/L 2 , 
k 33 = SEI/L, and k 43 = 4 EI/L. 

The fourth column of the stiffness matrix is obtained in a similar manner by imposing 
1 A 4 = 1 with u 1 = « 2 — u 3 — 0. The stiffness influence coefficients kj 4 are shown in 
Fig. E9.4i, and the nodal forces in Fig. E9.4j. Thus k\ 4 = —24 EI/L 2 , k 34 = 4 EI/L, k 24 = 
-2AEI/L 2 + 24 EI/L 2 = 0, and £44 = 8 EI/L + 8 EI/L = 16 EI/L. 

With all the stiffness influence coefficients determined, the stiffness matrix is 



' 12 

-12 

—3 L 

-3 L 

8 El 

-12 

24 

3 L 

0 

IX 

—3 L 

3 L 

L 2 

L 2 /2 


_-3 L 

0 

L 2 /2 

2 L 2 


3. Determine the equations of motion. The governing equations are 


mii + ku = p(f) (c) 

where m and k are given by Eqs. (a) and (b), and p(f) = ( p\ ( t ) p 2 (t) 0 0 ) T . 


Example 9.5 

Derive the equations of motion of the beam of Example 9.4 (also shown in Fig. E9.5a) ex¬ 
pressed in terms of the displacements u\ and u 2 of the masses (Fig. E9.5b). 

Solution This system is the same as that in Example 9.4. but its equations of motion will 
be formulated considering only the translational DOFs u\ and u 2 (i.e., the rotational DOFs u 3 
and 114 will be excluded). 

1. Determine the stiffness matrix. In a statically determinate structure such as the one 
in Fig. E9.5a, it is usually easier to calculate first the flexibility matrix and invert it to obtain 
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(a) 


(b) 



Element (1) Element (2) 

Node (2) Node (1) 


f S 2 ~ l’/si ~ 0 


fs2 ~ ^ 


J 


T~ 

A 

fll 


^ /l2 (d) 


Figure E9.5 


the stiffness matrix. The flexibility influence coefficient fij is the displacement in DOF i due 
to unit force applied in DOF j (Fig. E9.4c and d). The deflections are computed by standard 
procedures of structural analysis to obtain the flexibility matrix: 


f = 


t 3 r 16 

48 El L 5 


The off-diagonal elements f \2 and /21 are equal, as expected, because of Maxwell’s theorem 
of reciprocal deflections. By inverting f, the stiffness matrix is obtained: 


48£7 [2-51 

lO L —5 16 J 


(a) 


2. Determine the mass matrix. This is a diagonal matrix because the lumped masses 
are located where the DOFs are defined: 

f mL/4 

m = , n 
L mL/2 

3. Determine the equations of motion. Substituting m, k, and p(?) = ( p\ ( t ) pi{t) ) T 
in Eq. (9.2.12) with c = 0 gives 


(b) 


' mL/4 


mL/2 


]|“ 


48 El 

11 ? 


2 -5 
-5 16 


1 f«i 1 = {Pi(01 

J 1 M2 J I P2(t) I 


(C) 


Example 9.6 

Formulate the free vibration equations for the two-element frame of Fig. E9.6a. For both 
elements the flexural stiffness is El, and axial deformations are to be neglected. The frame is 
massless with lumped masses at the two nodes as shown. 

Solution The two degrees of freedom of the frame are shown. The mass matrix is 

m= [ 3 '" m\ (a) 

Note that the mass corresponding to ii \ — 1 is 2 m+m = 3m because both masses will undergo 
the same acceleration since the beam connecting the two masses is axially inextensible. 

The stiffness matrix is formulated by first evaluating the flexibility matrix and then 
inverting it. The flexibility influence coefficients are identified in Fig. E9.6b and c, and the 
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Figure E9.6 


deflections are computed by standard procedures of structural analysis to obtain the flexibility 
matrix: 


f = 


6 17 


3' 

8 . 


This matrix is inverted to determine the stiffness matrix: 


k = 


6 El r 8 

~TL? L —3 


-3 

2 


] 


Thus the equations in free vibration of the system (without damping) are 


T 3m 1 

j" 1 ! 


' 8 

~ 3 1 

I"'] 

= !°! 

L m\ 

1 M2 J 

I 7L 3 l 

.-3 

2 J 

l « 2 J 

10 J 


Example 9.7 


Formulate the equations of motion for the two-story frame in Fig. E9.7a. The flexural rigidity 
of the beams and columns and the lumped masses at the floor levels are as noted. The dynamic 
excitation consists of lateral forces p\ ( t ) and p 2 (f) at the two floor levels. The story height is 
h and the bay width 2 h. Neglect axial deformations in the beams and the columns. 




(a) 


Figure E9.7 
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Solution The system has six degrees of freedom shown in Fig. E9.7a: lateral displacements 
u i and U 2 of the floors and joint rotations u 3, M4, 115 , and u(,. The displacement vector is 

u= («i U 2 «3 «4 M5 U6) T (a) 


The mass matrix is given by Eq. (9.2.10): 

2 

1 


(b) 


The stiffness influence coefficients are evaluated following the procedure of Example 9.4. A 
unit displacement is imposed, one at a time, in each DOF while constraining the other five 
DOFs, and the stiffness influence coefficients (e.g., shown in Fig. E9.7b and c for u 1 = 1 and 
M3 = 1, respectively) are calculated by statics from the nodal forces for individual structural 
elements associated with the displacements imposed. These nodal forces are determined from 
the beam stiffness coefficients (Appendix 1). The result is 



- 72 

-24 

6/7 

6/7 

—6 h 

—6/7 


-24 

24 

6/7 

6/7 

6 h 

6/7 

El 

6 h 

6 h 

I6/7 2 

2 / 7 2 

2 h 2 

0 

k = — 

h 3 

6 h 

6 h 

2/7 2 

16/7 2 

0 

2/7 


—6 h 

6 h 

2 h 2 

0 

6/7 2 

h 


_ —6 h 

6 h 

0 

2 h 2 

h 2 

6/7 


The dynamic forces applied are lateral forces p\{t) and P 2 (t) at the two floors without 
any moments at the nodes. Thus the applied force vector is 

P(0 = (Pi(0 P2(f) 0 0 0 0) r (d) 


The equations of motion are 

mii + ku = p(f) (e) 

where u, m, k, and p(f) are given by Eqs. (a), (b), (c), and (d), respectively. 


9.3 STATIC CONDENSATION 

The static condensation method is used to eliminate from dynamic analysis those DOFs 
of a structure to which zero mass is assigned; however, all the DOFs are included in the 
static analysis. Consider the two-bay, two-story frame shown in Fig. 9.3.1. With axial 
deformations in structural elements neglected, the system has eight DOFs for formulat¬ 
ing its stiffness matrix (Fig. 9.3.1a). As discussed in Section 9.2.4, typically the mass of 
the structure is idealized as concentrated in point lumps at the nodes (Fig. 9.3.1b), and 
the mass matrix contains zero diagonal elements in the rotational DOFs (see also Exam¬ 
ple 9.7). These are the DOFs that can be eliminated from the dynamic analysis of the 
structure provided that the dynamic excitation does not include any external forces in the 
rotational DOFs, as in the case of earthquake excitation (Section 9.4). Even if included in 
formulating the stiffness matrix, the vertical DOFs of the building can also be eliminated 
from dynamic analysis—because the inertial effects associated with the vertical DOFs of 
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Figure 9 . 3.1 (a) Degrees of freedom (DOFs) for elastic forces—axial deformations 

neglected; (b) DOFs for inertia forces. 

building frames are usually small—provided that the dynamic excitation does not include 
vertical forces at the nodes, as in the case of horizontal ground motion (Section 9.4). 

The equations of motion for a system excluding damping [Eq. (9.2.12)] are written 
in partitioned form: 

m„ 0 
0 0 

where uo denotes the DOFs with zero mass and u, the DOFs with mass, also known as 
dynamic DOFs; k,o = kl. The two partitioned equations are 

m„u, + k,,u, + k, 0 uo = p,(?) k 0 ,u, + k 0 ou 0 = 0 (9.3.2) 

Because no inertia terms or external forces are associated with uo, Eq. (9.3.2b) permits a 
static relationship between uo and u,: 

u 0 = -kooko,u, (9.3.3) 

Substituting Eq. (9.3.3) in Eq. (9.3.2a) gives 

m„u, + k„u, = p,(f) (9.3.4) 

where k„ is the condensed stiffness matrix given by 

k, f = k„ - k^kggkof (9.3.5) 

Solution of Eq. (9.3.4) provides the displacements u,(f) in the dynamic DOFs, and at 
each instant of time the displacements Uo(f ) in the condensed DOFs are determined from 
Eq. (9.3.3). 

Henceforth, for notational convenience, Eq. (9.2.12) will also denote the equations 
of motion governing the dynamic DOFs [Eq. (9.3.4)], and it will be understood that only 
the dynamic DOFs have been retained. Before closing this section, note that an alternative 
method to determine k„ is by inverting the flexibility matrix f„ . Each column of f„ is given 
by the displacements u, due to a unit force applied successively in each DOF in u,, which 
can be determined by the force method. (This approach was employed in Examples 9.5 
and 9.6.) 

Example 9.8 

Examples 9.4 and 9.5 were concerned with formulating the equations of motion for a can¬ 
tilever beam with two lumped masses. The degrees of freedom chosen in Example 9.5 were 


U f 

U() 


k„ 

kor 


k/o 

koo 


Ur 

Uo 


Pr(0 

0 


(9.3.1) 
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the translational displacements u\ and U 2 at the lumped masses; in Example 9.4 the four DOFs 
were u \ , mo, and node rotations 773 and M4. Starting with the equations governing these four 
DOFs, derive the equations of motion in the two translational DOFs. 


Solution The vector of four DOFs is partitioned in two parts: u, = ( u\ U 2 ) T and uo = 
(M3 M4 ) T . The equations of motion governing u, are given by Eq. (9.3.4), where 

m„ = p " L / 4 mL J p,(f) = ( p\(t) p 2 (t)) T (a) 

To determine k (/ , the 4x4 stiffness matrix determined in Example 9.4 is partitioned: 




r 12 

— 12 ; 

—3 L 

— 3L 

km 1 

_ 8 El 

-12 

24 ; 

3 L 

0 

koo. 

~ IX 

—3 L 

--3L 

^ 0 

CO 

L 2 
L 1 / 2 

L 2 / 2 
2 L 2 


Substituting these submatrices in Eq. (9.3.5) gives the condensed stiffness matrix: 


_ 48£/r 2 -5] 
7L 3 L-5 16. 


(c) 


This stiffness matrix of Eq. (c) is the same as that obtained in Example 9.5 by inverting the 
flexibility matrix corresponding to the two translational DOFs. 

Substituting the stiffness submatrices in Eq. (9.3.3) gives the relation between the con¬ 
densed DOF uq and the dynamic DOF u,: 


uo = Tu, 


J_ r 2.57 - 3.43 1 

L L 0.857 0.857 J 


(d) 


The equations of motion are given by Eq. (9.3.4), where m,, and p, (?) are defined in 
Eq. (a) and in Eq. (c). These are the same as Eq. (c) of Example 9.5. 


Example 9.9 

Formulate the equations of motion for the two-story frame of Example 9.7 governing the 
lateral floor displacements u\ and mo. 


Solution The equations of motion for this system were formulated in Example 9.7 consid¬ 
ering six DOFs which are partitioned into u r = ( u\ 112 ) T and uo = (M 3 W 4 M 5 Mg ) T . 
The equations governing u f are given by Eq. (9.3.4), where 





Pf(0 = (Pl(0 P2(t)) T 


To determine k„, the 6x6 stiffness matrix determined in Example 9.7 is partitioned: 




r 72 

-24 

6/7 

6/7 

—6/7 

—6/7 



-24 

24 

6/7 

6/7 

6/7 

6/7 

km ’ 

El 

6 h 

6/7 

I6/7 2 

2 / 7 2 

2 h 2 

0 

koo. 

h 2 

6 h 

6/7 

2 h 2 

16/7 2 

0 

2 / 7 2 



—6h 

6/7 

2 h 2 

0 

6 h 2 

h 2 



_ —6/7 

6/7 

0 

2 / 7 2 

h 2 

6/7 2 



Substituting these submatrices in Eq. (9.3.5) gives the condensed stiffness matrix: 

k ~ — \ 54 ' 88 ~ 17 - 51 ' 

k " h 2 L — 17.51 11.61. 


(a) 


(b) 


(c) 
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This is called the lateral stiffness matrix because the DOFs are the lateral displacements of the 
floors. It enters into the earthquake analysis of buildings (Section 9.4). 

Substituting the stiffness submatrices in Eq. (9.3.3) gives the relation between the con¬ 
densed DOF U() and the translational DOF U/: 


uo = lu, 


T 


1 

h 


' -0.4426 
-0.4426 
0.9836 
0.9836 


-0.2459" 

-0.2459 

-0.7869 

-0.7869 


(d) 


The equations of motion are given by Eq. (9.3.4), where m,, and p f are defined in 
Eq. (a) and k// in Eq. (c): 


p 

1 1 1 

U EI \ 

■ 54.88 

-17.51] 

I «1 

L i 

J 1 a 2 J 

[ + 7^l 

.-17.51 

11.61 J 

1 «2 


P\(t) 1 
Pl(t) I 


(e) 


9.4 PLANAR OR SYMMETRIC-PLAN SYSTEMS: GROUND MOTION 

One of the important applications of structural dynamics is in predicting how structures 
respond to earthquake-induced motion of the base of the structure. In this and following 
sections equations of motion for MDF systems subjected to earthquake excitation are for¬ 
mulated. Planar systems subjected to translational and rotational ground motions are con¬ 
sidered in Sections 9.4.1 and 9.4.3, symmetric-plan buildings subjected to translational and 
torsional excitations in Sections 9.4.2 and 9.6, and unsymmetric-plan buildings subjected 
to translational ground motion in Section 9.5. Systems excited by different prescribed 
motions at their multiple supports are the subject of Section 9.7. 

9.4.1 Planar Systems: Translational Ground Motion 

We start with the simplest case, where all the dynamic degrees of freedom are displace¬ 
ments in the same direction as the ground motion. Two such structures—a tower and a 
building frame—are shown in Fig. 9.4.1. The displacement of the ground is denoted by 
u g , the total (or absolute) displacement of the mass m ; by «'. and the relative displacement 
between this mass and the ground by uj. At each instant of time these displacements are 
related by 

u‘j(t ) = u g (t) + uj(t) (9.4.1a) 

Such equations for all the N masses can be combined in vector form: 

u'(t) = u g (t)l + u(f) (9.4.1b) 

where 1 is a vector of order N with each element equal to unity. 

The equation of dynamic equilibrium, Eq. (9.2.11), developed earlier is still valid, 
except that p(f) = 0 because no external dynamic forces are applied. Thus 

f/ + to + ts = 0 (9.4.2) 

Only the relative motions u between the masses and the base due to structural deformations 
produce elastic and damping forces (i.e., the rigid-body component of the displacement of 
the structure produces no internal forces). Thus for a linear system, Eqs. (9.2.3) and (9.2.6) 
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(a) (b) 

Figure 9 . 4.1 (a) Building frame; (b) tower. 


are still valid. However, the inertia forces f / are related to the total accelerations ii' of the 
masses, and Eq. (9.2.9) becomes 

f, = mu' (9.4.3) 

Substituting Eqs. (9.2.3), (9.2.6), and (9.4.3) in Eq. (9.4.2) and using Eq. (9.4.1b) gives 

mii + cu + ku = — mln g (f) (9.4.4) 

Equation (9.4.4) contains N differential equations governing the relative displacements 
Uj (t) of a linearly elastic MDF system subjected to ground acceleration ii g (t ). The stiffness 
matrix in Eq. (9.4.4) refers to the horizontal displacements uj and is obtained by the static 
condensation method (Section 9.3) to eliminate the rotational and vertical DOF of the 
nodes; hence this k is known as the lateral stiffness matrix. 

Comparison of Eq. (9.4.4) with Eq. (9.2.12) shows that the equations of motion for 
the structure subjected to two separate excitations—ground acceleration = ii g ( t ) and exter¬ 
nal forces = ~mjU g (t )—are one and the same. As shown in Fig. 9.4.2, the ground motion 
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Figure 9 . 4.2 Effective earthquake forces. 
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can therefore be replaced by the effective earthquake forces: 

PcffO) = —ml ii g (t) (9.4.5) 

A generalization of the preceding derivation is useful if all the DOFs of the system 
are not in the direction of the ground motion (later in this section), or if the earthquake ex¬ 
citation is not identical at all the structural supports (Section 9.7). In this general approach 
the total displacement of each mass is expressed as its displacement nj due to static appli¬ 
cation of the ground motion plus the dynamic displacement uj relative to the quasi-static 
displacement: 

u‘j(t) = u s j(t) + Uj{t) or u'(f) = u s (f) + u(f) (9.4.6) 

The quasi-static displacements can be expressed as u 5 (t) = iu g (t), where the influence 
vector i represents the displacements of the masses resulting from static application of a 
unit ground displacement; thus Eq. (9.4.6b) becomes 

u'(f) = m* (0+u(f) (9.4.7) 

The equations of motion are obtained as before, except that Eq. (9.4.7) is used instead of 
Eq. (9.4.1b): 

mii + cu + ku = — miu g {t) (9.4.8) 

Now the effective earthquake forces are 

Peff (0 = -mii< g (0 (9.4.9) 

This generalization is of no special benefit in deriving the governing equations for 
the systems of Fig. 9.4.1. Static application of u g = 1 to these systems gives Uj = 1 for 
all j (i.e., l = 1), as shown in Fig. 9.4.3, where the masses are blank to emphasize that 
the displacements are static. Thus, Eqs. (9.4.8) and (9.4.9) become identical to Eqs. (9.4.4) 
and (9.4.5), respectively. 

We next consider systems with not all the dynamic DOFs in the direction of the 
ground motion. An example is shown in Fig. 9.4.4a, where an inverted L-shaped frame 
with lumped masses is subjected to horizontal ground motion. Assuming the elements to be 



NQ*=\ l n = 1 


j pH 1 /- 1 
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Figure 9.4.3 Influence vector l\ static 
displacements due to u g = 1. 
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Figure 9.4.4 (a) L-shaped frame; (b) influence vector i\ static displacements due to 
u g = 1; (c) effective earthquake forces. 


axially rigid, the three DOFs are as shown; u = (ui U 2 1/3 ) T . Static application of 
u g — 1 results in the displacements shown in Fig. 9.4.4b. Thus 1 = (1 1 0 ) 7 in 
Eq. (9.4.8), and Eq. (9.4.9) becomes 



" m\ 

l 1 1 

m 1 

Peff(0 = -m LUg(t) = -u g {t) 

m2 + An 3 

1 = -Ug(t) 

m 2 + m-i 


m3 _ 

loJ 

0 


(9.4.10) 

Note that the mass corresponding to U 2 = 1 is m 2 + m 3 because both masses will undergo 
the same acceleration since the connecting beam is axially rigid. The effective forces of 
Eq. (9.4.10) are shown in Fig. 9.4.4c. Observe that the effective force is zero in the vertical 
DOFs because the ground motion is horizontal. 

9.4.2 Symmetric-Plan Buildings: Translational Ground 
Motion 

Consider the /V-story building shown in Fig. 9.4.5 having rigid floor diaphragms and sev¬ 
eral frames in each of the x and y directions; the planwise distribution of mass and stiffness 
is symmetric about the x and y axes. We show in Section 9.5 that such symmetric-plan 
buildings can be analyzed independently in the two lateral directions. The motion of the 
building due to ground motion along one of the two axes, say the x-axis, is also governed 
by Eq. (9.4.4) with appropriate interpretation of m and k. The mass matrix is a diagonal 
matrix with diagonal elements nijj = rrij, where m ; is the total mass lumped at the yth 
floor diaphragm (Section 9.2.4). The stiffness matrix k is the lateral stiffness matrix of the 
building for motion in the ^-direction. 

The lateral stiffness matrix of a building can be determined from the lateral stiffness 
matrices of the individual frames of the building. First, the lateral stiffness matrix k Ai of the 
i th frame oriented in the x -direction is determined by the static condensation procedure to 
condense out the joint rotations and vertical displacements at the joints (Section 9.3). This 
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Figure 9.4.5 (a) j 111 floor plan with DOFs noted; (b) frame i, x-direction, with lateral 
forces and displacements shown. 


lateral stiffness matrix provides the relation between the lateral forces fj, on the ith frame 
and the lateral displacements u x( of the frame (Fig. 9.4.5b): 

f Sl = k XI u XI (9.4.11) 

Because the floor diaphragms are assumed to be rigid, all frames undergo the same lateral 
displacements: 

u x , = u x (9.4.12) 

where uj = (u t x m 2x • • • u JX ■ ■ ■ u Nx ) are the lateral displacements of the floors 
defined at their centers of mass. Substituting Eq. (9.4.12) in Eq. (9.4.11) and adding the 
latter equations for all the frames gives 

f.v = k x u x (9.4.13) 

where T, = JT is the vector of lateral forces at the floor centers of mass of the building 
and 

k x = J>„■ (9.4.14) 

i 

is the x-lateral stiffness of the building. It is a matrix of order N for an N -story building. 
Equation (9.4.4) with k = k x governs the x-lateral motion of a multistory building due to 
ground motion in the x-direction. 

9.4.3 Planar Systems: Rotational Ground Motion 

Although the rotational components of ground motion are not measured during earth¬ 
quakes, they can be estimated from the measured translational components, and it is of 
interest to apply the preceding concepts to this excitation. For this purpose, consider the 
frame of Fig. 9.4.6a subjected to base rotation 9 g (t). The total displacements u r of the 
masses are made up of two parts: u associated with the structural deformations and a 
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Figure 9.4.6 (a) Frame; (b) influence vector r. static displacements due to 6 g = 1; (c) effective 

earthquake forces. 


rigid-body component u'(?) = U),,(t) due to static application of ground rotation 9 g : 

u'(f) = u(f) + L0 g {t) (9.4.15) 

Static application of 0 g = 1 results in the displacements shown in Fig. 9.4.6b; thus l = 
(h i hi x 3 ) T . Equations (9.4.2) and (9.4.3) are still valid, but the total accelerations 
ii r (f) must now be determined from Eq. (9.4.15). Putting all these equations together 
leads to 

mii + cu + ku = — m L0 g (t) (9.4.16) 


The effective forces associated with ground rotation are shown in Fig. 9.4.6c: 


Peff(f) = -nuO g (t) = —9 g (t) 


m i h i 

(m 2 + m 3 )h 2 

W3X3 


(9.4.17) 


9.5 ONE-STORY UNSYMMETRIC-PLAN BUILDINGS 

We now extend the development of the preceding sections to formulate the equations of 
motion for buildings with unsymmetrical plan. Such buildings, when subjected to, say, 
the y-component of ground motion, would simultaneously undergo lateral motion in two 
horizontal (x and y) directions and torsion about the vertical (z) axis. In this section the 
equations governing such coupled lateral-torsional motion are formulated—first for one- 
story systems, followed by multistory buildings. 

9.5.1 Two-Way Unsymmetric System 

System considered. Consider the idealized one-story building shown in 
Fig. 9.5.1, consisting of a roof diaphragm, assumed rigid in its own plane, supported on 
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y 



(b) (c) 


Figure 9.5.1 One-story system considered: (a) plan; (b) frame A; (c) frames B and C. 


three frames: A, B, and C. Frame A is oriented in the v-direction, located at a distance e 
from the y-axis passing through the center of mass (CM) of the diaphragm. Frames B and 
C are oriented in the x-direction, located at the same distance d /2 on the two sides of the 
x-axis; for simplicity the frames are located at the edge of the diaphragm and we neglect 
the frame thickness. The motion of the roof mass will be described by three DOFs defined 
at the CM of the roof: displacements u x in the x-direction and u y in the y-direction, and 
torsional rotation ug about the vertical axis. 


Force—displacement relation. Let f'v represent the vector of statically applied 
external forces on the stiffness component of the structure and u the vector of resulting 
displacements both defined in terms of the three DOFs. The forces and displacements are 
related through 


fsx 1 

~k xx 

k X y 

k x e ' 

~ u x ~ 



fsy = 

kyx 

kyy 

k y o 

Uy 

or f v = ku 

(9.5.1) 

fse ) 

-kg x 

kg y 

kgg . 

-Uq_ 




The 3x3 stiffness matrix k of the structure can be determined by the direct equilibrium 
method (based on the definition of stiffness influence coefficients) or by the direct stiffness 
method. 

For this purpose the lateral stiffness of each frame is defined. The lateral stiffness k y 
of frame A relates the lateral force /sa and displacement u a (Fig. 9.5.1b): 


fsA — k y UA 


( 9 . 5 . 2 ) 
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The lateral stiffnesses of frames B and C are k x B and k x c, respectively, and they relate the 
lateral forces and displacements shown in Fig. 9.5.1c: 

fsB — k X BitB fsc = k x cu c (9.5.3) 


The lateral stiffness for each frame is determined by the static condensation procedure 
described in Section 9.3. 

The stiffness matrix of the complete system is determined first by the direct equilib¬ 
rium method. A unit displacement is imposed successively in each DOF, and the stiffness 
influence coefficients are determined by statics. The details are presented in Fig. 9.5.2 and 
should be self-explanatory. The resulting stiffness matrix for the structure is 


k = 


kxB + kxC 

0 


L (d/2)(k x c - k xB ) 


0 

ky 

ek y 


(d/2)(k xC k x b) - 

eky 

e 2 k y + (d 2 /4)(k xB + k x c ) - 


(9.5.4) 


Observe that k xy = 0 in Eq. (9.5.4) for the system of Fig. 9.5.1; in general, k xy ^ 0. 

Alternatively, the stiffness matrix of the structure may be formulated by the direct 
stiffness method implemented as follows: Determined first is the transformation matrix 
that relates the lateral displacement m, of frame i to u x , u y , and ug, the global DOF of the 
system. This 1x3 matrix is denoted by a ( , if the frame is oriented in the x -direction, 
or by a y i if in the v-direction. The lateral displacement of frame A, ua = u y + eug, or 
ua = a v/t u, where a y A = (0 1 e). Similarly, the lateral displacement of frame B, 

u B — u x — ( d/2)u g , or u B — a v jU, where a xB = (1 0 —d/2). Finally, the lateral 

displacement of frame C, uc — u x + ( d/2)ug , or uq — a v cu, where a x c = {1 0 d/2). 

Second, the stiffness matrix for frame i with respect to global DOF u is determined 
from the lateral stiffness k X i or k yi of frame i in local coordinates u, from 


k, 


a xi k xi a xi or 


k j a„ ky j Uy; 


(9.5.5) 


The first equation applies to frames oriented in the x-direction and the second to frames 
in the y-direction. Substituting the appropriate a,,- or a,.,- and k xl or k x , gives the stiffness 
matrices k^, k^, and kc of the three frames: 


k a = 

kg = 

kc = 


O’) 

-0 

0 

o - 

II 

O 

0 

1 

e 

e ) 

.0 

e 

e 2 . 


1 1 


' 1 

0 

-d/2- 

0 \k xB { 1 0 

-d/2) = k xB 

0 

0 

0 

d/2 \ 


.-d/2 

0 

d 2 /4 . 


1 1 

' 1 

0 

d/2 - 

0 \k xC { 1 0 d/2) = k xC 

0 

0 

0 

d/2) 

.d/2 

0 

d 2 / 4. 


(9.5.6) 

(9.5.7) 

(9.5.8) 


Finally, the stiffness matrix of the system is 


k — k,t + k# + kc 


(9.5.9) 
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(a) u x = 1, u y = Uq = 0 


ky, = 0 

ke. x = (dJ2)( k xC - k xB ) 

!-1 I- H 

e e 

(b) u x = 0, u y = 1, m 0 = 0 





Figure 9.5.2 Evaluation of stiffness matrix of a one-story, two-way unsymmetric system. 


Substituting Eqs. (9.5.6), (9.5.7), and (9.5.8) gives 

k X B + k x c 0 (d/2)(k x c — k X B) 

k = 0 k y ek y 

.(d/2) {k xC -k xB ) eky e 2 k y + (d 2 /A)(k xB + k xC ) J 

As expected, this stiffness matrix is the same as that determined earlier from the definition 
of stiffness influence coefficients. 


(9.5.10) 
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Inertia forces. Since the global DOFs selected are located at the center of mass 
O, the inertia forces on the mass component of the structure are 


fix = rnu‘ x // y = mu' y f ie = I 0 Ug (9.5.11) 

where m is the diaphragm mass distributed uniformly over the plan, I 0 = m(b 2 +d 2 )/12 is 
the moment of inertia of the diaphragm about the vertical axis passing through O, and u x , 
u‘ y , and ii' g are the x, y, and 0 components of the total acceleration of the center of mass. 
In matrix form the inertia forces and accelerations are related through the mass matrix: 

.fix ] [" m 

fly } = m 

fie J L Io 


or f/ = mii r 


(9.5.12) 


Equations of motion. Substituting Eqs. (9.5.12b) and (9.5.1b) into Eq. (9.4.2) 
and excluding damping forces gives 

mii' + ku = 0 (9.5.13) 


Consider the earthquake excitation defined by ii gx (t) and u gy ( t ), the x and y components of 
the ground acceleration, and u g g(t), the rotational acceleration of the base of the building 
about the vertical axis. The total accelerations are 


1 

1 1 

f i 

1 1 

r ] 

r 

H 

| iiy | 

r 

I Ugy t 

l Ug \ 

i i 

[ Ug \ 

i i 

[ ii g Q ) 


(9.5.14) 


Substituting Eq. (9.5.14) into (9.5.13) and 
(9.5.10) gives 


~ m 

1 u x 


~k xx 

0 

m 

iiy 

+ 

0 

kyy 

Io - 

( ug . 


1 

kg y 


where 

k-XX = k\B + k X C kyy = ky 

d 

k x e = kg x = —{k x c — k xB ) 


using m and k defined in Eqs. (9.5.12) and 


k x g " 

\ UX } 

( mu gx (t) 1 


k y g 

Uy 

= - 1 mu gy (t) \ 

(9.5.15) 

kgg - 

y ug J 

y I 0 u g g(t) J 


kgg = 

e 2 k y + 

d 2 

— (k xB + k x c) 




4 

(9.5.16) 


kyO - kl)y - cky 


The three differential equations in Eq. (9.5.15) governing the three DOFs— u x , u y , and 
ug —are coupled through the stiffness matrix because the stiffness properties are not sym¬ 
metric about the x or y axes. Thus the response of the system to the x (and y)-component 
of ground motion is not restricted to lateral displacement in the x (and yj-direction, but 
will include lateral motion in the transverse direction, y (and x), and torsion of the roof 
diaphragm about the vertical axis. 


9.5.2 One-Way Unsymmetric System 


We next consider a special case of the system of Fig. 9.5.1 for which the lateral stiffness 
of frames B and C is identical (i.e., k xB = k x c = k x ). This system is symmetric about 
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the x-axis but not about the v-axis. For this one-way unsymmetric system, Eq. (9.5.15) 
specializes to 


m 

m 

lo - 


Ux 

Uy 

Ug 


[2 k x 

0 

0 

r u x 

0 

ky 

eky 

\ 11 y 

. 0 

ek y 

e 2 k y + (d 2 /2)k x . 

l Ug 


miig X (t) 1 
mil gy {t) > 

0 J 

(9.5.17) 


where the rotational excitation has been dropped. The first of three equations, 

mu x + 2 k x u x = —mu gx (t) (9.5.18) 


is a familiar SDF equation of motion that governs the response u x of the one-story system 
to ground motion in the x-direction; u y and ug do not enter into this equation. This implies 
that motion in the x-direction occurs independent of the motion in the y-direction or of 
torsional motion. Such is the case because the system is symmetric about the x-axis. 

The second and third equations can be rewritten as 


m 

y\ + 

ky 

eky 


lo _ 

ug J 

eky 

kge _ 





(9.5.19) 


These equations governing u y and ug are coupled through the stiffness matrix because the 
stiffness properties are not symmetric about the y-axis. Thus the system response to the y- 
component of ground motion is not restricted to the lateral displacement in the y-direction 
but includes torsion about a vertical axis. 

The separation of the governing equations into Eqs. (9.5.18) and (9.5.19) indicates 
that the earthquake response of a system with plan symmetric about the x-axis but unsym¬ 
metric about the y-axis can be determined by two independent analyses: (1) the response of 
the structure to ground motion in the x-direction can be determined by solving the SDF sys¬ 
tem equation (9.5.18) by the procedures of Chapter 6; and (2) the coupled lateral-torsional 
response of the structure to ground motion in the y-direction can be determined by solving 
the two-DOF-system equation (9.5.19) by the procedures of Chapter 13. In passing we ob¬ 
serve that Eq. (9.5.19) can be interpreted as Eq. (9.4.8) without damping with the influence 
vector l = (1 0} r . 


9.5.3 Symmetric System 


We next consider a further special case of the system of Fig. 9.5.1 for which frames B and 
C are identical (i.e., k xfi = k x c — k x ) and frame A is located at the center of mass (i.e., 
e = 0). For such systems Eq. (9.5.15) specializes to 


lo - 


r 2k x 

0 

0 

\ Ux } 

[ mu gx {t) 

0 

ky 

0 

Uy 

= — •! miigyit ) 

. 0 

0 

(d 2 /2)k x . 

l Ug \ 

l I 0 U g g(t) 


(9.5.20) 


The three equations are now uncoupled, and each is of the same form as the equation for 
an SDF system. This uncoupling of equations implies: (1) translational ground motion in 
the x (or y) direction would cause lateral motion of the system only in the x (or y) direction; 
(2) rotational ground motion would cause only torsional motion of the system; and (3) 
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response to individual components of ground motion can be determined by solving only 
the corresponding equation in Eq. (9.5.20). 

9.6 MULTISTORY UNSYMMETRIC-PLAN BUILDINGS 

In this section, the equations of motion for a multistory building with plan unsymmetric 
about both x and y axes subjected to earthquake excitation are formulated. Figure 9.6.1 
shows a schematic idealization of such a system, which consists of some frames oriented 
in the y-direction and others in the ^-direction. The framing plan and hence stiffness 
properties are unsymmetric about both x and y axes; however, the mass distribution of each 
floor diaphragm is symmetric about both x and y axes, and the centers of mass O of all 
floor diaphragms lie on the same vertical axis. Each floor diaphragm, assumed to be rigid 
in its own plane, has three DOFs defined at the center of mass (Fig. 9.6.1a). The DOFs 


y 





Figure 9.6.1 Multistory system: (a) plan; (b) frame i, y-direction; (c) frame i, 
x -direction. 
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for the yth floor are: translation uj x along the x-axis, translation uj y along the y-axis, and 
torsional rotation ujg about the vertical axis; u ]x and u ]y are defined relative to the ground. 

The earthquake excitation is defined by u gx ( t ) and ii gy (f), the x and y components 
of ground acceleration, and u go (f), the rotational ground acceleration about the vertical 
axis. Although rotational acceleration of the base of a building is not recorded by strong- 
motion accelerographs, in some cases it can be calculated from the translational accelera¬ 
tions recorded at two locations at the base (Section 13.4). 

As suggested by the earlier formulation of the equations of motion for a one-story 
system, the multistory building would undergo coupled lateral-torsional motion described 
by 3 N DOFs: u JX , u jy , and ujg, j = 1, 2,..., N. The displacement vectoru of size 3 N x 1 
for the system is defined by 



u = j u, 

l U 0 


where 




The stiffness matrix of this system with respect to the global DOFs u is formulated 
by the direct stiffness method by implementing four major steps [similar to Eqs. (9.5.5) to 
(9.5.10) for a one-story frame]. 

Step 1 . Determine the lateral stiffness matrix for each frame. For the / th frame 
it is determined by the following steps: (a) Define the DOF for the /th frame: lateral 
displacements at floor levels, U; = ( Mi,- M2; ■■■ u Ni ) T (Fig. 9.5.3b and c), and vertical 

displacement and rotation of each node, (b) Obtain the complete stiffness matrix for the 
/ th frame with reference to the frame DOF. (c) Statically condense all the rotational and 
vertical DOFs to obtain the N x N lateral stiffness matrix of the /th frame, denoted by 
k X i if the frame is oriented in the x-direction, or by k V! - if the frame is parallel to the 
y-axis. 

Step 2. Determine the displacement transformation matrix relating the lateral DOF 
u, defined in step 1(a) for the / th frame to the global DOF u for the building. This N x 3 N 
matrix is denoted by a v( - if the frame is oriented in the x-direction or a v , if in the v-direction. 


Thus 


U; = a v ,u or u, = a v ,u 


(9.6.1) 


These transformation matrices are 


a.vi = [ I O —y,I] or a yi = [O I x,I] 


(9.6.2) 
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where x, and y, define the location of the ;th frame (Fig. 9.6.1a) oriented in the y and x 
directions, respectively, I is an identity matrix of order N, and O is a square matrix of order 
N with all elements equal to zero. 

Step 3. Transform the lateral stiffness matrix for the ith frame to the building 
DOF u to obtain 

k = a' xl k x ,a x , or k, = aj’-k^a^ (9.6.3) 

The 3N x 3 N matrix k,- is the contribution of the ith frame to the building stiffness matrix. 


Step 4. Add the stiffness matrices for all frames to obtain the stiffness matrix for 
the building: 

k = k, (9.6.4) 

i 

Substituting Eq. (9.6.2) into Eq. (9.6.3) and the latter into Eq. (9.6.4) leads to 



' Kx 

kyy 

k x g " 


k = 

kyy 

kyy 

kyd 

(9.6.5) 


- kgy 

kg y 

k ee - 



where 

Kx = ^2 k *' k yy = ^2 k 3 "' kee = Ytf ** + yf k xi ) 

‘ ‘ (9.6.6) 

k AV = 0 k v0 = k l x = Y2 ~yiKi k ve = kj y = ^ x,k vi 

i i 

The equations of undamped motion of the building are 
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kyy 

kyy 

k y e 
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l tie J 
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(1 
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iigx (0 

in 

lo- 

V 
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0 J 


0 | U g g(t) 


(9.6.7) 


where m is a diagonal matrix of order N, with mjj = nij , the mass lumped at the jth floor 
diaphragm; I o is a diagonal matrix of order N with hi = Ioj, the moment of inertia of 
the jth floor diaphragm about the vertical axis through the center of mass; and 1 and 0 are 
vectors of dimension N with all elements equal to 1 and zero, respectively. 

Considering one component of ground motion at a time, Eq. (9.6.7) indicates that 
ground motion in the x-direction can be replaced by effective earthquake forces —m,jU gx (t), 
ground motion in the v-direction by effective earthquake forces —mjU gy (?), and ground 
motion in the 0-direction by effective earthquake forces —Iojti g g (f); note that these 
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effective forces are along the direction of the ground motion component considered and 
are zero in the other two directions. Equation (9.6.7) can be interpreted as Eq. (9.4.8) with 
the influence vector t associated with the x, y, and 0 components of ground motion given 
by the three vectors on the right side of Eq. (9.6.7), respectively. 

Because the three sets of DOFs— u T , u v , and u« — in Eq. (9.6.7) are coupled through 
the stiffness matrix, the system when subjected to any one component of ground motion 
will respond simultaneously in x-lateral, y-lateral, and torsional motion; such motion is 
referred to as coupled lateral-torsional motion. 


9.6.1 One-Way Unsymmetric-Plan Buildings 


We next consider a special case of the system of Fig. 9.6.1 that has stiffness properties 
symmetric about the x-axis. For such systems, the stiffness submatrices k tv = k x g = 0 
and Eq. (9.6.7) may be written as 

mu v + k VA u A = -ml u gx (t) (9.6.8a) 


m 


iiy} 

1 

Oh 

1_ 


v 


ue } 

_ k g y k gg _ 





(9.6.8b) 


where the rotational excitation has been dropped temporarily. 

Equation (9.6.8) permits the following observations: Ground motion in the x-direc- 
tion, an axis of symmetry, would cause the building to undergo only lateral motion in the 
x-direction, and this response can be determined by solving the 1V-DOF system governed by 
Eq. (9.6.8a), which is similar to the equations of motion for planar systems [Eq. (9.4.8)]. 
Ground motion in the y-direction would cause coupled lateral (y)-torsional motion of the 
building and this response can be determined by solving the 2/V-DOF system governed by 
Eq. (9.6.8b). 


9.6.2 Symmetric-Plan Buildings 

We next consider a further special case of the system of Fig. 9.6.1 that has stiffness prop¬ 
erties symmetric about both x and y axes. For such systems, the stiffness submatrices 
kjrj, = k x g = kyf) = 0 and Eq. (9.6.7) may be written as 

mii t + kjjU, = -ml u gx (t ) (9.6.9a) 

mii y + kyyUy = -ml Ugy(t) (9.6.9b) 

mu 0 + kgoug = -I 0 1 u g g(t) (9.6.9c) 

It is clear from Eq. (9.6.9) that a symmetric-plan building subjected to x, y, or 6 
components of ground motion—one component at a time—will undergo only x-lateral, 
y-lateral, or torsional motion, respectively. As a corollary, a symmetric-plan system 
would experience no torsional motion unless the base motion includes rotation about a 
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vertical axis; see Section 13.4 for further discussion of this topic. Response of a 
symmetric-plan building to an individual component of ground motion can be determined 
by solving an 1V-DOF system governed by Eq. (9.6.9a), Eq. (9.6.9b), or Eq. (9.6.9c), as 
appropriate. 


9.7 MULTIPLE SUPPORT EXCITATION 


So far, we have assumed that all supports where the structure is connected to the ground 
undergo identical motion that is prescribed. In this section we generalize the previous 
formulation of the equations of motion to allow for different—possibly even 
multicomponent—prescribed motions at the various supports. Such multiple-support ex¬ 
citation (or spatially varying excitation) may arise in several situations. First, consider 
the earthquake analysis of extended structures such as the Golden Gate Bridge, shown in 
Fig. 2.1.2. The ground motion generated by an earthquake on the nearby San Andreas 
fault is expected to vary significantly over the 6450-ft length of the structure. Therefore, 
different motions should be prescribed at the four supports: the base of the two towers and 
two ends of the bridge. Second, consider the dynamic analysis of piping in nuclear power 
plants. Although the piping may not be especially long, its ends are connected to different 
locations of the main structure and would therefore experience different motions during an 
earthquake. 

For the analysis of such systems the formulation of Section 9.4 is extended to in¬ 
clude the degrees of freedom at the supports (Fig. 9.7.1). The displacement vector now 
contains two parts: (1) u' includes the N DOFs of the superstructure, where the super¬ 
script t denotes that these are total displacements; and (2) u g contains the N g components 
of support displacements. The equation of dynamic equilibrium for all the DOFs is written 
in partitioned form: 


m m„ 


u' 

6 

T 


1 + 

L m s m «J 


u s 





(9.7.1) 
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Superstructure 
DOF: u' 


Support DOF: u 


Figure 9.7.1 Definition of superstructure and support DOFs. 
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Observe that no external forces are applied along the superstructure DOFs. In Eq. (9.7.1) 
the mass, damping, and stiffness matrices can be determined from the properties of the 
structure using the procedures presented earlier in this chapter, while the support motions 
Ug(f), lig(f), and ii g (f) must be specified. It is desired to determine the displacements u' in 
the superstructure DOF and the support forces p f . 

To write the governing equations in a form familiar from the earlier formulation for 
a single excitation, we separate the displacements into two parts, similar to Eq. (9.4.6): 




(9.7.2) 


In this equation u 1 is the vector of structural displacements due to static application of the 
prescribed support displacements u g at each time instant. The two are related through 


k r 



(9.7.3) 


where p), are the support forces necessary to statically impose displacements u„ that vary 
with time; obviously, u' varies with time and is therefore known as the vector of quasi¬ 
static displacements. Observe that p* = 0 if the structure is statically determinate or if the 
support system undergoes rigid-body motion; for the latter condition an obvious example is 
identical horizontal motion of all supports. The remainder u of the structural displacements 
are known as dynamic displacements because a dynamic analysis is necessary to evaluate 
them. 

With the total structural displacements split into quasi-static and dynamic displace¬ 
ments, Eq. (9.7.2), we return to the first of the two partitioned equations (9.7.1): 


mu' + m g iig + cu' + c,,u,, + ku' + k,,u„ = 0 


(9.7.4) 


Substituting Eq. (9.7.2) and transferring all terms involving u„ and iT to the right side 
leads to 


mu + cu + ku = peff(f) (9.7.5) 

where the vector of effective earthquake forces is 

Pcif(t) = — (mu' + m,,ii,,) - (cu 1 + c g u g ) - (ku 1 + k,,u,,) (9.7.6) 

This effective force vector can be rewritten in a more useful form. The last term drops out 
because Eq. (9.7.3) gives 


ku' + k,,u„ = 0 


(9.7.7) 


This relation also enables us to express the quasi-static displacements u' in terms of the 
specified support displacements u ? : 


u' = LUg 


l = —k 1 k 


(9.7.8) 
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We call l the influence matrix because it describes the influence of support displacements 
on the structural displacements. Substituting Eqs. (9.7.8) and (9.7.7) in Eq. (9.7.6) gives 

PefKO = -(mi + m s)Ug(0 - (c l + c g )u g (r) (9.7.9) 

If the ground (or support) accelerations ii g (f) and velocities u,,(f) are prescribed, p e ff(0 
is known from Eq. (9.7.9), and this completes the formulation of the governing equation 
[Eq. (9.7.5)]. 


Simplification Of Peff (f). For many practical applications, further simplification 
of the effective force vector is possible on two counts. First, the damping term in Eq. (9.7.9) 
is zero if the damping matrices are proportional to the stiffness matrices (i.e., c = a\ k and 
c g = «|k ? ) because of Eq. (9.7.7); this stiffness-proportional damping will be shown in 
Chapter 11 to be unrealistic, however. While the damping term in Eq. (9.7.9) is not zero 
for arbitrary forms of damping, it is usually small relative to the inertia term and may 
therefore be dropped. Second, for structures with mass idealized as lumped at the DOFs, 
the mass matrix is diagonal, implying that m g is a null matrix and m is diagonal. With 
these simplifications Eq. (9.7.9) reduces to 

Peff(0 = —mtiig(f) (9.7.10) 

Observe that this equation for the effective earthquake forces associated with multiple- 
support excitation is a generalization of Eq. (9.4.9) valid for structures with single support 
(and for structures with identical motion at multiple supports). The N x N g influence 
matrix i was previously ail N x 1 vector, and the N g x I vector ii g (t) of support motions 
was a scalar ii g (t). 


Interpretation of Peff(f). We will find it useful to use a different form of 
Eq. (9.7.8a): 


N g 

u *(0 = !>«*/ (0 (9-7.11) 

/=! 


where /,/, the /th column of the influence matrix l, is the influence vector associated with 
the support displacement u g i. It is the vector of static displacements in the structural DOFs 
due to u g i = 1. By using Eqs. (9.7.8) and (9.7.11), the effective force vector, Eq. (9.7.10), 
can be expressed as 


N g 

PeffO) = -^n MiUglit) (9.7.12) 

/=l 


The /th term in Eq. (9.7.12) that denotes the effective earthquake forces due to acceleration 
in the /th support DOF is of the same form as Eq. (9.4.9) for structures with single support 
(and for structures with identical motion at multiple supports). The two cases differ in an 
important sense, however: In the latter case, the influence vector can be determined by 
kinematics, but N algebraic equations [Eq. (9.7.7)] are solved to determine each influence 
vector Li for multiple-support excitations. 
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Example 9.10 

A uniform two-span continuous bridge with flexural stiffness El is idealized as a lumped-mass 
system (Fig. E9.10a). Formulate the equations of motion for the bridge subjected to vertical 
motions u g \, u g 2, and u g 3 of the three supports. Consider only the translational degrees of 
freedom. Neglect damping. 


u g 1 


u gl 


(a) 


f m 

t 

m 

^ t 

\ ^ 

El 


El 


tr g 3 


a 


m 


m 


L! 2 


L/2 


(b) 



1 





u g 2 = 1 



Solution 

1. Formulate the stiffness matrix. With reference to the 10 DOFs identified in 
Fig. E9.10b, the stiffness matrix of the system is formulated by the procedure used in Exam¬ 
ple 9.7 for a two-story frame. Static condensation of the rotational DOFs using the procedure 
in Section 9.3 leads to the 5x5 stiffness matrix with reference to the five translational 
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DOFs: 



- 78.86 

30.86 

-29.14 

-75.43 -5.14- 


El 

30.86 

78.86 

-5.14 

-75.43 -29.14 


k =Z 3 

-29.14 

-5.14 

12.86 

20.57 0.86 

(a) 

-75.43 

-75.43 

20.57 

109.71 20.57 



- -5.14 
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0.86 

20.57 12.86- 


2. Partition the stiffness matrix. The 

vectors 

of the structural DOF and support DOF 

are 







u = 

(u 1 U2) T and 

u g = ( 

M3 U4 

« 5 > 7 

(b) 

The k determined previously is partitioned: 








kn 1 






k -[ k j 

k ^S J 



(c) 

where 








, EI 

'78.86 30.86] 



(dl) 


k =u 

.30.86 78.86 J 




, EI 

r—29.14 

-75.43 

-5.14] 

(d2) 


kg = u 

-5.14 

-75.43 

— 29.14 J 


EI 

'12.86 

20.57 

0.86' 




kgg = u 

20.57 109.71 

20.57 


(d3) 


0.86 

20.57 

12.86 




3. Formulate the mass matrix. Relative to the DOFs u\ and u 2 , the mass matrix is 


— P ,] 


4. Determine the influence matrix. 


t = -k 'k g = 


T 0.40625 0.68750 -0.09375] 
L —0.09375 0.68750 0.40625 J 

The influence vectors associated with each of the supports are 


M = <0.40625 —0.09375) 3 

1 2 = (0.68750 0.68750)^ 

1 3 = ( -0.09375 0.40625) 3 


(e) 

(f) 

(gl) 

(g2) 

(g3) 


The structural displacements described by each of the influence vectors are shown in 
Fig. E9.10c. 

5. Determine the equations of motion. 


mii + ku = p e ff(f) 


00 


where m and k are defined by Eqs. (e) and (dl), respectively. The effective force vector is 

3 

PeffO) = -^2 (i) 


1=1 


where n are given by Eq. (g) and ii g i(t) are the support accelerations. 
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9.8 INELASTIC SYSTEMS 

The force-deformation relation for a structural steel component undergoing cyclic defor¬ 
mations is shown in Fig. 1.3.1c. The initial loading curve is nonlinear at the larger ampli¬ 
tudes of deformation, and the unloading and reloading curves differ from the initial loading 
branch. Thus the relation between the resisting force vector fj and displacement vector u is 
path dependent, i.e., it depends on whether the displacements are increasing or decreasing. 
Then f$ can be expressed as an implicit function of u: 

fs = f.s(u) (9.8.1) 

This general equation replaces Eq. (9.2.3) and Eq. (9.4.8) becomes 

mii + cu + fs(u) = — mbu g (t) (9.8.2) 

These are the equations of motion for inelastic MDF systems subjected to ground acceler¬ 
ation iig(t), the same at all support points. 

Following the approach outlined in Section 1.4 for SDF systems, the damping matrix 
of an MDF system that models the energy dissipation arising from rate-dependent effects 
within the linearly elastic range of deformations (see Chapter 11) is also assumed to repre¬ 
sent this damping mechanism in the inelastic range of deformations. The additional energy 
dissipated due to inelastic behavior at larger deformations is accounted for by the hysteretic 
force-deformation relation used in the numerical time-stepping procedures for solving the 
equations of motion (Chapter 16). 

These numerical procedures are based on linearizing the equations of motion over 
a time step r,- to r, + At and using Newton-Raphson iteration (Section 5.7). The struc¬ 
tural stiffness matrix at f,- is formulated by direct assembly of the element stiffness ma¬ 
trices. For each structural element—column, beam, or wall, etc.—the element stiffness 
matrix is determined for the state—displacements and velocities—of the system at t, and 
the prescribed yielding mechanism of the material. The element stiffness matrices are then 
assembled. These procedures are not presented in this structural dynamics text because 
the reader is expected to be familiar with static analysis of inelastic systems. However, 
we discuss this issue briefly in Chapter 19 in the context of nonlinear analysis of simple 
idealizations of multistory buildings. 


9.9 PROBLEM STATEMENT 

Given the mass matrix m, the stiffness matrix k of a linearly elastic system or the force- 
deformation relations fj(u, u) for an inelastic system, the damping matrix c, and the 
dynamic excitation—which may be external forces p (t) or ground acceleration ii g (t )— 
a fundamental problem in structural dynamics is to determine the response of the MDF 
structure. 

The term response denotes any response quantity, such as displacement, velocity, 
and acceleration of each mass, and also an internal force or internal stress in the structural 
elements. When the excitation is a set of external forces, the displacements u(f), veloc¬ 
ities u(r), and accelerations ii(r) are of interest. For earthquake excitations the response 
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quantities relative to the ground— u, u, and ii —as well as the total responses— u', u f , and 
ii f —may be needed. The relative displacements u(f) associated with deformations of the 
structure are the most important since the internal forces in the structure are directly related 
to u(r). 


9.10 ELEMENT FORCES 

Once the relative displacements u(f) have been determined by dynamic analysis, the 
element forces and stresses needed for structural design can be determined by static 
analysis of the structure at each time instant (i.e., no additional dynamic analysis is nec¬ 
essary). The static analysis of an MDF system can be visualized in one of two ways: 

1. At each time instant the nodal displacements are known from u(f); if u(f ) includes 
only the dynamic DOF, the displacements in the condensed DOF are given by Eq. (9.3.3). 
From the known displacements and rotations of the nodes of each structural element (beam 
and column), the element forces (bending moments and shears) can be determined through 
the element stiffness properties (Appendix 1), and stresses can be determined from the 
element forces. 

2. The second approach is to introduce equivalent static forces; at any instant of 
time t these forces f$ are the external forces that will produce the displacements u at the 
same t in the stiffness component of the structure. Thus 

f s (0 = ku(r) (9.10.1) 

Element forces or stresses can be determined at each time instant by static analysis of the 
structure subjected to the forces fj. The repeated static analyses at many time instants can 
be implemented efficiently as described in Chapter 13. 

For inelastic systems the element forces can be determined by appropriate modifi¬ 
cations of these procedures to recognize that such systems are analyzed by time-stepping 
procedures with iteration within a time step (Chapter 16). 

To keep the preceding problem statement simple, we have excluded systems sub¬ 
jected to spatially varying, multiple-support excitations (Section 9.7). Such dynamic re¬ 
sponse analyses involve additional considerations that are discussed in Section 13.5. 


9.11 METHODS FOR SOLVING THE EQUATIONS OF MOTION: 

OVERVIEW 

The dynamic response of linear systems with classical damping that is a reasonable model 
for many structures can be determined by classical modal analysis. Classical natural fre¬ 
quencies and modes of vibration exist for such systems (Chapter 10), and their equations of 
motion, when transformed to modal coordinates, become uncoupled (Chapters 12 and 13). 
Thus the response in each natural vibration mode can be computed independent of the 
others, and the modal responses can be combined to determine the total response. Each 
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mode responds with its own particular pattern of deformation, the mode shape; with its 
own frequency, the natural frequency; and with its own damping. Each modal response 
can be computed as a function of time by analysis of an SDF system with the vibration 
properties—natural frequency and damping—of the particular mode. These SDF equations 
can be solved in closed form for excitations that can be described analytically (Chapters 3 
and 4), or they can be solved by time-stepping methods for complicated excitations that 
are defined numerically (Chapter 5). 

Classical modal analysis is not applicable to a structure consisting of subsystems 
with very different levels of damping. For such systems the classical damping model may 
not be appropriate, classical vibration modes do not exist, and the equations of motion 
cannot be uncoupled by transforming to modal coordinates of the system without damp¬ 
ing. Such systems can be analyzed by (1) transforming the equations of motion to the 
eigenvectors of the complex eigenvalue problem that includes the damping matrix (Chap¬ 
ter 14); or (2) direct solution of the coupled system of differential equations (Chapter 16). 
The latter approach requires numerical methods because closed-form analytical solutions 
are not possible even if the dynamic excitation is a simple, analytically described function 
of time and also, of course, if the dynamic excitation is described numerically. 

Classical modal analysis is also not applicable to inelastic systems irrespective of the 
damping model, classical or nonclassical. The standard approach is to solve directly the 
coupled equations in the original nodal displacements by numerical methods (Chapter 16). 
The overview of analysis procedures presented in this section is summarized in Fig. 9.11.1. 



Figure 9.11.1 
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PROBLEMS 


9.1 A uniform rigid bar of total mass m is supported on two springs k\ and ki at the two ends and 
subjected to dynamic forces as shown in Fig. P9.1. The bar is constrained so that it can move 
only vertically in the plane of the paper. ( Note: This is the system of Example 9.2.) Formulate 
the equations of motion with respect to the two DOFs defined at the left end of the bar. 



Figure P9.1 


*9.2 A uniform simply supported beam of length L, flexural rigidity El, and mass m per unit 
length has been idealized as the lumped-mass system shown in Fig. P9.2. The applied forces 
are also shown. 

(a) Identify the DOFs to represent the elastic properties and determine the stiffness matrix. 
Neglect the axial deformations of the beam. 


(b) Identify the DOFs to represent the inertial properties anc 

(c) Formulate the equations governing the translationa^rioti 

P\(t) Piit) 


El 




^6 6 = 


mL/3 


mL /3 


—$ 7 ?. 


m 


m 


m 


etermine the mass matrix. 
RMiP, tefHPmass = m 


El, massless 


^ 555 - 


Figure P9.2 Figure P9.4 

9.3 Derive the equations of motion of the beam of Fig. P9.2 governing the translational displace¬ 
ments u j and i <2 by starting directly with these two DOFs only. 

9.4 A rigid bar is supported by a weightless column as shown in Fig. P9.4. Evaluate the mass, 
flexibility, and stiffness matrices of the system defined for the two DOFs shown. Do not use a 
lumped-mass approximation. 


*Denotes that a computer is necessary to solve this problem. 
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9.5 Using the definition of stiffness and mass influence coefficients, formulate the equations of 
motion for the two-story shear frame with lumped masses shown in Fig. P9.5. The beams are 
rigid and the flexural rigidity of the columns is El. Neglect axial deformations in all elements. 




Figure P9.5 


Figure P9.6 


*9.6 Figure P9.6 shows a two-story frame with lumped masses subjected to lateral forces, together 
with some of its properties; in addition, the flexural rigidity is El for all columns and beams. 

(a) Identify the DOFs to represent the elastic properties and determine the stiffness matrix. 
Neglect axial deformations in all elements. 

(b) Identify the DOFs to represent the inertial properties and determine the mass matrix. 
Assume the members to be massless and neglect their rotational inertia. 

(c) Formulate the equations governing the motion of the frame in the DOFs in part (b). 

9.7- Using the definition of stiffness and mass influence coefficients, formulate the equations of 
9.8 motion for the three-story shear frames with lumped masses shown in Figs. P9.7 and P9.8. 
The beams are rigid in flexure, and the flexural rigidity of the columns is as shown. Neglect 
axial deformations in all elements. 



Figure P9.7 



Figure P9.8 


*Denotes that a computer is necessary to solve this problem. 
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*9.9- Figures P9.9-P9.12 show three-story frames with lumped masses subjected to lateral forces, 
9.12 together with the flexural rigidity of columns and beams. 

(a) Identify the DOFs to represent the elastic properties and determine the stiffness matrix. 
Neglect the axial deformation of the members. 

(b) Identify the DOFs to represent the inertial properties and determine the mass matrix. As¬ 
sume the members to be massless and neglect their rotational inertia. 

(c) Formulate the equations governing the motion of the frame in the DOFs in part (b). 




Figure P9.9 


Figure P9.10 




Figure P9.ll 


Figure P9.12 


*9.13 An umbrella structure has been idealized as an assemblage of three flexural elements with 
lumped masses at the nodes as shown in Fig. P9.13. 


*Denotes that a computer is necessary to solve this problem. 
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(a) Identify the DOFs to represent the elastic properties and determine the stiffness matrix. 
Neglect axial deformations in all members. 

(b) Identify the DOFs to represent the inertial properties and determine the mass matrix. 

(c) Formulate the equations of motion governing the DOFs in part (b) when the excitation 
is (i) horizontal ground motion, (ii) vertical ground motion, (iii) ground motion in direction 
b-d, (iv) ground motion in direction b-c, and (v) rocking ground motion in the plane of the 
structure. 



f Figure P9.13 


9.14 Figure P9.14 shows a uniform slab supported on four columns rigidly attached to the slab and 
clamped at the base. The slab has a total mass m and is rigid in plane and out of plane. Each 
column is of circular cross section, and its second moment of cross-sectional area about any 
diametrical axis is as noted. With the DOFs selected as u x , u y , and ug at the center of the 
slab, and using influence coefficients: 

(a) Formulate the mass and stiffness matrices in terms of m and the lateral stiffness k = 
12E///7 3 of the smaller column; h is the height. 

(b) Formulate the equations of motion for ground motion in (i) the x-direction, (ii) the 
y-direction, and (iii) the direction d-b. 

9.15 Repeat Problem 9.14 using the second set of DOFs shown in Fig. P9.15. 




Figure P9.14 


Figure P9.15 
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Figure P9.16 Figure P9.17 


9.16 Repeat Problem 9.14 using the DOFs shown in Fig. P.9.16. 

9.17 Repeat Problem 9.14 using the DOFs shown in Fig. P9.17. 

9.18 Figure P9.18 shows a three-dimensional pipe abed clamped at a with mass m at d. All 
members are made of the same material and have identical cross sections. Formulate the 
equations of motion governing the DOFs u x , u y , and u z when the excitation is ground motion 
in (i) .v-direction, (ii) v-direction, (iii) ^-direction, and (iv) direction a-d. First express the 
flexibility matrix in terms of E, I, G, J, and L\ then specialize it for GJ = I £/. Consider 
flexural and torsional deformations but neglect axial deformations. 



9.19 Formulate the equations of motion for the system shown in Fig. P9.19 subjected to support 
displacements u g \(t) and u g 2 (t). These equations governing the dynamic components of 
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Figure P9.19 
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displacements u\ and 112 (total displacements minus quasistatic displacements) should be ex¬ 
pressed in terms of m, k, ii g i(t), and ii g 2 (t). 

9.20 Figure P9.20 shows a simply supported massless beam with a lumped mass at the center 
subjected to motions u g \(t) and u g 2 (t) at the two supports. Formulate the equation of motion 
governing the dynamic component of displacement u (= total displacement — quasi-static 
displacement) of the lumped mass. Express this equation in terms of m, El, L , ii g \(t), and 
u g 2(t). 



+---+-’ Figure P9.20 


*9.21 Figure P9.21 shows a pipe in an industrial plant. The pipe is clamped at supports a and b 
and has a 90° bend at c. It supports two heavy valves of mass m as shown. Neglecting axial 
deformations and pipe mass, formulate the equations of motion for this system subjected to 
support displacements u g \(t) and u g 2 (t). These equations governing the dynamic component 
(= total displacement — quasi-static component) of the displacements u\ and U 2 should be 
expressed in terms of m, El, and L. How do these governing equations differ from the case of 
identical motion at both supports? 


j L/2 L/2 



u 


g2 


Figure P9.21 


*9.22 Figure P9.22 shows a single-span bridge. Neglecting axial deformations, formulate the equa¬ 
tions of motion for this system subjected to support displacements u g \(t ) and u g 2 (t). These 
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7 / 77 ?. "x2 Figure P9.22 


Denotes that a computer is necessary to solve this problem. 
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equations governing the dynamic component (= total displacement — quasi-static component) 
of the displacements u\ and M 2 should be expressed in terms of m, El, and L. How do these 
governing equations differ from the case of identical motion at both supports? 

9.23 Figure P9.23 shows a uniform slab supported on four identical columns rigidly attached to 
the slab and clamped at the base. The slab has a total mass m and is rigid in plane and out 
of plane. Each column is of circular cross section, and its stiffness about any diametrical axis 
is as noted. With the DOFs selected as u x , u y , and ug, formulate the equations of motion 
for the system subjected to ground displacements u ga (t), u g b(t), u gc (t), and u g j(t ) in the 
x-direction at the supports of columns a, b, c, and d, respectively. These equations governing 
the dynamic component (= total displacement — quasi-static component) of the displacements 
u x , u y , and ug should be expressed in terms of m, b, and k = 12 EI/h 3 of the columns. How 
do these governing equations differ from the case of identical ground motion u g (t) at all 
column supports? 



Figure P9.23 


9.24 Formulate the equations of motion for the system of Problem 9.14 subjected to ground dis¬ 
placements u ga (t), u g b(t), u gc (t), and u gl j{t) in the x-direction at the supports of columns 
a, b, c, and d, respectively. These equations governing the dynamic component (= total dis¬ 
placement — quasi-static component) of the displacements u x , u y , and ug should be expressed 
in terms of m, b, h, and the lateral stiffness k = 12 El/k? of the smaller column. How do 
these governing equations differ from the case of identical ground motion u g ( t ) at all column 
supports? 

9.25 An intake-outlet tower fixed at the base is partially submerged in water and is accessible from 
the edge of the reservoir by a foot bridge that is axially rigid and pin-connected to the tower 
(Fig. P9.25). (In practice, sliding is usually permitted at the connection. The pin connection 
has been used here only for this hypothetical problem.) The 200-ft-high uniform tower has a 
hollow reinforced-concrete cross section with outside diameter = 25 ft and wall thickness = 
1 ft 3 in. An approximate value of the flexural stiffness EI may be computed from the gross 
properties of the concrete section without the reinforcement; the elastic modulus of concrete 
E = 3.6 x 10 3 ksi. For purposes of preliminary analysis the mass of the tower is lumped 
as shown at two equally spaced locations, where m is the mass per unit length and L the 
total length of the tower; the unit weight of concrete is 150 lb/ft 3 . (The added mass of the 
surrounding water may be neglected here, but it should be considered in practical analysis.) 


*Denotes that a computer is necessary to solve this problem. 
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It is desired to analyze the response of this structure to support motions u g \{t) and u g 2 (t). 
Formulate the equations of motion governing the dynamic components of displacements u\ 
and U 2 (dynamic component = total displacement — quasi-static component). 



Figure P9.25 
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Free Vibration 


PREVIEW 

By free vibration we mean the motion of a structure without any dynamic excitation— 
external forces or support motion. Free vibration is initiated by disturbing the structure 
from its equilibrium position by some initial displacements and/or by imparting some ini¬ 
tial velocities. 

This chapter on free vibration of MDF systems is divided into three parts. In Part A 
we develop the notion of natural frequencies and natural modes of vibration of a structure; 
these concepts play a central role in the dynamic and earthquake analysis of linear systems 
(Chapters 12 and 13). 

In Part B we describe the use of these vibration properties to determine the free 
vibration response of systems. Undamped systems are analyzed first. We then define 
systems with classical damping and systems with nonclassical damping. The analysis 
procedure is extended to systems with classical damping, recognizing that such systems 
possess the same natural modes as those of the undamped system. 

Part C is concerned with numerical solution of the eigenvalue problem to determine 
the natural frequencies and modes of vibration. Vector iteration methods are effective in 
structural engineering applications, and we restrict this presentation to such methods. Only 
the basic ideas of vector iteration are included, without getting into subspace iteration or 
the Lanczos method. Although this limited treatment would suffice for many practical 
problems and research applications, the reader should recognize that a wealth of knowledge 
exists on the subject. 
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PART A: NATURAL VIBRATION FREQUENCIES AND 
MODES 


10.1 SYSTEMS WITHOUT DAMPING 

Free vibration of linear MDF systems is governed by Eq. (9.2.12) with p (t) = 0, which 
for systems without damping is 

mii + ku = 0 (10.1.1) 

Equation (10.1.1) represents N homogeneous differential equations that are coupled through 
the mass matrix, the stiffness matrix, or both matrices; N is the number of DOFs. It is de¬ 
sired to find the solution u(f) of Eq. (10.1.1) that satisfies the initial conditions 

u = u(0) u = u(0) (10.1.2) 

at t = 0. A general procedure to obtain the desired solution for any MDF system is 
developed in Section 10.8. In this section the solution is presented in graphical form that 
enables us to understand free vibration of an MDF system in qualitative terms. 

Figure 10.1.1 shows the free vibration of a two-story shear frame. The story stiff¬ 
nesses and lumped masses at the floors are noted, and the free vibration is initiated by 
the deflections shown by curve a in Fig. 10.1.1b. The resulting motion uj of the two 
masses is plotted in Fig. 10.1.Id as a function of time; 7) will be defined later. 



(a) 


(c) 




Figure 10.1.1 Free vibration of an undamped system due to arbitrary initial displacement: 
(a) two-story frame; (b) deflected shapes at time instants a, b, and c; (c) modal coordinates q n {t)\ 
(d) displacement history. 
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The deflected shapes of the structure at selected time instants a, b, and c are also shown; the 
q n (t) plotted in Fig.10.1.1c are discussed in Example 10.11. The displacement-time plot 
for the j th floor starts with the initial conditions uj (0) and //, (0); the uj (0) are identified in 
Fig. 10.1.1b and uj( 0) = 0 for both floors. Contrary to what we observed in Fig. 2.1.1 for 
SDF systems, the motion of each mass (or floor) is not a simple harmonic motion and the 
frequency of the motion cannot be defined. Furthermore, the deflected shape (i.e., the ratio 
u i / 2 ) varies with time, as is evident from the differing deflected shapes b and c, which 
are in turn different from the initial deflected shape a. 

An undamped structure would undergo simple harmonic motion without change of 
deflected shape, however, if free vibration is initiated by appropriate distributions of dis¬ 
placements in the various DOFs. As shown in Figs. 10.1.2 and 10.1.3, two characteristic 
deflected shapes exist for this two-DOF system such that if it is displaced in one of these 
shapes and released, it will vibrate in simple harmonic motion, maintaining the initial 
deflected shape. Both floors vibrate in the same phase, i.e., they pass through their equi¬ 
librium, maximum, or minimum positions at the same instant of time. Each characteristic 
deflected shape is called a natural mode of vibration of an MDF system. 

Observe that the displacements of both floors are in the same direction in the first 
mode but in opposite directions in the second mode. The point of zero displacement, 
called a node,' does not move at all (Fig. 10.1.3); as the mode number n increases, the 
number of nodes increases accordingly (see Fig. 12.8.2). 



Figure 10.1.2 Free vibration of an undamped system in its first natural mode of vibration: 
(a) two-story frame; (b) deflected shapes at time instants a , b, c, d, and e\ (c) modal coordinate 
(d) displacement history. 


t Recall that we have already used the term node for nodal points in the structural idealization; the two 
different uses of node should be clear from the context. 
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edcba 



! <hi 


(c) 



(d) 


Figure 10.1.3 Free vibration of an undamped system in its second natural mode of vibration: 
(a) two-story frame; (b) deflected shapes at the time instants a , b, c, d, and e\ (c) modal coordinate 
q 2 (t); (d) displacement history. 


A natural period of vibration T„ of an MDF system is the time required for one cycle 
of the simple harmonic motion in one of these natural modes. The corresponding natural 
circular frequency of vibration is co n and the natural cyclic frequency of vibration is /„, 
where 

2tt 1 

Tn = ~ fn=~ 00.1.3) 

(Dn 1 n 

Figures 10.1.2 and 10.1.3 show the two natural periods T n and natural frequencies co n 
{n = 1, 2) of the two-story building vibrating in its natural modes </>„ = {f\ n <f> 2 n) T ■ The 
smaller of the two natural vibration frequencies is denoted by u>\, and the larger by to 2 . 
Correspondingly, the longer of the two natural vibration periods is denoted by T\ and the 
shorter one by 72. 


10.2 NATURAL VIBRATION FREQUENCIES AND MODES 

In this section we introduce the eigenvalue problem whose solution gives the natural fre¬ 
quencies and modes of a system. The free vibration of an undamped system in one of its 
natural vibration modes, graphically displayed in Figs. 10.1.2 and 10.1.3 for a two-DOF 
system, can be described mathematically by 


u(f) = q n (t)4>, 


(10.2.1) 
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where the deflected shape </>„ does not vary with time. The time variation of the displace¬ 
ments is described by the simple harmonic function 

q„(t ) = A„ cos a> n t + B n sinner (10.2.2) 

where A n and B n are constants that can be determined from the initial conditions that 
initiate the motion. Combining Eqs. (10.2.1) and (10.2.2) gives 

u(f) = <j>„ (A n cos co„t + B n sin®,,?) (10.2.3) 

where co n and 4>„ are unknown. 

Substituting this form of u(r) in Eq. (10.1.1) gives 

[-oo 2 n mct> n + k <t)„]q„(t) = 0 

This equation can be satisfied in one of two ways. Either q„ (r) = 0, which implies that 
u(f) = 0 and there is no motion of the system (this is the so-called trivial solution), or the 
natural frequencies co n and modes cp„ must satisfy the following algebraic equation: 

k0„ = co 2 m<p n (10.2.4) 

which provides a useful condition. This algebraic equation is called the matrix eigenvalue 
problem. When necessary it is called the real eigenvalue problem to distinguish it from 
the complex eigenvalue problem mentioned in Chapter 14 for systems with damping. The 
stiffness and mass matrices k and m are known; the problem is to determine the scalar w 2 
and vector <p n . 

To indicate the formal solution to Eq. (10.2.4), it is rewritten as 

[k - ®>] <t> n = 0 (10.2.5) 

which can be interpreted as a set of N homogeneous algebraic equations for the N elements 
< i>j n (j = 1,2, , N ). This set always has the trivial solution <p„ = 0, which is not useful 
because it implies no motion. It has nontrivial solutions if 

det [k - a/ n m] = 0 (10.2.6) 

When the determinant is expanded, a polynomial of order N in a> 2 is obtained. Equa¬ 
tion (10.2.6) is known as the characteristic equation or frequency equation. This equation 
has N real and positive roots for w 2 because m and k, the structural mass and stiffness 
matrices, are symmetric and positive definite. The positive definite property of k is assured 
for all structures supported in a way that prevents rigid-body motion. Such is the case for 
civil engineering structures of interest to us, but not for unrestrained structures such as air¬ 
craft in flight—these are beyond the scope of this book. The positive definite property of 
m is also assured because the lumped masses are nonzero in all DOFs retained in the anal¬ 
ysis after the DOFs with zero lumped mass have been eliminated by static condensation 
(Section 9.3). 

The N roots, co 2 , of Eq. (10.2.6) determine the N natural frequencies co n (n = 
1,2, ..., N) of vibration, conventionally arranged in sequence from smallest to largest 
(&>i < a >2 < ■ ■ ■ < a)/ v). These roots of the characteristic equation are also known as eigen¬ 
values, characteristic values, or normal values. When a natural frequency co n is known, 
Eq. (10.2.5) can be solved for the corresponding vector (p n to within a multiplicative con¬ 
stant. The eigenvalue problem does not fix the absolute amplitude of the vectors (fi n , only 
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the shape of the vector given by the relative values of the N displacements < f>j n (j = 
1,2,, N). Corresponding to the N natural vibration frequencies co n of an /V-DOF sys¬ 
tem, there are N independent vectors </>„, which are known as natural modes of vibration, 
or natural mode shapes of vibration. These vectors are also known as eigenvectors, charac¬ 
teristic vectors, or normal modes. The term natural is used to qualify each of these vibra¬ 
tion properties to emphasize the fact that these are natural properties of the structure in free 
vibration, and they depend only on its mass and stiffness properties. The subscript n de¬ 
notes the mode number, and the first mode (n = 1) is also known as the fundamental mode. 

As mentioned earlier, during free vibration in each natural mode, an undamped sys¬ 
tem oscillates at its natural frequency with all DOFs of the system vibrating in the same 
phase, passing through their equilibrium, maximum, or minimum positions at the same 
instant of time. Because this type of natural mode was the subject of Lagrange’s classical 
(1811) treatise on mechanics, we will refer to such modes as classical natural modes. In 
damped systems, this property is generally violated and classical natural modes may not 
exist, as we shall see later. 

10.3 MODAL AND SPECTRAL MATRICES 

The N eigenvalues and N natural modes can be assembled compactly into matrices. Let 
the natural mode </>„ corresponding to the natural frequency a> n have elements 4>j n , where 
j indicates the DOFs. The N eigenvectors can then be displayed in a single square matrix, 
each column of which is a natural mode: 



' <t> 11 

4>12 

<t>l N 

Vhn\ = 

</>21 

4>22 

4>2 N 


-4>N 1 

&N2 ' 

(f>NN - 


The matrix <i> is called the modal matrix for the eigenvalue problem, Eq. (10.2.4). The N 
eigenvalues to 2 can be assembled into a diagonal matrix Cl 2 , which is known as the spectral 
matrix of the eigenvalue problem, Eq. (10.2.4): 

,-2 

a > 1 


L w N J 

Each eigenvalue and eigenvector satisfies Eq. (10.2.4), which can be rewritten as the rela¬ 
tion 

k(p n = mfnOf (10.3.1) 

By using the modal and spectral matrices, it is possible to assemble all of such relations 
(n = 1, 2, ..., N ) into a single matrix equation: 

kd> = m®Cl 2 (10.3.2) 

Equation (10.3.2) provides a compact presentation of the equations relating all eigenvalues 
and eigenvectors. 
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10.4 ORTHOGONALITY OF MODES 

The natural modes corresponding to different natural frequencies can be shown to satisfy 
the following orthogonality conditions. When a>„ ^ a> r , 

= 0 = 0 (10.4.1) 

These important properties can be proven as follows: The nth natural frequency and mode 
satisfy Eq. (10.2.4); premultiplying it by , the transpose of <p r , gives 

4>r k 4>n = 0)l4>' r m(t> n (10.4.2) 

Similarly, the rth natural frequency and mode satisfy Eq. (10.2.4); thus k <f> r = cu/im/v 
Premultiplying by 4>' n gives 

4>n^4>r = a> 2 r 4> T n mcl) r (10.4.3) 

The transpose of the matrix on the left side of Eq. (10.4.2) will equal the transpose of the 
matrix on the right side of the equation; thus 

= co 2 n 4> T n mct> r (10.4.4) 

wherein we have utilized the symmetry property of the mass and stiffness matrices. Sub¬ 
tracting Eq. (10.4.3) from (10.4.4) gives 

(oj 2 n - w 2 )(t>lm<t> r = 0 

Thus Eq. (10.4.1b) is true when o>\ ^ or r , which for systems with positive natural fre¬ 
quencies implies that a> n ^ co r . Substituting Eq. (10.4.1b) in (10.4.3) indicates that 
Eq. (10.4.1a) is true when a)„ ^ co r . This completes a proof for the orthogonality rela¬ 
tions of Eq. (10.4.1). 

We have established the orthogonality relations between modes with distinct fre¬ 
quencies (i.e., a)„ ^ a>r). If the frequency equation (10.2.4) has a /-fold multiple root (i.e., 
the system has one frequency repeated j times), it is always possible to find j modes asso¬ 
ciated with this frequency that satisfy Eq. (10.4.1). If these j modes are included with the 
modes corresponding to the other frequencies, a set of N modes is obtained which satisfies 
Eq. (10.4.1) for n ^ r. 

The orthogonality of natural modes implies that the following square matrices are 
diagonal: 

K=<f> T k$ (10.4.5) 

where the diagonal elements are 

K n = 4> T n k</>„ M n — (10.4.6) 

Since m and k are positive definite, the diagonal elements of K and M are positive. They 
are related by 

K n = (D 2 M n (10.4.7) 

This can be demonstrated from the definitions of K„ and M„ as follows: Substituting 
Eq. (10.2.4) in (10.4.6a) gives 
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K n = 4>l(a>lmtj>„) = ojlicplmtpn) = w 2 n M n 

10.5 INTERPRETATION OF MODAL ORTHOGONALITY 

In this section we develop physically motivated interpretations of the orthogonality prop¬ 
erties of natural modes. One implication of modal orthogonality is that the work done 
by the nth-mode inertia forces in going through the rth-mode displacements is zero. To 
demonstrate this result, consider a structure vibrating in the nth mode with displacements 

u n (t) = q n {t)<t> n (10.5.1) 

The corresponding accelerations are ii„(f) = q„(t)4> n and the associated inertia forces are 

(f i) n = — mu„(f) = -m(j> n q n (t) (10.5.2) 

Next, consider displacements of the structure in its rth natural mode: 

U r(t) = q r (t)<t> r (10.5.3) 

The work done by the inertia forces of Eq. (10.5.2) in going through the displacements of 
Eq. (10.5.3) is 

q n (t)q r (t) (10.5.4) 

which is zero because of the modal orthogonality relation of Eq. (10.4.1b). This completes 
the proof. 

Another implication of the modal orthogonality properties is that the work done by 
the equivalent static forces associated with displacements in the nth mode in going through 
the rth-mode displacements is zero. These forces are 

(fs)n = ku„ (t) = kcj> n q n (t) 

and the work they do in going through the displacements of Eq. (10.5.3) is 

(fs)Ju,. = (4>lk<j) r ) q n (t)q r (t) 

which is zero because of the modal orthogonality relation of Eq. (10.4.1a). This completes 
the proof. 


10.6 NORMALIZATION OF MODES 

As mentioned earlier, the eigenvalue problem, Eq. (10.2.4), determines the natural modes 
to only within a multiplicative factor. If the vector (f>„ is a natural mode, any vector pro¬ 
portional to 4> n is essentially the same natural mode because it also satisfies Eq. (10.2.4). 
Scale factors are sometimes applied to natural modes to standardize their elements associ¬ 
ated with various DOFs. This process is called normalization. Sometimes it is convenient 
to normalize each mode so that its largest element is unity. Other times it may be advan¬ 
tageous to normalize each mode so that the element corresponding to a particular DOF, 
say the top floor of a multistory building, is unity. In theoretical discussions and computer 
programs it is common to normalize modes so that the M„ have unit values. In this case 
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M„ = 4>lm4> n = 1 <I> r m<I> = I (10.5.5) 

where I is the identity matrix, a diagonal matrix with unit values along the main diagonal. 
Equation (10.5.5) states that the natural modes are not only orthogonal but are normalized 
with respect to m. They are then called a mass orthonormal set. When the modes are 
normalized in this manner, Eqs. (10.4.6a) and (10.4.5a) become 

K n = 4>'' n k4> n = or n M n = or n K = $ r k $ = ft 2 (10.5.6) 

Example 10.1 

(a) Determine the natural vibration frequencies and modes of the system of Fig. ElO.la using 
the first set of DOFs shown. 

(b) Repeat part (a) using the second set of DOFs in Fig. El0.1b. 

(c) Show that the natural frequencies and modes determined using the two sets of DOFs are 
the same. 

(a) (b) 




Figure E10.1 


Solution (a) The mass and stiffness matrices for the system with the first set of DOFs were 
determined in Example 9.2: 


m = 


m 

~6 


p 


k = J 1 °1 

Li 

2 J 

Lo 2 J 
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Then 

k - m 2 m = \ k ~ m "» /3 

" L —nun 2 /6 2k — may, 

is substituted in Eq. (10.2.6) to obtain the frequency equation: 

m 2 a 4 — 12 kmco 2 + 24 k 2 = 0 
This is a quadratic equation in a) 2 that has the solutions 


'6 1 


(a) 


co 2 = (6 - 2V3) — = 2.536- w? = (6 + 2V3) - = 9.464- 

' ' m m ' 7 m m 

Taking the square root of Eq. (b) gives the natural frequencies co\ and co 2. 


(b) 


The natural modes are determined by substituting co 2 = co? in Eq. (a), and then 


Eq. (10.2.5) gives 


r 0.155 

-0.423] 

r 0 ii 

1 _r°i 

L -0.423 

1.155 J 

l 021 . 

i 0 } 


(c) 


Now select any value for one unknown, say 0n = 1. Then the first or second of the two 
equations gives 0 21 = 0.366. Substituting a> 2 = co 2 in Eq. (10.2.5) gives 


(d) 


Selecting tf> 12 = 1, either of these equations gives <f >22 = — 1.366. In summary, the two modes 
plotted in Fig. ElO.lc are 


r -2.155 

-1.577] 

| 012 1 

_{°1 

L —1.577 

-1.155 J 

l 022 J 

l 0 J 


^ { 0.366} {-1.366 


(e) 


(b) The mass and stiffness matrices of the system described by the second set of DOF 
were developed in Example 9.3: 

0 


[ m 

0 


ml 2 /12 


[ 31 kL/2 1 
' VkL/2 3kL 2 /4j 


Then 


k — &>„ m = 


' 3 k — moo 2 


kL/2 


kL/2 (9k — mco 2 )L 2 /12 _ 


(f) 


(g) 


is substituted in Eq. (10.2.6) to obtain 

m 2 a 4 — 12 kmco 2 + 24 k 2 = 0 

This frequency equation is the same as obtained in part (a); obviously, it gives the a>\ and an 
of Eq. (b). 

To determine the nth mode we go back to either of the two equations of Eq. (10.2.5) 
with [k — arm] given by Eq. (g). The first equation gives 


kL 


(3k - moo 2 ) <j> tn + — (pg n = 0 or 


3 k — mco 2 
kL/2 


00 


Substituting for to 2 = 2.536 k/m and a>| = 9A64k/m in Eq. (h) gives 


1 = -0.4640,1 


-002 = 6.4640,2 
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If 0 fl = 1, then (f>g i = — 0.928 /L, and if <f > t2 = —1, then <j>02 — — 12 . 928 / L. In summary, 
the two modes plotted in Fig. ElO.ld are 


^‘ { —0.928 /L } { -12.928 /L } 

(c) The same natural frequencies were obtained using the two sets of DOFs. The mode 
shapes are given by Eqs. (e) and (i) for the two sets of DOFs. These two sets of results 
are plotted in Fig. ElO.lc and d and can be shown to be equivalent on a graphical basis. 
Alternatively, the equivalence can be demonstrated by using the coordinate transformation 
from one set of DOFs to the other. The displacements u = (u\ uj) T are related to the 
second set of DOFs, u = {u, ug) T by 


Mil n -L/2-ijii, 1 

m 2 J Li L/lWug] 


or u = au 


(j) 


The displacements u in the first two modes are given by Eq. (i). Substituting the first mode 
in Eq. (j) leads to u = (1.464 0.536) 7 . Normalizing the vector yields u = (1 0.366)^, 

which is identical to <pi of Eq. (e). Similarly, substituting the second mode from Eq. (i) in 
Eq. (j) gives u = (1 — 1.366), which is identical to 0 2 of Eq. (e). 


Example 10.2 

Determine the natural frequencies and modes of vibration of the system shown in Fig. E10.2a 
and defined in Example 9.5. Show that the modes satisfy the orthogonality properties. 



-1.5274 


Figure E10.2 
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Solution The stiffness and mass matrices were determined in Example 9.5 with reference to 
the translational DOFs u\ and 112 '- 


I” mL/A 1 

48£/r 2 -51 

mL/2 J 

7L 3 L —5 16 J 


Then 


k — arm 


7 


' 2 — X 


-5 

16 — 2X 


where 

ImL 4 n 

X = - a? 

192 El 

Substituting Eq. (a) in (10.2.6) gives the frequency equation 

2X 2 - 20X + 1 = 0 


(a) 

(b) 


which has two solutions: = 0.36319 and X 2 = 9.6368. The natural frequencies corre¬ 

sponding to the two values of X are obtained from Eq. (bp : 


a>\ = 3.15623. 


El 
mL 4 


a>2 — 16.2580. 


El 
mL 4 


(c) 


The natural modes are determined from Eq. (10.2.5) following the procedure shown in Exam¬ 
ple 10.1 to obtain 


^ { 0.3274 } { —1.5274 } 

These natural modes are plotted in Fig. E10.2b and c. 

With the modes known we compute the left side of Eq. (10.4.1): 

_^(l 0.3274) [ 1 2 ]{_;. 5274 }-0 


(d) 


T 48 El 

^ 02=—(1 


0.3274) 


r 2 

~ 5 1 

1 1 1 

L —5 

16 J 

l -1.5274 | 


= 0 


This verifies that the natural modes computed for the system are orthogonal. 


Example 10.3 

Determine the natural frequencies and modes of vibration of the system shown in Fig. E10.3a 
and defined in Example 9.6. Normalize the modes to have unit vertical deflection at the free 
end. 


Solution The stiffness and mass matrices were determined in Example 9.6 with reference to 
DOFs u\ and U 2 '- 



'Six significant digits are included so as to compare with the continuum model of a beam in Chapter 16. 
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Figure E10.3 


The frequency equation is Eq. (10.2.6), which, after substituting for m and k, evaluating the 
determinant, and defining 


k = 


ImL? 

6E1 


(a) 


can be written as 


3 k 2 - 147. + 7 = 0 


The two roots are T-i = 0.5695 and 7.2 = 4.0972. The natural frequencies corresponding to 
the two values of k are obtained from Eq. (a): 


cui = 0.6987. 


El 
mL 3 


coo = 1.874. 


El 
mL 3 


(b) 


The natural modes are determined from Eq. (10.2.5) following the procedure used in Exam¬ 
ple 10.1 to obtain 




1 

-1.431 


(c) 


These modes are plotted in Fig. E 10.3b and c. 

In computing the natural modes the mode shape value for the first DOF had been arbi¬ 
trarily set as unity. The resulting mode is normalized to unit value in DOF U 2 by dividing <fi\ 
in Eq. (c) by 2.097. Similarly, the second mode is normalized by dividing <po in Eq. (c) by 
— 1.431. Thus the normalized modes are 


, f 0.4769 1 

01 = I 1 I 


, f -0.6988 1 

02 = I 1 I 


(d) 


Example 10.4 

Determine the natural frequencies and modes of the system shown in Fig. El0.4a and defined 
in Example E9.1, a two-story frame idealized as a shear building. Normalize the modes so 
that M n = I. 

Solution The mass and stiffness matrices of the system, determined in Example 9.1, are 
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Figure E10.4 


where k = 24EI c /lr’. The frequency equation is Eq. (10.2.6), which, after substituting for m 
and k and evaluating the determinant, can be written as 

(2 m 2 )m 4 + (- 5km)(0 2 + 2k 2 = 0 (b) 

The two roots are a >j = k/2m and ro| = 2k/m, and the two natural frequencies are 



Substituting for k gives 

I EI C I EI C 

m = 3 ' 464 V m& — (d) 

The natural modes are determined from Eq. (10.2.5) following the procedure used in Exam¬ 
ple 10.1 to obtain 

< ^ > I ={i} H"i) (e) 

These natural modes are shown in Fig. E10.4b and c. 

To normalize the first mode, M\ is calculated using Eq. (10.4.6), with (j>\ given by 
Eq. (e): 

Mi = 0[m0i=m(£ l)[ 2 ! ] { i } = 

To make M\ = 1, divide <p\ of Eq. (e) by ^J'im/2 to obtain the normalized mode, 

* 1 = 

For this <fi\ it can be verified that M\ = 1. The second mode can be normalized similarly. 

Example 10.5 

Determine the natural frequencies and modes of the system shown in Fig. E10.5a and defined 
earlier in Example 9.9. The story height h = 10 ft. 
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First mode 
COj = 2.198 'lEI/mh 2 
(a) (b) 


^22 =1 



Second mode 
ff>2= 5.850V£//m/i 3 
(c) 


Figure E10.5 


Solution With reference to the lateral displacements u\ and u 2 of the two floors as the two 
DOFs, the mass matrix and the condensed stiffness matrix were determined in Example 9.9: 

m„ = m [ 

The frequency equation is 

det(k, f — a> 2 m tt ) = 0 (b) 

Substituting for m,/ and k«, evaluating the determinant, and obtaining the two roots just as in 
Example 10.4 leads to 


k»f = 


EI_r 54.88 -17.51' 

P"L-17.51 11.61. 


(a) 


wi = 2.198 


El 
mh 3 


a>2 = 5.850. 


El 
mh 3 


(c) 


It is of interest to compare these frequencies for a frame with flexible beams with those for the 
frame with flexurally rigid beams determined in Example 10.4. It is clear that beam flexibility 
has the effect of lowering the frequencies, consistent with intuition. 

The natural modes are determined by solving 

(k tt - d\ l m tt)4'n = 0 (d) 


with and a >2 substituted successively from Eq. (c) to obtain 


0.38711 , f-1.292 

1 I ^ 2= l 1 


(e) 


These vectors define the lateral displacements of each floor. They are shown in Fig. E10.5b 
and c together with the joint rotations. The joint rotations associated with the first mode are 
determined by substituting u r = 0 1 from Eq. (e) in Eq. (d) of Example 9.9: 


M 3 


" -0.4426 

-0.2459" 



' -0.4172 ] 

M4 

1 

-0.4426 

-0.2459 

f 0.3871 j 

1 

-0.4172 | 

U 5 

h 

0.9836 

-0.7869 

1 1.0000 J 

h 

-0.4061 

u 6 


0.9836 

-0.7869 _ 



-0.4061 J 
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A 

M 3 1 

0.3258 ] 

U 4 1 1 

0.3258 | 

“5 I h 

-2.0573 

, «6 J 

-2.0573 J 


Similarly, the joint rotations associated with the second mode are obtained by substituting 
u, = 02 from Eq. (e) in Eq. (d) of Example 9.9: 


(g) 


Example 10.6 

Figure 9.5.1 shows the plan view of a one-story building. The structure consists of a roof, 
idealized as a rigid diaphragm, supported on three frames, A, B, and C, as shown. The roof 
weight is uniformly distributed and has a magnitude of 100 lb/ft." The lateral stiffnesses of 
the frames are k y = 75 kips/ft for frame A, and k x = 40 kips/ft for frames B and C. The plan 
dimensions are £> = 30 ft and d = 20 ft, the eccentricity is e = 1.5 ft, and the height of the 
building is 12 ft. Determine the natural periods and modes of vibration of the structure. 

Solution 

Weight of roof slab: w = 30 x 20 x 100 lb = 60 kips 

Mass: m = w/g = 1.863 kips-sec 2 /ft 

m(b~ + d 2 ) T 

Moment of inertia: Io = -—- = 201.863 kips-ft-sec 

Lateral motion of the roof diaphragm in the x-direction is governed by Eq. (9.5.18): 

mu x + 2 k x u x = 0 (a) 

Thus the natural frequency of x-lateral vibration is 


01 x = 


= 6.553 rad/sec 


m y 1.863 
The corresponding natural mode is shown in Fig. E10.6c. 

The coupled lateral (u^-torsional ( ug ) motion of the roof diaphragm is governed by 
Eq. (9.5.19). Substituting for m and Io gives 

_ T 1.863 

m ” L 201.863. 

From Eqs. (9.5.16) and (9.5.19) the stiffness matrix has four elements: 

k yy = k y = 15 kips/ft 
k y g = kg y = ek y = 1.5 x 75 = 112.5 kips 
2 d 2 

kgg — e~k y + — k x = 8168.75 kips-ft 

Flence, 

r 75.00 112.501 

* — L 112.50 8168.75 J 

With k and m known, the eigenvalue problem for this two-DOF system is solved by standard 
procedures to obtain: 

Natural frequencies (rad/sec): a>\ = 5.878; 012 = 6.794 


NT , , , f-0.5228 I , f-0.5131 I 

Natural modes: cfn = { 0 0493 | i 02 = ( _ a0502 ) 
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These mode shapes are plotted in Fig. E10.6a and b. The motion of the structure in each 
mode consists of translation of the rigid diaphragm coupled with torsion about the vertical 
axis through the center of mass. 



(a) First mode 
«>! = 5.878 rad/sec 


x \ 

' \ 

✓ \ 


* \ 



C0 2 = 6.794 rad/sec 



(c) Third mode 
(0 A = 6.553 rad/sec 


Figure E10.6 


Example 10.7 

Consider a special case of the system of Example 10.6 in which frame A is located at the 
center of mass (i.e., e = 0). Determine the natural frequencies and modes of this system. 

Solution Equation (9.5.20) specialized for free vibration of this system gives three equations 
of motion: 

d 2 

mu x + 2 k x u x = 0 miiy + kyiiy = 0 long + — k x ug = 0 (a) 

The first equation of motion indicates that translational motion in the x -direction would occur 
at the natural frequency 


0) x 



1 2(40) 

./- = 6.553 rad/sec 

V 1.863 


This motion is independent of lateral motion u y or torsional motion ug (Fig. E10.7c). The 
second equation of motion indicates that translational motion in the y-direction would occur 
at the natural frequency 


/ 75 

VI^ = 6 - 344rad/sec 

This motion is independent of the lateral motion u x or torsional motion ug (Fig. E10.7b). 
The third equation of motion indicates that torsional motion would occur at the natural 
frequency 




(20) 2 40 

2(201.863) 


= 6.295 rad/sec 


cog = 
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Figure E10.7 


The roof diaphragm would rotate about the vertical axis through its center of mass without 
any translation of this point in the x or y directions (Fig. E10.7a). 

Observe that the natural frequencies a>i and oo 2 of the unsymmetric-plan system (Ex¬ 
ample 10.6) are different from and more separated than the natural frequencies co y and cog of 
the symmetric-plan system (Example 10.7). 


10.7 MODAL EXPANSION OF DISPLACEMENTS 

Any set of N independent vectors can be used as a basis for representing any other vector 
of order N. In the following sections the natural modes are used as such a basis. Thus, a 
modal expansion of any displacement vector u has the form 

N 

u = = $q (10.7.1) 

r=l 

where q r are scalar multipliers called modal coordinates or normal coordinates and q = 
(q 1 r /2 • • • q n ) T ■ When the (f>,- are known, for a given u it is possible to evaluate the 

q r by multiplying both sides of Eq. (10.7.1) by (p' n m: 

N 

tfmu = ^(0jm 4> r )q r 

r= 1 

Because of the orthogonality relation of Eq. (10.4.1b), all terms in the summation above 
vanish except the r = n term; thus 

<Pl mu = <t>„)q n 

The matrix products on both sides of this equation are scalars. Therefore, 
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The modal expansion of the displacement vector u, Eq. (10.7.1), is employed in Sec¬ 
tion 10.8 to obtain solutions for the free vibration response of undamped systems. It also 
plays a central role in the analysis of forced vibration response and earthquake response of 
MDF systems (Chapters 12 and 13). 


Example 10.8 

For the two-story shear frame of Example 10.4, determine the modal expansion of the dis¬ 
placement vector u =( 1 l) r . 

Solution The displacement u is substituted in Eq. (10.7.2) together with 0l = (^ 1 ) T and 

02 = (— 1 l) r , from Example 10.4, to obtain 


41 = 




jin— 


42 = 


(-1 1) 

\ 1 

s 

s 

i_i 

Cl 

(-1 1>[ 

' 2 m 1 | 



1 il 


—m 

3m 


Substituting q n inEq. (10.7.1) gives the desired modal expansion, which is shown in Fig. El0.8. 



7 & 7 /. 


u 



7Z77/. 7&7/. 


(4/3)0, + (-l/3)0 2 FigureE10 . 8 


PART B: FREE VIBRATION RESPONSE 


10.8 SOLUTION OF FREE VIBRATION EQUATIONS: UNDAMPED 
SYSTEMS 

We now return to the problem posed by Eqs. (10.1.1) and (10.1.2) and find its solution. 
For the example structure of Fig. 10.1.1a, such a solution was shown in Fig. 10.1. Id. The 
differential equation (10.1.1) to be solved had led to the matrix eigenvalue problem of 
Eq. (10.2.4). Assuming that the eigenvalue problem has been solved for the natural fre¬ 
quencies and modes, the general solution of Eq. (10.1.1) is given by a superposition of the 
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response in individual modes given by Eq. (10.2.3). Thus 

N 

u(r) = ^ 4>n(A n coscu,,? + B„ sin<w„f) (10.8.1) 

n =1 

where A„ and B„ are 2/V constants of integration. To determine these constants, we will 
also need the equation for the velocity vector, which is 

N 

u(r) = ^2 4> n a> n (—A n sinai„r + B„ cos a>„t) (10.8.2) 

n= 1 

Setting t = 0 in Eqs. (10.8.1) and (10.8.2) gives 

N N 

“(0) = Y A » «(0) = Y (10.8.3) 

n =1 n =1 


With the initial displacements u(0) and initial velocities u(0) known, each of these two 
equation sets represents N algebraic equations in the unknowns A n and B„, respectively. 
Simultaneous solution of these equations is not necessary because they can be interpreted 
as a modal expansion of the vectors u(0) and u(0). Following Eq. (10.7.1), we can 
write 

1 V N 

u(0) = J2 <»nq n (0) u(0) = J2 (0) ( 10 - 8 ' 4) 

ii— 1 n= 1 


where, analogous to Eq. (10.7.2), q„( 0) and <gr„ (0) are given by 


q„( 0) 


o’ nui'O) 


q n ( 0) 


tfmu(O) 

M n 


(10.8.5) 


Equations (10.8.3) and (10.8.4) are equivalent, implying that A n = q n { 0) and B n = 
q n (0)/a> n . Substituting these in Eq. (10.8.1) gives 


or, alternatively, 


where 


N 

U (f) = Y] 

n— 1 


q n (0) cos®,,? 


q n { 0) 

lOn 


sin co n t 


N 

u(f) = Y^nqni t) 

n= 1 


q n (t) = q„ (0) cos co n t + 


q n ( Q) 

cOn 


sinr o„t 


( 10 . 8 . 6 ) 


(10.8.7) 

( 10 . 8 . 8 ) 


is the time variation of modal coordinates, which is analogous to the free vibration response 
of SDF systems [Eq. (2.1.3)]. Equation (10.8.6) provides the displacement u as a function 
of time due to initial displacement u(0) and velocity u(0); the u(f) is independent of how 
the modes are normalized, although q n (t) are not. Assuming that the natural frequencies 
co n and modes </>„ are available, the right side of Eq. (10.8.6) is known with q„ (0) and q„ (0) 
defined by Eq. (10.8.5). 
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Example 10.9 

Determine the free vibration response of the two-story shear frame of Example 10.4 due to 
initial displacement u(0) = ( j 1 ) T . 

Solution The initial displacement and velocity vectors are 

„<°) = {f | «°>=|2 

For the given u(0), q, ,(0) are calculated following the procedure of Example 10.8 and using 
<p n from Eq. (e) of Example 10.4; the results are gi(0) = 1 and <72 (0) = 0. Because the initial 
velocity u(0) is zero, <71 (0) = < 72 ( 0 ) = 0. Inserting q„(0) and q„( 0) in Eq. (10.8.8) gives the 
solution for modal coordinates 


q\{t) = 1 cos a)\t < 7 2 (f) = 0 


Substituting q n (t) and </>„ in Eq. (10.8.7) leads to 

1 


«i(0 1 _ 

U 2 (t) J 


COS U)\t 


where co\ = *Jk/2m from Example 10.4. These solutions for q\(t), u\(t), and 112 ( 1 ) had been 
plotted in Fig. 10.1.2c and d. Note that q 2 (t) = 0 implies that the second mode has no contri¬ 
bution to the response, which is all due to the first mode. Such is the case because the initial 
displacement is proportional to the first mode and hence orthogonal to the second mode. 


Example 10.10 

Determine the free vibration response of the two-story shear frame of Example 10.4 due to 
initial displacement u(0) = (—1 l) T . 


Solution The calculations proceed as in Example 10.9, leading to q\ (0) = 0, q 2 (0) = 1, and 
qi (0) = q 2 ( 0 ) = 0. Inserting these in Eq. (10.8.8) gives the solutions for modal coordinates: 
qi(t) = 0 q 2 (t) = 1 cos n) 2 f 


Substituting q n (t) and cf> n in Eq. (10.8.7) leads to 


f ui(t) 
1 u 2 (t) 


-1 

1 


cos £ 02 ? 


where a> 2 = «J2k/m from Example 10.4. These solutions for q 2 (t), u\(t), and u 2 (t) had 
been plotted in Fig. 10.1.3c and d. Note that < 7 i(?) = 0 implies that the first mode has no 
contribution to the response and the response is due entirely to the second mode. Such is the 
case because the initial displacement is proportional to the second mode and hence orthogonal 
to the first mode. 


Example 10.11 

Determine the free vibration response of the two-story shear frame of Example 10.4 due to 
initial displacements u(0) = (— j 2 ) T . 

Solution Following Example 10.8, q„(0) and ^,,(0) are evaluated: gi(0) = 1, q 2 (0) = 1, 
and 4i(0) = q 2 (0) = 0. Substituting these in Eq. (10.8.8) gives the solution for modal 
coordinates 


q\(t) — lcosaq? q 2 (t) = lcosaw? 
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Substituting q n {t) and </>„ in Eq. (10.8.7) leads to 


«l(0 1 

«2 (t) J 


cos w\t T 


-1 

1 


COS U>2t 


These solutions for q„{t) and Uj(t ) had been plotted in Fig. 10.1.1c and d. Observe that both 
natural modes contribute to the response due to these initial displacements. 


10.9 SYSTEMS WITH DAMPING 

When damping is included, the free vibration response of the system is governed by 
Eq. (9.2.12) with p(f) = 0: 

mii + cu + ku = 0 (10.9.1) 

It is desired to find the solution u(f) of Eq. (10.9.1) that satisfies the initial conditions 

u = u(0) u = u(0) (10.9.2) 

at t = 0. Procedures to obtain the desired solution differ depending on the form of damp¬ 
ing: classical or nonclassical; these terms are defined next. 

If the damping matrix of a linear system satisfies the identity 

cm 'k = km^'c (10.9.3) 

all the natural modes of vibration are real-valued and identical to those of the associated un¬ 
damped system; they were determined by solving the real eigenvalue problem, Eq. (10.2.4). 
Such systems are said to possess classical damping because they have classical natural 
modes, defined in Section 10.2. 

To state an important property of classically damped systems, we express the dis¬ 
placement u in terms of the natural modes of the associated undamped system; thus we 
substitute Eq. (10.7.1) in Eq. (10.9.1): 

m<f>q + c<f>q + k«f>q = 0 

Premultiplying by gives 

Mq + Cq + Kq = 0 (10.9.4) 

where the diagonal matrices M and K were defined in Eq. (10.4.5) and 

C = (10.9.5) 

For classically damped systems, the square matrix C is diagonal. Then, Eq. (10.9.4) 
represents N uncoupled differential equations in modal coordinates q „, and classical modal 
analysis is applicable to such systems. Such a procedure to solve Eq. (10.9.1) is presented 
in Section 10.10. 

A linear system is said to possess nonclassical damping if its damping matrix does 
not satisfy Eq. (10.9.3). For such systems, the natural modes of vibration are not real¬ 
valued, and the square matrix C of Eq. (10.9.5) is no longer diagonal, thus they are not 
amenable to classical modal analysis. Analytical solutions of Eq. (10.9.1) for nonclas- 
sically damped systems are presented in Chapter 14, and numerical solution methods in 
Chapter 16. 
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10.10 SOLUTION OF FREE VIBRATION EQUATIONS: CLASSICALLY 
DAMPED SYSTEMS 


For classically damped systems, each of the N uncoupled differential equations in 
Eq. (10.9.4) is of the form 


M n q n -F C n q n -F K n q n — 0 


( 10 . 10 . 1 ) 


where M„ and K n were defined in Eq. (10.4.6) and 

C n = $' n c4> n (10.10.2) 

Equation (10.10.1) is of the same form as Eq. (2.2.1a) for an SDF system with damping. 
Thus the damping ratio can be defined for each mode in a manner analogous to Eq. (2.2.2) 
for an SDF system: 

& = (10.10.3) 


2 M n (o n 

Dividing Eq. (10.10.1) (?) by M„ gives 

q n + 2 Z n (o n qn + (o 2 n q n = 0 (10.10.4) 

This equation is of the same form as Eq. (2.2.1b) governing the free vibration of an 
SDF system with damping for which the solution is Eq. (2.2.4). Adapting this result, the 
solution for Eq. (10.10.4) is 


q n (0 = e 


— 0-SnWnt 


.... q,< (0) -F ^ n d) n q u {Q) 

q n (0) cos &>„ D r H-sin w nD t 

VnD 


where the nth natural frequency of the system with damping 

(0nD — W«V 1 - 


(10.10.5) 


( 10 . 10 . 6 ) 


and co n is the nth natural frequency of the associated undamped system. The displace¬ 
ment response of the system is then obtained by substituting Eq. (10.10.5) for q n (t) in 
Eq. (10.8.7): 


N 

U(?) = ^2 4>ne~^ nra "‘ 
11 =1 


q n (0) cos w nD t 


q>i (0) "F ^n^hiqn (0) 


sin &>„£>? 


(10.10.7) 


This is the solution of the free vibration problem for classically damped MDF systems. 
It provides the displacement u as a function of time due to initial displacement u(0) and 
velocity u(0). Assuming that the natural frequencies a> n and modes r/>„ of the system with¬ 
out damping are available together with the modal damping ratios the right side of 
Eq. (10.10.7) is known withg„(0) and ^,,(0) defined by Eq. (10.8.5). 

Damping influences the natural frequencies and periods of vibration of an MDF sys¬ 
tem according to Eq. (10.10.6), which is of the same form as Eq. (2.2.5) for an SDF system. 
Therefore, the effect of damping on the natural frequencies and periods of an MDF system 
is small for damping ratios below 20% (Fig. 2.2.3), a range that includes most practical 
structures. 

In a classically damped MDF system undergoing free vibration in its 7?th natural 
mode, the displacement amplitude at any DOF decreases with each vibration cycle. The 
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rate of decay depends on the damping ratio in that mode, in a manner similar to SDF 
systems. This similarity is apparent by comparing Eq. (10.10.5) with Eq. (2.2.4). Thus 
the ratio of two response peaks separated by j cycles of vibration is related to the damping 
ratio by Eq. (2.2.12) with appropriate change in notation. 

Consequently, the damping ratio in a natural mode of an MDF system can be deter¬ 
mined, in principle, from a free vibration test following the procedure presented in Sec¬ 
tion 2.2.4 for SDF systems. In such a test the structure would be deformed by pulling on it 
with a cable that is then suddenly released, thus causing the structure to undergo free vibra¬ 
tion about its static equilibrium position. A difficulty in such tests is to apply the pull and 
release in such a way that the structure will vibrate in only one of its natural modes. For 
this reason this test procedure is not an effective means to determine damping except pos¬ 
sibly for the fundamental mode. After the response contributions of the higher modes have 
damped out, the free vibration is essentially in the fundamental mode, and the damping 
ratio for this mode can be computed from the decay rate of vibration amplitudes. 

Example 10.12 

Determine the free vibration response of the two-story shear frame of Fig. El0.12.1a with 
c — «Jkm/200 due to two sets of initial displacement (1) u(0) = ( A 1 ) T and (2) u(0) = 
(-1 If. 

Solution 

Part 1 The q n (0) corresponding to this u(0) were determined in Example 10.9: q\ (0) = 
1 and <72(0) = 0; q n ( 0) = 0. The differential equations governing q„(t) are given by 



Figure E10.12.1 Free vibration of a classically damped system in the first natural mode of vibration: 
(a) two-story frame; (b) deflected shapes at time instants a, b, c, d, and e\ (c) modal coordinate 
(d) displacement history. 
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Eq. (10.10.4). Because < 72 (0) and < 72 ( 0 ) are both zero, 72 (f) = 0 for all times. The response 
is given by the n = 1 term in Eq. (10.10.7). Substituting the aforementioned values for 71 (C)), 
7 i( 0 ), and (f>\ = l) gives 


J «i(f) 

1 M2 (0 


Je f 1 " 1 ' I cos<«iof4- ^ sinn)j£>f 

1 ’ /w? 


where to\ — *Jk/2m from Example 10.4 and (j = 0.05 from Eq. (10.10.3). 

Part 2 The q n { 0) corresponding to this u(0) were determined in Example 10.10: 
71 (0) = 0 and 72 (C)) = 1; q„(0) — 0. The differential equations governing q„(t) are given by 
Eq. (10.10.4). Because q 1 (0) and 71 (C)) are both zero, 71 (f) = 0 at all times. The response is 
given by the n = 2 term in Eq. (10.10.7). Substituting for <k(0), <72 (0), and (f>2 = (—1 l) r 
gives 

£2 

sina>2D? 


I «l(f) 1 _ 

I U 2 (t) I 


-1 

1 


„-?2®2 1 


COS (D2Dt “F 


where a >2 = *j2k/m from Example 10.4 and t; 2 — 0.10 from Eq. (10.10.3). 

Observations The results for free vibration due to initial displacements u(0) = are 
presented in Fig. E10.12.1, and for u(0) = <fi 2 in Fig. E10.12.2, respectively. The solutions 
for q n {t) are presented in part (c) of these figures; the floor displacements uj (t) in part (d); 
and the deflected shapes at selected time instants are plotted in part (b) of these figures. 



Figure E10.12.2 Free vibration of a classically damped system in the second natural mode of vibra¬ 
tion: (a) two-story frame; (b) deflected shapes at time instants a, b, c, d, and e\ (c) modal coordinate 
q 2 (t)\ (d) displacement history. 
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These results permit the following observations: First, if the initial displacement is 
proportional to the nth mode, the response is due entirely to that mode; the other mode has no 
contribution. Second, the initial deflected shape is maintained during free vibration, just as in 
the case of undamped systems (Figs. 10.1.2 and 10.1.3). Third, the system oscillates at the 
frequency a>„o with all floors (or DOFs) vibrating in the same phase, passing through their 
equilibrium, maximum, or minimum positions at the same instant of time. Thus, the system 
possesses classical natural modes of vibration, defined first in Section 10.2, as expected of 
classically damped systems. Although based on results for a system with two DOFs, these 
observations are valid for classically damped systems with any number of DOFs. 


Example 10.13 

Determine the free vibration response of the two-story shear frame of Example 10.12 due to 
initial displacements u( 0 ) = (— j 2 j . 

Solution The q„( 0) corresponding to this u(0) were determined in Example 10.11: 
q n ( 0) = 1 and q n ( 0) = 1; q n ( 0) = 0. Substituting them in Eq. (10.10.5) gives the so¬ 
lution for modal coordinates: 


qi (0 = e 


— ?u»if 


q 2 {t) = e 




coso)\Qt + — ^ sinojiflf 


1 -f 


ft 


cos&> 2 /)£ H- ; sin co 2 Dt 

| - ft 2 


(a) 

(b) 


where, as determined earlier, a>\ = ^/k/2m and 022 = ~/2kJm\a> n D are given by Eq. (10.10.6), 
and O = 0.05 and £2 = 0.10 from Eq. (10.10.3). 

Substituting q n (f) and tj> n in Eq. (10.8.7) leads to 


1 “1 (0 
1 u 2 (t) 



COS CQ\£)t ~b 



sin to\£)t 


+ 


-1 

1 


e ~b (*>2t 


COS 0)2 “I - 



sin 0)2 Dt 


(C) 


PART C: COMPUTATION OF VIBRATION PROPERTIES 


10.11 SOLUTION METHODS FOR THE EIGENVALUE PROBLEM 

Finding the vibration properties—natural frequencies and modes—of a structure requires 
solution of the matrix eigenvalue problem of Eq. (10.2.4), which is repeated for 
convenience: 


k 4 > = Am 4 > 


( 10 . 11 . 1 ) 
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As mentioned earlier, the eigenvalues = a>l are the roots of the characteristic equation 

( 10 . 2 . 6 ): 


p(X) = det[k - Im] = 0 (10.11.2) 

where p(k) is a polynomial of order N, the number of DOFs of the system. This is 
not a practical method, especially for large systems (i.e., a large number of DOFs), 
because evaluation of the N coefficients of the polynomial requires much computational 
effort and the roots of p(k) are sensitive to numerical round-off errors in the 
coefficients. 

Finding reliable and efficient methods to solve the eigenvalue problem has been the 
subject of much research, especially since development of the digital computer. Most of 
the methods available can be classified into three broad categories depending on which 
basic property is used as the basis of the solution algorithm: (1) Vector iteration methods 
work directly with the property of Eq. (10.11.1). (2) Transformation methods use the or¬ 
thogonality property of modes, Eqs. (10.4.1). (3) Polynomial iteration techniques work on 
the fact that p('/-„) = 0. A number of solution algorithms have been developed within each 
of the foregoing three categories. Combination of two or more methods that belong to the 
same or to different categories have been developed to deal with large systems. Two ex¬ 
amples of such combined procedures are the determinant search method and the subspace 
iteration method. 

All solution methods for eigenvalue problems must be iterative in nature because, 
basically, solving the eigenvalue problem is equivalent to finding the roots of the poly¬ 
nomial p(k). No explicit formulas are available for these roots when N is larger than 4, 
thus requiring an iterative solution. To find an eigenpair (/,„. <p n ), only one of them is 
calculated by iteration; the other can be obtained without further iteration. For example, 
if is obtained by iteration, then <p n can be evaluated by solving the algebraic equations 
(k — m)</>„ = 0. On the other hand, if <p n is determined by iteration, /,„ can be ob¬ 
tained by evaluating Rayleigh’s quotient (Section 10.12). Is it most economical to solve 
first for /,„ and then calculate (p n (or vice versa), or to solve for both simultaneously? 
The answer to this question and hence the choice among the three procedure categories 
mentioned above depends on the properties of the mass and stiffness matrices—size N, 
bandwidth of k, and whether m is diagonal or banded—and on the number of eigenpairs 
required. 

In structural engineering we are usually analyzing systems with narrowly banded k 
and diagonal or narrowly banded m subjected to excitations that excite primarily the lower 
few (relative to N ) natural modes of vibration. Inverse vector iteration methods are usually 
effective (i.e., reliable in obtaining accurate solutions and computationally efficient) for 
such situations, and this presentation is restricted to such methods. Only the basic ideas 
of vector iteration are included, without getting into subspace iteration or the Lanczos 
method. Similarly, transformation methods and polynomial iteration techniques are ex¬ 
cluded. In short, this is a limited treatment of solution methods for the eigenvalue problem 
arising in structural dynamics. This is sufficient for our purposes, but more comprehensive 
treatments are available in other books. 
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10.12 RAYLEIGH’S QUOTIENT 


In this section Rayleigh’s quotient is presented because it is needed in vector iteration 
methods; its properties are also presented. If Eq. (10.11.1) is premultiplied by cp T , the 
following scalar equation is obtained: 

(p T k(p = Xcp T m(p 


The positive definiteness of m guarantees that (p T mcp is nonzero, so that it is permis¬ 
sible to solve for the scalar X: 

<p T k.<p 


1 = 


cp T n\(p 


( 10 . 12 . 1 ) 


which obviously depends on the vector cp. This quotient is called Rayleigh’s quotient. It 
may also be derived by equating the maximum value of kinetic energy to the maximum 
value of potential energy under the assumption that the vibrating system is executing sim¬ 
ple harmonic motion at frequency co with the deflected shape given by (p (Section 8.5.3). 

Rayleigh’s quotient has the following properties, presented without proof: 


1. When (p is an eigenvector <p n of Eq. (10.11.1), Rayleigh’s quotient is equal to the 
corresponding eigenvalue X n . 

2. If <p is an approximation to cp n with an error that is a first-order infinitesimal, 
Rayleigh’s quotient is an approximation to X n with an error which is a second-order 
infinitesimal X, i.e., Rayleigh’s quotient is stationary in the neighborhoods of the true 
eigenvectors. The stationary value is actually a minimum in the neighborhood of the 
first eigenvector and a maximum in the vicinity of the Nth eigenvector. 

3. Rayleigh’s quotient is bounded between X\ = u> 2 and X N = cd 2 n , the smallest and 
largest eigenvalues, i.e., it provides an upper bound for io\ and lower bound for to 2 N . 

A common engineering application of Rayleigh’s quotient involves simply evalu¬ 
ating Eq. (10.12.1) for a trial vector cp that is selected on the basis of physical insight 
(Chapter 8). If the elements of an approximate eigenvector whose largest element is unity 
are correct to .s' decimal places, Rayleigh’s quotient can be expected to be correct to about 
2s decimal places. Several numerical procedures for solving eigenvalue problems make 
use of the stationary property of Rayleigh’s quotient. 


10.13 INVERSE VECTOR ITERATION METHOD 
10.13.1 Basic Concept and Procedure 

We restrict this presentation to systems with a stiffness matrix k that is positive definite, 
whereas the mass matrix m may be a banded mass matrix, or it may be a diagonal matrix 
with or without zero diagonal elements. The fact that vector iteration methods can han¬ 
dle zero diagonal elements in the mass matrix implies that these methods can be applied 
without requiring static condensation of the stiffness matrix (Section 9.3). 

Our goal is to satisfy Eq. (10.11.1) by operating on it directly. We assume a trial 
vector for cp , say xi, and evaluate the right-hand side of Eq. (10.11.1). This we can do 
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except for the eigenvalue A, which is unknown. Thus we drop X, which is equivalent to 
saying that we set A = 1. Because eigenvectors can be determined only within a scale 
factor, the choice of X will not affect the final result. With X = 1 the right-hand side of 
Eq. (10.11.1) can be computed: 

Ri = mxj (10.13.1) 

Since X[ was an arbitrary choice, in general kxi ^ k|. (If by coincidence we find that 
kxi = Ri, the Xj chosen is an eigenvector.) We now set up an equilibrium equation 

kx 2 = R] (10.13.2) 

where x 2 is the displacement vector corresponding to forces R| and x 2 ^ X]. Since we are 
using iteration to solve for an eigenvector, intuition may suggest that the solution of x 2 of 
Eq. (10.13.2), obtained after one cycle of iteration, may be a better approximation to 0 than 
was X!. This is indeed the case, as we shall demonstrate later, and by repeating the iteration 
cycle, we obtain an increasingly better approximation to the eigenvector. A corresponding 
value for the eigenvalue can be computed using Rayleigh’s quotient, and the iteration can 
be terminated when two successive estimates of the eigenvalue are close enough. As the 
number of iterations increases, x, + i approaches <p\ and the eigenvalue approaches ),\. 

Thus the procedure starts with the assumption of a starting iteration vector X[ and 
consists of the following steps to be repeated for j = 1,2, 3, ... until convergence: 


1. Determine x J+ | by solving the algebraic equations: 

kX/ + i = IT1X, 

2. Obtain an estimate of the eigenvalue by evaluating Rayleigh’s quotient: 


k u+ 1 ) = x J+^+ l = 


xj +l mxj 


*j+i mx /+i x; +1 mx/- + i 

3. Check convergence by comparing two successive values of X: 

I aO'+D - AO) | 

< tolerance 


AO+D 

4. If the convergence criterion is not satisfied, normalize x J+1 : 

X /+1 


X/ + 1 


(*/+i m */+i) 1/2 


(10.13.3) 


(10.13.4) 


(10.13.5) 


(10.13.6) 


and go back to the first step and carry out another iteration using the next j. 
5. Let / be the last iteration [i.e., the iteration that satisfies Eq. (10.13.5)]. Then 

X/+1 


A! A A (,+1) 01 = — 


(x/^HlXi+i) 1 / 2 


(10.13.7) 


The basic step in the iteration is the solution of Eq. (10.13.3)—a set of N algebraic 
equations—which gives a better approximation to 0i. The calculation in Eq. (10.13.4) 
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gives an approximation to the eigenvalue ),\ according to Rayleigh’s quotient. It is this ap¬ 
proximation to A] that we use to determine convergence in the iteration. Equation (10.13.6) 
simply assures that the new vector satisfies the mass orthonormality relation 

xj +1 mxj +1 = 1 (10.13.8) 

Although normalizing of the new vector does not affect convergence, it is numerically 
useful. If such normalizing is not included, the elements of the iteration vectors grow 
(or decrease) in each step, and this may cause numerical problems. Normalizing keeps the 
element values similar from one iteration to the next. The tolerance is selected depend¬ 
ing on the accuracy desired. It should be 10~ 2 ' or smaller when k\ is required to 2s -digit 
accuracy. Then the eigenvector will be accurate to about s or more digits. 

The inverse vector iteration algorithm can be organized a little differently for conve¬ 
nience in computer implementation, but such computational issues are not included in this 
presentation. 

Example 10.14 

The floor masses and story stiffnesses of the three-story frame, idealized as a shear frame, are 
shown in Fig. E10.14, where m — lOOkips/g andk = 168 kips/in. Determine the fundamental 
frequency a>i and mode shape <fi\ by inverse vector iteration. 


m/2 



Figure E10.14 


Solution The mass and stiffness matrices for the system are 



'1 

k 

" 16 

-7 

0 " 

m = m 

1 

k= - 
9 

-7 

10 

-3 


l 

L 2-1 

0 

-3 

3. 


where m = 0.259 kip-sec 2 /in. and k = 168 kips/in. 

The inverse iteration algorithm of Eqs. (10.13.3) to (10.13.7) is implemented starting 
with an initial vector xi = (1 1 l) r leading to Table E10.14. The final result is w\ = 

V144.14 = 12.006 and = (0.6377 1.2752 1.9122) r . 


10.13.2 Convergence of Iteration 

In the preceding section we have merely presented the inverse iteration scheme and stated 
that it converges to the first eigenvector associated with the smallest eigenvalue. We now 
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TABLE E10.14 INVERSE VECTOR ITERATION FOR THE 
FIRST EIGENPAIR 


Iteration 



X7+1 

A.W+D 

*7+1 


rn 


r 0.0039 7 


[ 0.74547 

1 

1 


0.0068 

147.73 

1.3203 


1 


0.0091 


1.7676 


r 0.7454 7 


r 0.0045 7 


[ 0.6574 7 

2 

1.3203 


0.0089 

144.29 

1.2890 


1.7676 


0.0130 


1.8800 


[ 0.6574 7 


r 0.0044 7 


r 0.6415 7 

3 

1.2890 


0.0089 

144.15 

1.2785 


1.8800 


0.0132 


1.9052 


[ 0.6415 7 


r 0.0044 7 


[ 0.63847 

4 

1.2785 


0.0089 

144.14 

1.2758 


1.9052 


0.0133 


1.9109 


[ 0.6384 7 


r 0.0044 7 


[ 0.6377 7 

5 

1.2758 


0.0088 

144.14 

1.2752 


.1.9109. 


.0.0133. 


_ 1.9122. 


demonstrate this convergence because the proof is instructive, especially in suggesting how 
to modify the procedure to achieve convergence to a higher eigenvector. 

The modal expansion of vector x is [from Eqs. (10.7.1) and (10.7.2)] 


N 

X — ^ ' (finQn 

n= 1 




(10.13.9) 


The nth term in this summation represents the nth modal component in x. 

The first iteration cycle involves solving the equilibrium equations (10.13.3) with 
y = l: kx 2 = mxi, where Xi is a trial vector. This solution can be expressed as x 2 = 
k 1 mxi. Substituting the modal expansion of Eq. (10.13.9) for X] gives 


N 

x 2 = ^k _1 m 4> n q n (10.13.10) 

n= 1 


By rewriting Eq. (10.11.1) for the nth eigenpair as k 1 m<p n = (I /X n )<p n and substituting 
it in Eq. (10.13.10), we get 

N [ 1 N X 

X 2 = — <p n qn = — T-^nqn (10.13.11) 

, A'Ji ^ n 

n= 1 n—\ 

The second iteration cycle involves solving Eq. (10.13.3) with j = 2: X 3 = k 'nix 2 , 
wherein we have used the unnormalized vector x 2 instead of the normalized vector x 2 . This 
is acceptable for the present purpose because convergence is unaffected by normalization 
and eigenvectors are arbitrary within a multiplicative factor. Following the derivation of 
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Eqs. (10.13.10) and (10.13.11), it can be shown that 



(10.13.12) 


Similarly, the vector x ;+1 after j iteration cycles can be expressed as 


1 ^ 

Xy+1 = ^^lr 

A 1 n=l VA " 


*PnQn 


(10.13.13) 


Since Ai < X n for n > 1, (Xi/X,,)-' 0 as j —> oo, and only the n = 1 term in 

Eq. (10.13.13) remains significant, indicating that 

ij+i -> iqi as j -* oo (10.13.14) 

A.i 

Thus x j+ i converges to a vector proportional to (j )\. Furthermore, the normalized vector 
Xy + | of Eq. (10.13.6) converges to <f> i, which is mass orthonormal. 

The rate of convergence depends on X\/Xi, the ratio that appears in the second term 
in the summation of Eq. (10.13.13). The smaller this ratio is, the faster is the convergence; 
this implies that convergence is very slow when X 2 is nearly equal to X 1 . For such situations 
the convergence rate can be improved by the procedures of Section 10.14. 

If only the first natural mode 0i and the associated natural frequency a>\ are required, 
there is no need to proceed further. This is an advantage of the iteration method. It is un¬ 
necessary to solve the complete eigenvalue problem to obtain one or two of the modes. 


10.13.3 Evaluation of Higher Modes 


To continue the solution after 0i and X i have been determined, the starting vector is mod¬ 
ified to make the iteration procedure converge to the second eigenvector. The necessary 
modification is suggested by the proof presented in Section 10.13.2 to show that the it¬ 
eration process converges to the first eigenvector. Observe that after each iteration cycle 
the other modal components are reduced relative to the first modal component because its 
eigenvalue A.i is smaller than all other eigenvalues X n . The iteration process converges to 
the first mode for the same reason because ( X\/X n y 0 as j —> 00 . In general, the 

iteration procedure will converge to the mode with the lowest eigenvalue contained in a 
trial vector x. 

To make the iteration procedure converge to the second mode, a trial vector x should 
therefore be chosen so that it does not contain any first-mode component [i.e., q\ should be 
zero in Eq. (10.13.9)] and x is said to be orthogonal to 0 1 . It is not possible to start a priori 
with such an x, however. We therefore start with an arbitrary x and make it orthogonal 
to 0i by the Gram-Schmidt orthogonalization process. This process can also be used to 
orthogonalize a trial vector with respect to the first n eigenvectors that have already been 
determined so that iteration on the purified trial vectors will converge to the (« + l)th mode, 
the mode with the next eigenvalue in ascending sequence. 

In principle, the Gram-Schmidt orthogonalization process, combined with the in¬ 
verse iteration procedure, provides a tool for computing the second and higher eigenvalues 
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and eigenvectors. This tool is not effective, however, as a general computer method for two 
reasons. First, if Xi were made orthogonal to cp\ [i.e., c/\ = 0 in Eq. (10.13.9)], theoreti¬ 
cally the iteration will not converge to <p\ but to <p 2 (or some other eigenvector—the one 
with the next-higher eigenvalue which is contained in the modal expansion of Xi). How¬ 
ever, in practice this never occurs since the inevitable round-off errors in finite-precision 
arithmetic continuously reintroduce small components of <f >i which the iteration process 
magnifies. Second, convergence of the iteration process becomes progressively slower for 
the higher modes. It is for these reasons that this method is not developed in this book. 


10.14 VECTOR ITERATION WITH SHIFTS: PREFERRED 
PROCEDURE 

The inverse vector iteration procedure of Section 10.13, combined with the concept of 
“shifting” the eigenvalue spectrum (or scale), provides an effective means to improve the 
convergence rate of the iteration process and to make it converge to an eigenpair other than 
(ki, (pi). Thus this is the preferred method, as it provides a practical tool for computing as 
many pairs of natural vibration frequencies and modes of a structure as desired. 

10.14.1 Basic Concept and Procedure 

The solutions of Eq. (10.11.1) are the eigenvalues X n and eigenvectors <p n ; the number of 
such pairs equals N, the order of m and k. Figure 10.14.1a shows the eigenvalue spectrum 
(i.e., a plot of Ai, A 2 , ... along the eigenvalue axis). Introducing a shift // in the origin of 
the eigenvalue axis (Fig. 10.14.1b) and defining X as the shifted eigenvalue measured from 
the shifted origin gives X = X + jjl. Substituting this in Eq. (10.11.1) leads to 

k0 = Am</> (10.14.1) 


(a) 


(b) 


(c) 


0 A,} X 2 

h 

-in-!- 

v v 

0 A-2 

I* 



^3 


A 4 


^5 


X 


X 3 


X-4 


^5 


X 


V 

A 3 0 


X 4 


^5 




Figure 10.14.1 (a) Eigenvalue spectrum; (b) eigenvalue measured from a shifted origin; 

(c) location of shift point for convergence to A. 3 . 
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where 

k = k — /xm X — X — /x (10.14.2) 

The eigenvectors of the two eigenvalue problems—original Eq. (10.11.1) and shifted 
Eq. (10.14.1)—are the same. This is obvious because if a </> satisfies one equation, it 
will also satisfy the other. However, the eigenvalues X of the shifted problem differ from 
the eigenvalues X of the original problem by the shift /x [Eq. (10.14.2)]. The spectrum of 
the shifted eigenvalues X is also shown in Fig. 10.14.1b with the origin at /x. If the in¬ 
verse vector iteration method of Section 10.13.1 were applied to the eigenvalue problem of 
Eq. (10.14.1), it obviously will converge to the eigenvector having the smallest magnitude 
of the shifted eigenvalue | X„ | (i.e., the eigenvector with original eigenvalue X n closest to 
the shift value /x). 

If /x were chosen as in Fig. 10.14.1b. the iteration will converge to the first eigen¬ 
vector. The rate of convergence depends on the ratio X 1 /X 2 = (a 1 — /x)/(7,2 — /x). The 
convergence rate has improved because this ratio is smaller than the ratio X 1 /X 2 for the 
original eigenvalue problem. If /x were chosen between X„ and a„ + i , and /x is closer to X n 
than a„ + i , the iteration will converge to . On the other hand, if // is closer to a„ +! than 
X n , the iteration will converge to X n+ \ . Thus the “shifting” concept enables computation 
of any pair ( X n , </>„). In particular, if /x were chosen as in Fig. 10.14.1c, the iteration will 
converge to the third eigenvector. 


Example 10.15 

Determine the natural frequencies and modes of vibration of the system of Example 10.14 by 
inverse vector iteration with shifting. 

Solution Equation (10.14.1) with a selected shift /x is solved by inverse vector iteration. 
Selecting the shift /xi = 100, k is calculated from Eq. (10.14.2) and the inverse vector iteration 


TABLE El 0.15a VECTOR ITERATION WITH SHIFT: FIRST 
EIGENPAIR 


Iteration 


*7 

/X 

*7+1 

XO'+D 

X/+1 


rn 



r 0.01147 


r 0.6759 7 

1 

1 


100 

0.0218 

144.60 

1.2933 


1 



0.0313 


1.8610 


I - 0.67591 


r 0.0145 7 


r 0.6401 7 

2 

1.2933 

100 

0.0289 

144.15 

1.2769 


1.8610 


0.0432 


1.9083 


r 0.64011 


r 0.0144 7 


[ 0.6377 7 

3 

1.2769 

100 

0.0289 

144.14 

1.2752 


1.9083 


0.0433 


1.9122 


[ 0.63771 


r 0.0144 7 


[ 0.63751 

4 

1.2752 

100 

0.0289 

144.14 

1.2750 


_ 1.9122 _ 


.0.0433. 


. 1.9125. 
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TABLE E10.15b VECTOR ITERATION WITH SHIFT: SECOND EIGENPAIR 


Iteration 

*/ 



*/+ 1 

*0+1) 

x/+l 


r 1 1 



r 0.00441 


r 0.80301 

1 

1 


600 

0.0028 

605.11 

0.5189 


1 



-0.0133 


-2.4277 


r 0.80301 


r 0.01971 


[ 1.00621 

2 

0.5189 

600 

0.0201 

648.10 

1.0221 


-2.4277 


-0.0373 


-1.8994 


r 1.00621 


r 0.02011 


r 0.98041 

3 

1.0221 

600 

0.0201 

648.64 

0.9778 


-1.8994 


-0.0405 


-1.9717 


[ 0.98041 


r 0.02021 


[ 0.98271 

4 

0.9778 

600 

0.0202 

648.65 

0.9829 


-1.9717 


-0.0404 


-1.9642 


algorithm of Eqs. (10.13.3) to (10.13.7) is implemented starting with an initial vector of x; = 
(1 1 l) r leading to Table E10.15a. The final result is a>\ = V144.14 = 12.006 and 

<p\ = (0.6375 1.2750 1.9125)^. This is obtained in one iteration cycle less than in the 

iteration without shift in Example 10.14. 

Starting with the shift fi\ = 600 and the same xi, the inverse iteration algorithm leads 
to Table El0.15b. The final result is oi 2 = V648.65 = 25.468 and </> 2 = (0.9827 0.9829 

— 1.9642)^. Convergence is attained in four iteration cycles. 

Starting with the shift /xi = 1500 and the same xi, the inverse iteration algorithm 
leads to Table E10.15c. The final result is 013 = -s/1513.5 = 38.904 and </>3 = (1.5778 

— 1.1270 0.4508 ) T . Convergence is attained in three cycles. 

TABLE El 0.15c VECTOR ITERATION WITH SHIFT: THIRD EIGENPAIR 

Iteration xj /x xy+i A.^+0 Xj+i 



' 1 ' 



' 0.0198' 


' 1.5264" 

1 

1 


1500 

-0.0156 

1510.6 

- 1.2022 


1 



0.0054 _ 


0.4148 _ 


' 1.5264' 


' 0.1167" 


' 1.5784' 

2 

- 1.2022 

1500 

-0.0832 

1513.5 

-1.1261 


0.4148 _ 


0.0333 _ 


0.4509 _ 


' 1.5784' 


" 0.1168" 


" 1.5778' 

3 

-1.1261 

1500 

-0.0834 

1513.5 

-1.1270 


0.4509 


0.0334 


0.4508 


10.14.2 Rayleigh’s Quotient Iteration 

The inverse iteration method with shifts converges rapidly if a shift is chosen near enough 
to the eigenvalue of interest. However, selection of an appropriate shift is difficult without 
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knowledge of the eigenvalue. Many techniques have been developed to overcome this 
difficulty; one of these is presented in this section. 

The Rayleigh quotient calculated by Eq. (10.13.4) to estimate the eigenvalue pro¬ 
vides an appropriate shift value, but it is not necessary to calculate and introduce a new 
shift at each iteration cycle. If this is done, however, the resulting procedure is called 
Rayleigh’s quotient iteration. 

This procedure starts with the assumption of a starting iteration vector xi and start¬ 
ing shift /,* 11 and consists of the following steps to be repeated for j = 1, 2, 3,... until 
convergence: 


1. Determine x J+ i by solving the algebraic equations: 

[k — A. ( - ,) m]x J+ i = mxj (10.14.3) 

2. Obtain an estimate of the eigenvalue and the shift for the next iteration from 

X u+D = ^+' mX; + X.U) (10.14.4) 

x 7+1 mx/+i 


3. Normalize Xy+i: 


Xj+l (x/ +1 mx /+1 ) 1 /2 


(10.14.5) 


This iteration converges to a particular eigenpair (k n , <p n ) depending on the starting vector 
X) and the initial shift a (I \ If X! includes a strong contribution of the eigenvector <p n and 
A 11 * is close enough to , the iteration converges to the eigenpair 4> n ). The rate of con¬ 
vergence is faster than the standard vector iteration with shift described in Section 10.14.1, 
but at the expense of additional computation because a new [k — A^m] has to be factorized 
in each iteration. 


Example 10.16 

Determine all three natural frequencies and modes of the system of Example 10.14 by inverse 
vector iteration with the shift in each iteration cycle equal to Rayleigh’s quotient from the 
previous cycle. 

Solution The iteration procedure of Eqs. (10.14.3) to (10.14.5) is implemented with start¬ 
ing shifts of )jl\ = 100, = 600, and ^ — 1500, leading to Tables E10.16a, E10.16b, 

and E10.16c, respectively, where the final results are a>\ = \! 144.14 = 12.006 and cj>\ = 
(0.6375 1.2750 1.9125) r , w 2 = V648.65 = 25.468 and 0 2 = (0.9825 0.9825 
—1.9649) r , and w 3 = V1513.5 = 38.904 and 0 3 = (1.5778 - 1.1270 0.4508) 7 '. 

Observe that convergence is faster when a new shift is used in each iteration cycle. Only 
two cycles are required instead of four (Example 10.15) for the first mode, and three instead 
of four for the second mode. 
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TABLE El0.1 6a RAYLEIGH’S QUOTIENT ITERATION: FIRST EIGENPAIR 


Iteration Xj fi x,- + i A.V+ 1 ) x J+ i 


"1" 



" 0.0114" 


"0.6759" 

1 


100 

0.0218 

144.60 

1.2933 

.1. 



0.0313. 


. 1.8610. 

"0.6759' 


1.3947" 


-0.6375 

1.2933 

144.60 

-2.7895 

144.14 

-1.2750 

L 1.8610. 


_-4.1845. 

“1 

.-1.9126 


'-0.6375" 


"1.9738 x 10 6 ' 


"0.6375" 

-1.2750 

144.14 

3.9476 x 10 6 

144.14 

1.2750 

.-1.9126. 


.5.9214 x 10 6 _ 


.1.9125. 


TABLE E10.16b RAYLEIGH’S QUOTIENT ITERATION: SECOND EIGENPAIR 


Iteration 

x j 



*j +1 


77+ 1 

X/+1 


r 1 i 



r 0.00441 



I" 0.80301 

1 

i 


600 

0.0028 


605.11 

0.5189 


i 



-0.0133 



-2.4277 


r 0.80301 


r 0.02201 



[ 1.00361 

2 

0.5189 

605.11 

0.0223 


648.21 

1.0176 


-2.4277 


-0.0418 



-1.9070 


1" 1.00361 


1" 2.26241 



I" 0.98251 

3 

1.0176 

648.21 

2.2623 


648.65 

0.9824 


-1.9070 


-4.5249 



-1.9650 


[ 0.98251 


[ 3.0372 x 10 6 1 


[ 0.98251 

4 

0.9824 

648.65 

3.0372 x 10 6 

648.65 

0.9825 


.-1.9650. 


. -6.0745 x 10 6 . 


.-1.9649. 


TABLE E10.16C RAYLEIGH’S QUOTIENT ITERATION: THIRD EIGENPAIR 


Iteration 

X J 



X J+ 1 


77 4-1 

Xy+l 


r 1 i 



r 0.01981 



[ 1.52641 

1 

i 


1500 

-0.0156 


1510.6 

-1.2022 


i 



0.0054. 



0.4148 


r 1.52641 


r 0.54311 



[ 1.57791 

2 

-1.2022 

1510.6 

-0.3879 


1513.5 

-1.1268 


0.4148 


0.1552 



0.4508 


[ 1.57791 


[ 9.7061 x 10 4 1 


[ 1.57781 

3 

-1.1268 

1513.5 

-6.9329 x 10 4 

1513.5 

-1.1270 


0.4508 


2.7732 x 10 4 


0.4508 
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Application to structural dynamics. In modal analysis of the dynamic re¬ 
sponse of structures, we are interested in the lower J natural frequencies and modes (Chap¬ 
ters 12 and 13); typically, J is much smaller than N, the number of degrees of freedom. 
Although Rayleigh’s quotient iteration may appear to be an effective tool for the necessary 
computation, it may not always work. For example, with the starting vector xi and starting 
shift /. (l) = 0, Eq. (10.14.4) may provide a value for Rayleigh’s quotient (which, according 
to Section 10.12, is always higher than the first eigenvalue), which is also the next shift, 
closer to the second eigenvalue than the first, resulting in the iteration converging to the 
second mode. Thus it is necessary to supplement Rayleigh’s quotient iteration by another 
technique to assure convergence to the lowest eigenpair (ki, <fi i). One possibility is to 
use first the inverse iteration without shift, Eqs. (10.13.3) to (10.13.7), for a few cycles to 
obtain an iteration vector that is a good approximation (but has not converged) to <j> i, and 
then start with Rayleigh’s quotient iteration. 

Computer implementation of inverse vector iteration with shift should be reliable 
and efficient. By reliability we mean that it should give the desired eigenpair. Efficiency 
implies that with the fewest iterations and least computation, the method should provide 
results to the desired degree of accuracy. Both of these requirements are essential; oth¬ 
erwise, the computer program may skip a desired eigenpair, or the computations may be 
unnecessarily time consuming. The issues related to reliability and efficiency of computer 
methods for solving the eigenvalue problem are discussed further in other books. 

10.15 TRANSFORMATION OF k0 = u 2 m0 TO THE 
STANDARD FORM 

The standard eigenvalue problem Ay = Xy arises in many situations in mathematics and 
in applications to problems in the physical sciences and engineering. It has therefore at¬ 
tracted much attention and many solution algorithms have been developed and are avail¬ 
able in computer software libraries. These computer procedures could be used to solve the 
structural dynamics eigenvalue problem, kef) = ormcf), provided that it can be transformed 
to the standard form. Such a transformation is presented in this section. 

We assume that m is positive definite; that is, it is either a diagonal matrix with 
nonzero masses or a banded matrix as in a consistent mass formulation (Chapter 17). If m 
is a diagonal matrix with zero mass in some degrees of freedom, these are first eliminated 
by static condensation (Section 9.3). Positive definiteness of m implies that in 1 can be 
calculated. Premultiplying the structural dynamics eigenvalue problem 

k0 = &rm0 (10.15.1) 

by m gives the standard eigenvalue problem: 

A ef) = Xef> (10.15.2) 

where 

A = m'k X = ar (10.15.3) 

In general, A is not symmetric, although m and k are both symmetric matrices. 
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Because the computational effort could be greatly reduced if A were symmetric, we 
seek methods that yield a symmetric A. Consider that m = diag(m ; ), a diagonal matrix 
with elements nijj = rrij, and define m 1 / 2 = diagand m~ 1//2 = diag(m ; *^ 2 ). Then 
m and the identity matrix I can be expressed as 

m = m 1,/2 m 1/2 I = m~ 1/2 m 1/2 (10.15.4) 

Using Eq. (10.15.4), Eq. (10.15.1) can be rewritten as 

= a> 2 m 1/2 m 1/2 </> 

Premultiplying both sides by m ^ 2 leads to 

m~ 1/2 km~ 1/2 m 1/2 </> = a> 2 m” l/2 m 1/2 m 1/2 0 
Utilizing Eq. (10.15.4b) to simplify the right-hand side of the equation above gives 

Ay = Ay (10.15.5) 

where 

A = m“ 1/2 km- 1/2 y = m 1/2 0 A = « 2 (10.15.6) 

Equation (10.15.5) is the standard eigenvalue problem and A is now symmetric. 

Thus if a computer program to solve Ay = Ay were available, it could be utilized to 
determine the natural frequencies a>„ and modes (f> n of a system for which m and k were 
known as follows: 

1. Compute A from Eq. (10.15.6a). 

2. Determine the eigenvalues A„ and eigenvectors y„ of A by solving Eq. (10.15.5). 

3. Determine the natural frequencies and modes by 

(On = VK 4>n = nU 1/2 y„ (10.15.7) 

The transformation of Eq. (10.15.6) can be generalized to situations where the mass 
matrix is not diagonal but is banded like the stiffness matrix; such banding is typical of 
finite element formulations (Chapter 17). Then, A is a full matrix, although k and m are 
banded. This is a major computational disadvantage for large systems. For such situa¬ 
tions the transformation of k<5 = ormcf) to Ay = Ay may not be an effective approach, 
and the inverse iteration method, which works directly with k <fi = ormcf), may be more 
efficient. 


FURTHER READING 


Bathe, K. J., Finite Element Procedures, Prentice Hall, Englewood Cliffs, N.J., 1996, Chapters 10 
and 11. 

Crandall, S. H., and McCalley, R. B., Jr., “Matrix Methods of Analysis,” Chapter 28 in Shock and 
Vibration Handbook (ed. C. M. Harris), McGraw-Hill, New York, 1988. 
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Humar, J. L., Dynamics of Structures, 2nd ed., A. A. Balkema Publishers, Lisse, The Netherlands, 
2002, Chapter 11. 

Parlett, B. N., The Symmetric Eigenvalue Problem, Prentice Hall, Englewood Cliffs, N.J., 1980. 


PROBLEMS 


Parts A and B 

10.1 Determine the natural vibration frequencies and modes of the system of Fig. P9.1 with k\ = 
k and ki = 2k in terms of the DOFs in the figure. Show that these results are equivalent to 
those presented in Fig. E10.1. 

10.2 For the system defined in Problem 9.2: 

(a) Determine the natural vibration frequencies and modes; express the frequencies in terms 
of m, El, and L. Sketch the modes and identify the associated natural frequencies. 

(b) Verify that the modes satisfy the orthogonality properties. 

(c) Normalize each mode so that the modal mass M n has unit value. Sketch these normal¬ 
ized modes. Compare these modes with those obtained in part (a) and comment on the 
differences. 

10.3 Determine the free vibration response of the system of Problem 9.2 (and Problem 10.2) due 
to each of the three sets of initial displacements: (a) «i(0) = 1 , U2(0) — 0; (b) «i(0) = 
1, t<2(0) = 1; (c) r /1 (0) = 1, «2(0) = —1. Comment on the relative contribution of the 
modes to the response in the three cases. Neglect damping in the system. 

10.4 Repeat Problem 10.3(a) considering damping in the system. For each mode the damping 
ratio is = 5%. 

10.5 For the system defined in Problem 9.4: 

(a) Determine the natural vibration frequencies and modes. Express the frequencies in terms 
of m, El, and L, and sketch the modes. 

(b) Determine the displacement response due to an initial velocity U2(0) imparted to the top 
of the system. 

10.6 For the two-story shear building shown in Problem 9.5: 

(a) Determine the natural vibration frequencies and modes; express the frequencies in terms 
of m, El, and h. 

(b) Verify that the modes satisfy the orthogonality properties. 

(c) Normalize each mode so that the roof displacement is unity. Sketch the modes and 
identify the associated natural frequencies. 

(d) Normalize each mode so that the modal mass M„ has unit value. Compare these modes 
with those obtained in part (c) and comment on the differences. 

10.7 The structure of Problem 9.5 is modified so that the columns are hinged at the base. Deter¬ 
mine the natural vibration frequencies and modes of the modified system, and compare them 
with the vibration properties of the original structure determined in Problem 10.6. Comment 
on the effect of the column support condition on the vibration properties. 

10.8 Determine the free vibration response of the structure of Problem 10.6 (and Problem 9.5) 
if it is displaced as shown in Fig. P10.8a and b and released. Comment on the relative 
contributions of the two vibration modes to the response that was produced by the two initial 
displacements. Neglect damping. 
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Figure P10.8 


10.9 Repeat Problem 10.8 for the initial displacement of Fig. P10.8a, assuming that the damping 
ratio for each mode is 5%. 

* 10.10 Determine the natural vibration frequencies and modes of the system defined in Problem 9.6. 

Express the frequencies in terms of m, El, and h and the joint rotations in terms of h. 
Normalize each mode to unit displacement at the roof and sketch it, identifying all DOFs. 
10.11- For the three-story shear buildings shown in Figs. P9.7 and P9.8: 

10.12 (a) Determine the natural vibration frequencies and modes; express the frequencies in terms 

of m, El, and h. Sketch the modes and identify the associated natural frequencies. 

(b) Verify that the modes satisfy the orthogonality properties. 

(c) Normalize each mode so that the modal mass M„ has unit value. Sketch these normal¬ 
ized modes. Compare these modes with those obtained in part (a) and comment on the 
differences. 

10.13- The structures of Figs. P9.7 and P9.8 are modified so that the columns are hinged at the base. 
10.14 Determine the natural vibration frequencies and modes of the modified system, and compare 
them with the vibration properties of the original structures determined in Problems 10.11 
and 10.12. Comment on the effect of the column support condition on the vibration proper¬ 
ties. 

10.15- Determine the free vibration response of the structures of Problems 10.11 and 10.12 (and 
10.16 Problems 9.7 and 9.8) if they are displaced as shown in Fig. P10.15-P10.16a, b, and c and 
released. Plot floor displacements versus t/T\ and comment on the relative contributions 
of the three vibration modes to the response that was produced by each of the three initial 
displacements. Neglect damping. 



Figure P10.15-P10.16 


*Denotes that a computer is necessary to solve this problem. 
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10.17- Repeat Problems 10.15 and 10.16 for the initial displacement of Fig. P10.15a, assuming that 
10.18 the damping ratio for each mode is 5%. 

*10.19- Determine the natural vibration frequencies and modes of the systems defined in Prob- 

10.22 lems 9.9 to 9.12. Express the frequencies in terms of m, El, and h and the joint rotations in 
terms of h. Normalize each mode to unit displacement at the roof and sketch it, including all 
DOFs. 

10.23 (a) For the system in Problem 9.13, determine the natural vibration frequencies and modes. 
Express the frequencies in terms of m, El, and L, and sketch the modes. 

(b) The structure is pulled through a lateral displacement u\ (0) and released. Determine the 
free vibration response. 

10.24 For the system defined in Problem 9.14, m = 90 kips/g, k = 1.5 kips/in., and b = 25 ft. 

(a) Determine the natural vibration frequencies and modes. 

(b) Normalize each mode so that the modal mass M n has unit value. Sketch these modes. 

10.25 Repeat Problem 10.24 using a different set of DOFs—those defined in Problem 9.15. Show 
that the natural vibration frequencies and modes determined using the two sets of DOFs are 
the same. 

10.26 Repeat Problem 10.24 using a different set of DOFs—those defined in Problem 9.16. Show 
that the natural vibration frequencies and modes determined using the two sets of DOFs are 
the same. 

10.27 Repeat Problem 10.24 using a different set of DOFs—those defined in Problem 9.17. Show 
that the natural vibration frequencies and modes determined using the two sets of DOFs are 
the same. 

10.28 For the structure defined in Problem 9.18, determine the natural frequencies and modes. 
Normalize each mode such that (/>„ cf> n — 1. 

PartC 

*10.29 The floor weights and story stiffnesses of the three-story shear frame are shown in Fig. P10.29, 
where w = 100 kips and k = 326.32 kips/in. Determine the fundamental natural vibration 
frequency <x>\ and mode <p\ by inverse vector iteration. 



Figure P10.29 


*10.30 For the system defined in Problem 10.29, there is concern for possible resonant vibrations 
due to rotating machinery mounted at the second-floor level. The operating speed of the 


♦Denotes that a computer is necessary to solve this problem. 
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motor is 430 rpm. Obtain the natural vibration frequency of the structure that is closest to 
the machine frequency. 

*10.31 Determine the three natural vibration frequencies and modes of the system defined in Prob¬ 
lem 10.29 by inverse vector iteration with shifting. 

*10.32 Determine the three natural vibration frequencies and modes of the system defined in Prob¬ 
lem 10.29 by inverse vector iteration with the shift in each iteration cycle equal to Rayleigh’s 
quotient from the previous cycle. 


*Denotes that a computer is necessary to solve this problem. 
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PREVIEW 

Several issues that arise in defining the damping properties of structures are discussed in 
this chapter. It is impractical to determine the coefficients of the damping matrix directly 
from the structural dimensions, structural member sizes, and the damping properties of the 
structural materials used. Therefore, damping is generally specified by numerical values 
for the modal damping ratios, and these are sufficient for analysis of linear systems with 
classical damping. The experimental data that provide a basis for estimating these damp¬ 
ing ratios are discussed in Part A of this chapter, which ends with recommended values for 
modal damping ratios. The damping matrix is needed, however, for analysis of linear sys¬ 
tems with nonclassical damping and for analysis of nonlinear structures. Two procedures 
for constructing the damping matrix for a structure from the modal damping ratios are pre¬ 
sented in Part B; classically damped systems as well as nonclassically damped systems are 
considered. 


PART A: EXPERIMENTAL DATA AND RECOMMENDED 
MODAL DAMPING RATIOS 


11.1 VIBRATION PROPERTIES OF MILLIKAN LIBRARY BUILDING 

Chosen as an example to discuss damping, the Robert A. Millikan Library building is 
a nine-story reinforced-concrete building constructed in 1966-1967 on the campus of the 
California Institute of Technology in Pasadena, California. Figure 11.1.1 is a photograph of 
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Figure 11.1.1 Millikan Library, California 
Institute of Technology, Pasadena, 

California. (Courtesy of K. V. Steinbrugge 
Collection, Earthquake Engineering 
Research Center, University of California at 
Berkeley.) 

the library building. It is 69 by 75 ft in plan and extends 144 ft above grade and 158 ft above 
the basement level. This includes an enclosed roof that houses air-conditioning equipment. 
Lateral forces in the north-south direction are resisted mainly by the 12-in. reinforced- 
concrete shear walls located at the east and west ends of the building. In the east-west 
direction the 12-in. reinforced-concrete walls of the central core, which houses the elevator 
and the emergency stairway, provide most of the lateral resistance. Precast concrete win¬ 
dow wall panels are bolted in place on the north and south walls. These were intended to 
be architectural but provide stiffness in the east-west direction for low levels of vibration. 

The vibration properties—natural periods, natural modes, and modal damping 
ratios—of the Millikan Library have been determined by forced harmonic vibration tests 
using the vibration generator shown in Fig. 3.3.1. Such a test leads to a frequency-response 
curve that shows a resonant peak corresponding to each natural frequency of the structure; 
e.g., the frequency-response curve near the fundamental natural frequency of vibration in 
the east-west direction is shown in Fig. 11.1.2. From such data the natural frequency and 
damping ratio for the fundamental vibration mode were determined by the methods of 
Section 3.4.2, and the results are presented in Table 11.1.1. The natural period for this 
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Figure 11.1.2 Frequency response curve for Millikan Library near its fundamental natu¬ 
ral frequency of vibration in the east-west direction; acceleration measured is at the eighth 
floor. [Adapted from Jennings and Kuroiwa (1968).] 


TABLE 11.1.1 NATURAL VIBRATION PERIODS AND MODAL DAMPING RATIOS OF 
MILLIKAN LIBRARY 



Roof 

Fundamental Mode 

Second Mode 

Excitation 

Acceleration (g) 

Period (sec) 

Damping (%) 

Period (sec) 

Damping (%) 

North-South Direction 

Vibration 

generator 

5 x 1(T 3 to 

20 x 10 -3 

0.51-0.53 

1.2-1.8 

a 

a 

Lytle Creek 
earthquake 

0.05 

0.52 

2.9 

0.12 

1.0 

San Fernando 
earthquake 

0.312 

0.62 

6.4 

0.13 

4.7 

East-West Direction 

Vibration 

generator 

3 x 10" 3 to 

17 x 10“ 3 

0.66-0.68 

0.7-1.5 

b 

b 

Lytle Creek 
earthquake 

0.035 

0.71 

2.2 

0.18 

3.6 

San Fernando 
earthquake 

0.348 

0.98 

7.0 

0.20 

5.9 


“Not measured. 
b Data not reliable. 
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mode of vibration in the east-west direction was 0.66 sec (observe that /„ = 1.49 Hz in 
Fig. 11.1.2). This value increased roughly 3% over the resonant amplitude range of testing: 
acceleration of 3 x 10~ 3 g to 17 x 10~ 3 g at the roof. The mode shape corresponding to this 
mode was found from measurements taken at various floors of the structure but is not 
presented here. In the vibration test the damping ratio in the fundamental east-west mode 
varied between 0.7 and 1.5%, increasing with the amplitude of response. In the north-south 
direction, the natural period of the fundamental mode was 0.51 sec, increasing roughly 4% 
over the resonant amplitude range of testing: acceleration of 5 x 10 3 g to 20 x I O' 3 g at 
the roof. The damping ratio in this mode varied between 1.2 and 1.8%, again increasing 
with the amplitude of response. 

The Millikan Library is located approximately 19 miles from the center of the Mag¬ 
nitude 6.4 San Fernando, California, earthquake of February 9, 1971. The strong motion 
accelerographs installed in the basement and the roof of the building recorded three com¬ 
ponents (two horizontal and one vertical) of accelerations. The recorded accelerations in 
the north-south direction given in Fig. 11.1.3 show that the peak acceleration of 0.202g 
at the basement amplified to 0.312g at the roof. Figure 11.1.4 shows that in the east- 
west direction the peak acceleration at the basement and roof were 0.185g and 0.348g, 
respectively. The accelerations at the roof represent the total motion of the building, which 
is composed of the motions of the building relative to the ground plus the motion of the 
ground. The total displacement at the roof of the building and the displacement of the base¬ 
ment were obtained by twice-integrating the recorded accelerations. The north-south and 
east-west components of the relative displacement of the roof, determined by subtracting 
the ground (basement) displacement from the total displacement at the roof, are presented 
in Fig. 11.1.5. 
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Figure 11.1.3 Accelerations in the north-south direction recorded at Millikan Library 
during the 1971 San Fernando, California, earthquake. 
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Figure 11.1.4 Accelerations in the east-west direction recorded at Millikan Library dur¬ 
ing the 1971 San Fernando, California, earthquake. 
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Figure 11.1.5 Relative displacement of the roof in (a) north-south direction; (b) east- 
west direction. [Adapted from Foutch, Housner, and Jennings (1975).] 

It can be seen that the horizontal accelerations of the roof of the building are larger 
and their time variation is different from the ground (basement) accelerations. These dif¬ 
ferences arise because the building is flexible, not rigid. It is seen in the displacement plots 
that the displacement amplitude of the roof relative to the basement was 1.06 in. in the 
north-south direction and 2.71 in. in the east-west direction. The building vibrated in the 
north-south direction with a fundamental-mode period of approximately six-tenths of a 
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second, while in the east-west direction this period was about 1 sec. These period values 
were estimated as the duration of a vibration cycle in Fig. 11.1.5. More accurate values 
for the first few natural periods and modal damping ratios can be determined from the 
recorded accelerations at the basement and the roof by system identification procedures 
(not presented in this book). The results for the first two modes in the north-south and 
east-west directions are presented in Table 11.1.1 for the Millikan Library building. 

Acceleration records were also obtained in the basement and on the roof of this 
building from the Lytle Creek earthquake of September 12, 1970. The Magnitude 5.4 Lytle 
Creek earthquake, centered 40 miles from Millikan Library, produced a peak ground accel¬ 
eration of approximately 0.02g and a roof acceleration of 0.05g in the building, fairly low 
levels for measured earthquake motion. System identification analysis of these records led 
to values for natural periods and damping ratios shown in Table 11.1.1. For the 
low-level vibrations due to the Lytle Creek earthquake, the fundamental periods of 0.52 
and 0.71 sec in the north-south and east-west directions, respectively, were similar to— 
only slightly longer than—those determined in vibration generator tests. Similarly, the 
damping ratios were slightly increased relative to the vibration generator tests. 

For the larger motions of the building during the San Fernando earthquake, the nat¬ 
ural periods and damping ratios were increased significantly relative to the values from 
vibration generator tests. The fundamental period in the north-south direction increased 
from 0.51 to 0.62 sec and the damping ratio increased substantially, to 6.4%. In the east- 
west direction the building vibrated with a fundamental period of 0.98 sec, which is 50% 
longer than the period of 0.66 sec during vibration generator tests; the damping increased 
substantially, to 7.0%. 

The lengthening of natural periods at the larger amplitudes of motion experienced 
by the building during the San Fernando earthquake implies a reduction in the stiffness 
of the structure. The stiffness in the east-west direction is reduced substantially, although 
except for the collapse of bookshelves and minor plaster cracking, the building suffered 
no observable damage. The apparent damage of the structure due to the earthquake is 
also the cause of the substantial increase in damping. Following the earthquake there is 
apparent recovery of the structural stiffness, as suggested by measured natural periods 
(not presented here) that are shorter than during the earthquake. Whether this recovery 
is complete or only partial appears to depend on how strongly the structure was excited 
by the earthquake. These are all indications of the complexity of the behavior of actual 
structures during earthquakes. We return to this issue in Chapter 13 (Section 13.6) after we 
have presented analytical procedures to compute the response of linearly elastic structures 
to specified ground motion. 


11.2 ESTIMATING MODAL DAMPING RATIOS 

It is usually not feasible to determine the damping properties or natural vibration periods 
of a structure to be analyzed in the way they were determined for the Millikan Library. 
If the seismic safety of an existing structure is to be evaluated, ideally we would like to 
determine experimentally the important properties of the structure, including its damping. 
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but this is rarely done, for lack of budget and time. For a new building being designed, 
obviously its damping or other properties cannot be measured. 

The modal damping ratios for a structure should therefore be estimated using mea¬ 
sured data from similar structures. Although researchers have accumulated a substantial 
body of valuable data, it should be used with discretion because some of it is not directly 
applicable to earthquake analysis and design. It is clear from the Millikan Library data that 
the damping ratios determined from the low-amplitude forced vibration tests should not be 
used directly for the analysis of response to earthquakes that cause much larger motions of 
the structure, say, up to yielding of the structural materials. Modal damping ratios for such 
analysis should be based on data from recorded earthquake motions. 

The data that are most useful but hard to come by are from structures shaken strongly 
but not deformed into the inelastic range. The damping ratios determined from structural 
motions that are small are not representative of the larger damping expected at higher 
amplitudes of structural motions. On the other hand, recorded motions of structures that 
have experienced significant yielding during an earthquake would provide damping ra¬ 
tios that also include the energy dissipation due to yielding of structural materials. These 
damping ratios would not be useful in dynamic analysis because the energy dissipation in 
yielding is accounted for separately through nonlinear force-deformation relationships (see 
Section 5.7). 

Useful data on damping are slow to accumulate because relatively few structures 
are installed with permanent accelerographs ready to record motions when an earthquake 
occurs and strong earthquakes are infrequent. The bulk of records of earthquake-induced 
structural motions in the United States are from multistory buildings in California: more 
than 50 buildings in the greater Los Angeles area during the 1971 San Fernando earth¬ 
quake; over 40 buildings in the Monterey Bay and San Francisco Bay areas during the 
1989 Loma Prieta earthquake; and over 100 buildings in the greater Los Angeles area dur¬ 
ing the 1994 Northridge earthquake. Furthermore, the recorded motions of only some of 
these buildings have been analyzed to determine their natural periods and modal damping 
ratios. 

Ideally, we would like to have data on damping determined from recorded earthquake 
motions of many structures of various types—buildings, bridges, dams, etc.—using differ¬ 
ent materials—steel, reinforced concrete, prestressed concrete, masonry, wood, etc. Such 
data would provide the basis for estimating the damping ratios for an existing structure to 
be evaluated for its seismic safety or for a new structure to be designed. Until we accumu¬ 
late a sufficiently large database, selection of damping ratios is based on whatever data are 
available and expert opinion. Recommended damping values are given in Table 11.2.1 for 
two levels of motion: working stress levels or stress levels no more than one-half the yield 
point, and stresses at or just below the yield point. For each stress level, a range of damping 
values is given; the higher values of damping are to be used for ordinary structures, and 
the lower values are for special structures to be designed more conservatively. In addition 
to Table 11.2.1, recommended damping values are 3% for unreinforced masonry struc¬ 
tures and 7% for reinforced masonry construction. Most building codes do not recognize 
the variation in damping with structural materials; and typically a 5% damping ratio is 
implicit in the code-specified earthquake forces and design spectrum. 
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TABLE 11.2.1 RECOMMENDED DAMPING VALUES 


Stress Level 

Type and Condition 
of Structure 

Damping Ratio 

(%) 

Working stress, 

Welded steel, prestressed 

2-3 

no more than about 

concrete, well-reinforced 


^ yield point 

concrete (only slight cracking) 



Reinforced concrete with 
considerable cracking 

3-5 


Bolted and/or riveted steel, 
wood structures with nailed or 
bolted joints 

5-7 

At or just below 

Welded steel, prestressed 

5-7 

yield point 

concrete (without complete 
loss in prestress) 



Prestressed concrete with no 
prestress left 

7-10 


Reinforced concrete 

7-10 


Bolted and/or riveted steel, 
wood structures with 
bolted joints 

10-15 


Wood structures with nailed 
joints 

15-20 


Source : N. M. Newmark, and W. J. Hall, Earthquake Spectra and Design, Earth¬ 
quake Engineering Research Institute, Berkeley, Calif., 1982. 


The recommended damping ratios can be used directly for the linearly elastic anal¬ 
ysis of structures with classical damping. For such systems the equations of motion when 
transformed to natural vibration modes of the undamped system become uncoupled, and 
the estimated modal damping ratios are used directly in each modal equation. This concept 
was introduced in Section 10.10 and will be developed further in Chapters 12 and 13. 


PART B: CONSTRUCTION OF DAMPING MATRIX 


11.3 DAMPING MATRIX 

When is the damping matrix needed? The damping matrix must be defined completely if 
classical modal analysis is not applicable. Such is the case for structures with nonclassical 
damping (see Section 11.5 for examples), even if our interest is confined to their linearly 
elastic response. Classical modal analysis is also not applicable to the analysis of nonlinear 
systems even if the damping is of classical form. One of the most important nonlinear 
problems of interest to us is calculating the response of structures beyond their linearly 
elastic range during earthquakes. 
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The damping matrix for practical structures should not be calculated from the struc¬ 
tural dimensions, structural member sizes, and the damping of the structural materials used. 
One might think that it should be possible to determine the damping matrix for the struc¬ 
ture from the damping properties of individual structural elements, just as the structural 
stiffness matrix is determined. However, it is impractical to determine the damping matrix 
in this manner because unlike the elastic modulus, which enters into the computation of 
stiffness, the damping properties of materials are not well established. Even if these prop¬ 
erties were known, the resulting damping matrix would not account for a significant part of 
the energy dissipated in friction at steel connections, opening and closing of microcracks in 
concrete, stressing of nonstructural elements—partition walls, mechanical equipment, fire¬ 
proofing, etc.—friction between the structure itself and nonstructural elements, and similar 
mechanisms, some of which are even difficult to identify. 

Thus the damping matrix for a structure should be determined from its modal damp¬ 
ing ratios, which account for all energy-dissipating mechanisms. As discussed in Sec¬ 
tion 11.2, the modal damping ratios should be estimated from available data on similar 
structures shaken strongly during past earthquakes but not deformed into the inelastic 
range; lacking such data, the values of Table 11.2.1 are recommended. 

11.4 CLASSICAL DAMPING MATRIX 

Classical damping is an appropriate idealization if similar damping mechanisms are dis¬ 
tributed throughout the structure (e.g., a multistory building with a similar structural system 
and structural materials over its height). In this section we develop two procedures for con¬ 
structing a classical damping matrix for a structure from modal damping ratios that have 
been estimated as described in Section 11.2. These two procedures are presented in the 
following three subsections. 

11.4.1 Rayleigh Damping 

Consider first mass-proportional damping and stiffness-proportional damping: 

c = flom and c = aik (11.4.1) 

where the constants « () and a\ have units of sec” 1 and sec, respectively. For both of these 
damping matrices the matrix C of Eq. (10.9.4) is diagonal by virtue of the modal orthog¬ 
onality properties of Eq. (10.4.1); therefore, these are classical damping matrices. Phys¬ 
ically, they represent the damping models shown in Fig. 11.4.1 for a multistory building. 
Stiffness-proportional damping appeals to intuition because it can be interpreted to model 
the energy dissipation arising from story deformations. In contrast, mass-proportional 
damping is difficult to justify physically because the air damping it can be interpreted 
to model is negligibly small for most structures. Later we shall see that, by themselves, 
neither of the two damping models are appropriate for practical application. 

We now relate the modal damping ratios for a system with mass-proportional damp¬ 
ing to the coefficient ciq. The generalized damping for the nth mode, Eq. (10.9.10), is 

C n =a 0 M n (11.4.2) 
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Figure 11.4.1 (a) Mass-proportional damping; (b) stiffness-proportional damping. 


and the modal damping ratio, Eq. (10.9.11), is 


£) i — 


a 0 1 
2 o) n 


(11.4.3) 


The damping ratio is inversely proportional to the natural frequency (Fig. 11.4.2a). The 
coefficient uq can be selected to obtain a specified value of damping ratio in any one mode, 
say f,- for the / th mode. Equation (11.4.3) then gives 


«o = 2 C, Wi¬ 


fi 1.4.4) 


With ao determined, the damping matrix c is known from Eq. (11.4.1a), and the damping 
ratio in any other mode, say the nth mode, is given by Eq. (11.4.3). 

Similarly, the modal damping ratios for a system with stiffness-proportional damping 
can be related to the coefficient ci\. In this case 


C n — aiC 0 "M n and t; n =—m n (11.4.5) 

wherein Eq. (10.2.4) is used. The damping ratio increases linearly with the natural fre¬ 
quency (Fig. 11.4.2a). The coefficient a\ can be selected to obtain a specified value of the 
damping ratio in any one mode, say for the jth mode. Equation (11.4.5b) then gives 



(11.4.6) 


With a i determined, the damping matrix c is known from Eq. (11.4.1b), and the damping 
ratio in any other mode is given by Eq. (11.4.5b). Neither of the damping matrices defined 
by Eq. (11.4.1) is appropriate for practical analysis of MDF systems. The variations of 
modal damping ratios with natural frequencies they represent (Fig. 11.4.2a) are not con¬ 
sistent with experimental data that indicate roughly the same damping ratios for several 
vibration modes of a structure. 

As a first step toward constructing a classical damping matrix somewhat consistent 
with experimental data, we consider Rayleigh damping: 
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c = aoin + flik 


(11.4.7) 


The damping ratio for the nth mode of such a system is 


= 


«o 1 
2 o) n 



(11.4.8) 


The coefficients ao and a\ can be determined from specified damping ratios and for 
the ith and /th modes, respectively. Expressing Eq. (11.4.8) for these two modes in matrix 
form leads to 


1 

2 


l M oj, 
1 M (Oj 


ao 

a\ 



(11.4.9) 


These two algebraic equations can be solved to determine the coefficients ao and a i. If 
both modes are assumed to have the same damping ratio £, which is reasonable based on 
experimental data, then 


2 cojcoi 2 

ao = C, - a i = £- 

a>i + a>j a>i + (Oj 


(11.4.10) 


The damping matrix is then known from Eq. (11.4.7) and the damping ratio for any other 
mode, given by Eq. (11.4.8), varies with natural frequency, as shown in Fig. 11.4.2b. 

In applying this procedure to a practical problem, the modes i and j with specified 
damping ratios should be chosen to ensure reasonable values for the damping ratios in 
all the modes contributing significantly to the response. Consider, for example, that five 
modes are to be included in the response analysis and roughly the same damping ratio £ 
is desired for all modes. This f should be specified for the first mode and possibly for the 
fourth mode. Then Fig. 11.4.2b suggests that the damping ratio for the second and third 


(a) 


(b) 




Figure 11.4.2 Variation of modal damping ratios with natural frequency: (a) mass-proportional 
damping and stiffness-proportional damping; (b) Rayleigh damping. 
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modes will be somewhat smaller than £ and for the fifth mode it will be somewhat larger 
than £. The damping ratio for modes higher than the fifth will increase monotonically with 
frequency and the corresponding modal responses will be essentially eliminated because 
of their high damping. 

Example 11.1 

The properties of a three-story shear building are given in Fig. El 1.1. These include the floor 
weights, story stiffnesses, natural frequencies, and modes. Derive a Rayleigh damping matrix 
such that the damping ratio is 5% for the first and second modes. Compute the damping ratio 
for the third mode. 



kstory. kips/in. 
610 


610 


</*! 


CD n = 12.57, 34.33, 46.89 rad/sec 


[ 0 . 401 ] 

[ 0.803] 

[ 0.401] 

j 0.695 k 

<t>2=\ 0 , 

03 = ] -0.6951 

lo.803J 

1-0.803J 

l 0.803J 


610 


Figure Ell.l 


Solution 

1. Set up the mass and stiffness matrices. 


'400 


" 2 

-1 

O' 

400 

O 

SO 

II 

& 

-1 

2 

-1 

200. 


0 

-1 

1 _ 


2. Determine ao and a\ from Eq. (11.4.9). 

I" 1/12.57 12.57] fool - f 0.051 
Ll/34.33 34.33 J l I 1 0.05 J 

These algebraic equations have the following solution: 

fl 0 = 0.9198 a \ = 0.0021 


3. Evaluate the damping matrix. 

c = aom + «lk = 


3.55 -1.30 0 

3.55 -1.30 
(sym) 1.78. 


4. Compute £3 from Eq. (11.4.8). 

0.9198 0.0021(46.89) 


f3 = 


2(46.89) 


= 0.0593 


(a) 


(b) 


(c) 


(d) 


(e) 


2 
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11.4.2 Caughey Damping 

If we wish to specify values for damping ratios in more than two modes, we need to con¬ 
sider the general form for a classical damping matrix (see Derivation 11.1), known as 
Caughey damping: 

N -1 

c = m y t a;[m~'k] ; (11.4.11) 

1=0 

where N is the number of degrees of freedom in the system and are constants. The first 
three terms of the series are 

flom(nr 1 k)° = Aoni oiintnw'k ) 1 = cqk fl 2 in(m *k ) 2 = o^km 'k (11.4.12) 

Thus Eq. (11.4.11) with only the first two terms is the same as Rayleigh damping. Suppose 
that we wish to specify the damping ratios for J modes of an /V-DOF system. Then J 
terms need to be included in the Caughey series; these could be any J of the N terms in 
Eq. (11.4.11). If the first J terms are included, 

7-1 

c = m ^ a/[m~ 1 k] , (11.4.13) 

1=0 

and the modal damping ratio is given by (see Derivation 11.2) 

j -1 

?»= \Y. ai( °n~ l (11.4.14) 

1=0 

The coefficients «/ can be determined from the damping ratios specified in any J modes, 
say the first J modes, by solving the J algebraic equations (11.4.14) for the unknowns 
ai, l — 0 to / — 1. With ai determined, the damping matrix c is known from Eq. (11.4.13), 
and the damping ratios for modes n = J + l, J+ 2, ...,N are given by Eq. (11.4.14). 
It is recommended that these damping ratios be computed to ensure that their values are 
reasonable. 

To illustrate that it is important to do so, we present results for an example structure 
for which the same damping ratio £ = 5% was specified for the first four modes, the first 
four terms were included in Eq. (11.4.11), and the values of a/ were determined as de¬ 
scribed above and substituted in Eq. (11.4.14) to determine damping ratio as a function of 
frequency. Plotted in Fig. 11.4.3, these results demonstrate that the damping ratio remains 
close to (slightly above or slightly below) the desired value (over the frequency range a>\ 
to co 4 , being exactly equal to f at the first four natural frequencies, but increases monoton- 
ically with frequency higher than a> 4 . As a result, the response contributions of the higher 
modes will be underestimated to a point that they are essentially excluded. On the other 
hand, when the damping ratio £ was specified for only the first three modes, the same pro¬ 
cedure led to a damping ratio that was close to the desired value over the frequency range 
co 1 to cu 3 , but decreased monotonically for modes higher than the third mode, eventually 
taking on negative values. These are obviously unrealistic because they imply free vibra¬ 
tion that grows with time instead of decaying with time. In conclusion, Caughey damping 
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Figure 11.4.3 

should be defined such that modal damping ratios close to the desired value are achieved 
for all modes contributing significantly to the response, and none of the values become 
negative. 

While the general classical damping matrix given by Eq. (11.4.13) makes it possible 
to specify the damping ratios in any number of modes, there are two problems associated 
with its use. First, the algebraic equations (11.4.14) are numerically ill conditioned be¬ 
cause the coefficients co~ l , co„, &> 3 , o>\, ... can differ by orders of magnitude. Second, if 
more than two terms are included in the Caughey series, c is a full matrix, although k is a 
banded matrix, and for a lumped-mass system, m is a diagonal matrix. Since the compu¬ 
tational effort for analyzing large systems increases significantly if the damping matrix is 
not banded, Rayleigh damping is often assumed in practical analyses. 

Example 11.2 

For the system of Fig. El 1.1, evaluate the classical damping matrix if the damping ratio is 5% 
for all three modes. 

Solution 

1. Caughey series for a 3-DOF system: 




c = uom + «ik + 

«2 km 

k 

(a) 

2. Determine ao, a i, and aifrom Eq. (11 

4.14): 




ao 

1 

a\ ai 

7 

n = 1,2,3 

(b) 


Kn = — 

-h 

— m n + — <n„ 


2 

a>n 

2 2 



or 








' 1/12.57 

12.57 

(12.57) 3 ' 

[ ao] 

f 0.05 1 



1/34.33 

34.33 

(34.33) 3 


= 2 | 0.05 i 

(c) 


. 1/46.89 

46.89 

(46.89) 3 _ 

l «2 J 

l 0.05 J 


These algebraic equations have the 

following solution: 



a o 

= 0.8377 

a\ 

= 0.0027 

ai = 

-4.416 x 10~ 7 

(d) 
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3. Evaluate c. Substituting a o, a i, and ai from Eq. (d) in Eq. (a) gives 


3.40 
_ (sym) 


-1.03 -0.159" 
3.08 -1.03 
1.62 


(e) 


Derivation 11.1 

The natural frequencies ai r and modes cfi r satisfy 

k 4> r = arfm<p r (a) 

Premultiplying both sides by </)^km _1 gives 

[km 'k] <fi r = a^cft^kipr = 0 n/r (b) 

wherein the second equality comes from the orthogonality equation (10.4.1a). Premultiplying 
both sides of Eq. (a) by <fij t (km -1 ) 2 gives 

4>l [(km” 1 ) 2 ^ <fi r = a? r <fi T n [km 'km 'm] <fi r 

= cottf [km~*k] <fi r = 0 n/r (c) 

wherein the second equality comes from Eq. (b). By repeated application of this procedure, 
a family of orthogonality relations can be obtained which can all be expressed in a compact 
form: 

4>l^(fir = 0 n ± r (d) 

where 

c/ = [km _1 ] / k / = 0, 1, 2, 3,..., oo (e) 

The matrices c/ can be written in an alternative form by premultiplying Eq. (e) by the identity 
matrix, I = mm 1 : 

c / = mm 1 km 1 km 1 • • • km 1 k 

= m[m~'k] / / = 0, 1, 2, 3,..., oo (f) 

Premultiplying Eq. (a) by <fij : mk~' and following the procedure above, it can be shown that 
Eq. (d) is satisfied by another infinite sequence of matrices: 

c/=m[m~ 1 k] / / = — 1, —2, —3,..., —oo (g) 

Combining Eqs. (f) and (g) gives 

oo 

c = m a/ [m~'k] (h) 

/= —OO 

It can be shown that only N terms in this infinite series are independent, leading to Eq. 
(11.4.11) as the general form of classical damping matrices. 

Derivation 11.2 

For the nth mode the generalized damping is 

N -1 

C/i = <fi n C (fi n = ^ ' <fi n C/ (fi n 
1=0 


(a) 
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where c; is given by Eq. (f) of Derivation 11.1; and the various terms in this series are 
I - 0: c 0 <fin = (fin (a 0 m)(fi n = a 0 M n 

I = 1 : (finCicfin = (fil (aik)cfi„ = a\(olM n 
i = 2: (filc 2 (fi n = ^(fl2km _ 1 k)(/)„ = a 2 o> 2 n (fi' l n k(fi n = a 2 co„M n 
wherein Eq. (10.2.4) is used. Thus Eq. (a) becomes 

N -1 

C n = ^ ' rt/tu n M n (b) 

/=0 

The damping ratio for the nth mode, Eq. (10.9.11), is given by 

Kn = hY^r (c) 

/=0 

which is similar to Eq. (11.4.14). 

11.4.3 Superposition of Modal Damping Matrices 

An alternative procedure to determine a classical damping matrix from modal damping 
ratios can be derived starting with Eq. (10.9.4): 

4> r c4> = C (11.4.15) 

where C is a diagonal matrix with the nth diagonal element equal to the generalized modal 
damping: 

C n = U2M„co n ) (11.4.16) 

With Ci estimated as described in Section 11.2, C is known from Eq. (11.4.16) and 
Eq. (11.4.15) can be rewritten as 

c = (4> 7 ')' 1 (11.4.17) 

Using this equation to compute c may appear to be an inefficient procedure because it 
seems to require the inversion of two matrices of order N, the number of DOFs. However, 
the inverse of the modal matrix 4> and of <t> 7 can be determined with little computation 
because of the orthogonality property of modes. 

Starting with the orthogonality relationship of Eq. (10.4.5b), 

4« r m4> = M (11.4.18) 

it can be shown that 

4? 1 = M~ 1 4» r m ($ r ) _1 = m^lVr 1 (11.4.19) 

Because M is a diagonal matrix of generalized modal masses M n , M is known immedi¬ 
ately as a diagonal matrix with elements = 1 / M n . Thus <1> 1 and (‘1> 7 ) 1 can be computed 
efficiently from Eq. (11.4.19). 
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Substituting Eq. (11.4.19) in Eq. (11.4.17) leads to 

c= (m$M- 1 )C(M“ 1 $ 7 'm) (11.4.20) 


Since M and C are diagonal matrices, defined by Eqs. (11.4.18) and (11.4.15), respectively, 
Eq. (11.4.20) can be expressed as 

c = m(E 

\n=l 

The nth term in this summation is the contribution of the nth mode with its damping ratio 
to the damping matrix c; if this term is not included, the resulting c implies a zero damping 
ratio in the nth mode. It is reasonable to include in Eq. (11.4.21) only the first J modes 
that are expected to contribute significantly to the response. The lack of damping in modes 
J + 1 to N does not create numerical problems if an unconditionally stable time-stepping 
procedure is used to integrate the equations of motion; see Chapter 15. 


2(7 o),! 


<t>n<t>l 


m 


(11.4.21) 


Example 11.3 

Determine a damping matrix for the system of Fig. E11.1 by superposing the damping matrices 
for the first two modes, each with = 5%. 


Solution 

1. Determine the individual terms in Eq. (11.4.21). 


Cl 


2(0.05) (12.57) T 

-—-m 


2(0.05)04.33) T 

C2 = -—- m<p2<p2 m 


'0.217 

0.376 

0.217' 


' 2.37 

0 

-1.19 ' 


0.651 

0.376 

= 


0 

0 

. (sym) 


0.217. 


. (sym) 


0.593. 


2. Determine c. 


C = Cl + C2 = 


2.59 


(sym) 


0.376 

0.651 


-0.969' 

0.376 

0.810 


Recall that this c implies a zero damping ratio for the third mode. 


Example 11.4 

Determine the damping matrix for the system of Fig. El 1.1 by superposing the damping ma¬ 
trices for the three modes, each with = 5%. 


Solution 

1. Determine the individual terms in Eq. (11.4.21). The first two terms, ci and C 2 , are 
already computed in Example 11.3, and 


C3 


2(0.05) (46.89) 
TO 


2. Determine c. 

3 


C =E C " 

n= 1 




" 0.809 

-1.40 

m03</>^m = 

. (sym) 

2.43 


' 3.40 

-1.03 

-0.159' 

“ 

. (sym) 

3.08 

-1.03 

1.62 


0.810' 

-1.40 

0.811 
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Note that this c is the same as in Example 11.2 because = 5% for all three modes in both 
examples. 


11.5 NONCLASSICAL DAMPING MATRIX 

The assumption of classical damping is not appropriate if the system to be analyzed con¬ 
sists of two or more parts with significantly different levels of damping. One such example 
is a structure-soil system. While the underlying soil can be assumed as rigid in the anal¬ 
ysis of many structures, soil-structure interaction should be considered in the analysis of 
structures with very short natural periods, such as the nuclear containment structure of 
Fig. 1.10.1. The modal damping ratio for the soil system would typically be much dif¬ 
ferent than the structure, say 15 to 20% for the soil region compared to 3 to 5% for the 
structure. Therefore, the assumption of classical damping would not be appropriate for 
the combined structure-soil system, although it may be reasonable for the structure and 
soil regions separately. Another example is a concrete dam with water impounded behind 
the dam (Fig. 1.10.2). The damping of the water is negligible relative to damping for the 
dam, and classical damping is not an appropriate model for the dam-water system. While 
substructure methods (not developed in this book) are especially effective for the analysis 
of structure-soil and structure-fluid systems, these systems are also analyzed by standard 
methods, requiring the damping matrix for the complete system. 

The damping matrix for the complete system is constructed by directly assembling 
the damping matrices for the two subsystems—structure and soil in the first case, dam 
and water in the second. As shown in Fig. 11.5.1, the stiffness and mass matrices of the 
combined structure-soil system are assembled from the corresponding matrices for the 
two subsystems. The portion of these matrices associated with the common DOFs at the 
interface (/) between the two subsystems includes contributions from both subsystems. 


Axis of radial symmetry 

I 



1 

Structure | 


i 

Structure | 

k _ 


m !- 

' 1 ! 


i / | 

Soil 


Soil 

: k f 


1 ny 

_ i _ 


1 _ 


Structure 1 


Soil 


/ denotes degrees of 
freedom at the interface 


Figure 11.5.1 Assembly of subsystem matrices. 
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Thus all that remains to be described is the procedure to construct damping matrices for 
the individual subsystems, assumed to be classically damped. 

In principle, these subsystem damping matrices could be constructed by any of the 
procedures developed in Section 11.4, but Rayleigh damping is perhaps most convenient 
for practical analyses. Thus the damping matrices for the structure and the foundation soil 
(denoted by subscript /) are 

c = aom + flik Cf = ao/TTif + «i/k/ (11.5.1) 

The coefficients ao and a\ are given by Eq. (11.4.10) using an appropriate damping ratio 
for the structure, say £ — 0.05, where to, and toj are selected as the frequencies of the /th 
and j th natural vibration modes of the combined system without damping. The coefficients 
ao/ and «| f are determined similarly; they would be four times larger if the damping ratio 
for the foundation soil region is estimated as = 0.20. 

The assumption of classical damping may not be appropriate either for structures 
with special energy-dissipating devices (Section 7.10) or on a base isolation system (Chap¬ 
ter 21), even if the structure itself has classical damping. The nonclassical damping matrix 
for the system is constructed by first evaluating the classical damping matrix c for the 
structure alone (without the special devices) from the damping ratios appropriate for the 
structure, using the procedures of Section 11.4. The damping contributions of the energy- 
dissipating devices are then assembled into c to obtain the damping matrix for the complete 
system. 
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PROBLEMS 


11.1 The properties of a three-story shear building are given in Fig. PI 1.1. These include the 
floor weights, story stiffnesses, natural vibration frequencies, and modes. Derive a Rayleigh 
damping matrix such that the damping ratio is 5% for the first and third modes. Compute the 
damping ratio for the second mode. 



w = 100 kips k = 168 kips/in. 


C0„ = 12.01, 25.47, 38.90 rad/sec 


#1 = 

[0.6375] 

1.27501, 

♦2 = 

[ 0.9827] 
0.9829 

U-| 

r 1.5778] 
-1.1270 


U.9125J 

1 

[-1.9642] 

1 

[ 0.4508 J 


Figure Pll.l 


11.2 For the system of Fig. Pll.l, use Caughey series to determine the classical damping matrix if 
the damping ratio is 5% for all three modes. 

11.3 Determine a damping matrix for the system of Fig. Pll.l by superimposing the damping 
matrices for the first and third modes, each with = 5%. Verify that the resulting damping 
matrix gives no damping in the second mode. 

11.4 Determine the classical damping matrix for the system of Fig. Pll.l by superimposing the 
damping matrices for the three modes, each with = 5%. 
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Dynamic Analysis and Response of 
Linear Systems 


PREVIEW 

Now that we have developed procedures to formulate the equations of motion for MDF sys¬ 
tems subjected to dynamic forces (Chapters 9 and 11), we are ready to present the solution 
of these equations. In Part A of this chapter we show that the equations for a two-DOF sys¬ 
tem without damping subjected to harmonic forces can be solved analytically. Then we use 
these results to explain how a vibration absorber or tuned mass damper works to decrease 
or eliminate unwanted vibration. This simultaneous solution of the coupled equations of 
motion is not feasible in general, so in Part B we develop the classical modal analysis 
procedure. The equations of motion are transformed to modal coordinates, leading to an 
uncoupled set of modal equations; each modal equation is solved to determine the modal 
contributions to the response, and these modal responses are combined to obtain the total 
response. An understanding of the relative response contributions of the various modes 
is developed in Part C with the objective of deciding the number of modes to include in 
dynamic analysis. The chapter closes with Part D, which includes two analysis procedures 
useful in special situations: static correction method and mode acceleration method. 


PART A: TWO-DEGREE-OF-FREEDOM SYSTEMS 


12.1 ANALYSIS OF TWO-DOF SYSTEMS WITHOUT DAMPING 


Consider the two-DOF systems shown in Fig. 12.1.1 excited by a harmonic force p\(t) = 
p 0 sin cot applied to the mass m \. For both systems the equations of motion are 


m\ 

0 " 

«! 1 , 

k\ + k 2 

—ki 

_ 0 

m2 

U) 

—ko 

ki _ 


Po 

0 


sincuf 


( 12 . 1 . 1 ) 
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, Rigid beams 





" 1 


t 


U 2 



p a sin cor 



—ULOJU— 
^2 

m 2 


p Q sin co t- 


-o— 

m 2 


-o— 

nil 


/ 7 ////////////////////// 7 /// 77 /////////////////////// 77 /// 77 //////// 

Figure 12.1.1 Two-degree-of-freedom systems. 


—c U 2 

k 2 

—o U\ 


k\ = Story stiffness 
7 / 77 /. 


Observe that the equations are coupled through the stiffness matrix. One equation cannot 
be solved independent of the other; that is, both equations must be solved simultaneously. 
Because the system is undamped, the steady-state solution can be assumed as 


u\{t) 

uiit) 


M 1 o 

U 2o 


sin rut 


Substituting this into Eq. (12.1.1), we obtain 



Premultiplying by [k — arm] 1 gives 

Ml °) ^k-ormr 1 

U 2o 1 L J 


1 


det [k — arm] 


adj [k — arm] 


Po 

0 


( 12 . 1 . 2 ) 


(12.1.3) 


where det[-] and adj[-] denote the determinant and adjoint of the matrix [•], respectively. 
The frequency equation [Eq. (10.2.6)] 


det[k — arm] = 0 


can be solved for the natural frequencies a>i and or of the system. In terms of these 
frequencies, this determinant can be expressed as 

det[k — arm] = m\m 2 {a> 2 — a>\)(oo 2 — a> 2 ) (12.1.4) 

Thus, Eq. (12.1.3) becomes 


u \ 0 I _ 1 

U 2 o J det[k — a) 2 m] 

or 

_ Poik 2 - m 2 co 2 ) _ _ p 0 k 2 _ 

/77 1 /77 2 (<w 2 — a> 2 )(a> 2 — a>\) mpn^iai 2 — a>\)(a> 2 — ai\) 

Example 12.1 


k.2 — m2or k2 

k 2 ki + k.2 — m \to 2 


Po 

0 


(12.1.5) 

( 12 . 1 . 6 ) 


Plot the frequency-response curve for the system shown in Fig. 12.1.1 with m \ = 2m, m 2 = 
m, k\ = 2k, and — k subjected to harmonic force p a applied on mass m 1 . 
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Solution Substituting the given mass and stiffness values in Eq. (12.1.6) gives 

_ Po(k - mar) _ _ pj<, _ 

2m 2 (co 2 — co 2 )(w 2 — co 2 ) ~° 2m 2 (a> 2 — co 2 )(co 2 — u>\) 

where co\ = ^Jk/2m and o >2 = ^J2k jm ; these natural frequencies were obtained in 
Example 10.4. For given system parameters, Eq. (a) provides solutions for the response 
amplitudes u \„ and M 20 . It is instructive to rewrite them as 

Mlo _ _ 1 - \ {(O/W i) 2 _ U 2o _ _1_ 

(«lst)o [l - (co/cd l) 2 ] [l - (ft)/ft)2) 2 ] («2st)o [l - (tt>/tt>l) 2 ] [l - (<w/<W2) 2 ] 

In these equations the response amplitudes have been divided (u i st ) Q = p 0 /2k and (u 2 S t)o = 
p„/2k, the maximum values of the static displacements (a concept introduced in Sec¬ 
tion 3.1), to obtain normalized or nondimensional responses that depend on frequency 
ratios a>/a >i and co/co 2 , not separately on a>, o>i, and a> 2 . 





^ 

COi/ 

COi 0)2 

AH 

/®1 


Figure E12.1 
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Figure E12.1 shows the normalized response amplitudes u\ 0 and U 2 „ plotted against 
the frequency ratio co/co i. These frequency-response curves show two resonance condi¬ 
tions at a> = a>i and co — ah', at these exciting frequencies the steady-state response is 
unbounded. At other exciting frequencies, the vibration is finite and could be calculated 
from Eq. (b). Note that there is an exciting frequency where the vibration of the first 
mass, where the exciting force is applied, is reduced to zero. This is the entire basis of the 
dynamic vibration absorber or tuned mass damper discussed next. 


12.2 VIBRATION ABSORBER OR TUNED MASS DAMPER 

The vibration absorber is a mechanical device used to decrease or eliminate unwanted 
vibration. The description tuned mass damper is often used in modern installation; this 
modern name has the advantage of showing its relationship to other types of dampers. In 
the brief presentation that follows, we restrict ourselves to the basic principle of a vibration 
absorber without getting into the many important aspects of its practical design. 

In its simplest form, a vibration absorber consists of one spring and a mass. Such an 
absorber system is attached to a SDF system, as shown in Fig. 12.2.1a. The equations of 
motion for the main mass m \ and the absorber mass m 2 are the same as Eq. (12.1.1). For 
harmonic force applied to the main mass we already have the solution given by Eq. (12.1.6). 
Introducing the notation 



Figure 12.2.1 (a) Vibration absorber attached to an SDF system; (b) response ampli¬ 

tude versus exciting frequency (dashed curve indicates negative u\ Q or phase opposite to 
excitation); /x = 0.2 and co* = co^- 
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the available solution can be rewritten as 


U 1 o — 


^2 o — 


Po _ 1 - (^/« 2*) 2 

kl [l + P H/cotf - (®K) 2 ] [l - («M) 2 ] 

Po _ 1 _ 

h [i + p HM) 2 - («M) 2 ] [i - (®/®S) 2 ] 


p 


HM) 


p R/®t) 2 


(12.2.2a) 


(12.2.2b) 


At exciting frequency io — euj, Eq. (12.2.2a) indicates that the motion of the main mass 
in ] does not simply diminish, it ceases altogether. Figure 12.2.1b shows a plot of response 
amplitude u\ 0 -t- (M Ist )„, where (w lst ) 0 = p 0 /k\, versus &>; for this example, the mass 
ratio /x = 0.2 and &>* = o>\. the absorber being tuned to the natural frequency of the 
main system. Because the system has two DOFs, two resonant frequencies exist, and 
the response is unbounded at those frequencies. The operating frequency range where 
uio -i- (uist)o < 1 is shown. 

The usefulness of the vibration absorber becomes obvious if we compare the 
frequency-response function of Fig. 12.2.1b with the response of the main mass alone, 
without the absorber mass. At a> — a>* the response amplitude of the main mass alone 
is unbounded but is zero with the presence of the absorber mass. Thus, if the exciting 
frequency co is close to the natural frequency &>* of the main system, and operating restric¬ 
tions make it impossible to vary either one, the vibration absorber can be used to reduce 
the response amplitude of the main system to near zero. 

What should be the size of the absorber mass? To answer this question, we use 
Eq. (12.2.2b) to determine the motion of the absorber mass at u> = of 2 : 


U2o = - ! t (12.2.3) 

ki 

The force acting on the absorber mass is 

k 2 u 2 o = co 2 ni2U2o — - Po (12.2.4) 

This implies that the absorber system exerts a force equal and opposite to the exciting force. 
Thus, the size of the absorber stiffness and mass, k 2 and m 2 , depends on the allowable value 
of U 2 o- There are other factors that affect the choice of the absorber mass. Obviously, a 
large absorber mass presents a practical problem. At the same time the smaller the mass 
ratio /x, the narrower will be the operating frequency range of the absorber. 

The preceding presentation indicates that a vibration absorber has its greatest appli¬ 
cation to synchronous machinery, operating at nearly constant frequency, for it is tuned to 
one particular frequency and is effective only over a narrow band of frequencies. However, 
vibration absorbers are also used in situations where the excitation is not nearly harmonic. 
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The dumbbell-shaped devices that hang from highest-voltage transmission lines are vibra¬ 
tion absorbers used to mitigate the fatiguing effects of wind-induced vibration. Vibration 
absorbers have also been used to reduce the wind-induced vibration of tall buildings when 
the motions have reached annoying levels for the occupants. An example of this is the 
59-story Citicorp Center in midtown Manhattan; completed in 1977, this building has a 
820-kip block of concrete installed on the 59th floor in a movable platform connected to 
the building by large hydraulic arms. When the building sways more than 1 foot a second, 
the computer directs the arms to move the block in the other direction. This action reduces 
such oscillation by 40%, considerably easing the discomfort of the building’s occupants 
during high winds. 


PART B: MODAL ANALYSIS 


12.3 MODAL EQUATIONS FOR UNDAMPED SYSTEMS 

The equations of motion for a linear MDF system without damping were derived in Chap¬ 
ter 9 and are repeated here: 

mii + ku = p(/) (12.3.1) 

The simultaneous solution of these coupled equations of motion that we have illustrated 
in Section 12.1 for a two-DOF system subjected to harmonic excitation is not efficient for 
systems with more DOFs, nor is it feasible for systems excited by other types of forces. 
Consequently, it is advantageous to transform these equations to modal coordinates, as we 
shall see next. 

As mentioned in Section 10.7, the displacement vector u of an MDF system can be 
expanded in terms of modal contributions. Thus, the dynamic response of a system can be 
expressed as 

N 

U(0 = = *q(0 (12-3.2) 

r= 1 

Using this equation, the coupled equations (12.3.1) in Uj(t) can be transformed to a set 
of uncoupled equations with modal coordinates q n (?) as the unknowns. Substituting Eq. 
(12.3.2) inEq. (12.3.1) gives 

N N 

m 4> r q r (t) + ^2 k 0r^r(O = p(0 

r=l r= 1 

Premultiplying each term in this equation by </>J gives 

N N 

X! 4>l™<t>rq r (t) + <Pn k <l>rqr(t) = 0JP(?) 
r= 1 r= 1 


Sec. 12.3 Modal Equations for Undamped Systems 
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Because of the orthogonality relations of Eq. (10.4.1), all terms in each of the summations 
vanish, except the r = n term, reducing this equation to 

(0jm <j> n )qn(t) + = 4>nP(t) 


or 


where 


“I” K n <7n(0 — Pn (.0 


(12.3.3) 


M n = 4> T n m (j> n K n = tfk <f)„ 


Pn(t) = (0 


(12.3.4) 



Figure 12.3.1 Generalized SDF system for 
the nth natural mode. 


Equation (12.3.3) may be interpreted as the equation governing the response q„(t) of 
the SDF system shown in Fig. 12.3.1 with mass M„, stiffness K n , and exciting force P„ (t). 
Therefore, M„ is called the generalized mass for the nth natural mode, K n the generalized 
stiffness for the nth mode, and P„(t) the generalized force for the nth mode. These param¬ 
eters depend only on the nth-mode r/> ( ,. Thus, if we know only the nth mode, we can write 
the equation for q n and solve it without even knowing the other modes. Dividing by M n 
and using Eq. (10.4.7), Eq. (12.3.3) can be rewritten as 

, P n (t) 

q n + co\ q n = -PPP- (12.3.5) 

JVL n 

Equation (12.3.3) or (12.3.5) governs the nth modal coordinate q n (t), the only unknown 
in the equation, and there are N such equations, one for each mode. Thus, the set of N 
coupled differential equations (12.3.1) in nodal displacements uj(t)—j = 1,2, ..., N — 
has been transformed to the set of N uncoupled equations (12.3.3) in modal coordinates 
q„{t) —n = 1, 2, ..., N. Written in matrix form the latter set of equations is 

Mq + Kq = P(t) (12.3.6) 

where M is a diagonal matrix of the generalized modal masses M n , K is a diagonal matrix 
of the generalized modal stiffnesses K n , and P(t) is a column vector of the generalized 
modal forces P n (t). Recall that M and K were introduced in Section 10.4. 

Example 12.2 

Consider the systems and excitation of Example 12.1. By modal analysis determine the steady- 
state response of the system. 

Solution The natural vibration frequencies and modes of this system were determined in 
Example 10.4, from which the generalized masses and stiffnesses are calculated using 
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Eq. (12.3.4). These results are summarized next: 


u>\ = 


o 2 



01 = 


>)' 


3 m 

Mi = — 
2 




02 — (— 1 l) r 


M 2 = 3 m 


K 2 = 6k 


1. Compute the generalized forces. 

P\ (t) = 0[p(O = (Pol 2) sin tot 
Plo 

2. Set up the modal equations. 


Pl(t) = 02 P(0 = ~Po sin tot 
Plo 


(a) 


M„q n + K n q n = P no sin wt (b) 

3. Solve the modal equations. To solve Eq. (b) we draw upon the solution presented in 
Eq. (3.1.7) for an SDF system subjected to harmonic force. The governing equation is 

mil + ku = p 0 sin ait (c) 


and its steady-state solution is 

Pn 1 

u(t) = — C sin ait C = -- (d) 

k 1 - (ai/ain) 2 

where ai n = «fkfm. Comparing Eqs. (c) and (b), the solution for Eq. (b) is 

/ \ Pno ~ . . 

q n (f) = — Cn sin ait (e) 

where C„ is given by Eq. (d) with ai n interpreted as the natural frequency of the nth mode. 
Substituting for P no and K n for n = 1 and 2 gives 


91 (0 = Cl sin ait q 2 (t ) = -^-C 2 sin ait (f) 

3 k 6k 

4. Determine the modal responses. The nth-mode contribution to displacements—from 
Eq. (12.3.2)—is u„ (t) = <fi n q„(t). Substituting Eq. (f) gives the displacement response due to 
the two modes: 


ui(0 = 0i ^ Ci sin ait u 2 (r) = 02 
3a: 


-Pq 

6k 


C 2 sin cot 


(g) 


5. Combine the modal responses. 


u(f) = ui(f) + u 2 (0 or Uj(t) = Uji(t) + u j2 (t) 


7 = 1.2 


(h) 
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Substituting Eq. (g) and for <p\ and <p 2 gives 

u\(t) = — (2Ci + C?) sin cot 112 (f) = — (4Ci — C 2 ) sin cot (i) 

6 k ~ 6k 

These results are equivalent to those obtained in Example 12.1 by solving the coupled equa¬ 
tions (12.3.1) of motion. 


12.4 MODAL EQUATIONS FOR DAMPED SYSTEMS 

When damping is included, the equations of motion for an MDF system are 

mii + cu + ku = p(f) (12.4.1) 

Using the transformation of Eq. (12.3.2), where <j> r are the natural modes of the system 
without damping, these equations can be written in terms of the modal coordinates. Un¬ 
like the case of undamped systems (Section 12.3), these modal equations may be coupled 
through the damping terms. However, for certain forms of damping that are reasonable 
idealizations for many structures, the equations become uncoupled, just as for undamped 
systems. We shall demonstrate this next. 

Substituting Eq. (12.3.2) in Eq. (12.4.1) gives 

N N N 

X m <Prq r (t) + X C 4>rq r (t) + X k 0r<7r(O = P(0 

r= 1 r= 1 r= 1 

Premultiplying each term in this equation by </>J gives 

N N N 

X K^r'qrit) + X ft'nC&qAt) + X 0j k 0r?r(O = 4> T „V (0 

r— 1 r= 1 r= 1 

which can be rewritten as 

N 

M n q„(t) + X C nr q r (f) + K n q n (t) = P n (t ) (12.4.2) 

r= 1 

where M n , K n , and P n (t) were defined in Eq. (12.3.4) and 

C nr = <t>l*S>r (12.4.3) 

Equation (12.4.2) exists for each n = 1 to N, and the set of N equations can be written in 
matrix form: 


Mq + Cq + Kq = P(f) (12.4.4) 

where M, K, and P(f) were introduced in Eq. (12.3.6) and C is a nondiagonal matrix of 
coefficients C nr . These N equations in modal coordinates q„(t) are coupled through the 
damping terms because Eq. (12.4.2) contains more than one modal velocity. 
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The modal equations will be uncoupled if the system has classical damping. For 
such systems, as defined in Section 10.9, C nr = 0 if n ^ r and Eq. (12.4.2) reduces to 

M n q„ + C„q n + K n q n = P„(t ) (12.4.5) 


where the generalized damping C n is defined by Eq. (10.9.10). This equation governs the 
response of the SDF system shown in Fig. 12.4.1. Dividing Eq. (12.4.5) by M„ gives 


tjn + 2 0: ('hi r/'i 


+ 


Pn(t) 

M n 


(12.4.6) 


where is the damping ratio for the /nil mode. The damping ratio is usually not computed 
using Eq. (10.9.11) but is estimated based on experimental data for structures similar to 
the one being analyzed (Chapter 11). Equation (12.4.5) governs the nth modal coordinate 
q„(t), and the parameters M n , K„, C n , and P n it) depend only on the nth-mode <fi n , not 
on other modes. Thus, we have N uncoupled equations like Eq. (12.4.5), one for each 
natural mode. In summary, the set of N coupled differential equations (12.4.1) in nodal 
displacements uj(t) has been transformed to the set of N uncoupled equations (12.4.5) in 
modal coordinates q n it). 


C n 

-Ch- 


L 


q n (t) 




3—JUUUU- I 


■Pn(0 


w/y?///////;///////. 


Figure 12.4.1 Generalized SDF system for 
the nth natural mode. 


12.5 DISPLACEMENT RESPONSE 

For given external dynamic forces defined by p(f), the dynamic response of an MDF sys¬ 
tem can be determined by solving Eq. (12.4.5) or (12.4.6) for the modal coordinate q n (t). 
Each modal equation is of the same form as the equation of motion for an SDF system. 
Thus, the solution methods and results available for SDF systems (Chapters 3 to 5) can 
be adapted to obtain solutions q„(t) for the modal equations. Once the modal coordinates 
q„(t ) have been determined, Eq. (12.3.2) indicates that the contribution of the nth mode to 
the nodal displacements u(f) is 

u n (t) = <p n q n (t) (12.5.1) 

and combining these modal contributions gives the total displacements: 

N N 

u (r) = u »(o = fa {t) ( 12 - 5 - 2 ) 

n =1 n =1 

The resulting u(t) is independent of how the modes are normalized, although q„ (t) are not. 
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This procedure is known as classical modal analysis or the classical mode super¬ 
position method because individual (uncoupled) modal equations are solved to determine 
the modal coordinates q„(t ) and the modal responses u„(f), and the latter are combined to 
obtain the total response u(r). More precisely, this method is called the classical mode 
displacement superposition method because modal displacements are superposed. For 
brevity we usually refer to this procedure as modal analysis. This analysis method is 
restricted to linear systems with classical damping. The linearity of the system is implicit 
in using the principle of superposition, Eq. (12.3.2). Damping must be of the classical 
form in order to obtain modal equations that are uncoupled, a central feature of modal 
analysis. 


12.6 ELEMENT FORCES 

Two procedures described in Section 9.10 are available to determine the forces in various 
elements—beams, columns, walls, etc.—of the structure at time instant t from the dis¬ 
placements u(f) at the same time instant. In modal analysis it is instructive to determine 
the contributions of the individual modes to the element forces. In the first procedure, 
the nth-mode contribution r n (t) to an element force r(t) is determined from modal dis¬ 
placements u„(f) using element stiffness properties (Appendix 1). Then the element force 
considering contributions of all modes is 

N 

r{t) = y"V n (0 (12.6.1) 

n =1 

In the second procedure, the equivalent static forces associated with the n th-mode re¬ 
sponse are defined using Eq. (9.10.1) with subscript s deleted: f„(f) = ku„ (t). Substituting 
Eq. (12.5.1) and using Eq. (10.2.4) gives 

f nit) = w 1 2 n m ct> n q n {t) (12.6.2) 

Static analysis of the structure subjected to these external forces at each time instant gives 
the element force r n (t). Then the total force r(t) is given by Eq. (12.6.1). 


12.7 MODAL ANALYSIS: SUMMARY 

The dynamic response of an MDF system to external forces p(f) can be computed by 
modal analysis, summarized next as a sequence of steps: 

1. Define the structural properties. 

a. Determine the mass matrix m and stiffness matrix k (Chapter 9). 

b. Estimate the modal damping ratios (Chapter 11). 

2. Determine the natural frequencies co n and modes <p n (Chapter 10). 
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3. Compute the response in each mode by the following steps: 

a. Set up Eq. (12.4.5) or (12.4.6) and solve for q n (t). 

b. Compute the nodal displacements u„(f) from Eq. (12.5.1). 

c. Compute the element forces associated with the nodal displacements u „(t) by 
implementing one of the two methods described in Section 12.6 for the desired 
values of t and the element forces of interest. 

4. Combine the contributions of all the modes to determine the total response. In par¬ 
ticular, the nodal displacements u(f) are given by Eq. (12.5.2) and element forces by 
Eq. (12.6.1). 

Example 12.3 

Consider the systems and excitation of Example 12.1. Determine the spring forces Vj(t) 
for the system of Fig. 12.1.1a, or story shears V)(r) in the system of Fig. 12.1.1b, without 
introducing equivalent static forces. Consider only the steady-state response. 

Solution Steps 1, 2, 3a, and 3b of the analysis summary of Section 12.7 have already been 
completed in Example 12.2. 

Step 3c: The spring forces in the system of Fig. 12.1.1a or the story shears in the system 
of Fig. 12.1.1b are 

V] «(t) = k\u\ n (t) = k\cj)\ n q n {t ) (a) 

V2n(t ) = ^2 [tt2/i(0 t*i n (t)] = 02(02n 01 h)*7h(O (b) 

Substituting Eq. (f) of Example 12.2 in Eqs. (a) and (b) with n = 1, k\ — 2k, k 2 = k, (j>\\ — j, 
and 02 i = 1 gives the forces due to the first mode: 

Vn(t) = ~y c \ sin cot V 2 \(t) = y C\ sin (c) 

Substituting Eq. (f) of Example 12.2 in Eqs. (a) and (b) with n = 2, 0i2 = —1, and 022 = 1 
gives the second-mode forces: 

V 12 (t) = y C2 sin cat V 22 (0 = -y C 2 sin cot (d) 

Step 4b: Substituting Eqs. (c) and (d) in Vj(t) — Vj\(t) + Vj 2 (t) gives 

Vi (?) = y (2Ci +C 2 ) sin wt V 2 (t) = y (Ci -C 2 ) sin cot (e) 

Equation (e) gives the time variation of spring forces and story shears. For a given p 0 and co 
and the a>„ already determined, all quantities on the right side of these equations are known; 
thus Vj ( t ) can be computed. 

Example 12.4 

Repeat Example 12.3 using equivalent static forces. 

Solution From Eq. (12.6.2), for a lumped-mass system the equivalent static force in the jth 
DOF due to the nth mode is 


fjn (0 — Cti-mj<f> jn q„(t) 


(a) 
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Step 3c: In Eq. (a) with n = 1, substitute m\ = 2m, m 2 = m, 0n = j, (j>21 — 1, 
u)j = k/2m, and ( t ) from Eq. (f) of Example 12.2 to obtain 

/ll(0 = y Cl sin cot / 21 (f) = y Cl sin cof (b) 

In Eq. (a) with n = 2, substituting m\ = 2m, m 2 = m, 0 12 = — 1, 022 = 1, £o| = 2 k/m, and 
172 (f) from Eq. (f) of Example 12.2 gives 

/ 12 (f) = C 2 sin cot / 22 (f) = -y C 2 sin cot (c) 

Static analysis of the systems of Fig. El2.4 subjected to forces fj„(t) gives the two 
spring forces and story shears due to the nth mode: 

Vl„ (f ) = fu (f ) + f 2n (f ) V 2n (f ) = fin (f ) (d) 

Substituting Eq. (b) in Eq. (d) with n = 1 gives the first mode forces that are identical to Eq. (c) 
of Example 12.3. Similarly, substituting Eq. (c) in Eq. (d) with n = 2 gives the second-mode 
results that are identical to Eq. (d) of Example 12.3. 

Step 4: Proceed as in step 4b of Example 12.3. 




Figure E12.4 


Example 12.5 

Consider the system and excitation of Example 12.1 with modal damping ratios . Determine 
the steady-state displacement amplitudes of the system. 

Solution Steps 1 and 2 of the analysis summary have been completed in Example 12.2. 

Step 3: The modal equations without damping were developed in Example 12.2. Now 
including damping they become 

q n + C n cjn -f K u q n = P no sin cut (a) 

where M n , K n , and P no are available and C n is known in terms of . 

To solve Eq. (a), we draw upon the solution presented in Eq. (3.2.3) for an SDF system 
with damping subjected to harmonic force. The governing equation is 

mu + cu + ku = p 0 sin cot (b) 

and its steady-state solution is 


Po 

u(t) = — (C sin cot + T) cos cot) 
k 


(c) 
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with 


C = 


1 - {a>/w„y 


[1 - (a>/w„) 2 ] 2 + (2f co/co n ) 2 


V = 


-2£ co/co n 


[1 — (w/w,,) 2 ] 2 + (2f co/a>„) 2 


(d) 


where &>„ = *Jk/m and f = c/2mii) n . 

Comparing Eqs. (b) and (a), the solution for the latter is 

p 

q„ (f) = - (C n sin cot + V n cos cot) 

K n 


(e) 


where C n and T> n are given by Eq. (d) with co„ interpreted as the natural frequency of the nth 
mode and f the damping ratio for the nth mode. Substituting for Pno and K n for n = 1 
and 2 gives 


2 p 0 

q\(t) = - (Ci sin cot + T>\ cos cot) 

3k 


ffi 


Po 

q 2 (t) = (C 2 sin cot + V 2 cos cot) 

ok 


(g) 


Steps 3b and 4: Substituting <p n in Eqs. (12.5.2) gives the nodal displacements: 


«l (t) = \ q\ (0 - <72(0 «2(0 = 91 (0 + 92(0 

Substituting Eqs. (f) and (g) for q n (t) gives 

u i (0 = — [(2Ci +C 2 ) sin wr + {2T>\ + V 2 ) cos cot] 
ok 

uo(t) = — [(4Ci — C 2 ) sin cot + (42?i — U?) cos cot ] 

The displacement amplitudes are 

Ml* = fr \/(2Ci + C 2 ) 2 + (22?! + U 2 ) 2 
ok 

u 2o = 7(40!-C 2 ) 2 + (4©!- D 2 )2 


00 

(i) 

0 ) 

(k) 


These can be computed when the amplitude and frequency co of the exciting force are 
known together with system properties k, co„, and 

It can be shown that Eqs. (h) and (i), specialized for = 0, are identical to the results 
for the system without damping obtained in Example 12.2. 


Example 12.6 

The dynamic response of the system of Fig. El2.6a to the excitation shown in Fig. El2.6b 
is desired. Determine (a) displacements u \ (t) and u 2 (t); (b) bending moments and shears 
at sections a, b, c, and d as functions of time; (c) the shearing force and bending moment 
diagrams at t = 0.18 sec. The system and excitation parameters are E = 29,000 ksi, / = 
100 in 4 , L = 120 in., mL = 0.1672 kip-sec 2 /in., and p 0 = 5 kips. Neglect damping. 

Solution The mass and stiffness matrices are available from Example 9.5. The natural 
frequencies and modes of this system were determined in Example 10.2. They are co\ = 
3.156-7 El/mL^ and ao 2 = \6.25%JEl/mL A \ 4n = (1 0.3274) r and </> 2 = (1 -1.5274) 7 '. 
Substituting for E, /, m, and L gives co\ = 10.00 and an = 51.51 rad/sec. 
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.P(r) 


A "2 A "1 

— c S—i 

m m | /2 l /2 


Po 


(a) 

2.737® 
= 3.33 


4.180® 
= 5.09 


(b) 


f s , kips; 


110.9® 

= 1.77 


3.63 


V, kips 
8.42 


5.09 



3; 

8 . 8^2 

5.40 

H 


u 1 

8.55 


f\ = 6.86 

_t fj, kips 


/, = 2.07 


.77 


4.79 


9.30 

(d) 

Figure E12.6 

1. Set up the modal equations. 

M\ = = 0.0507 M 2 = = 0.2368 kip-sec 2 /in. 

T’l(f) = </>[ j P ° j = 5 P 2 (t) = 4% { P ° } = 5 kips 

The modal equations (12.4.6) are 


V, kips 
6.86 



4|30 M, kip-ft 


q 1 + I0"9i = 


= 98.62 <72 + (51-51) 2 <72 = 


= 21.12 


(a) 


0.0507 “ 0.2368 

2. Solve the modal equations. Adapting the SDF system result, Eq. (4.3.2), to Eq. (a) 


gives 


q\(t) — —j—^— (1 — cos lOf) = 0.986(1 — cos lOf) 

21.12 

q 2 (t) = -=(1 — cos51.51f) = 0.008(1 — cos51.51f) 

(51.51) 2 


(b) 
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3. Determine the displacement response. Substituting for <p\, (f> 2 , qi(t), and q 2 (t) in 
Eq. (12.5.2) gives 


ui(t) = 0.994-0.986cos 10/ -0.008 cos51.5If 
u 2 (t) = 0.311 — 0.323 cos 10/ + 0.012 cos 51.51/ 


(c) 


4. Determine the equivalent static forces. Substituting foraj 2 , m, and <f>\ in Eq. (12.6.2) 
gives the forces shown in Fig. E12.6c: 


\Mr 

fl(0 = [/ 2 (/) 


,- io2 [ 


0.0418 


0.0836 


] { 0.3274 } ^ l(f) = { 2/737 } ^ l(?) <d) 


Similarly substituting to m. and </> 2 gives the forces shown in Fig. E12.6d: 


II 

(N 

i 1 

1_1 

II 

T 110.9 "I . , 

L-338.8 J« 2(f) 

(e) 

The combined forces are 



Mt) =4.180 <?i(/)+ 110.9 9 2 (/) 

Mt) = 2.737 qi(t)~ 338.8©(f) 

(f) 


5. Determine the internal forces. Static analysis of the cantilever beam of Fig. E12.6e 
gives the shearing forces and bending moments at the various sections a, b, c, 
and rf: 


V fl (0 = V b (t) = f \(/) V c {t) = V d {t) = f \(/) + f 2 (t) (g) 

Ma(t) = 0 Af* (/) = | /1 (/) M d {t) = Lfi (/) + | h (/) (h) 

where f\ (/) and f 2 (t) are known from Eqs. (f) and (b). 

6. Determine the internal forces at t = 0.18 sec. At / = 0.18 sec, from Eq. (b), 
q\ = 1.217 in. and q 2 = 0.0159 in. Substituting these in Eqs. (d) and (e) gives numerical 
values for the equivalent static forces shown in Fig. E12.6c and d, wherein the shearing forces 
and bending moments due to each mode are plotted. The combined values of these element 
forces are shown in Fig. E12.6e. 


PART C: MODAL RESPONSE CONTRIBUTIONS 

12.8 MODAL EXPANSION OF EXCITATION VECTOR p(f) = sp(f) 

We now consider a common loading case in which the applied forces Pj(t) have the same 
time variation p(t), and their spatial distribution is defined by s, independent of time. Thus 

p(/) = sp(f) (12.8.1) 

A central idea of this formulation, which we will find instructive, is to expand the vector s 
as 

N N 

s = ^ s r = ^ T r m </>,- 

r= 1 r=l 


( 12 . 8 . 2 ) 
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Premultiplying both sides of Eq. (12.8.2) by 4>' n and utilizing the orthogonality property of 


modes gives 


II 

jg ^ 

~ 1 t/3 

(12.8.3) 

The contribution of the nth mode to s is 


s n — r n mcf) n 

(12.8.4) 


which is independent of how the modes are normalized. This should be clear from the 
structure of Eqs. (12.8.3) and (12.8.4). 

Equation (12.8.2) may be viewed as an expansion of the distribution s of applied 
forces in terms of inertia force distributions s„ associated with natural modes. This in¬ 
terpretation becomes apparent by considering the structure vibrating in its nth mode with 
accelerations ii„ (t) — q n (t) <p n . The associated inertia forces are 

(f i)n = —mii„ (f) = -m (f>„ q n ( t ) 

and their spatial distribution, given by the vector m<p n , is the same as that of s„. 

The expansion of Eq. (12.8.2) has two useful properties: (1) the force vector s „p(t) 
produces response only in the nth mode but no response in any other mode; and (2) the 
dynamic response in the nth mode is due entirely to the partial force vector s„p(t) (see 
Derivation 12.1). 

To study the modal expansion of the force vector s pit) further, we consider the 
structure of Fig. 12.8.1: a five-story shear building (i.e., flexurally rigid floor beams and 
slabs) with lumped mass m at each floor, and same story stiffness k for all stories. 

Floor Mass Story Stiffness 



k 

k 

k 

k 

v 

Figure 12.8.1 Uniform five-story shear 
building. 


The mass and stiffness matrices of the structure are 


-1 


-2-1 

1 


-1 2 -1 

1 

k = k 

-1 2 -1 

1 


-1 2 -1 

1 . 


-1 1 _ 


m = m 
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Determined by solving the eigenvalue problem, the natural frequencies are 



where aq = 0.285, a 2 = 0.831, a 3 = 1.310, 04 = 1.682, and 04 = 1.919. For a structure 
with m =100 kips/g, the natural vibration modes, which have been normalized to obtain 
M„ — 1, are (Fig. 12.8.2) 


0.334 


-0.895 


1.173 


-1.078 


0.641 

0.641 


-1.173 


0.334 


0.895 


-1.078 

0.895 

4> 2 = ' 

-0.641 

4> 3 = ' 

-1.078 

4> 4 = ' 

0.334 

05 = ' 

1.173 

1.078 


0.334 


-0.641 


-1.173 


-0.895 

1.173 


1.078 


0.895 


0.641 


. 0.334. 



Figure 12.8.2 Natural modes of vibration of uniform five-story shear building. 


Consider two different sets of applied forces: p(f) = s„p(t ) and p (t) = s bp(t), 
where sj = (0 0 0 0 1 ) and = (0 0 0 —1 2 ); note that the resultant 

force is unity in both cases (Fig. 12.8.3). Substituting for m, <p n , and s = s„ in Eqs. (12.8.4) 
and (12.8.3) gives the modal contributions s„: 


0.101 


-0.250 


• 0.272 


-0.179 


0.055 

0.195 


-0.327 


0.077 


0.149 


-0.093 

0.272 

■ s 2 = ■ 

-0.179 

s 3 = 

-0.250 

S 4 = • 

0.055 

S 5 = ■ 

0.101 

0.327 


0.093 


-0.149 


-0.195 


-0.077 

0.356 


0.301 


0.208 


0.106 


0.029 

Similarly, for s = 

= s b- the s„ 

vectors are 



0.110 


• -0.423 


0.739 


-0.685 


0.259 

0.210 


-0.553 


0.210 


0.569 


-0.436 

0.294 

• s 2 = • 

-0.302 

• S 3 = 

-0.679 

S 4 = • 

0.212 

' s 5 = ■ 

0.475 

0.354 


0.157 


-0.403 


-0.746 


-0.363 

0.385 


0.508 


0.564 


. 0.407 . 


0.135 
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-► 1 

— 0.356 

-*►0.327 


r —0.301 

.0.093 

0.149* 

-0.208 

0.195- 

► 0.106 

0.077« 


-►0.272 

0.179- 


0.250 — 



0.055 


— 


+ 


+ 


+ 


+ 


► 0.195 

0.327-- 



■ 0.077 


►0.149 

0.093. 


.0.101 

0.250- 



—0.272 

0.179- 













S a Si S2 S3 S4 S5 


Sb 


► 0.385 

► 0.354 

-►0.294 0.302-- 

+ 

0.210 0.553- 


► 0.110 


0.423* 


—0.508 

.0.157 0.403* 

0.679-- 

+ 


+ 


► 0.210 

—0.739 0.685* 


► 0.212 

+ 

—0.569 0.436* 


Si 


S2 


S3 


S 4 


S5 


Figure 12.8.3 Modal expansion of excitation vectors s a and s b- 


Both sets of vectors are displayed in Fig. 12.8.3. The contributions of the higher modes 
to s are larger for s b than for s„, suggesting that these modes may contribute more to the 
response if the force distribution is S/, than if it is s„. We will return to this observation in 
Section 12.11. 

Derivation 12.1 

The first property can be demonstrated from the generalized force for the rth mode: 

P r (t) = cfrjs n p(t) = r n (4>' r m(t> n ) p(t) (a) 

Because of Eq. (10.4.1b), the orthogonality property of modes, 

P,(t) = 0 r + n (b) 

indicating that the excitation vector s „p(t) produces no generalized force and hence no re¬ 
sponse in the nth mode, r 7 ^ n. Equation (a) for r = n is 

P n (t) ~ r„ M„p(t) (c) 

which is nonzero, implying that s n p(t) produces a response only in the nth mode. 

The second property becomes obvious by examining the generalized force for the nth 
mode associated with the total force vector: 

P n (t) = 4>!,sp(t) 

Substituting Eq. (12.8.2) for s gives 

N 

Pn(t ) = ^ P(t) 

r= 1 
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which, after utilizing the orthogonality property of modes, reduces to 

Pn(t) = T n M„p{t) (d) 

This generalized force for the complete force vector s p{t) is the same as Eq. (c) associated 
with the partial force vector s„p(t). 


12.9 MODAL ANALYSIS FOR p(f) = sp(t) 

The dynamic analysis of an MDF system subjected to forces p(f) is specialized in this 
section for the excitation p(f) = s p(t). The generalized force P n (t) = T n M n p(t) for the 
nth mode is substituted in Eq. (12.4.6) to obtain the modal equation: 

q n + 2 co n q„ + co 2 n q„ = T n p(t) (12.9.1) 

The factor T„ that multiplies the force p(t) is sometimes called a modal participation fac¬ 
tor, but we avoid this terminology because T„ has two disadvantages; it is not independent 
of how the mode is normalized, or a measure of the contribution of the mode to a response 
quantity. Both these drawbacks are overcome by modal contribution factors that are de¬ 
fined in the next section. 

We will write the solution q n (t) in terms of the response of an SDF system. Con¬ 
sider such a system with unit mass, and vibration properties—natural frequency co n and 
damping ratio —of the nth mode of the MDF system excited by the force pit). The 
response of this nth-mode SDF system is governed by Eq. (1.5.2) with m = 1 and f = £„, 
which is repeated here with u replaced by D„ to emphasize its connection with the nth 
mode: 


D„ + 2£„ u>„ D„ + co~D n — p(t) (12.9.2) 

Comparing Eqs. (12.9.2) and (12.9.1) gives 

q n (t) = r n D n (t) (12.9.3) 

Thus q n (t ) is readily available once Eq. (12.9.2) has been solved for D„(t), utilizing the 
available results for SDF systems subjected to, for example, harmonic, step, and impulsive 
forces (Chapters 3 and 4). 

Then the contribution of the nth mode to nodal displacements u(t), Eq. (12.5.1), is 

u„(O = r„0„D„(O (12.9.4) 

Substituting Eq. (12.9.3) in (12.6.2) gives the equivalent static forces: 

f nit) = s „[colD„(t)] 


(12.9.5) 
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The nth-mode contribution r n (t) to any response quantity r(t) is determined by static anal¬ 
ysis of the structure subjected to forces f „{t). If rf denotes the modal static response , the 
static value (indicated by superscript “st”) of r due to external forces s„, then 

r n (.t) = r* [wlD n (t)] (12.9.6) 

Combining the response contributions of all the modes gives the total response: 

N N 

r(t ) = '"W = E r n HD n (t)] (12.9.7) 

n= 1 n= 1 

The modal analysis procedure just presented, a special case of the one presented in Sec¬ 
tion 12.7, has the advantage of providing a basis for identifying and understanding the 
factors that influence the relative modal contributions to the response, as we shall see in 
Section 12.11. 

Interpretation of modal analysis. In the first phase of the modal analysis 
procedure, the vibration properties—natural frequencies and modes—of the structure are 
computed, and the force distribution s is expanded into its modal components s„. The 
rest of the procedure is shown schematically in Fig. 12.9.1 to emphasize the underlying 
concepts. The contribution r n (t) of the nth mode to the dynamic response is obtained 
by multiplying the results of two analyses: (1) static analysis of the structure subjected 
to external forces s ;! , and (2) dynamic analysis of the n th-mode SDF system excited by 
the force pit). Thus, modal analysis requires static analysis of the structure for N sets 
of external forces, s n = 1 . 2, ..., N, and dynamic analysis of N different SDF 
systems. Combining the modal responses gives the dynamic response of the 
structure. 


12.10 MODAL CONTRIBUTION FACTORS 


The contribution r n of the nth mode to response quantity r, Eq. (12.9.6), can be ex¬ 
pressed as 

r„(t) = r st r n [&>; D n {t )] (12.10.1) 


where r st is the static value of r due to external forces s and the nth modal contribution 
factor : 


r„ = 


( 12 . 10 . 2 ) 


'Although we loosely refer to s„ as forces, they are dimensionless because p(t) has units of force. Thus, 
rj l does not have the same units as r, but Eq. (12.9.6) gives the correct units for r„ and Eq. (12.9.7) for r. 
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Mode 

Static Analysis of 
Structure 

Dynamic Analysis of 

SDF System 

Modal Contribution to 
Dynamic Response 

1 

Forces 

Sl 
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Pit) --Q—- D|W 

U(0 = r? [<»? A (01 
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/' 

77. 







77, 
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77. 




77, 

77. 77, 


2 

Forces 

S2 
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mass 

pit) - -0-H> D 2 (t) 

r 2 (t) = r 2 [co 2 2 D 2 (t)] 
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/ 2 

77. 







77, 

K>2> ^2 

77. 



V 
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• 

• 
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• • 

• • 
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N 
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^ r N 

77. 







77, 

<%> L, N 

77. 



V 

77, 
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N 

Total response r(t) = £ r n (t) 

n = 1 


Figure 12.9.1 Conceptual explanation of modal analysis. 
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These modal contribution factors r„ have three important properties: 


1. They are dimensionless. 

2. They are independent of how the modes are normalized. 

3. The sum of the modal contribution factors over all modes is unity, that is, 


N 


J2 r " = 1 


(12.10.3) 


The first property is obvious from their definition [Eq. (12.10.2)]. The second property 
becomes obvious by noting that r®* is the static effect of s„, which does not depend on 
the normalization, and the modal properties do not enter into r st . Equation (12.10.3) can 
be proven by recognizing that s = [Eq. (12.8.2)], which implies that r st = r ( ] 1 . 

Dividing by r st gives the desired result. 


12.11 MODAL RESPONSES AND REQUIRED NUMBER OF MODES 

Consider the displacement D n (t) of the n th-mode SDF system and define its peak value 
D, w = max \D n (t)\. The corresponding value of r n (t), Eq. (12.10.1), is 



( 12 . 11 . 1 ) 


We shall rewrite this equation in terms of the dynamic response factor introduced in Chap¬ 
ters 3 and 4. For the nth-mode SDF system governed by Eq. (12.9.2), this factor is 
R dn = D no /(D , hSt ) 0 , where (D„, st ) 0 is the peak value of D„ >st (f), the static response. 
Obtained by dropping the D n and D„ terms in Eq. (12.9.2), /)„ st (f) = p(t)/co„ and its 
peak value is (D n st )„ = p„/op r Therefore, Eq. (12.11.1) becomes 


t~no — PtP f n Rdn 


( 12 . 11 . 2 ) 


The algebraic sign of r no is the same as that of the modal static response rf = r st r n 
because D no is positive by definition [Eq. (12.11.1)]. Although it has an algebraic sign, r no 
will be referred to as the peak value of the contribution of the nth mode to response r or, 
for brevity, the peak modal response because it corresponds to the peak value of D„(t). 

Equation (12.11.2) indicates that the peak modal response is the product of four 
quantities: (1) the dimensionless dynamic response factor R dn for the nth-mode SDF sys¬ 
tem excited by force p(t)\ (2) the dimensionless modal contribution factor r n for the re¬ 
sponse quantity r; (3) r sl , the static value of r due to the external forces s; and (4) p a , the 
peak value of p(t). The quantities r sl and r„ depend on the spatial distribution s of the 
applied forces but are independent of the time variation p(t) of the forces; on the other 
hand, R dn depends on pit), but is independent of s. 

The modal contribution factor r„ and the dynamic response factor R,i„ influence the 
relative response contributions of the various vibration modes, and hence the minimum 
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number of modes that should be included in dynamic analysis. This becomes obvious by 
noting that among the four quantities that enter in Eq. (12.11.2), p 0 and r sl are independent 
of the mode number, but r„ and R,/„ vary with n. 

How many modes should one include in modal analysis? The response contributions 
of all the modes must obviously be included in order to obtain the exact value of the 
response, but few modes can usually provide sufficiently accurate results. Typically, in 
analyzing an /V-DOF system, the first J modes are included, where J may be much smaller 
than N, and the modal summation of Eq. (12.9.7) is truncated accordingly. Thus, we need 
to compute the natural frequencies, natural modes, and the response D n (t) only for the first 
J modes, leading to computational savings. 

Before studying the relative response contributions of the various vibration modes 
and the number of modes to be included for specific examples, we make a couple of general 
observations. If only the first J modes are included, the error in the static response is 

j 

ej= 1-J2 7 ” (12.11.3) 

n= 1 

For a fixed J the error e j depends on the spatial distribution s of the applied forces. For 
any s the error ej will be zero when all the modes are included (J = N) because of 
Eq. (12.10.3), and the error will be unity when no modes are included (/ = 0). Thus, 
modal analysis can be truncated when \ej\, the absolute value of e s , becomes sufficiently 
small for the response quantity r of interest. However, the relative values of R,i„ for various 
modes also influence the minimum number of modes to be included. R,/ n depends on the 
time variation p(t) of the applied forces and on the vibration properties a>„ and of the 
77th mode. 

Next, we will study the relative contributions of various modes to the response and 
the number of modes that should be included in dynamic analysis with reference to the 
structure of Fig. 12.8.1 and the applied force distributions s a and s* in Fig. 12.8.3. For this 
purpose, we must investigate the two influencing factors: the modal contribution factor, 
which depends on the spatial distribution of forces, and the dynamic response factor, which 
is controlled by the time variation of forces. 

12.11.1 Modal Contribution Factors 

In this section we first describe a procedure to determine the modal contribution factors 
for the base shear V* and roof (Nth floor) displacement u N of a multistory building. Fig¬ 
ure 12.11.1 shows the external forces s and s„. The latter is defined by Eq. (12.8.4); in 
particular, the lateral force at the jth floor level is the j th element of s„: 

Sjn = VnirijCpjn (12.11.4) 

where mj is the lumped mass and <P JN the nth-mode shape value at the j th floor. As a result 
of the static forces s„ (Fig. 12.11.1b), the base shear is 

N N 

^bn = S jn — r n m j 4>jn 

7 = 1 7=1 


(12.11.5) 
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s Nn 


s jn ~ ^ n m /Pjn 


(a) 


(b) 


Figure 12.11.1 

(a) s; (b)s„. 


External forces: 


and the floor displacements are u* 1 2 = k 's„. Inserting Eq. (12.8.4) and using Eq. (10.2.4) 
gives u^ = (r n/ccfy 4> n - In particular, the roof displacement is 

<n = ^<f>Nn ( 12 . 11 . 6 ) 

Equations (12.11.5) and (12.11.6) define the modal static responses rjf for base shear 
and roof displacement. With rf known, the modal contribution factor is obtained from 
Eq. (12.10.2), where r st is computed by static analysis of the building subjected to forces s 
(Fig. 12.11.1a). 

Now, we study how the modal contribution factors depend on the spatial distribution 
of the applied forces. The procedure just described is used to determine the modal contribu¬ 
tion factors for roof displacement and base shear of the five-story shear frame (Fig. 12.8.1) 
for the two different force distribution vectors s„ and s* introduced in Section 12.8. These 
computations require the modal expansions of s 0 and s* and the natural modes of the sys¬ 
tem, which are available in Figs. 12.8.2 and 12.8.3. The modal contribution factors and 
their cumulative values considering the first J modes are presented in Table 12.11.1. Con¬ 
sistent with Eq. (12.10.3), the sum of modal contribution factors over all modes is unity, 
although the convergence may or may not be monotonic. For the structure and force dis¬ 
tributions considered, Table 12.11.1 indicates that the convergence is monotonic for roof 
displacement but not for base shear. 

The data of Table 12.11.1 permit two useful observations pertaining to relative values 
of the modal responses: 

1. For a particular spatial distribution of forces, the modal contribution factors for 
higher modes are larger for base shear than for roof displacement, suggesting that 
the higher modes contribute more to base shear (and other element forces) than to 
roof displacement (and other floor displacements). 

2. For a particular response quantity, the modal contribution factors for higher modes 
are larger for force distribution S/, than for s a , suggesting that the higher modes con¬ 
tribute more to a response in the s b case. Recall that the modal expansion of s„ and 
s b in Section 12.8 had suggested the same conclusion. 
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TABLE 12.11.1 MODAL AND CUMULATIVE CONTRIBUTION FACTORS 


Mode n or 
Number of 
Modes, J 


Force Distribution, 



Force Distribution, s b 

Roof 

Displacement 

Base Shear 

Roof 

Displacement 

Base Shear 

u 5n 

J 

T, u 5 n 
n=\ 

Vbn 

E Vbn 

n =1 

u 5n 

J 

T, u 5n 
n= 1 

Vbn 

E Vbn 

n= 1 

1 

0.880 

0.880 

1.252 

1.252 

0.792 

0.792 

1.353 

1.353 

2 

0.087 

0.967 

-0.362 

0.890 

0.123 

0.915 

-0.612 

0.741 

3 

0.024 

0.991 

0.159 

1.048 

0.055 

0.970 

0.431 

1.172 

4 

0.008 

0.998 

-0.063 

0.985 

0.024 

0.994 

-0.242 

0.930 

5 

0.002 

1.000 

0.015 

1.000 

0.006 

1.000 

0.070 

1.000 


How many modes should be included in modal analysis? We first examine how the 
number of modes required to keep the error in static response below some selected value 
is influenced by the spatial distribution s of the applied forces. If the objective is to keep 
\ej\ < 0.05 (5%) for the base shear, the data of Table 12.11.1 indicate that three modes 
suffice for the force distribution s fl , whereas all five modes need to be included in the case 
of s b- For the same accuracy in the roof displacement, two modes suffice for the force 
distribution s a , but three modes are needed in the case of s/,. More modes need to be in¬ 
cluded for the force distribution S/, than for s a because, as mentioned earlier, the modal 
contribution factors for higher modes are larger for S/, than for s a . 

We next examine how the number of modes required is influenced by the response 
quantity of interest. If the objective is to keep \ej\ < 0.05 (5%), three modes need to be 
included to determine the base shear for force distribution s fl , whereas two modes would 
suffice for roof displacement. To achieve the same accuracy for force distribution S/,, all five 
modes are needed for base shear, whereas three modes would suffice for roof displacement. 
More modes need to be included for base shear than for roof displacement because, as 
mentioned earlier, the modal contribution factors for higher modes are larger for base shear 
than for roof displacement. 

It is not necessary to repeat the preceding analysis for all response quantities. Instead, 
some of the key response quantities, especially those that are likely to be sensitive to higher 
modes, should be identified for deciding the number of modes to be included in modal 
analysis. 

12.11.2 Dynamic Response Factor 

We now study how the modal response contributions depend on the time variation of the 
excitation. The dynamic response to p(t ) is characterized by the dynamic response fac¬ 
tor Rj„ in Eq. (12.11.2). This factor was derived in Chapter 3 for harmonic excitation 
(Fig. 3.2.6) and in Chapter 4 for various excitations, including the half-cycle sine pulse 
(Fig. 4.8.3c). In Fig. 12.11.2, Rj for harmonic force of period T is plotted against T n /T 











Rd — M 0 / (M s t )o j—j ^c/ — / (w s t), 
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T n _ Undamped natural period 
T Forcing period 


Figure 12.11.2 Dynamic response factor 
for harmonic force; £ = 5% and 70%. 


for SDF systems with natural period T n and two damping ratios: f = 5 and 70%; R,i 
for a half-cycle sine pulse force of duration td is plotted against T„/td in Fig. 12.11.3 for 
undamped SDF systems. 

How Rd„, the value of R,/ for the nth mode, for a given excitation pit) varies with 
n depends on where the natural periods T n fall on the period scale. In the case of pulse 
excitation. Fig. 12.11.3 shows that Rd„ varies over a narrow range for a wide range of T n 
and could have similar values for several modes. Thus, several modes would generally have 
to be included in modal analysis with their relative response contributions, Eq. (12.11.2), 
determined primarily by the relative values of r n , the modal contribution factors. The same 



Id - Undamped natural period Figure 12.11.3 Dynamic response factor 

td Force duration f or half-cycle sine pulse force; t, = 0. 
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conclusion also applies to highly damped systems subjected to harmonic force because, 
as seen in Fig. 12.11.2, several modes could have similar values of R<i n . However, for 
lightly damped systems subjected to harmonic excitation. Fig. 12.11.2 indicates that R^ n 
is especially large for modes with natural period T n close to the forcing period T. These 
modes would contribute most to the response and are perhaps the only modes that need to 
be included in modal analysis unless the modal contribution factors r n for these modes are 
much smaller than for some other modes. 

To explore these ideas further, consider the five-story shear frame (Fig. 12.8.1) with¬ 
out damping subjected to harmonic forces p(f) = Sbp(t), where pit) — p a sinilnt/T). 
Further consider four different values of the forcing period T relative to the fundamen¬ 
tal natural period of the system: T\/T = 0.75, 2.75, 3.50, and 4.30. For each of these 
forcing periods the Rd n values for the five natural periods of the system (defined in Sec¬ 
tion 12.8) are identified in Fig. 12.11.4. These data permit the following observations for 
each of the four cases: 


1. T\/T = 0.75 (Fig. 12.11.4a): R,i n is largest for the first mode, and R,n is sig¬ 
nificantly larger than other R,/,, . The larger R,n combined with the larger modal 
contribution factor Vi,\ for the first mode, compared to these factors Vbn for other 
modes (Table 12.11.1), will make the first-mode response largest. Observe that R,t n 
for higher modes are close to 1, indicating that the response in these modes is essen¬ 
tially static. 

2. T\/T — 2.75 (Fig. 12.11.4b): For this case T 2 /T = 0.943, and therefore Rja = 
8.89 is much larger than the other R,i n . Therefore, the second-mode response will 
dominate all the modal responses, even the first-mode response, although Vi,\ = 
1.353 is more than twice Vbi = —0.612. The second mode alone would provide a 
reasonably accurate result. 

3. T\/T — 3.5 (Fig. 12.11.4c): R,i 2 and R,b are similar in magnitude, much larger than 
Rji, and significantly larger than R,ia and R,/s. This suggests that the second- and 
third-mode contributions to the response would be the larger ones. The second-mode 
response would exceed the third-mode response because the magnitude of V bi = 
—0.612 is larger than Vbi = 0.431. 

4. T\/T — 4.3 (Fig. 12.11.4d): For this case the third-mode period is closest to the 
exciting period (T^/T = 0.935), and therefore R,n = 7.89 is much larger than the 
other Rd „. Therefore, the third-mode response will dominate all the modal responses, 
even the first-mode response, although V bi = 1.353 exceeds V bi — 0.431 by a factor 
of over 3. The third mode alone would provide a reasonably accurate result. 


It is not necessary to compute all the natural periods of a system having a large 
number of DOFs in ascertaining which of the Rd„ values are significant. Only the first 
few natural periods need to be calculated and located on the plot showing the dynamic 
response factor. Then the approximate locations of the higher natural periods become 
readily apparent, thus providing sufficient information to estimate the range of Rd„ values 
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Figure 12.11.4 Dynamic response factors Rd n for five modes of undamped system and 
four forcing periods 7: (a) 7\ = 0.757; (b) 7\ = 2.757; (c) T\ = 3.507; (d) 7i = 4.307. 


and to make a preliminary decision on the modes that may contribute significant response. 
Precise values of Rj n can then be calculated for these modes to be included in modal 
analysis. 

In judging the contribution of a natural mode to the dynamic response of a struc¬ 
ture, it is necessary to consider the combined effects of the modal contribution factor 
and the dynamic response factor R,i„. The two factors have been discussed sepa¬ 
rately in this and the preceding sections because 7 n depends on the spatial distribution 
s of the applied forces, whereas R,j n depends on the time variation p(t) of the excita¬ 
tion. However, they both enter into the modal response, Eq. (12.11.2). By retaining 
only the first few modes with significant values of r n or R ,/ n , or both, the computa¬ 
tional effort can be reduced. The resulting computational savings may not be significant 
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in dynamic analysis of systems with a few dynamic DOFs, such as the five-story shear 
frame considered here. However, substantial reduction in computation can be achieved for 
practical, complex structures that may require hundreds or thousands of DOFs for their 
idealization. 


PART D: SPECIAL ANALYSIS PROCEDURES 


12.12 STATIC CORRECTION METHOD 

In Section 12.11 we have shown that the dynamic response factor R,i„ for some of the 
higher modes of a structure may be only slightly larger than unity. For the five-story shear 
frame subjected to harmonic excitation with T\/T = 0.75, R,/ n = 1.07, 1.03, 1.02, and 
1.01 for the second, third, fourth, and fifth modes, respectively (Fig. 12.11.4a). Such is the 
case when the higher-mode period T n is much shorter than the period T of the harmonic 
excitation or the duration tj of an impulsive excitation (Fig. 12.11.3). The response in 
such a higher mode could be determined by the easier static analysis instead of dynamic 
analysis. This is the essence of the static correction method, developed next. 

Suppose that we include all N modes in the analysis but divide them into two parts: 
(1) the first Nj modes with natural periods T n such that the dynamic effects are significant, 
as indicated by Rj n being significantly different than 1; and (2) modes N t i + I to N with 
natural periods T n such that R,t n is close to 1. Then the modal contributions to the response 
can be divided into two parts: 


Nd N 

r(t ) = Y r„(t) + Y r n (t) (12.12.1) 

n— 1 n=Nd+l 


The nth-mode response r n (t) is given by Eq. (12.10.1), where D n (t) is the dynamic re¬ 
sponse of the nth-mode SDF system governed by Eq. (12.9.2). A quasi-static solution 
of this equation gives D„(t) for modes N,j + 1 to N; dropping the velocity D n it) and 
acceleration D n (t) leads to 


co 2 n D n (t) = p(t ) (12.12.2) 

Substituting Eqs. (12.10.1) and (12.12.2) in Eq. (12.12.1) gives 

N d N 

r(t) = r st Y ? n [u>lD n {t)] + r st p(t) Y T » (12.12.3) 

n= 1 n—Nd +1 

Thus, Eq. (12.9.2) needs to be solved by dynamic analysis procedures (e.g., analytical 
solution or numerical integration of the differential equation) only for the first N,j modes. 
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However, Eq. (12.12.3) suggests that the modal contribution factors r n are still needed for 
the higher modes N d + 1 to N and, as seen earlier, the natural frequencies and modes of 
the system are required to compute r n . 

Therefore, we look for a way to circumvent this requirement by rewriting 

N N N d N d 

^2 r„ = 1 - (12.12.4) 

n=Nd +1 n =1 n= 1 n= 1 


wherein we have utilized Eq. (12.10.3). Substituting Eq. (12.12.4) in (12.12.3) gives 


or 


r(t) = r st 


' Nd 

J2 r n (w 2 n D n {t)) + 

_n—l 


N d \ 

i - 

n= 1 / 


(12.12.5) 


r(t) = r st 


N d 

pit) + 'Y2,r n (a>lD n {t) - pit)) 

n= 1 


( 12 . 12 . 6 ) 


When written in either of these forms, only the first N d natural frequencies and modes are 
needed in computing the dynamic response. In Eq. (12.12.5) the second term in brackets 
is the quasi-static response solution for the higher modes, n — N d + 1 to N, which may be 
considered as the static correction to the dynamic response solution given by the first term. 
This method is therefore known as the static correction method. 

The static correction method is effective in analyses where many higher modes must 
be included to represent satisfactorily the spatial distribution s of the applied forces, but 
where the exciting force p(t) is such that the dynamic response factor for only a few 
lower modes is significantly different than 1. In these situations the combined dynamic 
response of these few modes together with the static correction term will give results 
comparable to a classical modal analysis, including many more modes. If pit) is de¬ 
fined numerically, the static correction method requires substantially less computational 
effort by avoiding the numerical time-stepping solution for the higher, statically respond¬ 
ing modes. The computational savings can be substantial because the time step to be 
used in numerical solution of the higher modal equations must be very short (Chapters 5 
and 16). 


Example 12.7 

Compute the base shear response of the uniform five-story shear frame of Fig. 12.8.1 top(f) = 
s bPit), where s[ = (0 0 0 -1 2) and pit) = p„ sin tut by two methods: (a) classical modal 
analysis, and (b) static correction method; a>/a>\ = T\/T = 0.75 and the system is undamped. 
Compute only the steady-state response. 

Solution (a) Classical modal analysis. The nth-mode response is given by Eq. (12.10.1). 
The steady-state solution of Eq. (12.9.2) with f„ = 0 and harmonic pit) is 

Po 1 

D„it) = —Rdn sm cot R dn = -——-y (a) 

(ti„ 1 — (t ti/(ti n y 
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Note that this Rd n may be positive or negative, in contrast to the absolute value used in 
Chapter 3 and in Fig. 12.11.4. Retaining the algebraic sign is useful when dealing with the 
steady-state response of undamped systems to harmonic excitation. Substituting Eq. (a) in 
Eq. (12.10.1) gives the response in the nth mode: 

r n (t) = Por st r n Rdn sin cot (b) 


Combining the contributions of all modes gives the total response: 


r(t) = p Q r si 


^ ^ r n Rdn 


sin cot 


\n =1 


and its maximum value is 


(c) 


N 

fo — Pot' ^ ' r n Rdn 
n = 1 


Equation (d) specialized for the base shear can be expressed as 


Vbo 

PoV* 


— ^ V bn Rdn 


n= 1 


(d) 


(e) 


For the system of Fig. 12.8.1, N = 5 and the static base shear due to forces s/, (Fig. 12.8.3) is 
— 1. Therefore, Eq. (e) becomes 


— = J2 Vbn Rdn 


(f) 


Substituting for modal contribution factors Vbn from Table 12.11.1 and calculating Rd n from 
Eq. (a) leads to 

— = y b\Rd\ + VblRdl + Vb3Rd3 + V bdRdA + VbsRd5 

Po 


= (1.353) (2.29) + (-0.612) (1.07) + (0.431) (1.03) + (-0.242) (1.02) 


+ (0.070) (1.01) 

= 2.71 

(b) Static correction method. Specializing Eq. (12.12.6) for base shear: 


V b (t) = V f 


N d 


pit) + ^ V bn (o? n D n (t) - pit)) 


n= 1 


Substituting for V?*, p 0 , and D n (?) from Eq. (a) gives 

Nd 


Vb(t) = Po sin cot 


1 +J 2 V bn(Rdn~l) 


The peak value Vbo of the base shear is given by 

1/ Nd 


— = 1 + V V bn(Rdn - 1) 


(g) 


00 


(i) 
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Suppose that we consider the dynamic response only in the first mode. Then Nd = 1 and 
Eq. (i) gives 

— = 1 + V b i (R d \ - 1) = 1 + 1.353(2.29 - 1) = 2.75 
Po 

This result is close to the exact result of 2.71 obtained from dynamic response solutions for 
all modes. This good agreement was anticipated in Section 12.11.2, where we noted that Rd n 
for n > 1 were only slightly larger than 1. 

Note that both pit ) and D n ( t ) vary as sin cot in this special case of steady-state response 
of undamped systems to harmonic excitation. In general, however, the time variation of D n (?) 
would differ from that of p{t). 


12.13 MODE ACCELERATION SUPERPOSITION METHOD 

Another method that can provide the same general effect as the static correction method, 
called the mode acceleration superposition method, can be derived readily from the modal 
equations of motion. The total response is the sum of the modal response contributions, 
Eq. (12.10.1): 

N 

m = r* Y r n [colD n {t)] (12.13.1) 

72=1 

where D n (t) is governed by Eq. (12.9.2), which can be rewritten as 

u>lD n (t) = p(t) - D n (t) - 2 £„ w„D n (t ) (12.13.2) 

Substituting Eq. (12.13.2) in Eq. (12.13.1) gives 

N 

r(t) = r st Y T << [P( f ) ~ Dn(t) - 2£ n cOnD n (t)\ 

72=1 

which, by using Eq. (12.10.3), can be expressed as 

N 

r(t) = r st p(t) - r st Y r n [D n (t) + 2 S„co n D n (t)] (12.13.3) 

n=l 

This can be interpreted as the quasi-static solution given by the first term on the right side, 
modified by the second term to obtain the dynamic response of the system. If the response 
in a higher mode, say the nth mode, is essentially static, the nth term in the summation 
will be negligible. Thus, if the response in all modes higher than the first Nd modes is 
essentially static, the summation can be truncated accordingly to obtain 


r(t) = r st 


N d 


p{t) - Y r n [D n (t) + 2S n co n D n (t)] 


72=1 


(12.13.4) 


This method is often referred as the mode acceleration superposition method since 
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Eq. (12.13.4) involves the superposition of modal accelerations D„ (and velocities D n ) 
rather than modal displacements D n . 

The mode acceleration superposition method is equivalent to the static correction 
method, which becomes obvious by comparing Eqs. (12.13.4) and (12.12.6) in light of 
Eq. (12.9.2). Thus, the two methods should provide identical results except for minor 
differences arising from their numerical implementation. The choice between the two 
methods is often dictated by ease of implementation in a computer code. In this regard the 
static correction method is usually more convenient because it requires simple modification 
of classical modal analysis (or the classical mode displacement superposition method). In 
the classical procedure the first term in Eq. (12.12.5) is computed anyway for the specified 
number Nd of modes. For these modes the modal contribution factors r n are available, so 
the second term can be computed with little additional effort. 


12.14 MODE ACCELERATION SUPERPOSITION METHOD: 
ARBITRARY EXCITATION 


Now that we understand the concepts underlying the static correction and mode acceler¬ 
ation superposition methods, two equivalent methods, the latter method is presented for 
arbitrary forces p(f), i.e., forces not restricted to p(r) = sp(t), together with a comprehen¬ 
sive example. Wave forces on offshore drilling platforms are an example of such excitation. 

The displacement response of an N-DOF system is given by Eq. (12.5.2), repeated 
here for convenience: 

N N 

u(t) = y>„q) = (12.14.1) 

n= 1 n =1 

where the modal coordinate q n (f) is governed by Eq. (12.4.6): 

7 P n (t) 

q n + 2 £ n co n q n + of n q n = —— (12.14.2) 

ivi n 

where P n (t) and M n were defined in Eq. (12.3.4). In the mode acceleration superposition 
method, the response due to the lower Nj modes is determined by dynamic analysis, i.e., 
solving Eq. (12.14.2), whereas the contributions of modes Nd + 1 to N are determined by 
static analysis. Dropping the velocity q n (t) and acceleration q„ (t) terms in Eq. (12.14.2) 
gives the quasi-static solution q n (t) = P n (f) / K„, where the nth-mode generalized stiff¬ 
ness K„ = a>lM n ; see Eq. (10.4.7). Substituting this q n (t) in the terms associated with 
n = Nd + 1 toAfinEq. (12.14.1) gives 

N p 

U W = !>*(')+ X! ^ n ~^~ (12.14.3) 

n =1 n=Nd +1 n 

where an individual term in the second summation represents the contribution of the nth 
mode to the static response. Rewriting the second summation as 


N d. j. P n(0 

*Pn Tjr — / y 0/2 „ / y 0/2 


E 


n=N d +1 


K„ 


K, 


K, 
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and noting that the first summation includes all modes and thus represents the (total) quasi¬ 
static response of the structure to p(f), the preceding equation becomes 


V- ^ P n(t) ,_1 ^ Pn(t) 

2^ <!>n Tr = k p(r) - 2^ 4>n - 


K n 

n=Nd +1 n= 1 

Substituting Eq. (12.14.4) in Eq. (12.14.3) gives 


N d 


u (t) = k 'p(f) + ^</>„ 


n =1 


q n (0 - 


A",, 


F„(0 


(12.14.4) 


(12.14.5) 


The analysis procedure embodied in Eq. (12.14.5), which is a generalized version of 
Eq. (12.12.6), is known as the static correction method. 

To express Eq. (12.14.5) in terms of modal velocity q n and acceleration q n , we divide 
Eq. (12.14.2) by co “ and rewrite it as 


q« (0 - 


PAt) 

K„ 


2 1„ 1 

—q n (0 + —sq,, (0 

co„ cot 


Substituting Eq. (12.14.6) in Eq. (12.14.5) gives 


N d 


u(0 = k *p(r) - 


n= 1 


2t„ 1 

— qn(t ) + —y<?;i(0 
COn COt 


(12.14.6) 


(12.14.7) 


The analysis procedure embodied in Eq. (12.14.7), which is a generalized version of 
Eq. (12.13.4), is known as the mode acceleration superposition method. The first term 
in Eq. (12.14.7) represents the quasi-static solution, and the summation represents a cor¬ 
rection applied to the quasi-static response to obtain the dynamic response. 

It is obvious from the preceding derivation that the mode acceleration superposition 
method is equivalent to the static correction method. For either method it is necessary 
to decide Nd, the number of modes for which the response is to be determined by dy¬ 
namic analysis. This decision is straightforward if the exciting forces are harmonic with 
frequency co. Referring to Fig. 3.2.6, it is clear that dynamic analysis is necessary for all 
modes for which co/co n is such that the deformation response factor R,/ differs significantly 
from 1.0 or the phase angle <fi differs significantly from zero. It is difficult to state similarly 
simple criteria for nonharmonic excitations that vary arbitrarily in time. 


12.14.1 EXAMPLE 

The system considered is a uniform cantilever tower of length L, mass per unit length m, 
flexural rigidity El, and damping ratio of 5% in all natural vibration modes (Fig. 12.14. la). 
For purposes of dynamic analysis, the system is discretized with 10 lumped masses, as 
shown in Fig. 12.14.1b, where m a = mL j 10 and the DOFs are identified. Harmonic 
forces applied at DOFs ug and wio are pg (t) = —2 p (t) and pw (t) = p(t), where 
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m, El 




(a) 



(b) 


Figure 12.14.1 (a) Cantilever tower 

(b) Lumped mass system. 


p ( t) = p 0 sin cot with o)/o)\ = 1.5, where a>i is the fundamental natural frequency of the 
system^; no forces are applied at any of the other DOFs. Thus the forces are of the form 
p(f) = s p(t), where their spatial distribution is defined by s = < 0 0 0 0 0 0 0 0 — 
2 1 >. The modal expansion of s (Section 12.8) leads to the modal contributions s„, dis¬ 
played in Fig. 12.14.2, where we observe that the contributions of modes 4 to 9 are larger 
than those of modes 1 to 3, suggesting that these higher modes may contribute significantly 
to the dynamic response. 
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Figure 12.14.2 Modal expansion of force distribution s; forces s n , shown without arrow¬ 
heads, are drawn to the same scale as s, but numerical values are not included. 


t Although these forces belong to the restricted class p ( t ) = s pit), we will utilize Eqs. (12.14.7), (12.5.2), 
and (12.6.1) to implement dynamic analysis of the system for the restricted class, not the procedures of Sec¬ 
tions 12.9 and 12.13. 
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(a) 


(b) 


Exact 



0 12 3 

t/T i 

Figure 12.14.3 Response history determined by two approximate methods—classical 
modal analysis and mode acceleration superposition—compared with exact response; (a) io(r) 
and (b) Vg(f). 


Approximate results for the dynamic response of the system obtained by two 
methods—the mode acceleration superposition method (Eq. 12.14.7) with Nd = 1 and 
classical modal analysis, including the contributions of the first J = 1, 3, or 5 modes in 
Eqs. (12.5.2) and (12.6.1)—are compared with the exact result, which can be obtained by 
including contributions of all modes in classical modal analysis or choosing Nd = 10 in 
Eq. (12.14.7); both approaches give identical results. The time variation of two response 
quantities—displacement u io (f) at the free end and shear force Eg (t) at the section just 
above DOF Mg—are presented in Fig. 12.14.3. In obtaining these results, the combined 
steady-state and transient parts (see Section 3.2.1) of q n (t), starting from “at rest” ini¬ 
tial conditions, were included. The height-wise distribution of the peak values of bending 
moments and shears considering only the steady-state part of the response are presented in 
Fig. 12.14.4. Spline functions were fitted to values of these internal forces determined at 
the locations of the 10 DOFs to facilitate visualization of results. 

These results permit the following observations: The mode acceleration method with 
Nd = 1 provides essentially the exact results for displacements and forces. Such is the case 
because values of Rd, defined by Eq. (3.2.11), for co / co n associated with modes 2, 3, and 
4 are 1.061, 1.007, and 1.002, and the Rd values associated with higher modes are even 
closer to 1.0, implying that the response contributions of modes 2 to 10 may be deter¬ 
mined by static analysis; i.e., the response due only to the first mode need be determined 
by dynamic analysis. In contrast, classical modal analysis including one mode provides 
excellent results for displacement, but even when as many as five modes are included, the 
moment and shears are inaccurate to an unacceptable degree; as many as nine modes had 
to be included to obtain accurate results for shears. The fact that higher modes contribute 
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(a) Mode acceleration superposition 




(b) Classical modal analysis 




Figure 12.14.4 Heightwise distributions of peak shears and moments due to harmonic 
excitation with u>/( 0 \ = 1.5: (a) mode acceleration superposition; (b) classical modal 
analysis. 

more to shears than to moments, and more to moments than to displacements, is supported 
by analysis (not presented here) similar to Section 12.11 of the modal contribution factors, 
determined from Eq. (12.10.2). 

The preceding analysis was repeated for exciting forces p (t) = s pit ), where s was 
defined above and pit) is a step force that jumps suddenly from zero to p„ and stays 
constant (Fig. 4.3.1b). The heightwise distributions of the peak values of bending moments 
and shears are presented in Fig. 12.14.5. For this excitation, the mode acceleration method 
with Nd = 1 provides good results for moments and shears in the lower part of the tower, 
but it is unable to reproduce the rapid variation of forces in the upper part of the tower. 
As Nd is increased, the results improve, and N,[ = 5 gives essentially the exact solution, 
implying that dynamic analysis is necessary to determine the response contributions of the 
first five modes. Such is the case because the value of Rd associated with all modes is 1.85 , 
implying that the contributions of these modes cannot be determined by static analysis. 


f Rd = u„ j (» s t)o> where u D is the peak value of u (!) defined by Eq. (4.3.5). 
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(a) Mode acceleration superposition 




(b) Classical modal analysis 




M + (2p Un 2 ) 

O r O 


Figure 12.14.5 Heightwise distributions of peak shears and moments due to step force 
excitation: (a) mode acceleration superposition; (b) classical modal analysis. 


The fact that peak values of forces determined by the mode acceleration method do 
not change significantly as N r j is increased beyond 5 suggests that the static response in 
modes 6 to 10, which we already included in the first term of Eq. (12.14.7), is adequate. 
However, this suggestion is not supported by the fact that the R c i value associated with 
modes 6 to 10 is 1.85, which indicates that dynamic analysis is necessary to determine the 
response contributions of these modes also. Such analysis is indeed necessary to obtain 
an accurate description of the complete response history; however, by coincidence, it had 
very little effect on the peak response. 

Turning now to classical modal analysis, as the number of modes included increases, 
Figure 12.4.5 shows that the peak response approaches the exact result at a much slower 
rate compared to the convergence achieved by the mode acceleration method as Nd in¬ 
creases. Even with five modes included, the bending moment in the upper part of the tower 
and shear forces over its entire height are inaccurate to an unacceptable degree. 

The mode acceleration method is more accurate because it does not lose any details 
of the height-wise distribution of applied forces; they are fully considered in the static 
solution represented by the first term in Eq. (12.14.7), which considers the exact s vector. In 
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Figure 12.14.6 (a) Partial force distributions ^2n -1 s " ■ 7 = 1. 3, and 5; (b) complete 

force distribution s. 


contrast, classical modal analysis does not retain the complete force distribution. Including 
only the first J modes in classical modal analysis is equivalent to determining the response 
to p(f) = p(t)YLt=\ s «> be., considering only the force distribution i s «- This partial 
force distribution is shown for J = 1,3, 5, and 10 in Fig. 12.14.6, where it is clear that the 
partial force distribution for / = 5 is very different than the complete force distribution s. 
Thus, it is not surprising that classical modal analysis including the first five modes is 
unable to produce accurate results for responses (Fig. 12.14.5). 
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PROBLEMS 


Part A 


12.1 Figure PI 2.1 shows a shear frame (i.e., rigid beams) and its floor masses and story stiffnesses. 
This structure is subjected to harmonic horizontal force p{t) = p 0 sinwt at the top floor. 
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(a) Derive equations for the steady-state displacements of the structure by two methods: 
(i) direct solution of coupled equations, and (ii) modal analysis. 

(b) Show that both methods give equivalent results. 

(c) Plot on the same graph the two displacement amplitudes u\ 0 and « 2 o as functions of 
the excitation frequency. Use appropriate normalizations of the displacement and frequency 
scales. Neglect damping. 



Figure P12.1 


12.2 For the system and excitation of Problem 12.1, derive equations for story shears (consider¬ 
ing steady-state response only) by two methods: (a) directly from displacements (without 
introducing equivalent static forces), and (b) using equivalent static forces. Show that the 
two methods give equivalent results. 


Part B 

12.3 Consider the system of Fig. P12.1 with modal damping ratios subjected to the same exci¬ 
tation. Derive equations for the steady-state displacement amplitudes of the system. 

12.4 The undamped system of Fig. P12.1 is subjected to an impulsive force at the first-floor mass: 
p\ (r) = p a S(t). Derive equations for the lateral floor displacements as functions of time. 

12.5 The undamped system of Fig. PI2.1 is subjected to a suddenly applied force at the first-floor 
mass: p\ (f) = p a ,t > 0. Derive equations for (a) the lateral floor displacements as functions 
of time, and (b) the story drift (or deformation) in the second story as a function of time. 

12.6 The undamped system of Fig. PI2.1 is subjected to a rectangular pulse force at the first 
floor. The pulse has an amplitude p 0 and duration tj — T\/2, where T\ is the fundamental 
vibration period of the system. Derive equations for the floor displacements as functions of 
time. 

12.7 Figure P12.7 shows a shear frame (i.e., rigid beams) and its floor weights and story stiff¬ 
nesses. This structure is subjected to harmonic force p(t) = p 0 sin cot at the top floor. 

(a) Determine the steady-state displacements as functions of oi by two methods: (i) direct 
solution of coupled equations, and (ii) modal analysis. 

(b) Show that both methods give the same results. 

(c) Plot on the same graph the three displacement amplitudes as a function of the excita¬ 
tion frequency over the frequency range 0 to 5&q. Use appropriate normalizations of the 
displacement and frequency scales. 
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Figure P12.7 


12.8 For the system and excitation of Problem 12.7 determine the story shears (considering 
steady-state response only) by two methods: (a) directly from displacements (without in¬ 
troducing equivalent static forces), and (b) using equivalent static forces. Show that the two 
methods give identical results. 

12.9 An eccentric mass shaker is mounted on the roof of the system of Fig. PI2.7. The shaker 
has two counterrotating weights, each 20 lb, at an eccentricity of 12 in. with respect to 
the vertical axis of rotation. Determine the steady-state amplitudes of displacement and 
acceleration at the roof as a function of excitation frequency. Plot the frequency response 
curves over the frequency range 0 to 15 Hz. Assume that the modal damping ratios 
are 5%. 

12.10 The undamped system of Fig. P12.7 is subjected to an impulsive force at the second-floor 
mass: p 2 (t) = p 0 8(t), where p 0 = 20 kips. Derive equations for the lateral floor displace¬ 
ments as functions of time. 

12.11 The undamped system of Fig. P12.7 is subjected to a suddenly applied force at the first-floor 
mass: pi(t) = p a , t > 0, where p a = 200 kips. Derive equations for (a) the lateral floor 
displacements as functions of time, and (b) the story drift (or deformation) in the second 
story as a function of time. 

12.12 The undamped system of Fig. PI2.7 is subjected to a rectangular pulse force at the third 
floor. The pulse has an amplitude p 0 = 200 kips and duration tj = T\/ 2, where T\ is the 
fundamental vibration period of the system. Derive equations for the floor displacements as 
functions of time. 

12.13 Figure P12.13 shows a structural steel beam with E = 30,000 ksi, / = 100 in 4 , L = 
150 in., and mL = 0.864 kip-sec 2 /in. Determine the displacement response of the system to 
an impulsive force p\(t) = p 0 8(t) at the left mass, where p 0 = 10 kips and 8(t) is the Dirac 
delta function. Plot as functions of time the displacements uj due to each vibration mode 
separately and combined. 
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“4 Figure P12.13 
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12.14 Determine the displacement response of the system of Problem 12.13 to a suddenly applied 
force of 100 kips applied at the left mass. Plot as functions of time the displacements uj due 
to each vibration mode separately and combined. 

12.15 Determine the displacement response of the system of Problem 12.13 to force p(t), which is 
shown in Fig. PI2.15 and applied at the left mass. Plot as functions of time the displacements 
Uj (t) due to each vibration mode separately and combined. 


p , kips 



Figure P12.15 


12.16 Determine the displacement response of the system of Problem 12.13 to force p(t ), which 
is shown in Fig. P12.16 and applied at the right mass. Plot as functions of time the displace¬ 
ments uj(t ) due to each vibration mode separately and combined. 


p, kips 

100 - 


0.30 


t, sec 


Figure P12.16 


12.17 Repeat part (c) of Example 12.6 without using equivalent static forces. In other words, de¬ 
termine the shears and bending moments directly from the displacements and rotations. 

12.18 For the system and excitation of Problem 12.14, determine the shears and bending moments 
at sections a, b, c, d, e, and / (Fig. P12.18) at t = 0.1 sec by using equivalent static 
forces. Draw the shear force and bending moment diagrams due to each mode separately and 
combined. 
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Figure P12.18 


12.19 


The system of Problem 12.13 is subjected to a harmonic force at the left mass: pit) — 
p 0 sin cot, where p 0 = 100 kips and co — 25 rad/sec. Neglecting damping, determine the 
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forced (or steady-state) response of the system. In particular, determine (a) the displace¬ 
ments and accelerations of the two masses as functions of time, and (b) the amplitudes of 
displacements and accelerations. 

12.20 For the system and excitation of Problem 12.19, determine the amplitude of the forced 
(or steady-state) bending moment at the location of each mass by using equivalent static 
forces. 

12.21 Solve Problem 12.19 assuming modal damping ratios of 10% for the system. 


PartC 

*12.22 Figure P12.22 shows a massless simply supported beam with three lumped masses and the 
following properties: L = 150 in., m = 0.192 kip-sec 2 /in., E = 30,000 ksi, and / = 100 
in 4 . We are interested in studying the dynamic response of the beam to two sets of applied 
forces: p(f) = spit), sj = ( 1 0 0),ands^ = (2 0 —1). 

(a) Determine the modal expansion of the vectors s fl and s b that define the spatial distribution 
of forces. Show these modal expansions graphically and comment on the relative contribu¬ 
tions of the various modes to s fl and s b, and how these contributions differ between s fl and s/,. 

(b) For the bending moment M\ at the location of the u \ DOF, determine the modal static 
responses Mf n for both s fl and s/>. Show that Mf = ^ Mf n . 

(c) Calculate and tabulate the modal contribution factors, their cumulative values for the var¬ 
ious numbers of modes included ( J = 1, 2, or 3), and the error ej in the static response. 
Comment on how the relative values of modal contribution factors and the error e j are in¬ 
fluenced by the spatial distribution of forces. 

(d) Determine the peak values (M\ n ) 0 of modal responses due to p(t) = sp(t), 

where s = s fl or s b and p(t) is the half-cycle sine pulse: 

m _ f Po sin(irt/td) t<t d 

P I 0 t > t d 

The duration of the pulse t d is T\, the fundamental period of the system. Figure 12.11.3 
gives the shock spectrum for a half-cycle sine pulse with numerical ordinates R d = 1.73, 
1.14, and 1.06 for T\/t d = 1, Tj/Lt — 0.252, and T->,/t d = 0.119, respectively. It should 
be convenient to organize your computations in a table with the following column headings: 
mode n, T n /t d , R dn , M in , and ( M ln ) 0 /p 0 Mf. 

(e) Comment on how the peak modal responses determined in part (d) depend on the modal 
static responses Mf . modal contribution factors Mi„, dynamic response factors R dn , and 
the force distributions s a and s b- 

(f) Can you determine the peak value of the total (considering all modes) response from the 
peak modal responses? Justify your answer. 


Denotes that a computer is necessary to solve this problem. 
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Figure P12.22 


*12.23 The structure of Fig. P9.13 has the following properties: L = 100 in., m = 0.192 kip- 
sec 2 /in., E = 30. 000 ksi, and 1 = 150 in 4 . We are interested in studying the dynamic 
response of the structure to three sets of applied forces: p (t) = spit), s a = ( 1 —1 1 ) T , 

Si = (1 1 —1 ) r , s c = (1 2 2 ) t . 

(a) Determine the modal expansion of the vectors s fl , s/,, and s f that define the spatial 
distribution of forces. Show these modal expansions graphically and comment on the relative 
contributions of the various modes to s a ,Sb, and s c , and how these contributions differ among 
s a ,Sb, and s c . 

(b) For the bending moment M\ at the base b and the bending moment Mb to the right-hand 
side of point a , determine the modal static responses Mf n and 1 for s a , sb, and s c . Show 
that Mf = J2 Mf n and Mf = J2 

(c) Calculate and tabulate the modal contribution factors, their cumulative values for various 
numbers of modes included (J = 1,2, or 3), and the error ej in the static response. Comment 
on how the relative values of modal contribution factors and error e j are influenced by the 
spatial distribution of forces. 

(d) Determine the peak values (M\ n ) 0 and (M 2 n )o of modal responses M\ n and Min d ue t° 
p(f) = s p(t), where s = s a , s b, or s c , and p(t) is a rectangular pulse: 



I < t d 

t > t d 


The duration of the pulse t d = 0.27i, where T\ is the fundamental period of the system. 
Figure 4.7.3b gives the shock spectrum for a rectangular pulse with numerical ordinates 
Rd = 0.691, 2.0, and 2.0 for T\/t d = 5.0, Ti/td = 1.63, and T 3 /t d = 1.51, respectively. 
It should be efficient to organize your computations in a table with the following column 
headings for M\\ mode n, T n /t d , R dn , M\ n , and (M\ n ) 0 /pqM^, and with similar column 
headings for Mb¬ 
it) Comment on how the peak modal responses determined in part (d) depend on the modal 
contribution factors M\ n and Mi n and on dynamic response factor R dn . 

(f) Can you determine the peak value of the total (considering all modes) response from the 
peak modal responses? Justify your answer. 


Part D 

12.24 The undamped system of Fig. P12.22 with its properties defined in Problem 12.22 is sub¬ 
jected to dynamic forces p(f) = Sbp(t), where = (2 0 — 1) and pit ) is the half-cycle 


Denotes that a computer is necessary to solve this problem. 
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sine pulse defined in part (d) of Problem 12.22 with the pulse duration td the same as T\, 
the fundamental vibration period of the system. Determine the bending moment M(t ) at the 
location of the u\ DOF as a function of time by two methods: (a) classical modal analy¬ 
sis, and (b) the static correction method with dynamic response determined only in the first 
mode. For part (a) plot the individual modal contributions to M(t) and the total response. 
On a separate plot compare this total response with the results of part (b). Comment on the 
accuracy of the static correction method. 


13 


Earthquake Analysis of 
Linear Systems 


PREVIEW 

In this chapter procedures for earthquake analysis of structures, idealized as lumped-mass 
systems, are developed. The presentation is organized in two parts. Part A is concerned 
with the calculation of structural response as a function of time when the system is sub¬ 
jected to a given ground acceleration u g {t). This response history analysis (RHA) proce¬ 
dure is first presented for an arbitrary structural configuration and subsequently specialized 
for multistory buildings with a symmetric plan, and for multistory buildings with an un- 
symmetric plan. A brief discussion of the torsional response of symmetric-plan buildings 
is also included. Part A is devoted to a single component of ground motion, typically one 
of the horizontal components. Combining the structural responses determined from such 
independent analyses for each excitation component gives the response of linear systems 
to multiple-component excitation. Also developed is a procedure to analyze the response 
of a structure subjected to different prescribed motions at its various supports. 

Part B is concerned with procedures to compute the peak response of a structure dur¬ 
ing an earthquake directly from the earthquake response (or design) spectrum without the 
need for response history analysis of the structure. Known as response spectrum analysis 
(RS A), this procedure is not an exact predictor of peak response, but it provides an estimate 
that is sufficiently accurate for structural design applications. The procedure is first pre¬ 
sented for structures subjected to individual translational components of ground motion. 
Subsequently, rules to combine the three individual peaks to estimate the peak response 
to multicomponent excitation are presented. Also included in this chapter are response- 
spectrum-based equations to determine an envelope that bounds the joint response tra¬ 
jectory of all simultaneously acting forces that control the seismic design of a structural 
element. 
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PART A: RESPONSE HISTORY ANALYSIS 


13.1 MODAL ANALYSIS 

In this section we develop the modal analysis procedure to determine the response of a 
structure to earthquake-induced ground motion ii g (t), identical at all support points of the 
structure. 

13.1.1 Equations of Motion 

The differential equations (9.4.8) governing the response of an MDF system to earthquake- 
induced ground motion are repeated: 

mii-(-cu + ku = peff(0 (13.1.1) 

where 

PeffM = -m Lu g (t) (13.1.2) 

The mass and stiffness matrices, m and k, and the influence vector t are determined by 
the methods of Chapter 9. The damping matrix c would not be needed in modal analysis 
of earthquake response; instead, modal damping ratios suffice and their numerical values 
can be estimated as discussed in Chapter 11. The modal analysis procedure developed in 
Chapter 12 to solve Eq. (12.4.1) is applicable to the solution of Eq. (13.1.1). 

13.1.2 Modal Expansion of Displacements and Forces 

The displacement u of an IV-DOF system can be expressed, as in Eq. (12.3.2), as the 
superposition of the modal contributions: 

N 

U(0 = 2>9»(0 (13.1.3) 

n= 1 

The spatial distribution of the effective earthquake forces p e ff(0 is defined by s = 
m/.. This force distribution can be expanded as a summation of modal inertia force distri¬ 
butions s„ (Section 12.8): 

N 1 V 

mi = 7^ s„ = (13.1.4) 

n =1 n =1 

where 

T„ = L " L„ = 0jmi M n = <t> T n m<j> n (13.1.5) 

Equation (13.1.5) for the coefficient T„ can be derived by premultiplying both sides 
of Eq. (13.1.4) by and using the orthogonality property of modes, or by specializing 
Eq. (12.8.3) for s = mi. The contribution of the nth mode to mi is 

s n = F„mc/>„ 

which is independent of how the modes are normalized. 


(13.1.6) 
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13.1.3 Modal Equations 

Equation (12.4.6) is specialized for earthquake excitation by replacing p(f) in Eq. (12.3.4) 
by Peff(t) to obtain 

Qn "b 2(y+ ( 0 -q„ = Y n iig(t ) (13.1.7) 

The solution q„(t) can readily be obtained by comparing Eq. (13.1.7) to the equation of 
motion for the nth-mode SDF system, an SDF system with vibration properties—natural 
frequency co„ and damping ratio £„—of the nth mode of the MDF system. Equation (6.2.1) 
with £ = , which governs the motion of this SDF system subjected to ground accelera¬ 

tion u g (t), is repeated here with u replaced by D n to emphasize its connection to the nth 
mode: 

D n + 2t; n co n D n + co~D„ = — ii g (t ) (13.1.8) 

Comparing Eq. (13.1.8) to (13.1.7) gives the relation between q n and D n : 

q n (t) = r n D n (t) (13.1.9) 

Thus q n (t) is readily available once Eq. (13.1.8) has been solved for D„(t), utilizing nu¬ 
merical time-stepping methods for SDF systems (Chapter 5). 

The factor F„ [defined in Eq. (13.1.5a)] that multiples u g (t) in Eq. (13.1.7) is the 
same as the coefficient in the modal expansion (Section 10.7) of the influence vector: 

N 

l = ^ ' r„ (p n 

n =t 

It is usually referred to as a modal participation factor, implying that it is a measure of the 
degree to which the nth mode participates in the response. This terminology is misleading, 
however, because F„ is not independent of how the mode is normalized, nor a measure 
of the modal contribution to a response quantity. Both these drawbacks are overcome by 
modal contribution factors that were introduced in Section 12.10 and will be utilized later 
(Chapter 18) to investigate earthquake response of buildings. 

13.1.4 Modal Responses 

The contribution of the nth mode to the nodal displacements u(?) is 

u„(r) = <t> n q n {t ) = F n4>„D n (t) (13.1.10) 

Two static analysis procedures described in Section 9.10 are available to determine the 
forces in various structural elements—beams, columns, walls, etc.—from the displace¬ 
ments u „(t). The second of these procedures, using equivalent static forces, is preferred in 
earthquake analysis because it facilitates comparison of dynamic analysis procedures with 
the earthquake design forces specified in building codes (Chapter 21). The equivalent static 
forces associated with the nth-mode response are f„(t) = ku„ (t), where u„(f) is given 
by Eq. (13.1.10). Putting these equations together and using Eqs. (10.2.4) and (13.1.6) 
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leads to 

f„(?) = s„A„(f) (13.1.11) 

where, similar to Eq. (6.4.3), 

A„(f) = o%D n (t) (13.1.12) 

The equivalent static forces f„ (?) are the product of two quantities: (1) the nth-mode contri¬ 
bution s„ to the spatial distribution mi of p e ff(f), rind (2) the pseudo-acceleration response 
of the nth-mode SDF system to «,,(?). 

The nth-mode contribution r n (t) to any response quantity r(t) that can be expressed 
as a linear combination of the structural displacements u(r) is determined by static anal¬ 
ysis of the structure subjected to external forces f,,(?). If r® 1 denotes the modal static 
response, the static value (indicated by superscript “st”) of r due to external forces' s„, 
then 

r„(?) = rfA„(?) (13.1.13) 

Observe that r ( f may be positive or negative and is independent of how the mode is normal¬ 
ized. Equation (13.1.13) also applies to the displacement response, although its derivation 
had been motivated by the desire to compute forces from the displacements. The static 
displacements due to forces s„ satisfy ku ( j' = s„. Substituting Eq. (13.1.6) for s„ and using 
Eq. (10.2.4) gives 

iC = k _1 (r„m<£„) = ^4 ( Pi, 

m n 

Substituting this in Eq. (13.1.13) gives 

u„(f) = ^4> n A n (t) (13.1.14) 

which is equivalent to Eq. (13.1.10) because of Eq. (13.1.12). 

13.1.5 Total Response 

Combining the response contributions of all the modes gives the total response of the struc¬ 
ture to the ground motion. Thus the nodal displacements are 

N N 

u(?) = 7>„(f) = ^ T „<t> n D n (t) (13.1.15) 

n =1 n= 1 

wherein Eq. (13.1.10) has been substituted for u„(f). Using Eq. (13.1.13) gives a general 
result valid for any response quantity: 

N N 

r(t) = J>,(?) = J>,fA„(?) (13.1.16) 

n= 1 n =1 


'Although we loosely refer to s„ as forces, they have units of mass. Thus, does not have the same units 
as r, but Eq. (13.1.13) gives the correct units for r n . 
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The response contributions of some of the higher modes may, under appropriate 
circumstances, be determined by the simpler static analysis, instead of dynamic analysis. 
As shown in Fig. 6.8.4, for SDF systems with very short periods the pseudo-acceleration 
A(t ) ~ — Mg(t). For the design spectrum of Fig. 6.9.3, A = ii go for T n < sec. If this 
period range includes the natural periods of modes Nd + 1 to N, then Eq. (13.1.16) can be 
expressed as 

N d / Nd \ 

r(t) = J2 r " A » (t) ~ K “ E r » ) (13.1.17) 

where r st is the static value of r due to external forces s (Section 12.10) and r st = YLn=i r n 
because s = s » [Eq- (13.1.4)]. This solution is in two parts: the first term is the dynamic 
response considering the first Nd modes and the second is the response of the higher modes 
determined by static analysis. Equation (13.1.17) is the static correction method that can 
also be derived following Section 12.12 or rewritten in the form of the mode acceleration 
method (Section 12.13). These methods are usually not useful in seismic analysis of struc¬ 
tures because earthquake ground motions typically contain a wide band of frequencies that 
includes structural frequencies and higher-mode components in s = mi are small. 

13.1.6 Interpretation of Modal Analysis 


In the first phase of this dynamic analysis procedure, the vibration properties—natural 
frequencies and modes—of the structure are computed and the force distribution vector 
mi is expanded into its modal components s ;! . The rest of the analysis procedure is shown 
schematically in Fig. 13.1.1 to emphasize the underlying concepts. The contribution of the 
nth mode to the dynamic response is obtained by multiplying the results of two analyses: 
(1) static analysis of the structure with applied forces s„, and (2) dynamic analysis of 
the nth-mode SDF system excited by u g (t). Thus modal analysis requires static analysis 
of the structure for N sets of forces: s „,n = 1,2, ..., A; and dynamic analysis of N 
different SDF systems. Combining the modal responses gives the earthquake response of 
the structure. 

Example 13.1 

Determine the response of the inverted L-shaped frame of Fig. E9.6a to horizontal ground 

motion. 


Solution Assuming the two elements to be axially rigid, the DOFs are u\ and U 2 
(Fig. E9.6a). The equations of motion are given by Eqs. (13.1.1) and (13.1.2), where the influ¬ 
ence vector l = (1 0) T (Fig. 9.4.4) and the mass and stiffness matrices (from Example 9.6) 

are 



(a) 


The effective earthquake forces are 


Peff(0 = miiig(l) = 3m m ] { * } u g (t) = - { 3 p” } u g it) (b) 

The force in the vertical DOF is zero because the ground motion is horizontal. 


Mode 

Static Analysis of 
Structure 

Dynamic Analysis of 

SDF System 

Modal Contribution to 
Dynamic Response 

1 

Forces 

Sl 


O— -Mt) 

D(0 = rfAtW 




r st 

Z 1 

b 







77, 

«i,Ci 

b .. 

—* u g (t) 




77, 

?77. 77. 

b b 

2 

Forces 

s 2 


O—»a 2 w 

r 2 (t) = rfA 2 {t) 




r st 

/ 2 

b 







77, 

®2> ^2 

b .. . ^ 

— U g (t) 



V 

77, 

777. 77. 

b 

• 

• 

• 

9 9 

9 9 

• • 

• • 

• • 

• • 

9 9 

9 9 

9 9 

N 

Forces 

s N 


O— 

rdf) = OvAaKO 




r st 
^ r N 

b 







77, 

®At> Cm 

b .. 

«g(0 



V 

77, 

777. 77. 

b 52 

N 

Total response r(t) = £ r n (t) 

n = 1 


Figure 13.1.1 Conceptual explanation of modal analysis. 
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The natural frequencies and modes of the system are (from Example 10.3) 


a> i = 0.6987. 


El 
mL 3 


0)2 = 1-874. 


El 
mL 3 



4>2 = { 


1 

1.431 


Substituting for m and l in Eq. (13.1.5) gives the first-mode quantities: 


(c) 

(d) 


Li 


Mi 


rt 


<“=( 1 2 097 >[ 3 ”' „]|i] =3m 

2.097) [ 3 " „]{[„,,]-7.397,, 

— = — = 0.406 

M\ 1391m 


Similar calculations for the second mode give L 2 = 3m, M 2 = 5.048m, and T 2 = 0.594. 
Substituting T„, m, and <p n in Eq. (13.1.6) gives 


0.406 [ 3 ” m ]{ ‘ 097 | 

S2 = r,m<92 = 0.594 P'” „,]j_; 431 | 

Then Eq. (13.1.4) specializes to 


1.2181 
0.851 1 

1.7821 
-0.851 I 


(e) 

(f) 


m 


f 1.218 
l 0.851 


+ m 


1.7821 
-0.851 J 


(g) 


This modal expansion of the spatial distribution of effective forces is shown in Fig. E13.1. 
Observe that the forces along the vertical DOF in the two modes cancel each other because 
the effective earthquake force in this DOF is zero. 

Substituting for T ;I and </>„ in Eq. (13.1.10) gives the first-mode displacements 


ui 


(,> - I uM I, * r "'" D[< '’ ’ °- 4 “ I 2.097 | W '’ * | | D '« lh » 


2 / 7 ! 



3m 



0.85 b n 

1.218 m n- _ L 1.782m 


+ 


o 


M,' = 0.93 lmL 

bl 


Figure E13.1 
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and the second-mode displacements 

«<» - I Zl\ ), - - °- 594 I -1.431 I - | -S j 

Combining Eqs. (h) and (i) gives the total displacements: 

m(t) =0.406£>i(f) + 0.594£>2(0 n 2 (0 = 0.851T>i(t) - 0.851ZJ 2 (O (j) 

The earthquake-induced bending moment Mb at the base of the column due to the nth 
mode [from Eq. (13.1.13)] is 

Mbn(f) = Mf n A n (t) (k) 

Static analyses of the frame for the forces si and s 2 give and Ml l 2 as shown in 
Fig. E13.1. Substituting for M^ n and combining modal contributions gives the total bending 
moment: 


2 

M b (t) = Mbn(t ) = 2.069/nLAi(f) + 0.931mLA 2 (f) (1) 

M— 1 

The three response quantities considered have been, and other responses can be, ex¬ 
pressed in terms of D n (t ) and A n (t). These responses of the nth-mode SDF system to 
given ground acceleration u g (t) can be determined by numerical time-stepping methods 
(Chapter 5). 


13.1.7 Analysis of Response to Base Rotation 

The modal analysis procedure is applicable after slight modification when the excita¬ 
tion is base rotation. As shown in Section 9.4.3, the motion of a structure due to 
rotational acceleration 6 g (t) of the base (Fig. 9.4.6a) is governed by Eq. (13.1.1), with 

Peff (t) = -mL0 g (t) (13.1.18) 

where t is the vector of static displacements in all the DOFs due to unit base rotation, 
9 g = 1. For the system of Fig. 9.4.6a, this influence vector is l — ( h\ /? 2 x^) T . With i 
determined, the structural response due to base rotation is calculated by the procedures of 
Sections 13.1.1 to 13.1.5 with u g (t) replaced by 9 g (t). 


13.2 MULTISTORY BUILDINGS WITH SYMMETRIC PLAN 

In this section the modal analysis of Section 13.1 is specialized for multistory buildings 
with rigid floor diaphragms and plans having two orthogonal axes of symmetry subjected 
to horizontal ground motion along one of those axes. The equations of motion for this 
system, Eq. (9.4.4), are repeated: 


mii + cu + ku = — mlM g (f) 


( 13 . 2 . 1 ) 
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Floor 



Figure 13.2.1 Dynamic degrees of 
freedom of a multistory frame: lateral 
displacements relative to the ground. 


where u is the vector of lateral floor displacements relative to the ground (Fig. 13.2.1); m 
is a diagonal matrix with elements mjj = nij, the lumped mass at the / til floor level; k is 
the lateral stiffness matrix of the building defined in Section 9.4.2; and each element of 1 
is unity. The modal analysis procedure developed in Section 13.1 is applicable to the mul¬ 
tistory building problem because its governing equations are the same as Eq. (13.1.1) with 
the influence vector 6=1. For convenience, we present the analysis procedure with ref¬ 
erence to a single frame (Fig. 13.2.1), although it applies to a building with several frames 
(see Section 9.4.2). 

13.2.1 Modal Expansion of Effective Earthquake Forces 

Substituting i = 1 in Eqs. (13.1.4) and (13.1.5) gives the modal expansion of the spatial 
distribution of effective earthquake forces: 

N N 

ml = ^2 s » = E (13.2.2) 

n=1 n=1 

where 

L h N N 

Yn= M~ = Mn = Y, m i$n ( 13 - 2 . 3 ) 

" 1=1 1=1 

In Eq. (13.2.2) the contribution of the nth mode to ml is s„, a vector of lateral forces s jn at 
the various floor levels: 

— F„ Sj n — T„mj(f>j n (13.2.4) 

Example 13.2 

A two-story shear frame has the mass and story stiffnesses properties shown in Fig. El3.2a. 
Determine the modal expansion of the effective earthquake force distribution associated with 
horizontal ground acceleration u g (t). 

Solution The stiffness and mass matrices (from Example 9.1) are 


r * 

-r 

r 2 

m = m\ n 

O' 

L-i 

l. 

Lo 

1. 
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m 



(a) 


2m 



+ 



7V7? 

m 1 



WP?. 

Mode 1: si 

Mode 2: S 2 

(b) 



Figure E13.2 (a) Two-story shear frame; (b) modal expansion of ml. 


where k = 24£7 c //z 3 , and the natural frequencies and modes (from Example 10.4) are 


0 )\ 



01 = 




02 — 



The modal properties M n , L and V n are computed from Eq. (13.2.3). For the first mode: 
Mi = 2m (\) 2 +m( l) 2 = 3m/2; L\ = 2m (\)+m{ 1) = 2m; T, = l'[/Mi = Similarly, 
for the second mode: M 2 = 3m, L * = — m, and Ft = — A. Substituting for r„, m, and <j>„ in 
Eq. (13.2.4) gives 



The modal expansion of ml is displayed in Fig. E13.2b. 


13.2.2 Modal Responses 


The differential equation governing the nth modal coordinate is Eq. (13.1.7) with T„ de¬ 
fined by Eq. (13.2.3). Using this T„, Eq. (13.1.10) gives the contribution u„(f) of the nth 
mode to the lateral displacements u(f). In particular, the lateral displacement of the j th 
floor of the building is 

Ujn(t) = r n <p jn D n (t) (13.2.5) 

The drift, or deformation, in story j is given by the difference of displacements of the 
floors above and below: 

A , n(j) = Uj— l,n(f) = U; (Ojn &j— l,n)TIn(f) (13.2.6) 

The equivalent static forces f„(r) for the nth mode [from Eq. (13.1.11)] are 

f n(t) = S „A n (t) f jn (t ) = Sj„A„{t) (13.2.7) 
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Story Floor 




K, 

(a) (b) 

Figure 13.2.2 Computation of modal static responses of story forces from force vector 
s„: (a) base shear and base overturning moment; (b) rth story shear and rth floor overturn¬ 
ing moment. 


where /y„ is the lateral force at the / 1 h floor level. Then the response r n (t) due to the nth 
mode is given by Eq. (13.1.13), repeated here for convenience: 


rjt) = r?A n (t) 


(13.2.8) 


The modal static response rf is determined by static analysis of the building due to external 
forces s ;! (Fig. 13.2.2). In applying these forces to the structure, the direction of forces is 
controlled by the algebraic sign of <f>j n . Hence these forces for the fundamental mode will 
all act in the same direction, as shown in Fig. 13.2.2a, but for the second and higher modes 
they will change direction as one moves up the structure. 

The modal static responses are presented in Table 13.2.1 for six response quantities: 
the shear V, in the zth story, the overturning moment M, at the ;th floor, the base shear 
Vb, the base overturning moment Mb, floor displacements uj, and story drifts Ay. The 
first four equations come from static analysis of the problem in Fig. 13.2.2, which also 
provides modal static responses for internal forces—bending moments, shears, etc.—in 
structural elements: beams, columns, walls, etc. The results for uj and Ay are obtained by 
comparing Eqs. (13.2.5) and (13.2.6) to Eq. (13.2.8). Parts of the equations for V^ n and 
Mf n are obtained by substituting Eq. (13.2.4) for ,sy„, Eq. (13.2.3) for L h n , and defining M* 
and h*: 


h\ 2 


m* = r „LI = 


(K) 



L k n 


h 


(13.2.9a) 
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TABLE 13.2.1 MODAL STATIC RESPONSES 


Response, r 


Modal 

Static 

Response, rjf 

Vi 

v. st 

in 

_ sr^ N 

~ 2—/j=i 

: s jn 


Mi 

K 

_ 

— 2^j=i 


hi^Sjn 

v b 

K 

— ^j= 

I s jn — 

r T h _ iia* 

1 n^n ~ m n 

M b 

Kn 

— ^j= 

1 hjSj„ 

— r I 0 = h* M* 

— 1 n^n — n n m n 

u i 

u st 

jn 

— (r«/ (bfy(j)jn 


A; 

A st 

jn 

= (r n/cfiMj, 

n — 


^ = (13.2.9b) 

7=1 

and hj is the height of the /1h floor above the base. Observe that M* and h* are inde¬ 
pendent of how the mode is normalized, unlike M„, L h n , and T n . Physically meaningful 
interpretations of M* and h* are presented in Section 13.2.5. 

13.2.3 Total Response 

Combining the response contributions of all the modes gives the earthquake response of 
the multistory building: 

N N 

r(t) = E'■»(') = Y, r n A " (t) (13.2.10) 

n =1 n =1 

wherein Eq. (13.2.8) has been substituted for r„(t), the nth-mode response. 

The modal analysis procedure can also provide floor accelerations, although these 
are not necessary to compute earthquake-induced forces in the structure. The floor accel¬ 
erations can be computed from 

N 

u'j(t) = u g (t) + y^T n (j)j n b n {t) (13.2.11) 

n— 1 

using the values of D n available at each time step from the numerical time-stepping proce¬ 
dure used to solve Eq. (13.1.8) for D„(t). 

13.2.4 Summary 

The response of an /V-story building with plan symmetric about two orthogonal axes to 
earthquake ground motion along an axis of symmetry can be computed as a function of 
time by the procedure just developed, which is summarized next in step-by-step form: 
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1. Define the ground acceleration ii g (t) numerically at every time step At. 

2. Define the structural properties. 

a. Determine the mass matrix m and lateral stiffness matrix k (Section 9.4). 

b. Estimate the modal damping ratios £„ (Chapter 11). 

3. Determine the natural frequencies co n (natural periods T„ = 2n/u> n ) and natural 
modes </>„ of vibration (Chapter 10). 

4. Determine the modal components s„ [Eq. (13.2.4)] of the effective earthquake force 
distribution. 

5. Compute the response contribution of the nth mode by the following steps, which 
are repeated for all modes, n = 1,2,..., N: 

a. Perform static analysis of the building subjected to lateral forces s„ to determine 
r* 1 , the modal static response for each desired response quantity r (Table 13.2.1). 

b. Determine the pseudo-acceleration response A n (t) of the nth-mode SDF system 
to iif,(t), using numerical time-stepping methods (Chapter 5). 

c. Determine r„{t) fromEq. (13.2.8). 

6. Combine the modal contributions r n (t) to determine the total response using 
Eq. (13.2.10). 


As will be shown later, usually only the lower few modes contribute significantly to the 
response. Therefore, steps 3, 4, and 5 need to be implemented only for these modes, and 
the modal summation of Eq. (13.2.10) truncated accordingly. 

Example 13.3 

Derive equations for (a) the floor displacements and (b) the story shears for the shear frame of 
Example 13.2 subjected to ground motion 

Solution Steps 1 to 4 of the procedure summary have already been implemented in Exam¬ 
ple 13.2. 

(a) Floor displacements. Substituting r,i and </>j n from Example 13.2 in Eq. (13.2.5) 
gives the floor displacements due to the each mode: 


1 «i(f) 1 
1 u 2 (t) 11 


4 

3 


f [ D|(f) 


1 «l(f) 1 

1 « 2(0 h 


1 

3 


| } Dilt) 


Combining the contributions of the two modes gives the floor displacements: 


«1 (f) = unit) + u 12 (f) = jZ>i(f) + \D 2 {t) 
u 2 {t) = unit) + unit) = jDi(t) - \D 2 lt) 


(a) 

(b) 

(c) 


(b) Story shears. Static analysis of the frame for external floor forces s n gives V?L 
i = 1 and 2, shown in Fig. E13.3. Substituting these results in Eq. (13.2.8) gives 


Vult) = \mAylt) Vixlt) = \mAxlt) (d) 

Vi 2 (0 = \mA 2 {t) Vnlt) = -\mAilt) 


(e) 
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m 



s 2 i = 4m/3 - 


= 4m/3 - 


s-, 0 = -ml 3 


-- V?, = 4m/3 


-- Vf x = 8m/3 


5[2 = 2m/3 ' 


__ if, =-m/3 


__ vf, = m/ 3 


Figure E13.3 


Combining the contributions of two modes gives the story shears 

Vi(0 = Vn(0 + v 12 (0 = fmA^O 4- }mA 2 (0 (f) 

V 2 (0 = V 21 (0 + V 22 (0 = ImAiit) - \mA 2 {t) (g) 

The floor displacements and story shears have been expressed in terms of D n ( t ) and 
A„(t). These responses of the nth-mode SDF system to prescribed ii g (t) can be determined 
by numerical time-stepping methods (Chapter 5). 


Example 13.4 

Derive equations for (a) the floor displacements and (b) the element forces for the two-story 
frame of Fig. E13.4a due to horizontal ground motion 


Solution Equation (9.3.4) with p,(0 = —m„l ii g (t) governs the displacement vector u f = 
(u\ u 2 )\ where m, f and k«, determined in Example 9.9, are 


r 2 


E < i 

54.88 

-17.511 

m /? = m 

i. 

k " = 7?l 

.-17.51 

11.61 J 


(a) 


where h = 10 ft. The natural frequencies and modes of the system, determined in Exam¬ 
ple 10.5, are 


w\ = 2.198 


El 
mh 3 


a>2 = 5.850. 


El 
mh 3 


01 = 


j 0.3871 j 


4>2 = 


-1.292 

1 


(b) 

(c) 


Thus steps 1 to 3 of Section 13.2.4 have already been implemented. 

(a) Floor displacements and joint rotations. The floor displacements are given by 
Eq. (13.2.5), where T,, are computed from Eq. (13.2.3): M\ = 2m(0.3871) 2 + m(l) 2 = 
1.300m, L\ = 2m(0.3871) + m(l) = 1.774m, and V\ = 1.774m/1.300m = 1.365. Simi¬ 
larly, M 2 = 4.337m, L^ = —1.583m, and f 2 = —0.365. Substituting these in Eq. (13.2.5) 
with n = 1 gives the floor displacements due to the first mode: 


ui(f) = 


u i (f) 
u 2 {t) 


1.365 


0.3871 

1 


)flt(?)= j 


0.5284 

1.365 


01(0 


(d) 
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(a) 



(b) 


Figure E13.4 


The joint rotations associated with these floor displacements are determined from Eq. (d) of 
Example 9.9 by substituting ui from Eq. (d) for u ( : 


uoi (f) = 


' m 3 (0 1 

~ -0.4426 -0.2459" 

“4(0 1 _ 1 

-0.4426 -0.2459 

M 5 (f) I h 

0.9836 -0.7869 

, Mg(f) J | 

0.9836 -0.7869 _ 


’ -0.5696 ] 

1 

-0.5696 

h 

-0.5544 f 01(0 


-0.5544 J 


0.5284 

1.365 


£>l(f) 


(e) 


Similarly, the floor displacements 112 (f) and joint rotations 1102 (f) due to the second mode are 
determined: 


U2(0 


102 (f) 


f Ml(f) 1 

1 M 2 (f) J 2 


0.4716 

-0.3651 


£> 2(0 


M 3 (f) I 

-0.1189 ] 

114 (f) 1 1 

-0.1189 | 

M5(0 I h 

0.7511 

, “6 (f) J 2 

0.7511 J 


£> 2(0 


(0 


Combining the contributions of the two modes gives the floor displacements and joint 
rotations: 


n(f) = ui (0 + 112(f) uo (0 = uoi(f) + 1102(f) 


(g) 


(b) Element forces. Instead of implementing step 5 of the procedure (Section 13.2.4), 
we will illustrate the computation of element forces from the floor displacements and joint 
rotations by using the beam stiffness coefficients (Appendix 1). For example, the bending 
moment at the left end of the first-floor beam (Fig. El3.4b) is 


4 El 2 El 6EI 6 El 

Ma — ^ T T Mfl 


(h) 
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The vertical displacements u a and Ub are zero because the columns are assumed to be axially 
rigid; joint rotations 9 a = 3 and 9b = 114 , where M 3 and 114 are known from Eqs. (e), (f), and 
(g); thus 

0.5696 0.1189 

0a(f) = - t—Di (t) -—£>2(0 e b (t)=9 a (t) ( 1 ) 

h h 

Substituting for u a , Ub, 9 a , and 9b in Eq. (h), replacing El by 2 El, and using D n {t) = 
A n (t)/a>l gives 

M a (t) = mh [—0.7077Ai(0 - 0.0209A 2 (r)] M b (t) = M a (t ) (j) 

Equations for forces in all beams and columns can be obtained similarly. 

Comparing the two terms in Eq. (j) for M a (t ) with Eq. (13.2.8) indicates that M st ^ — 
—O.lOllmh and = —0.0209m/i. These modal static responses could have been obtained 
by static analysis of the structure due to s„ determined from Eq. (13.2.4). 

The various response quantities have been expressed in terms of D n ( t ) and A n (f); these 
responses of the nth-mode SDF system to given ii g (t ) can be determined by numerical time¬ 
stepping methods (Chapter 5). 


13.2.5 Effective Modal Mass and Modal Height 

In this section physically motivated interpretations of M* and h*, introduced in 
Eq. (13.2.9a), are presented. The base shear due to the nth mode (Fig. 13.2.3a) is obtained 
by specializing Eq. (13.2.8) for 14: 

Vte(r) = V&A n (t) (13.2.12a) 

which after substituting for Vf n from Table 13.2.1 becomes 

Vta(f) = M*A n {t) (13.2.12b) 

In contrast to Eq. (13.2.12b), the base shear in a one-story system (Fig. 6.2.1a) with lumped 
mass in is given by Eq. (6.7.3). Defining the natural frequency of this system as a>„ and its 
damping ratio as f n —the same as the vibration properties of the nth mode of the multistory 
building—Eq. (6.7.3) becomes 


V b (t) = mA n {t) (13.2.13) 

Comparing Eqs. (13.2.12b) and (13.2.13) indicates that if the mass of this SDF system 
were M* (Fig. 13.2.3b), its base shear would be the same as V bn , the /nil-mode base shear 
in a multistory system with its mass distributed among the various floor levels. Thus M* 
is called the base shear effective modal mass or, for brevity, effective modal mass. 

Equation (13.2.13) implies that the total mass m of a single-mass system is effec¬ 
tive in producing the base shear. This is so because the mass and hence the equivalent 
static force are concentrated at one location. In contrast, only the portion M* of the mass 
of a multistory building is effective in producing the base shear due to the nth mode be¬ 
cause the building mass is distributed among the various floor levels (Fig. 13.2.3a) and the 
equivalent static forces [Eq. (13.1.11)] vary over the height as mj(/)j n [Eq. (13.2.4)]. This 
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(a) (b) 

Figure 13.2.3 (a) Equivalent static forces and base shear in the nth mode; (b) one-story 

system with effective modal mass and effective modal height. 

portion depends on the distribution of the mass of the building over its height and on the 
shape of the mode, as indicated by Eqs. (13.2.9a) and (13.2.3). As intuition might suggest, 
the sum of the effective modal masses M* over all the modes is equal to the total mass of 
the building (see Derivation 13.1): 

N N 

= (13.2.14) 

n=l j= 1 

Now we compare the base overturning moment equations for multistory and one- 
story systems. The base overturning moment in a multistory building due to its nth mode 
is obtained by specializing Eq. (13.2.8) for M b \ 

M bn (t) — Mf n A n (t) (13.2.15a) 

which after substituting for Mf n from Table 13.2.1 becomes 

M hn (t) — h*Vb„(t) (13.2.15b) 

In contrast, the base overturning moment in a one-story system with mass m lumped at 
height h above the base is given by Eq. (6.7.3), repeated here for convenience: 

M b (t) = h V b (t) (13.2.16) 

Comparing Eqs. (13.2.15b) and (13.2.16) indicates that if the mass of this SDF system were 
M* and it were lumped at height h* (Fig. 13.2.3b), its base overturning moment would be 
the same as M bn , the nth-mode base overturning moment, in a multistory building with 
its mass distributed among the various floor levels. Thus h* is called the base-moment 
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effective modal height or, for brevity, effective modal height. It may also be interpreted as 
the height of the resultant of the forces s„ (Fig. 13.2.2a) or of the forces fj n ( t ) (Fig. 13.2.3a). 

Equation (13.2.16) implies that the total height h of a single mass system is effective 
in producing the base overturning moment. This is so because the mass of the structure and 
hence the equivalent static force is concentrated at height h above the base. In contrast, the 
effective modal height h * is less than the total height of the building because the building 
mass and hence the equivalent static forces are distributed among the various floor levels; 
h* depends on the distribution of the mass over the height of the building and on the shape 
of the mode [Eqs. (13.2.9) and (13.2.3)]. The sum of the first moments about the base of 
the effective modal masses M* located at effective heights h* is equal to the first moment 
of the floor masses about the base (see Derivation 13.2): 

N 1 V 

E^< = EV») (13-2.17) 

«=i j =i 

For some of the modes higher than the fundamental mode, the effective modal height 
may be negative. A negative value of h* implies that the modal static base shear Vff and 
the modal static base overturning moment Mf n for the nth mode have opposite algebraic 
signs; the Mf and Vf\ for the first mode are both positive, by definition. 

Derivation 13.1 

Premultiplying both sides of Eq. (13.2.2) by l T gives 

N 

l r ml = ^r„(l r m< p n ) 

n= 1 

Noting that m is a diagonal matrix with mjj = nij , this can be rewritten as 

N N 

E m j = E 

i =1 n =1 

This provides a proof for Eq. (13.2.14) because the nth term on the right side is M* 

(Table 13.2.1). 

Derivation 13.2 

A modal expansion of the force vector mh where h = (hi /12 ■ ■ ■ h^) T is obtained by 

substituting s = mh in Eqs. (12.8.2) and (12.8.3): 



Premultiplying both sides by 1 T gives 
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Noting that m is a diagonal matrix with mjj = nij, this can be rewritten as 

N N „ N 



wherein Eq. (13.2.9) has been used. This provides a proof for Eq. (13.2.17). 

Example 13.5 

Determine the effective modal masses and effective modal heights for the two-story shear 
frame of Example 13.2. The height of each story is h. 

Solution In Example 13.2 the m, k, a> n , and cf> n for this system were presented, and L[\ 
and M n for each of the two modes computed. These are listed next, together with the new 
computations for M* and h*. For the first mode: Lj = 2m, M\ = 3m/2, M* = (L^) 2 /M\ = 
|m, L® = h(2m)^+2h(m)l = 3hm,andh* = Lj/Lj = 3hm/2m = 1.5/;. Similarly, for the 
second mode: L?,' = —m. Mi = 3m, M* = (Lj ) 2 /Mi = j m , L® = h(2m)(—Y) + 2h(m)l = 
0, and/;* = L 9 2 /L^ = 0. 

Observe that M* + M* = 3m, the total mass of the frame, confirming that Eq. (13.2.14) 
is satisfied; also note that the effective height for the second mode is zero, implying that the 
base overturning moment Mbi(t) due to that mode will be zero at all t. This is an illustration 
of a more general result developed in Example 13.6. 

Example 13.6 

Show that the base overturning moment in a multistory building due to the second and higher 
modes is zero if the first mode shape is linear (i.e., the floor displacements are proportional to 
floor heights above the base). 

Solution Equation (13.2.15) gives the nth-mode contribution to the base overturning mo¬ 
ment. A linear first mode implies that (pj\ = hj/h^, where hj is the height of the /th floor 
above the base and h at is the total height of the building. Substituting hj = hN^jl * n (13.2.9b) 
gives 


N 



and this is zero for all n / 1 because of the orthogonality property of modes. Therefore, for 
all n^l,h* = 0 from Eq. (13.2.9a) and M bn (t) = 0 from Eq. (13.2.15). 

13.2.6 Example: Five-Story Shear Frame 

In this section the earthquake analysis procedure summarized in Section 13.2.4 is imple¬ 
mented for the five-story shear frame of Fig. 12.8.1, subjected to the El Centro ground 
motion shown in Fig. 6.1.4. The results presented are accompanied by interpretive 
comments that should assist us in developing an understanding of the response behavior of 
multistory buildings. 

System properties. The lumped mass = m = 100 kips/g at each floor, 
the lateral stiffness of each story is kj = k = 31.54 kips/in., and the height of each 
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story is 12 ft. The damping ratio for all natural modes is = 5%. The mass matrix m, 
stiffness matrix k, natural frequencies, and natural modes of this system were presented 
in Section 12.8. For the given k and m, the natural periods are T n = 2.0, 0.6852, 0.4346, 
0.3383, and 0.2966 sec. (These natural periods, which are much longer than for typical 
five-story buildings, were chosen to accentuate the contributions of the second through 
fifth modes to the structural response.) Thus steps 1, 2, and 3 of the analysis procedure 
(Section 13.2.4) have already been completed. 

Modal expansion of ml. To implement step 4 of the analysis procedure (Sec¬ 
tion 13.2.4), the modal properties M„, L h n , and L® are computed from Eqs. (13.2.3) and 
(13.2.9b) using the known modes <p n (Table 13.2.2). The T„ are computed from Eq. (13.2.3) 


TABLE 13.2.2 MODAL PROPERTIES 


Mode 

M n 

L h 

L s Jh 

1 

1.000 

1.067 

3.750 

2 

1.000 

-0.336 

0.404 

3 

1.000 

0.177 

0.135 

4 

1.000 

-0.099 

0.059 

5 

1.000 

0.045 

0.023 


and substituted in Eq. (13.2.4), together with values for mj and to obtain the s„ vectors 
shown in Fig. 13.2.4. Observe that the direction of forces s„ is controlled by the algebraic 
sign of (pj n (Fig. 12.8.2). Hence, these forces for the fundamental mode act in the same 
direction, but for the second and higher modes they change direction as one moves up the 
structure. The contribution of the fundamental mode to the force distribution s = ml of 
the effective earthquake forces is the largest, and the modal contributions to these forces 
decrease progressively for higher modes. 


//////, 

ml 


► 1.252m 

► 1.150m 


►0.956m 


—►0.684m 

►0.356m 


777777 , 

S, 


+ 


-0.362m 
« -0.112m 
0.215m 
-►0.394m 
0.301m 


+ 


►0.159m 

-0.113m 

-0.191m 

0.059m 

►0.208m 


777777 , 

So 


+ 


-0.063m 
► 0.116m 
-0.033m 
-0.088m 
»0.106m 


//////, 

s„ 


+ 


0.015m 

-0.040m 

0.053m 

-0.049m 

0.029m 


777777 , 

Sc 


Figure 13.2.4 Modal expansion of ml. 


Modal Static responses. Table 13.2.3 gives the results for four response 
quantities—base shear V*, fifth-story shear V 5 , base overturning moment M/ m , and roof 
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TABLE 13.2.3 MODAL STATIC RESPONSES 


Mode 

V bJ m 

v 5> 

M bJ mh 

u st 

U 5n 

1 

4.398 

1.252 

15.45 

0.127 

2 

0.436 

-0.362 

-0.525 

-0.004 

3 

0.121 

0.159 

0.092 

0.0008 

4 

0.037 

-0.063 

-0.022 

-0.0002 

5 

0.008 

0.015 

0.004 

0.00003 


displacement « 5 —obtained using the equations in Table 13.2.1 and the known s jn , , 
and o>\ (step 5a of Section 13.2.4). Observe that the modal static responses are largest 
for the first mode and decrease progressively for higher modes. The effective modal 
masses M* = V^ n and effective modal heights h* = Mf n /V^ n are shown schemati¬ 
cally in Fig. 13.2.5; note that h* are plotted without their algebraic signs. Observe that 
Y M* = 5m, confirming that Eq. (13.2.14) is satisfied. Also note that Y,h*M* = 1 5mh: 
this is the same as Y hj m j — 15 mh, confirming that Eq. (13.2.17) is satisfied. 


m 



Figure 13.2.5 Effective modal masses and effective modal heights. 

Earthquake excitation. The ground acceleration u g {t) is defined by its numer¬ 
ical values at time instants equally spaced at every At. This time step At = 0.01 sec 
is chosen to be small enough to define ii g (t) accurately and to determine accurately the 
response of SDF systems with natural periods T n , the shortest of which is 0.2966 sec. 

Response Of SDF systems. The deformation response D n (t) of the nth-mode 
SDF system with natural period T n and damping ratio to the ground motion is deter¬ 
mined (step 5b of Section 13.2.4). The time-stepping linear acceleration method (Chap¬ 
ter 5) was implemented to obtain discrete values of D n at every At. For convenience, 
however, we continue to denote these discrete values as D n (t). At each time instant 
the pseudo-acceleration is calculated from A n (t) = a>lD„(t). These computations are 
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Figure 13.2.6 Displacement D n (t) and pseudo-acceleration A n {t) responses of modal SDF 
systems. 


implemented for the SDF systems corresponding to each of the five modes of the struc¬ 
ture, and the results are presented in Fig. 13.2.6. 

Modal responses. Step 5c of Section 13.2.4 is implemented to determine the 
contribution of the nth mode to selected response quantities: V&, V 5 , M hn , and m 5 . The 
modal static responses (Table 13.2.3) are multiplied by A„ (Fig. 13.2.6) at each time step 
to obtain the results presented in Figs. 13.2.7 and 13.2.8. 

These results give us a first impression of the relative values of the response con¬ 
tributions of the various modes. The modal static responses (Table 13.2.3) had suggested 
that the response will be largest in the fundamental mode and will tend to decrease in 
the higher modes. Such is the case in this example for roof displacement, base shear, 
and base overturning moment but not for the fifth-story shear. How the relative modal 
responses depend on the response quantity and on the building properties is discussed in 
Chapter 18. 

Total responses. The total responses, determined by combining the modal con¬ 
tributions r n (t) (step 6 of Section 13.2.4) according to Eq. (13.2.10), are shown in 
Figs. 13.2.7 and 13.2.8. The results presented indicate that it is not necessary to include 
the contributions of all the modes in computing the response of a multistory building; the 
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Figure 13.2.7 Base shear and fifth-story shear: modal contributions, 14„(f) and V^„(t), and total 
responses, 14(f) and 14 (I). 


lower few modes may suffice and the modal summations can be truncated accordingly. In 
this particular example, the contribution of the fourth and fifth modes could be neglected; 
the results would still be accurate enough for use in structural design. How many modes 
should be included depends on the earthquake ground motion and building properties. This 
issue is addressed in Chapter 18. 

Before leaving this example, we make three additional observations that will be es¬ 
pecially useful in Part B of this chapter. First, as seen in Chapter 6, the peak values 
of D n (t) and A n (t), noted in Fig. 13.2.6, can be determined directly from the response 
spectrum for the ground motion. This fact will enable us to determine the peak value of 
the /nil-mode contribution to any response quantity directly from the response spectrum. 
Second, the contribution of the nth mode to every response quantity attains its peak value 
at the same time as A n (1 ) does. Third, the peak value of the total response occurs at a 
time instant different from when the individual modal peaks are attained. Furthermore, 
the peak values of the total responses for the four response quantities occur at different 
time instants because the relative values of the modal contributions vary with the response 
quantity. 
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Figure 13.2.8 Roof displacement and base overturning moment: modal contributions, u$ n (t) and 
Mb n (t), and total responses, 115(f) and Mj(f). 


13.2.7 Example: Four-Story Frame with an Appendage 

This section is concerned with the earthquake analysis and response of a four-story build¬ 
ing with a light appendage—a penthouse, a small housing for mechanical equipment, an 
advertising billboard, or the like. This example is presented because it brings out certain 
special response features representative of a system with two natural frequencies that are 
close. 


System properties. The lumped masses at the first four floors are m ; = m, the 
appendage mass OT 5 = 0.01m, and m = 100 kips/g. The lateral stiffness of each of the first 
four stories is kj = k, the appendage stiffness £5 = 0.0012k, and k = 22.599 kips/in. The 
height of each story and the appendage is 12 ft. The damping ratio for all natural modes is 
= 5%. The response of this system to the El Centro ground motion is determined. The 
analysis procedure and its implementation are identical to Section 13.2.6; therefore, only a 
summary of the results is presented. 
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Figure 13.2.9 Natural periods and modes of vibration of building with appendage. 


TABLE 13.2.4 MODAL STATIC RESPONSES 





Mode 




1 

2 

3 

4 

5 

v bJ m 

1.951 

1.633 

0.333 

0.078 

0.015 

V |>5 

9.938 

-8.979 

0.046 

-0.007 

0.0001 


Summary Of results. The natural periods T n and modes </>„ of this system are 
presented in Fig. 13.2.9. Observe that T\ and Ti are close and the corresponding modes 
show large deformations in the appendage. Table 13.2.4 gives the modal static responses 
for the base shear V/, and appendage shear V 5 . Observe that V^ n for the first two modes 
are similar in magnitude and of the same algebraic sign; Vj* for the first two modes are 
also of similar magnitude but of opposite signs. The responses D n (t) and A n (t) of the 
SDF systems corresponding to the five modes of the system are shown in Fig. 13.2.10. 
Note that D„(t )—also ,4„ (t )—for the first two modes are essentially in phase because the 
two natural periods are close; the peak values are similar because of similar periods and 
identical damping in the two modes. 

The modal contributions to the base shear and to the appendage shear together with 
the total response are presented in Fig. 13.2.11. Observe that the response contributions 
of the first two modes are similar in magnitude because the modal static responses are about 
the same and the A n (t ) are similar. In the case of base shear, the two modal static responses 
are of the same algebraic sign, implying that the two modal contributions are essentially 
in phase [because so are A\{t) and A 2 (7)], and hence the combined base shear is much 
larger than the individual modal responses. In contrast, the modal static responses for the 
appendage shear are of opposite algebraic sign, indicating that the two modal contributions 
are essentially out of phase, and hence the combined appendage shear is much smaller 
than the individual modal responses. However, it is very large, being almost equal to 
its own weight. As a result, significant damage to appendages at the top of essentially 
undamaged structures has been observed during earthquakes. Two examples are shown in 
Figures 13.2.12 and 13.2.13. 
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Figure 13.2.10 Displacement D n (t) and pseudo-acceleration A„(f) responses of modal SDF sys¬ 
tems. 
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Figure 13.2.11 Base shear and appendage shear: modal contributions, Vb n (t ) and V 5 n (t), and total 
responses, Vb(t) and Vs(t). 
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Figure 13.2.12 The Hill Building in Anchorage, Alaska, after the Prince William Sound 
earthquake, March 27, 1964, Magnitude 9.2. Except for the damage to the penthouse 
wall (close-up), the building was essentially undamaged. (From the Steinbrugge Collec¬ 
tion, National Information Service for Earthquake Engineering, University of California, 
Berkeley.) 



Figure 13.2.13 The 1091 ft-high Tokyo Tower performed well during the Tohoku, Japan, 
earthquake, March 11, 2011, Magnitude 9.0, except that the top part bent permanently. 
Shown is the tower before and after, with a second focus on the bend near the top. (Cour¬ 
tesy of C. D. James and C. Bodnar-Anderson, National Information Service for Earthquake 
Engineering, University of California, Berkeley.) 
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13.3 MULTISTORY BUILDINGS WITH UNSYMMETRIC PLAN 


In this section the modal analysis of Section 13.1 is specialized for multistory buildings 
with their plans symmetric about the x-axis but unsymmetric about the y-axis subjected 
to ground motion u gy (t) in the v-direction. Equation (9.6.8b) governs the motion of the 
2N DOFs of the system. If the floor diaphragms have the same radius of gyration r (i.e., 
Ioj — r 2 mj), Eq. (9.6.8b) specializes to 


m 0 
0 r 2 m 


u, 

tie 


kyy kyg 

k 0y k 00 


u, 

Ufl 


m 0 
0 r 2 m 



(13.3.1) 


The general analysis procedure developed in Section 13.1 is applicable to unsymmetric- 
plan buildings because Eq. (13.3.1) is of the same form as Eq. (13.1.1). 


13.3.1 Modal Expansion of Effective Earthquake Forces 


The effective earthquake forces p e ff(0 are defined by the right side of Eq. (13.3.1): 


Peff (0 = 


q I ^gy(0 — SU gy (t) 


(13.3.2) 


The spatial distribution s of these effective earthquake forces can be expanded as a sum¬ 
mation of modal inertia force distributions s„ (Section 12.8): 

2 N 2N 

m (Pyn 


ml 

0 


} £iy z.iv -* 

n =1 n =1 


(13.3.3) 


In this equation <p vn includes the translations and the rotations of the N floors about a 
vertical axis in the nth mode (i.e., <p' n = ( cj) T <fil n )): 


yn 

L h 

r - zjl 

1 n — , . 


where 


and 


or 


L n = (<Ay„ <t>0n) ^ = ^.™ ml = Y2 m j<l>]yn 


M n = [4 > t 


m 


i=i 

0 VH 

4>6n 


(13.3.4) 


(13.3.5) 


M n = (t>], n m(j>y n + r 2 (t> T Bn m(t>8 n = ^ mj(f>j yn + r 2 J2> 


)=i 


)=i 


(13.3.6) 


where j denotes the floor number and m ; the floor mass. Equation (13.3.5) differs 
from Eq. (13.2.3b) for symmetric-plan systems because <p yn is not necessarily the same 
as 4>n- Equations (13.3.4) to (13.3.6) for T„ can be derived by premultiplying both 


















Sec. 13.3 Multistory Buildings with Unsymmetric Plan 


541 


sides of Eq. (13.3.3) by 0jT and using the orthogonality property of modes. In Eq. 
(13.3.3) the nth-mode contribution to the spatial distribution of effective earthquake 
forces is 


s \n | | - imp yn | 

Sen J "1 r 2 m0 e „ J 


(13.3.7) 


The /til element of these subvectors gives the lateral force Sj yn and torque Sj$ n at the yth 
floor level: 

Sjyn — r„mj(f>jy„ SjQ n — T n r~mj(j)jg n (13.3.8) 

Premultiplying each submatrix equation in Eq. (13.3.3) by 1 T , two interesting results 
can be derived: 


2 N N IN 


K = I*o„ = r 2 r n l T m(f>Q n (13.3.10) 

M n 

Although this equation for M* for unsymmetric-plan systems appears to be the same as 
Eq. (13.2.9a) for symmetric-plan systems, the two may not be identical because the mode 
shapes <f> yn and <p n in the two cases are not necessarily the same. We shall see later that M* 
is the base shear effective modal mass for the nth mode and also the modal static response 
for base shear. As for symmetric-plan buildings, Eq. (13.3.9a) implies that the sum of the 
effective modal masses over all modes is equal to the total mass of the building. As we 
shall see later, Ig n is the modal static response for base torque; their sum over all modes is 
zero according to Eq. (13.3.9b). 


Example 13.7 

Determine the modal expansion for the distribution of the effective earthquake forces for the 
system of Example 10.6 subjected to ground motion in the y-direction. Also compute the 
modal static responses for base shear and base torque, and verify Eq. (13.3.9) 


Solution The DOFs are the lateral displacement u y and rotation ug of the roof. With refer¬ 
ence to these DOFs, the natural frequencies and modes were determined in Example 10.6: 


a>\ = 5.878 a >2 = 6.794 rad/sec 


01 


-0.5228 1 
0.0493 J 


02 = 


-0.5131 1 
-0.0502 J 


Specializing Eqs. (13.3.6), (13.3.5), and (13.3.4) to a one-story system with roof mass m and 
radius of gyration r yields 

jji 

M n = m{4> 2 yn + r 2 4> 2 gn ) L h n = w0 yn T„ = -y- (a) 

Mn 

For this system, m = 1.863 kip-sec 2 /ft and r 2 = (b 2 + d 2 )/ 12 = (30 2 + 20 2 )/12 = 108.3 ft 2 
(see Example 10.6). In Eq. (a) with n = 1, substituting known values of m, r , (j> y \ , and <pg\, 
we obtain Mi = 1.863 [(—0.5228) 2 + 108.3(0.0493) 2 ] = 1.0, L\ = 1.863(—0.5228) = 
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—0.974, and Ti = —0.974. Similarly, in Eq. (a) with n = 2, substituting for m, r, <fi y 2 , and 
<f>g 2 , we obtain Mi = 1.0, L * = —0.956, and T 2 = —0.956. 

The modal expansion of the effective earthquake force distribution is obtained from 
Eq. (13.3.3) by specializing it to a one-story system: 


2 



n= 1 


(b) 


Substituting numerical values for T„, <j> y 


n , and r gives 

+ m 

This modal expansion is shown on the structural plan in Fig. E13.7. 
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Figure E13.7 Modal expansion of effective force vector shown on plan view of the 
building. 


Static analysis of the structure subjected to forces s n (Fig. E13.7) gives the modal static re¬ 
sponses for base shear and base torque: = 0.509 m and V^i, = 0.491 m; 7?j = —5.203 m 

and = 5.203 m. 

Specializing Eq. (13.3.10) to a one-story system gives 


h\ 2 


A#! = 


(K) 

M n 


! o„ = T n r mq 


(c) 


Substituting numerical values for T„, L h n , M„, r, m, and <j>g n gives 


M* = 0.509 m 


I* 0l = -5.203 m 


M\ = 0.491m 


Iq2 = 5.203 m 


Observe that these data show that M* + M* — m and /*j + /*-, = 0, which provides 
a numerical confirmation of Eq. (13.3.9) for this one-story (N — 1) system. Note that, as 
expected, = M* and = /*„. 


13.3.2 Modal Responses 


Displacements. The differential equation governing the nth modal coordinate is 
Eq. (13.1.7), with u g (t ) replaced by u gy (t) and T„ defined by Eqs. (13.3.4) to (13.3.6). Us¬ 
ing this r„, Eq. (13.1.10) gives the contribution u„(?) of the nth mode to the displacement 
u(f). The lateral displacement u v „ and torsional displacements Ug,, are 

U yn (t) = r n <p yn D n (t) Ug n (t) = r„4>g n D n (t) (13.3.11) 

In particular, the lateral and torsional displacements of the j th floor are 

jyn (f) = l /i 0jyn (0 UjOn U) “ 1 3i 0 jf)n Dn U) 


(13.3.12) 
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Building forces. The equivalent static forces f„ (t) associated with displacements 
u„(t) include lateral forces f yn (t) and torques f|9n (t). These forces are given by a general¬ 
ization of Eq. (13.1.11): 

(13.3.13) 

Sen ] 

The lateral force and torque at the / 1 h floor level are 

fjyn(.t ) — 1 SjynA n (t') fj9n(t) = Sj 9 nA n (t) (13.3.14) 

Then the response r due to the nth mode is given by Eq. (13.1.13), repeated here for 
convenience: 


fyn(t) I 

fon(t) I 


r n(t) = r„A n (t) (13.3.15) 

The modal static response r®‘ is determined by static analysis of the building due to external 
forces s yn and s g n . In applying these forces to the structure, the direction of forces is 
controlled by the algebraic sign of Oj yn and <pjg n . In particular for the fundamental mode, 
the lateral forces all act in the same direction, and the torques all act in the same direction 
(Fig. 13.3.1). However, for the second and higher modes, the lateral forces or torques, or 
both, will change direction as one moves up the structure. 

The modal static responses are presented in Table 13.3.1 for eight response quanti¬ 
ties: the shear V, and torque 7} in the z'th story, the overturning moment M, at the zth floor, 
the base shear 14, the base torque T h , and the base overturning moment M h . floor transla¬ 
tions iijy, and floor rotations ujg. The equations for forces are determined by static analysis 
of the building subjected to lateral forces s yn and torques Sg n (Fig. 13.3.1); and the results 
for Uj y and ujg are obtained by writing Eqs. (13.3.12) in a form similar to Eq. (13.3.15). 
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Figure 13.3.1 External forces Sj yn and sjq, 
for nth mode. 
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TABLE 13.3.1 MODAL STATIC RESPONSES 


Response, r 


Modal Static Response, rf 

Vi 

v. st 

in 

— 2-, j=i s iy n 

Mi 

K 

= J2j=i(hj — hi) Sjyn 

Ti 

Y'st 
1 in 

— Z—i j=i S jBn 

v b 

K 

— y2j= 1 s jyn — VnLn — M* 

M b 

Kn 

- Ejh 'VSjyn - VnL 6 n - h*M* 

T b 

r r St 

1 bn 

~ 2^j=\ s j9n — 1 0n 

u jy 

jyn 

— (r n/^n)4>jyn 

ujg 

zz s l 

jOn 

— (T/i/ OJ^)(f)jQn 


Parts of the equations for Vff , Mf n , and Tjf n are obtained by substituting Eq. (13.3.8) for 
Sj yn and Sjo n , Eq. (13.3.5) for L„, Eq. (13.3.10) for M* and I * Qn , and Eq. (13.2.9a) for h* 
with <j)j„ replaced by (j)j yn in Eq. (13.2.9b). 

Specializing Eq. (13.3.15) for \7 b , M b , and 1), and substituting for V^ n , Mf n , and T^ n 
from Table 13.3.1 gives 

V bn (t) = M*A n (t) T bn (t) = Ig n A n (t) M bn (t) = h*M*A n (t) (13.3.16) 

For reasons mentioned in Section 13.2.5, M* is called the effective modal mass and h* the 
effective modal height. 


Frame forces. In addition to the overall story forces for the building, it is desired 
to determine the element forces—bending moments, shears, etc.—in structural elements— 
beams, columns, walls, etc.—of each frame of the building. For this purpose, the lateral 
displacements u,„ of the z'th frame associated with displacements u„ in the floor DOFs of 
the building are determined from Eq. (9.5.21). Substituting Eq. (9.5.22) for a A ; and a 
K = K„ <,)> and Eq. (13.3.11) for u yn and u g n leads to 

u in (t) = T „(-yi<j>e n )D n (t) u in (t) = r n (cj) yn + XiCp 0n ) D n (t) (13.3.17) 

The first equation is for frames oriented in the x -direction and the second for frames in the 
y-direction. At each time instant, the internal forces in elements of frame i can be deter¬ 
mined from these displacements and joint rotations (see Example 13.4) using the element 
stiffness properties (Appendix 1). 

Alternatively, equivalent static forces f,„ can be defined for the z'th frame with lateral 
stiffness matrix k A , if the frame is oriented in the x-direction or k V! - for a frame along the 
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Figure 13.3.2 Equivalent static forces for 
the i th frame associated with response of the 
building in its nth natural mode. 


y-direction. Thus 

f;„(0 = k v ,u/„ (r) = (r n /col)k X i(-yi^>en)A n (t) (13.3.18a) 

f i„(t) = k v ,u,„ (f) = ( r n /col)k yi ((j)y n + Xi4>g n )A n (t ) (13.3.18b) 

where Eqs. (13.3.17) and (13.1.12) are used to obtain the second part of these equations. 
At each instant of time the element forces are determined by static analysis of the i th frame 
subjected to the lateral forces f,„(f) shown in Fig. 13.3.2. 

13.3.3 Total Response 

Combining the response contributions of all the modes gives the total response of the 
unsymmetric-plan building to earthquake excitation: 

2 N IN 

r{t) = £>( 0 = J>,fA„(0 (13.3.19) 

n= 1 n =1 

wherein Eq. (13.3.15) has been substituted for r n (t), the nth-mode response. 

13.3.4 Summary 

The response history of an N -story building with plan unsymmetric about the y-axis to 
earthquake ground motion in the y-direction can be computed by the procedure just devel¬ 
oped, which is summarized next in step-by-step form: 

1. Define the ground acceleration u gy (t ) numerically at every time step At. 

2. Define the structural properties. 

a. Determine the mass and stiffness matrices from Eqs. (13.3.1) and (9.5.26). 

b. Estimate the modal damping ratios £„ (Chapter 11). 

3. Determine the natural frequencies co n (natural periods T„ = 2n/u>„) and natural 
modes of vibration (Chapter 10). 

4. Determine the modal components = (s yn s'l jn )— defined by Eqs. (13.3.7) and 
(13.3.8)—of the effective force distribution. 
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5. Compute the response contribution of the nth mode by the following steps, which 

are repeated for all modes, n = 1,2,..., 2N: 

a. Perform static analysis of the building subjected to lateral forces s yn and torques 
s g„ to determine r® 1 , the modal static response for each desired response quantity 
r (Table 13.3.1). 

b. Determine the deformation response D n (t) and pseudo-acceleration response 
A„(t) of the nth-mode SDF system to ii gy (t), using numerical time-stepping 
methods (Chapter 5). 

c. Determine r n (t) fromEq. (13.3.15). This equation may also be used to determine 
the element forces in the ith frame provided that the modal static responses are 
derived for these response quantities. Alternatively, these internal forces can 
be determined by static analysis of the frame subjected to the lateral forces of 
Eq. (13.3.18). 

6. Combine the modal contributions r n (t) to determine the total response using 


Eq. (13.3.19). 


Only the modes with significant response contributions need to be included in modal 
analysis. The system considered has coupled lateral-torsional motion in 2 N modes or N 
pairs of modes. For many buildings both modes in a pair have similar natural frequencies 
and responses of similar magnitude (see Example 13.8). Usually, only the lower few pairs 
of modes contribute significantly to the response. Therefore, steps 3, 4, and 5 need to 
be implemented only for these modal pairs, and the modal summation in step 6 truncated 
accordingly. 

Extension to arbitrary-plan buildings. The procedure just summarized is for 
earthquake analysis of multistory buildings with plan unsymmetric about one axis, say the 
y-axis, but symmetric about the other axis, the x-axis, subjected to ground motion in the 
y-direction. This procedure can be extended to multistory buildings with arbitrary plan 
that has no axis of symmetry. In this case the system with 3 N dynamic degrees of freedom 
is governed by Eq. (9.6.7) and will respond in coupled x -lateral, y-lateral, and torsional 
motions when excited by ground motion in the x or y directions. 

Example 13.8 

Determine the response of the system of Examples 13.7 and 10.6 with modal damping ratios 
£„ = 5% to the El Centro ground motion acting along the y-axis. The response quantities of 
interest are floor displacements, base shear, and base torque in the building, and base shear in 
frames A and B. 

Solution Steps 1 to 4 of the analysis procedure (Section 13.3.4) have already been imple¬ 
mented in Examples 10.6 and 13.7. 

Step 5a: The modal static responses for base shear and base torque are (from Example 
13.7): V*\ = 0.509m and V^ = 0.491m; T*\ = -5.203m and T fc s ‘ = 5.203m. The modal 
static responses for the lateral displacement u y and rotation ug of the roof are obtained by 
specializing the equations in Table 13.3.1 for this one-story system: 
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Figure E13.8a Displacement D n (I) and pseudo-acceleration A„(f) responses of modal SDF 
systems. 


15 


Substituting numerical values for T„, (f > yn , and <f>g n (from Example 13.7) for the first mode 
in Eq. (a) gives u s yl = 0.509/cUj and = —0.0480/cuj. Similarly, for the second mode, 

up 2 = 0.491/o> 2 and u g 2 = 0.0480/a)2- Observe that the modal static responses u yn and V^ n 
for the two modes are similar in magnitude and of the same algebraic sign; uf n and Tj^ for 
the two modes are also of similar (identical for a one-story system) magnitude but of opposite 
signs. 

Step 5b: Response analysis of the first-mode SDF system {T\ = 2tc/cl>\ = 27r/5.878 = 
1.069 sec and fi = 5%) and the second-mode SDF system (73 = 2jr/a> 2 = 2n/6.194 — 
0.9248 sec and (3 = 5%) to the El Centro ground motion gives the D n (t) and A„(t) shown in 
Fig. E13.8a. Observe that D n (t) —also A n (t )—for the two modes are similar and roughly in 
phase because their natural periods are similar. 

Step 5c: Substituting and T?^ from step 5a in Eq. (13.3.15) gives the contributions 
of the nth mode to the base shear and base torque: 

V bl (t) = 0.509mAi(f) T bl {t) = -5.203mAi(f) (b) 

V h2 (t) = 0.491mA 2 (f) T hl (t) = 5.2037nA 2 (t) (c) 

Figure E13.8b shows V bn (t) and T bll (t ) computed from Eqs. (b) and (c) using m = 
1.863 kip-sec 2 /ft and the A n (t ) in Fig. E13.8a. 

Substituting u s yn and uf n from step 5a in Eq. (13.3.15) give the contributions of the nth 
mode to roof displacements: 

Uyi(t) = 0.509Di(f) ug\{t) = —0.0480Di(t) (d) 

u y 2 (t) = 0.491D 2 (r) u g2 (t) = 0.0480D 2 (t) (e) 

where D n (f) is in units of feet. Figure E13.8c shows u yn (t) and (b/2)ug n (t) computed from 
Eqs. (d) and (e) using the D n (t) in Fig. E13.8a. 

The lateral force for frame A is given by Eq. (13.3.18b) specialized for a one-story 

frame: 

f An (t) = k A [u y „ ( t ) + XAU0n (I)] (f) 

Substituting for k A = 75 kips/ft, x A = 1.5 ft, u yn (t ) and ug n (t ) from Eqs. (d) and (e) gives 
/ A i(0 = 32.80Z>i(/) kips f A2 (t) = 42.1902(0 kips 
where D n {t) are in feet. The base shear in a one-story frame is equal to the lateral force; thus 
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Figure E13.8b Base shear and base torque: modal contributions, Vbn(t) and Tb n (t), and total re¬ 
sponses, Vb(t) and Tb(t). 
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Figure E13.8c Lateral displacement and bj2 times roof rotation: modal contributions, u yn (t) and 
(b/2)ug n (l ), and total responses, u y (t) and ( b/2)ug(t ). 


the base shear due to the two modes is 

V fcA i(0 = 32.80D 1 (0 Vm 2(0 = 42.19£>2(0 (g) 

These base shears are computed using the known D„(f) from Fig. E13.8a and are shown in 
Fig. E13.8d. Note that the base shears for frame A alone and the building are identical because 
the system has only frame A in the y-direction and this frame carries the entire force. 

The lateral force for frame B is given by Eq. (13.3.18a) specialized for a one-story 

frame: 

fBn(t ) = k B [- y B ug„(t )] (h) 

Substituting for k B = 40 kips/ft, y B = 10 ft, ug n (t) from Eqs. (d) and (e) gives 
/fll(f) = 19.2DU0 f B 2 (t) = —19.2D 2 (0 
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Figure E13.8d Base shears in frames A and B : modal contributions, VbAn and VbBm and total 
responses, VbA and VbB- 


where D n ( t ) are in feet. The base shear due to the two modes is 

V b Bi (0 = 19.2DU0 V hH2 (t) = -19.21)2(0 

These base shears in frame B are computed using the known D„ (f) from Fig. E13.8a and are 
shown in Fig. E13.8d. 

Figure E13.8b-d show that the two modes contribute similarly to the response of this 
one-story system. This is typical of unsymmetric-plan systems where pairs of modes in a 
structure with one axis of symmetry (or triplets of modes if the system has no axis of symme¬ 
try) may have similar response contributions. 

Step 6: Combining the modal contributions gives the total response for this two-DOF 
system: 

r(t) = n(t) + r 2 (t) 

The combined values of lateral displacement, rotation, base shear, and base torque for the 
building, and base shear for frames A and B are shown in Fig. E13.8b-d. Observe that the 
combined response attains its peak value at a time instant different from when the modal peaks 
are attained. 

Interpretive Comments. Observe that the modal contributions to lateral displacement 
(and to base shear) are similar in magnitude because the modal static responses are about 
the same and the D n (t) and A n (t) are similar for the two modes (Fig. E13.8a). The modal 
contributions are roughly in phase because D n (t )—also A n (f)—for the two modes are roughly 
in phase and the two modal static responses are of the same algebraic sign. The peak of the 
total response is therefore much larger than the peaks of the modal responses. In contrast, 
the modal contributions to roof rotation (and to base torque), although similar in magnitude, 
are out of phase and the two modal static responses are of opposite algebraic sign. Therefore, 
the peak of the total response is only slightly larger than the peaks of the modal responses. 

Consider another one-story unsymmetric-plan system similar to the one analyzed in 
Example 13.8 (Fig. 9.5.1) but with a smaller e, say e = 0.5 ft instead of 1.5 ft. The two 
natural periods will now be much closer than for the structure analyzed in Example 13.8, and 
the D n ( t )—also A n ( t )—for the two modes will be essentially in phase. For such a system, 
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the modal contributions to lateral displacement (and to base shear) will be essentially in phase 
because the modal static responses are of the same sign; the two modal peaks will be almost 
directly additive, and the peak of the total response will be much larger than the peaks of the 
modal responses. On the other hand, the modal contributions to roof rotation (and to base 
torque) will have essentially opposite phase because the modal static responses are of the 
opposite sign; the two modal peaks will tend to cancel each other, and the peak of the total 
response will then be much smaller than the peaks of the modal responses. 

Example 13.9 

Identify the effects of plan asymmetry on the earthquake response of the one-story system of 
Example 13.8 by comparing its response with that of the symmetric-plan one-story system 
defined in Section 9.5.3. 

Solution The response of the symmetric-plan system to ground motion in the y-direction is 
governed by the second of the three differential equations (9.5.20). Dividing this equation by 
m and introducing damping gives the familiar equation for an SDF system: 

lly T ^l^yCOyUy T (Oylly - Mgy(t) (a) 

where a> y = yjk y /m. As mentioned in Section 9.5.3, the y-component of ground motion will 
only produce lateral response in the y-direction without any torsion about a vertical axis or 
displacements in the x-direction. The lateral displacement in the y-direction is 

Uy(t) = D(t,(Oy, Sy) (b) 

and the associated base shear in frame A is 

V bA = mA(t,cOy,Sy) (c) 


-Unsymmetric-plan system 

-Symmetric-plan system 



Figure E13.9 Responses of unsymmetric-plan system and symmetric-plan system. 
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where D(t, a> y , £) and A(t, u> y , f) denote the deformation and pseudo-acceleration responses, 
respectively, of an SDF system with natural frequency a> y and damping ratio f to ground 
acceleration ii gy (t). Frames B and C would experience no forces. 

For the symmetric-plan system associated with Example 13.8, a> y = 6.344 (see Exam¬ 
ple 10.7) and the damping ratio is the same, f = 5%. The response of this SDF system is 
computed from Eqs. (a) to (c) and shown in Fig. E13.9, where it is also compared with the 
response of the unsymmetric-plan system (Example 13.8). It is clear that plan asymmetry has 
the effect of (1) modifying the lateral displacement and base shear in frame A, and (2) caus¬ 
ing torsion in the system and forces in frames B and C that do not exist if the building plan 
is symmetric. In this particular case, the base shear in frame A is reduced because of plan 
asymmetry, but such is not always the case, depending on the natural period of the structure, 
ground motion characteristics, and the location of the frame in the building plan. 


13.4 TORSIONAL RESPONSE OF SYMMETRIC-PLAN BUILDINGS 

In this section the torsional response of multistory buildings with their plans nominally 
symmetric about two orthogonal axis is discussed briefly. Such structures may undergo 
“accidental” torsional motions for mainly two reasons: the building is usually not perfectly 
symmetric, and the spatial variations in ground motion may cause rotation (about the ver¬ 
tical axis) of the building’s base, which will induce torsional motion of the building even 
if its plan is perfectly symmetric. 

Consider first the analysis of torsional response of a building with a perfectly sym¬ 
metric plan due to rotation of its base. For a given rotational excitation ii g g(t), the gov¬ 
erning equations (9.6.9c) can be solved by the modal analysis procedure, considering only 
the purely torsional vibration modes of the building. This procedure could be developed 
along the lines of Section 13.3. It is not presented, however, for two reasons: (1) it is 
straightforward; and (2) in structural engineering practice, buildings are not analyzed for 
rotational excitation. Therefore, in this brief section we present the results of such analysis 
and compare them with building torsion recorded during an earthquake. 

Consider the building shown in Fig. 13.4.1, located in Pomona, California. This 
reinforced-concrete frame building has two stories, a partial basement, and a light pent¬ 
house structure. For all practical and code design purposes, the building has a nominally 
symmetric floor plan, as indicated by its framing plan in Fig. 13.4.2. The lateral force- 
resisting system in the building consists of peripheral columns interconnected by longitu¬ 
dinal and transverse beams, but the L-shaped exterior corner columns as well as the interior 
columns in the building are not designed especially for earthquake resistance. The floor 
decking system is formed by a 6-in.-thick concrete slab. The building also includes walls in 
the stairwell system—concrete walls in the basement and masonry walls in upper stories. 
Foundations of columns and interior walls are supported on piles. 

The accelerograph channels located as shown in Fig. 13.4.3 recorded the motion of 
the building during the Upland (February 28, 1990) earthquake, including three channels 
of horizontal motion at each of three levels: roof, second floor, and basement. The peak 
accelerations of the basement were 0.12g and 0.13g in the x and y directions, respectively. 
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Figure 13.4.1 First Federal Savings building, a two-story reinforced-concrete building 
(with a partial basement) in Pomona, California. (Courtesy of California Strong Motion 
Instrumentation Program.) 


These motions were amplified to 0.24g in the x-direction and 0.22g in the y-direction at 
the roof. The building experienced no structural damage during this earthquake. 

Some of the recorded motions are shown in Fig. 13.4.4. These include the 
x-translational accelerations at two locations at the basement of the building and at two 
locations at the roof level. By superimposing the motions at two locations on the roof in 
Fig. 13.4.5 it is clear that this building experienced some torsion; otherwise, these two 
motions would have been identical. Assuming the base to be rigid, its rotational accelera¬ 
tion is computed as the difference between the two x-translational records at the basement 
of the building divided by the distance between the two locations. This rotational base 
acceleration is multiplied by b/2, where the building-plan dimension b = 109.75 ft, and 
plotted in Fig. 13.4.6. The peak value of ( b/2)u g e(t ) is 0.029g, compared with the peak 
acceleration of 0.12g in the x-direction. 

The torsional response of the building to the rotational motion of the basement. 
Fig. 13.4.6, is determined by modal solution of Eq. (9.6.9c) with modal damping ratios 
of 5%. These damping ratios were estimated from the recorded motions at the roof and 
basement using some of the procedures mentioned in Chapter 11, Part A. The response 
history of the shear force in a selected column of the building is presented in Fig. 13.4.7. 
This is only a part of the element force due to the actual torsional motion of the building 
during the earthquake, as will be demonstrated next. 

Approximate values of the element forces due to recorded torsion can be determined 
at each instant of time by static analysis of the building subjected to floor inertia torques 
Ioju'jeit) at all floors (j = 1,2, ..., N), where / ()J is the moment of inertia of the /th 
floor mass about the vertical axis through O , the center of mass (CM) of the floor, and 
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Figure 13.4.2 Framing plan of First 
Federal Savings building. 
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Figure 13.4.3 Accelerograph channels in First Federal Savings building. 
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Figure 13.4.4 Motions recorded at First Federal Savings building during the Upland earthquake of 
February 28, 1990. 
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Figure 13.4.5 Motions recorded at two locations on the roof of First Federal Savings building during 
the Upland earthquake of February 28, 1990. 



Figure 13.4.6 Rotational acceleration of basement multiplied by b/2. [From De la Llera and Chopra 
(1994).] 
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Figure 13.4.7 Comparison of shear force (x component) in column 26 due to (1) recorded torsion 
of the building, and (2) computed torsional response of the building to rotational basement motion 
(After De la Llera and Chopra, 1994). 


u‘jg is the torsional acceleration of the jth floor diaphragm. By using these inertia forces 
as equivalent static forces, we have included the damping forces, and this is a source of 
approximation (see the last paragraph of Section 1.8.2). The results of these static analyses 
for the shear force in the same column are also presented in Fig. 13.4.7. 

This figure show that the peak force due to rotational basement motion is about 45% 
of the peak force due to the actual torsional motion of the building. The remaining 55% of 
the force arises, in part, because this building is not perfectly symmetric due to several fac¬ 
tors, the most obvious of them being the stairwell system shown in Fig. 13.4.2, and because 
the basement, which is under one-half of the floor plan, is not symmetrically located. 

Torsional motion of buildings with nominally symmetric plan, such as the building of 
Fig. 13.4.1, is usually called accidental torsion. Such motion contributes a small fraction 
of the total earthquake forces in the structure. For the building and earthquake considered, 
accidental torsion contributed about 4% of the total force (results not presented here), but 
larger contributions have been identified in the earthquake response of other buildings. 
The structural response associated with accidental torsion is not amenable to calculation 
in structural design for two reasons: (1) the rotational base motion is not defined, and 
(2) it is not practical to identify and analyze the effect of each source of asymmetry in 
a building with nominally symmetric plan. Therefore, building codes include a simple 
design provision to account for accidental torsion in symmetric and unsymmetric build¬ 
ings; in the latter case it is considered in addition to torsion arising from plan asymmetry 
(Section 13.3). Research has demonstrated deficiencies in this code provision. 


13.5 RESPONSE ANALYSIS FOR MULTIPLE SUPPORT EXCITATION 

In this section the modal analysis procedure of Section 13.1 is extended to MDF systems 
excited by prescribed motions ii g i(t) at the various supports (Z = 1,2,..., Nf) of the 
structure. In Section 9.7 the governing equations were shown to be the same as Eq. (13.1.1), 
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with the effective earthquake forces 

PeffO) = (13.5.1) 

/=1 

instead of Eq. (13.1.2). The modal Eq. (13.1.7) now becomes 

Ng 

Qn T C[ n T ^ ^ (13.5.2) 

1= 1 

where 

r„, = ^ L nl = 4> T n m L, M n = <j> T n m </>„ (13.5.3) 

The solution of Eq. (13.5.2) can be written as a generalization of Eq. (13.1.9): 

N g 

q„(t) = J2 r m D ni(t) (13.5.4) 

1=1 

where D„i ( t ) is the deformation response of the nth-mode SDF system to support acceler¬ 
ation iigi(t). 

The displacement response of the structure, Eq. (9.7.2), contains two parts: 

1. The dynamic displacements are obtained by combining Eqs. (13.1.3) and (13.5.4): 

N g N 

U(t) = EE T n i<j) n D n /(t) (13.5.5) 

/= 1 n =1 

2. The quasi-static displacements u' are given by Eq. (9.7.11). 

Combining the two parts gives the total displacements in the structural DOFs: 

N g N g I v 

u*(0 = ) ' Liu g i(t) + (13 - 5 - 6) 

Z=1 1=1 n =1 

The forces in structural elements can be obtained from the structural displacements 
u r (f) and prescribed support displacements m,(f) without additional dynamic analyses by 
using either of the two procedures mentioned in Section 9.10. In the first method, the 
element forces are calculated from the known nodal displacements using the element stiff¬ 
ness properties. This method is usually preferred in computer implementation of force 
calculations for multiple support excitation. It is instructive, however, to generalize the 
second method based on equivalent static forces. The rest of this section is devoted to this 
development. 

The equivalent static forces in the structural DOF are given by the last term on the 
leftside of Eq. (9.7.1): 

fs = ku' + k ? u 4 (13.5.7) 

Substituting Eq. (9.7.2) for u' and using Eq. (9.7.7) gives 


f s(t) = ku(f) 


(13.5.8) 
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These forces depend only on the dynamic displacements, Eq. (13.5.5). Therefore, 

N g N 

M) = E E r n MnD,At) (13.5.9) 

/=1 n=l 

which can be written in terms of the mass matrix by utilizing Eq. (10.2.4): 

N s N 

M) = E E r fl/ m <j> n A nl (t) (13.5.10) 

l=\ n— 1 


where 

A nl (t) = co 2 n D nl (t) (13.5.11) 

is the pseudo-acceleration response of the nth-mode SDF system to support acceleration 

The equivalent static forces along the support DOF are also given by the last term on 
the left side of Eq. (9.7.1): 

f Sg = k[u ; + k gg u g (13.5.12) 

Substituting Eq. (9.7.2) for u r and using Eq. (9.7.3) for the quasi-static support forces p s g (t) 
gives 

fsg(0 = kgU(f) + p* (f) (13.5.13) 

Observe that the support forces tg g depend on the displacements in the structural DOFs 
as well as on support displacements, and can no longer be obtained by statics from the 
force vector f v . This is different from Section 13.1, where for a structure excited at its only 
support, or excited by identical motion at all supports, the base shear could be determined 
from f s . By utilizing Eqs. (9.7.11) and (13.5.5), the support forces can be expressed as 

N g N g 1 V 

MO = E ( k s ' L ' + k 'J MO + E E r„zkj0„D„Kf) (13.5.14) 

1=1 1=1 n=l 

where is the 7th column of k gg . 

The element forces at each time instant are evaluated by static analysis of the struc¬ 
ture subjected to the forces fj(t) and fy,,(/j, given by Eqs. (13.5.10) and (13.5.14), re¬ 
spectively. Although this procedure was presented to show that the equivalent static force 
concept can be generalized to structures excited by multiple support excitation, as men¬ 
tioned earlier, in computer analysis it is usually preferable to evaluate the element forces 
directly from the nodal displacements using the element stiffness properties. 

Example 13.10 

In the two-span continuous bridge of Example 9.10, support A undergoes vertical motion 
u g (t), support B describes the same motion as A, but it does so t' seconds later, and support 
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C undergoes the same motion 2 t' after support A. Determine the following responses as a 
function of time: displacement of the two masses; bending moments at the midpoint of each 
span; and bending moment at the center support. Express all results in terms of D n (t) and 
A n (t), the displacement and pseudo-acceleration responses of the //th-mode SDF system to 
ii g (t). Compare the preceding results with the response of the bridge if all supports undergo 
identical motion u g (t). 

Solution 

1. Evaluate the natural frequencies and modes. The eigenvalue problem to be solved is 
k 0 = a> 2 m 0 


where Eqs. (c) and (e) of Example 9.10 give 
El r 

k = u[ 

Solution of the eigenvalue problem gives 


T 78.86 

30.86] 

r 1 i 

m = m\ 

L 30.86 

78.86 J 

l 1J 


ai\ = 6.928 


El 


mL 3 

01 = ( 

2. Determine T,,/ = L n i/M n . 

!- h ! = <Pn mt./ 


-1 

1 


c 02 = 10.47 


El 


iL 3 


02 = 


1 = 1,2,3, n = 1.2 


(a) 


(b) 

(c) 


Substituting for 0„ and m from Eqs. (c) and (a), respectively, and for /,/ from Eq. (g) of 
Example 9.10 gives 


L = 



—0.5000m 

0.3125m 


0 

1.375m 


0.5000/7/' <— mode 1 
0.3125/7/. •/— mode 2 


t t t 

MgJ Ug2 Ug2 


(d) 


77 = 1,2 

Substituting for 0„ and m gives M n = 2m, n = 1,2. Then T„/ = L„//M„ gives 

-0.25000 0 0.25000-1 4- mode 1 

0.15625 0.6875 0.15625 J 4- mode 2 

t t t 

iigl Ug2 Ug?, 

3. Determine the response of the nth-mode SDF system to u g i(t). Given u g \ ( t ) 
u g 2 (t) = iig(t — t'), iigiit) — iig(t — 2 1'). Then 

= ft) E) n 2{t) = D n (t — t ) D f! ;(/) = D n (t — 2 1 ) 

A„i(0 = A„(t) A n2 (t ) = A n (t - t') A n3 (t) = A„(t - It') (g) 

4. Determine the displacement response. In Eq. (13.5.6) with N = 2 and N g = 3, 
substituting for T„/, 0 f! , and D„/ from Eqs. (e), (c), and (f), respectively, and for i\ from 



(e) 

= ii g (t), 

(f) 
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Eq. (g) of Example 9.10 gives 


| u\ (t) 
1 u‘ 2 (t) 


0.40625 

-0.09375 


u g (t ) + 


0.6875 

0.6875 


u g (t - t') + 


-0.09375 

0.40625 


u g (t — 21') 


— 0.25 { {jojfO + oj j } £>i(r — r') + 0.25 j |}z>i(r-2f') 


+ 0.15625 | j J D 2 (t) + 0.6875 { j J D 2 (t - f) + 0.15625 { j J D 2 (t - It') (h) 

5. Compute the equivalent static forces. In Eq. (13.5.10) with N = 2 and N g = 3, 
substituting for m, <p n , T„/, and A„/(t ) from Eqs. (a), (c), (e), and (g), respectively, gives 

fj(f) = - 0.25 { “ j } mAj(r) + 0 { " j } mA\{t - t') + 0.25 { “ j } mA x (t - 2t') 


+ 0.15625 { j J mA 2 {t) + 0.6875 | j J mA 2 (t - t ') + 0.15625 { j J mA 2 (t - 21') (i) 


6. Compute the equivalent static support forces. In Eq. (13.5.12) substituting for k ? 
and kgg from Eq. (d) of Example 9.10 and u ! (t) from Eq. (h) gives 


r -0.125 1 f 0 1 1 0.125 1 

f Sg(t) = | 0 1 mA\{t) + | 0 i mA\{t — t') + \ 0 \mA\{t — 2t') 

l 0.125 J l 0 J l -0.125 J 


1 -0.0488 1 [ -0.2149 1 [ -0.0488 1 

+ | -0.2148 | mA 2 (t) + | -0.9454 \ mA 2 (t - t') + j -0.2148 1 mA 2 (t - 2 1') 

l -0.0488 J l -0.2149 J l -0.0488 J 


+ 


1.5 

-3.0 

1.5 


El 

-jjUg(t) + 


6 | jjugit - f ) + 


15] 

-3 \u g {t-2t') 

1.5 J 


(j) 


where Eq. (b) was used to express £7/L 3 in terms of cu n and Eq. (13.5.11) to express D n i 
in terms of A„;. The equivalent static forces given by Eqs. (i) and (j) are shown in Fig. 
E13.10. Observe that at each time instant, these forces defined by Eqs. (i) and (j) are in 
equilibrium. 


Jsgl Jsi Jsg2 Js2 Jsg2 



Figure E13.10 


7. Compute the bending moments. The bending moments Mo, Me, and Mb at the 
locations of the left mass, right mass, and support B, respectively, are obtained by static 
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analysis of the system subjected to the forces shown in Fig. El 3.10: 


M d = rail -0.0625A 1 (r) + 0A 1 (f-r') + 0.0625Ai(/-2r') 


+ mL\ — 0.0244A 2 (0 - 0.1074A 2 (r - t') - 0.0244A 2 (r - 2 t') 


E [ ^Q.15u g (t) - 1.50« g (f - /') + 0.15u g (t - 2t')\ 


M e = mLl 0.0625Ai(?) + 0Ai(r - t') - 0.0625Ai(r - It') 


+ mLl - 0.0244A 2 (r) - 0.1074A 2 (r - t') - 0.0244A 2 (r - 2 1 ') 


+ ( 0.75« g (0 - l.50u g (t - t') + 0.15iig{t - It') 


M b = mLl 0.0293 A 2 (t) + 0.1289A 2 (r - t') + 0.0293A 2 (f - 2 1') 


El 

+ —7 ( 1.5 u g {t) — 3.0 Ug(t — t ) + 1.5«g(r — 21) 


(k) 


( 1 ) 


(m) 


Observe that the first mode does not contribute to Mb because B is a point of inflection 
for this mode. 

8 . Identical support motions. If all the supports undergo identical motion u g (t), the 
motion of the structure is given by Eq. (13.1.15), where r„ is defined by Eq. (13.1.5) with 
b = 1. For this system 

Fi = 0 r 2 = 1 


When we substitute these data, Eq. (13.1.15) gives 

u(r) = r 2 </> 2 £> 2 (0 = { J } D 2 (t) (n) 

Observe that the first mode, which is antisymmetric, is not excited by the symmetric excitation, 
and all the response is due to the second mode. 

The equivalent static forces are given by Eq. (13.1.11): 

f sit) = r 2 m <M 2 (f) = in { | ) A 2 (0 (o) 

The support forces can be obtained by static analysis of the bridge subjected to the external 
forces of Eq. (o). Alternatively, the support forces are given by Eq. (j), specialized by substi¬ 
tuting A 2 (0 = A 2 (t — t') = A 2 (t — 21') and u g (t) = u g (t — t') — u g (t — 21'). Either method 
gives 

1 -0.3125 1 

fsg(0 = 1 -1-3750 > mA 2 (t) (p) 

[ -0.3125 J 

Determined by static analysis of the structure due to the forces of Eq. (o), the bending 
moments are 


Mq = —0.15625mLA 2 (f) Me = —0.15625mLA 2 (t) Mb = 0.1875;nLA 2 (f) (q) 
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9. Comparison. If the support motions are identical, the quasi-static forces p^(t) in 
Eq. (13.5.13) are zero, there is no quasi-static component in the bending moments, and all 
support forces and internal forces can be computed directly (by statics) from the equivalent 
static forces in the structural DOFs. In contrast, if the support motions are different, the 
calculation of forces is more involved. In particular, the quasi-static forces associated with 
the different displacements of the supports must be included, and support forces cannot be 
obtained from only the equivalent static forces in the structural DOF. 


13.6 STRUCTURAL IDEALIZATION AND EARTHQUAKE RESPONSE 

With the development of earthquake analysis procedures presented in this chapter and the 
availability of modern computers, it is now possible to determine the linearly elastic re¬ 
sponse of an idealization (mathematical model) of any structure to prescribed ground mo¬ 
tion. How well the computed response agrees with the actual response of a structure during 
an earthquake depends primarily on the quality of the structural idealization. 

To illustrate this concept, we return to the natural periods and damping ratios for the 
Millikan Library building. Presented in Chapter 11 were these data from low-amplitude 
forced vibration tests, and from the Lytle Creek and San Fernando earthquakes, which 
caused roof accelerations of approximately 0.05g and 0.3lg, respectively. These results 
demonstrated that with increasing levels of motion the natural periods lengthen and the 
damping ratios increase. The loss of stiffness indicated by this period change is be¬ 
lieved to be primarily the result of cracking and other types of degradation of the non- 
structural elements during the higher-level earthquake responses, especially from the San 
Fernando earthquake. A nonlinear structural idealization having stiffness and damping 
properties varying with deformation level would be necessary to reproduce this period 
change and to describe the behavior of a structure through the complete range of deforma¬ 
tion amplitudes. 

However, if the structure experiences no structural damage, good estimates of the 
response during the earthquake can usually be computed from an equivalent linear model 
with viscous damping. If the computed natural periods and modes and the estimated damp¬ 
ing ratios represent the properties of the structure during the earthquake, the modal analysis 
procedure (Sections 13.1 to 13.3) will accurately predict “linear” response. This has been 
demonstrated by numerous analyses of recorded motions of structures during earthquakes; 
one such example is the response of the Millikan Library building during the San Fernando 
earthquake (Figs. 11.1.3 and 11.1.4). Using the natural periods and damping ratios of this 
building determined from these recorded motions and system identification procedures (Ta¬ 
ble 11.1.1), the displacement response of this building to the basement motion calculated 
by modal analysis was shown to agree almost perfectly with the displacements (relative to 
the ground) shown in Fig. 11.1.5, which were determined from the accelerations recorded 
at the roof and at the basement. 

The usual situation, however, is different in the sense that the natural periods and 
modes are computed from an idealization of the structure. It is the quality of this ide¬ 
alization that determines the accuracy of response. Therefore, only those structural and 
nonstructural elements that contribute to the mass and stiffness of the structure at the 
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amplitudes of motion expected during the earthquake should be included in the structural 
idealization; and their stiffness properties should be determined using realistic assump¬ 
tions. Similarly, as discussed in Chapter 11, selection of damping values for analysis of a 
structure should be based on available data from recorded earthquake responses of similar 
structures. 


PART B: RESPONSE SPECTRUM ANALYSIS 


13.7 PEAK RESPONSE FROM EARTHQUAKE RESPONSE 
SPECTRUM 

The response history analysis (RHA) procedure presented in Part A provides structural 
response r (t) as a function of time, but structural design is usually based on the peak values 
of forces and deformations over the duration of the earthquake-induced response. Can the 
peak response be determined directly from the response spectrum for the ground motion 
without carrying out a response history analysis? For SDF systems the answer to this 
question is yes (Chapter 6). However, for MDF systems the answer is a qualified yes. The 
peak response of MDF systems can be calculated from the response spectrum, but the result 
is not exact—in the sense that it is not identical to the RHA result; the estimate obtained 
is accurate enough for structural design applications, however. In Part B we present such 
response spectrum analysis (RSA) procedures for structures excited by a single component 
of ground motion; thus simultaneous action of the other two components is excluded and 
multiple support excitation is not considered. However, these more general cases have been 
solved by researchers, and the interested reader should consult the published literature. 

13.7.1 Peak Modal Responses 

The peak value r no of the nth-mode contribution r„ (t) to response r(t) can be obtained 
from the earthquake response spectrum or design spectrum. This becomes evident from 
Eq. (13.1.13) by recalling that the peak value of A„(t) is available from the pseudo¬ 
acceleration spectrum as its ordinate A(T ni £„), denoted as A„, for brevity. Therefore, 

fno = r n An (13.7.1) 

The algebraic sign of r no is the same as that of because A„ is positive by definition. 
Although it has an algebraic sign, r no ' will be referred to as the peak modal response 
because it corresponds to the peak value of A n (t). This algebraic sign must be retained 
because it can be important, as will be seen in Section 13.7.2. All response quantities r„(t) 
associated with a particular mode, say the nth mode, reach their peak values at the same 


The notation r no should not be confused with the use of a subscript o in Chapter 6 to denote the maximum 
(over time) of the absolute value of the response quantity, which is positive by definition. 
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time instant as A n (t) reaches its peak (see Figs. 13.2.6 to 13.2.8, 13.2.10, 13.2.11, and 
E13.8a-d). 

13.7.2 Modal Combination Rules 


How do we combine the peak modal responses r no ( n = 1,2,..., N) to determine the 
peak value r 0 = max, \r(t)\ of the total response? It will not be possible to determine 
the exact value of r D from r, w because, in general, the modal responses r n (t) attain their 
peaks at different time instants and the combined response r(t) attains its peak at yet a 
different instant. This phenomenon can be observed in Fig. 13.2.7b, where results for the 
shear in the top story of a five-story frame are presented. The individual modal responses 
V 5n (t), n — 1, 2,..., 5, are shown together with the total response V 5 (f). 

Approximations must be introduced in combining the peak modal responses r no 
determined from the earthquake response spectrum because no information is available 
when these peak modal values occur. The assumption that all modal peaks occur at the 
same time and their algebraic sign is ignored provides an upper bound to the peak value of 
the total response: 

N 

(13.7.2) 

n= 1 


This upper-bound value is usually too conservative, as we shall see in example computa¬ 
tions to be presented later. Therefore, this absolute sum (ABSSUM) modal combination 
rule is not popular in structural design applications. 

The square-root-of-sum-of-squares (SRSS) rule for modal combination, developed 
in E. Rosenblueth’s Ph.D. thesis (1951), is 


r 



(13.7.3) 


The peak response in each mode is squared, the squared modal peaks are summed, and 
the square root of the sum provides an estimate of the peak total response. As will be 
seen later, this modal combination rule provides excellent response estimates for structures 
with well-separated natural frequencies. This limitation has not always been recognized 
in applying this rule to practical problems, and at times it has been misapplied to systems 
with closely spaced natural frequencies, such as piping systems in nuclear power plants 
and multistory buildings with unsymmetric plan. 

The complete quadratic combination (CQC) rule for modal combination is applica¬ 
ble to a wider class of structures as it overcomes the limitations of the SRSS rule. Accord¬ 
ing to the CQC rule, 

/ N N \ 1/2 

r Q — ( P inr '° r no ) (13.7.4) 

\i =1 n =1 / 


Each of the N 2 terms on the right side of this equation is the product of the peak responses 
in the /th and nth modes and the correlation coefficient p- u , for these two modes; p, n varies 
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between 0 and 1 and />,„ = 1 for i = n. Thus Eq. (13.7.4) can be rewritten as 


N N 


r no + J2J2 P"' ri ° r 


n=l 


1 = 1 n= 1 
i¥n 


1/2 


(13.7.5) 


to show that the first summation on the right side is identical to the SRSS combination rule 
of Eq. (13.7.3); each term in this summation is obviously positive. The double summation 
includes all the cross (i f- n) terms; each of these terms may be positive or negative. A 
cross term is negative when the modal static responses rf and rf assume opposite signs— 
for the algebraic sign of r no is the same as that of rf because A n is positive by definition. 
Thus the estimate for r a obtained by the CQC rule may be larger or smaller than the esti¬ 
mate provided by the SRSS rule. [It can be shown that the double summation inside the 
parentheses of Eq. (13.7.4) is always positive.] 

Starting in the late 1960s and continuing through the 1970s and early 1980s, several 
formulations for the peak response to earthquake excitation were published. Some of these 
are identical or similar to Eq. (13.7.4) but differ in the mathematical expressions given for 
the correlation coefficient. Here we include two: one due to E. Rosenblueth and J. Elorduy 
for historical reasons because it was apparently the earliest (1969) result; and a second 
(1981) due to A. Der Kiureghian because it is now widely used. 

The 1971 textbook Fundamentals of Earthquake Engineering by N. M. Newmark 
and E. Rosenblueth gives the Rosenblueth-Elorduy equations for the correlation coeffi¬ 
cient: 


Pin 


1 + e z 

i '-hi 


(13.7.6) 


where 


r i )— 


f tOi + (D n 


C = Sn + - 

U> n S 


(13.7.7) 


and s is the duration of the strong phase of the earthquake excitation. Equations (13.7.6) 
and (13.7.7) show that p,„ = p ni ; 0 < p in < 1; and p in = 1 for i = n or for two modes 
with equal frequencies and equal damping ratios. It is instructive to specialize Eq. (13.7.6) 
for systems with the same damping ratio in all modes subjected to earthquake excitation 
with duration,? long enough to replace Eq. (13.7.7b) by . We substitute f = f , = ( 

in Eq. (13.7.7a), introduce /),■„ = &>,-/«„, and insert Eq. (13.7.7a) in Eq. (13.7.6) to obtain 


Pin 


c 2 (l + AJ 2 


(1 - Pin) 2 + Win 
The equation for the correlation coefficient due to Der Kiureghian is 

= _ 8 yfc&WinSi + Sn)pf ! 2 _ 

Pin (i - A 2 i ) 2 + + A 2 „) + 4(f? + C,?)A 2 


(13.7.8) 


(13.7.9) 


This equation also implies that p,„ = p ;!i , p,„ = 1 for i = n or for two modes with equal 
frequencies and equal damping ratios. For equal modal damping f = t; n = f this equation 
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simplifies to 

= 8£ 2 (l+fl'„)4 /2 

Pin (1-A 2 „) 2 + 4? 2 A«(1 + A«) 2 


(13.7.10) 


Figure 13.7.1 shows Eqs. (13.7.8) and (13.7.10) for the correlation coefficient p,„ plotted 
as a function of f} in = oj,/ a>„ for four damping values: / = 0.02, 0.05, 0.10, and 0.20. 
Observe that the two expressions give essentially identical values for p in , especially in the 
neighborhood of = 1, where p ln is the most significant. 

This figure also provides an understanding of the correlation coefficient. Observe 
that this coefficient diminishes rapidly as the two natural frequencies o>, and co n move far¬ 
ther apart. This is especially the case at small damping values that are typical of structures. 
In other words, it is only in a narrow range of fi- nl around //■„ = 1 that p in has significant 
values; and this range depends on damping. For example, >0.1 for systems with 
5% damping over the frequency ratio range 1/1.35 < //■„ < 1.35. If the damping is 2%, 
this range is reduced to 1/1.13 < ( J >,„ < 1.13. For structures with well-separated natural 
frequencies the coefficients p m vanish; as a result all cross (i ^ n) terms in the CQC rule, 
Eq. (13.7.5), can be neglected and it reduces to the SRSS rule, Eq. (13.7.3). It is now clear 
that the SRSS rule applies to structures with well-separated natural frequencies of those 
modes that contribute significantly to the response. 



Figure 13.7.1 Variation of correlation coefficient p\ n with modal frequency ratio, /3,- n = a>i / co n , 
as given by two different equations for four damping values; abcissa scale is logarithmic. 
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The SRSS and CQC rules for combination of peak modal responses have been 
presented without the underlying derivations based on random vibration theory, a sub¬ 
ject beyond the scope of this book. It is important, however, to recognize the impli¬ 
cations of the assumptions behind the derivations. These assumptions indicate that the 
modal combination rules would be most accurate for earthquake excitations that contain 
a wide band of frequencies with long phases of strong shaking, which are several times 
longer than the fundamental periods of the structures, which are not too lightly damped 
(Xn > 0.005). In particular, these modal combination rules will become less accurate for 
short-duration impulsive ground motions and are not recommended for ground motions 
that contain many cycles of essentially harmonic excitation. 

Considering that the SRSS and CQC modal combination rules are based on random 
vibration theory, r a should be interpreted as the mean of the peak values of response to an 
ensemble of earthquake excitations. Thus the modal combination rules are intended for 
use when the excitation is characterized by a smooth response (or design) spectrum, based 
on the response spectra for many earthquake excitations. The smooth spectrum may be 
the mean or median of the individual response spectra or it may be a more conservative 
spectrum, such as the mean-plus-one-standard-deviation spectrum (Section 6.9). The CQC 
or SRSS modal combination rule (as appropriate depending on the closeness of natural fre¬ 
quencies) when used in conjunction with, say, the mean spectrum provides an estimate of 
the peak response that is reasonably close to the mean of the peak values of response to 
individual excitations. 

This estimate of the peak response generally, but not always, errs on the uncon¬ 
servative side. The magnitude of the error depends on the vibration properties—periods 
and modes—of the structure and spectrum shape. Over a range of buildings analyzed, re¬ 
searchers have observed errors up to 25%, especially in estimating local response quantities 
such as story drifts in the upper stories. The error may be larger or smaller if modal combi¬ 
nation rules are used to estimate the peak response to a single ground motion characterized 
by a jagged response spectrum. 


13.7.3 Interpretation of Response Spectrum Analysis 

The response spectrum analysis (RSA) described in the preceding section is a procedure 
for dynamic analysis of a structure subjected to earthquake excitation, but it reduces to a se¬ 
ries of static analyses. For each mode considered, static analysis of the structure subjected 
to forces s„ provides the modal static response rjj 1 , which is multiplied by the spectral 
ordinate A n to obtain the peak modal response r no [Eq. (13.7.1)]. Thus the RSA proce¬ 
dure avoids the dynamic analysis of SDF systems necessary for response history analysis 
(Fig. 13.1.1). However, the RSA is still a dynamic analysis procedure, because it uses the 
vibration properties—natural frequencies, natural modes, and modal damping ratios—of 
the structure and the dynamic characteristics of the ground motion through its response 
(or design) spectrum. It is just that the user does not have to carry out any response his¬ 
tory calculations; somebody has already done these in developing the earthquake response 
spectrum or the earthquake excitation has been characterized by a smooth design spectrum. 
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13.8 MULTISTORY BUILDINGS WITH SYMMETRIC PLAN 
13.8.1 Response Spectrum Analysis Procedure 

In this section the response spectrum analysis procedure of Section 13.7 is specialized for 
multistory buildings with their plans having two axes of symmetry subjected to horizontal 
ground motion along one of these axes. The peak valued of the nth-mode contribution r„(t ) 
to a response quantity is given by Eq. (13.7.1). The modal static response r is calculated 
by static analysis of the building subjected to lateral forces s„ of Eq. (13.2.4). Equations for 
rjj for several response quantities are available in Table 13.2.1. Substituting these formulas 
for floor displacement uj, story drift A j, base shear 14, and base overturning moment M b 
in Eq. (13.7.1) gives 

Ujn — 14 Ojn ^4 Ay— r„ (</>;■„ i,n)D n (13.8.1a) 

v bn = M*A n M hn = h*M*A n (13.8.1b) 

where D„ = D(T n , t;„), the deformation spectrum ordinate corresponding to natural period 
T n and damping ratio D n = A n /a>j r 

Equations (13.8.1) for the peak modal responses are equivalent to static analysis of 
the building subjected to the equivalent static forces associated with the «th-mode peak 
response: 

f n = s n A n fj n = r n mj(f>j n A n (13.8.2) 

where f„ is the vector of forces fj n at the various floor levels, j = 1,2,..., N (Fig. 13.8.1); 
s„ is defined by Eq. (13.2.4). The force vector f„ is the peak value of f„ (t), obtained by 


Floor 



Figure 13.8.1 Peak values of lateral 
displacements and equivalent static lateral 
forces associated with the /ith mode. 


TFrom now on, the subscript o is dropped from r„ for brevity [i.e., r will denote the peak value of r(f)]. 
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replacing A„(t) in Eq. (13.2.7) by the spectral ordinate A,,. Because only one static anal¬ 
ysis is required for each mode, it is more direct to do so for the forces f„ instead of s„ and 
then multiplying the latter results by A n . In contrast, the use of the modal static response 
r* 1 was emphasized in response history analysis because it highlighted the fact that the 
static analysis for forces s„ was needed only once even though the response was computed 
at many time instants. 

Thus the peak value r n of the 72 th-mode contribution to a response quantity r is de¬ 
termined by static analysis of the building due to lateral forces f„; the direction of forces 
fj„ is controlled by the algebraic sign of <pj n . Hence these forces for the fundamental 
mode will act in the same direction (Fig. 13.8.1), but for the second and higher modes they 
will change direction as one moves up the building. Observe that this static analysis is 
not necessary to determine floor displacements or story drifts; Eq. (13.8.1a) provides the 
more convenient alternative. The peak value of the total response is estimated using the 
modal combination rules of Eq. (13.7.3) or (13.7.4), as appropriate, including all modes 
that contribute significantly to the response. 

Summary. The procedure to compute the peak response of an /V-story building 
with plan symmetric about two orthogonal axes to earthquake ground motion along an axis 
of symmetry, characterized by a response spectrum or design spectrum, is summarized in 
step-by-step form: 

1. Define the structural properties. 

a. Determine the mass matrix m and lateral stiffness matrix k (Section 9.4). 

b. Estimate the modal damping ratios £„ (Chapter 11). 

2. Determine the natural frequencies co n (natural periods T n = 2n/u>„) and natural 
modes cf>„ of vibration (Chapter 10). 

3 . Compute the peak response in the 72th mode by the following steps to be repeated for 
all modes, n = 1 , 2 ,..., N: 

a. Corresponding to natural period T n and damping ratio read D n and A n , the 
deformation and pseudo-acceleration, from the earthquake response spectrum or 
the design spectrum. 

b. Compute the floor displacements and story drifts from Eq. (13.8.1a). 

c. Compute the equivalent static lateral forces f„ from Eq. (13.8.2). 

d. Compute the story forces—shear and overturning moment—and element 
forces—bending moments and shears—by static analysis of the structure sub¬ 
jected to lateral forces f„. 

4. Determine an estimate for the peak value r of any response quantity by combining 
the peak modal values r„ according to the SRSS rule, Eq. (13.7.3), if the natural 
frequencies are well separated. The CQC rule, Eq. (13.7.4), should be used if the 
natural frequencies are closely spaced. 

Usually, only the lower modes contribute significantly to the response. Therefore, steps 2 
and 3 need to be implemented for only these modes and the modal combinations of 
Eqs. (13.7.3) and (13.7.4) truncated accordingly. 
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Example 13.11 

The peak response of the two-story frame of Example 13.4, shown in Fig. E13.1 la, to ground 
motion characterized by the design spectrum of Fig. 6.9.5 scaled to 0.5g peak ground ac¬ 
celeration is to be determined. This reinforced-concrete frame has the following properties: 
m = 200 kips/g, E = 3 x 10 3 ksi, / = 1000 in 4 , h = 10 ft, L = 20 ft. Determine the lateral 
displacements of the frame and bending moments at both ends of each beam and column. 


“5 m “6 






(c) 


(d) 


(e) 


Figure E13.ll 


Solution Steps 1 and 2 of the summary have already been implemented and the results are 
available in Examples 10.5 and 13.4. Substituting for E, /, and h in Eq. (b) of Example 13.4 
gives co n and T n = 2jr/o>„: 

coi = 4.023 a >2 = 10.71 rad/sec 

T\ = 1.562 73 = 0.5868 sec 

Step 3a: Corresponding to these periods, the spectral ordinates are D\ = 13.72 in. and 
Do — 4.578 in. 
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1. Determine the floor displacements. 

Step 3b: Using Eq. (13.8.1a) with numerical values for T„ and <j)j n from Example 13.4 
and D n from step 3(a) gives the peak displacements u„ due to the two modes: 


Ul = 

[ «1 

l M2 


f Ml 

U2 = 

l«2 


= 1.365 


0.3871 

1 


13.72 = 


7.252 1 . 
18.73 I 1 ” 


= -0.365 


-1.292 

1 




Step 4: Using the SRSS rule for modal combination, estimates for the peak values of 
the floor displacements are 


u i ~ y/ (7.252) 2 + (2.159) 2 = 7.566 in. 
u 2 - sj (18.73) 2 + (—1.672) 2 = 18.81 in. 

2. Determine the element forces. Instead of implementing steps 3c and 3d as described 
in the summary, here we illustrate the computation of element forces from the floor displace¬ 
ments and joint rotations. The elements and nodes are numbered as shown in Fig. E13.1 lb. 
First mode. Joint rotations are obtained from Eq. (d) of Example 9.9 with u, replaced 

by ui: 


1 

M3 


'-0.4426 -0.2459' 


'-6.514" 

U\ 

1 

-0.4426 -0.2459 

r 7.252] 

-6.514 

u 5 

" I20 

0.9836 -0.7869 

L 18.73 J ~ 

-6.340 

u 6 

1 

0.9836 -0.7869 _ 


_-6.340 _ 


From ui and uoi all element forces can be calculated. For example, the bending moment at 
the left end of the first floor beam (Fig. E13.1 lc) is 

4 El 2 El 6EI 6EI 

Ma — — H a 4“ ^ @b 4“ ~^ a 2~M& 

Substituting E = 3 x 10 3 ksi, / = 2000 in 4 , L = 240 in., 6 a = u 3 , 6b = 114 , u a = Ub = 0 
gives M a = —9770 kip-in. = —814kip-ft. Bending moments in all elements can be calcu¬ 
lated similarly. The results are summarized in Table E13.ll and in Fig. E13.11d. 


TABLE El3.11 PEAK BENDING MOMENTS (KIP-FT) 


Element 

Node 

Mode 1 

Mode 2 

SRSS 

Beam 1 

3 

-814 

-57 

816 


4 

-814 

-57 

816 

Beam 2 

5 

-396 

179 

435 


6 

-396 

179 

435 

Column 3 

3 

425 

374 

566 


1 

968 

412 

1052 

Column 5 

5 

396 

-179 

435 


3 

389 

-317 

502 
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Second mode. Joint rotations U 02 are obtained from Eq. (d) of Example 9.9 with u, 
replaced by U 2 - Computations for the element forces parallel those shown for the first mode, 
but using U 2 and 1102 , leading to the results in Table E13.ll and in Fig. E13.1 le. 

Step 4: The peak value of each element force is estimated by combining its peak modal 
values by the SRSS rule. The results are shown in Table El3.11. Note that the algebraic signs 
of the bending moments are lost in the total values; therefore, it is not meaningful to draw the 
bending moment diagram, and the total moments do not satisfy equilibrium at joints. 

13.8.2 Example: Five-Story Shear Frame 

In this section the RSA procedure is implemented for the five-story shear frame of Fig. 
12.8.1. The complete history of this structure’s response to the El Centro ground motion 
was determined in Section 13.2.6. We now estimate its peak response directly from the 
response spectrum for this excitation (i.e., without computing its response history). 

Presented in Sections 12.8 and 13.2.6 were the mass and stiffness matrices and the 
natural vibration periods and modes of this structure. From these data, the modal properties 
M„ and L h n were computed (Table 13.2.2). The damping ratios are estimated as = 5%. 


Response spectrum ordinates. The response spectrum for the El Centro 
ground motion for 5% damping gives the values of D„ and A n noted in Fig. 13.8.2 corre¬ 
sponding to the natural periods T n . These are the precise values for the spectral ordinates, 
the peak values of D n (t ) and A n (t) in Fig. 13.2.6, thus eliminating any errors in reading 
spectral ordinates. Such errors are inherent in practical implementation of the RSA pro¬ 
cedure with a jagged response spectrum, but are eliminated if a smooth design spectrum, 
such as Fig. 6.9.5, is used. 


Peak modal responses. The floor displacements are determined from 
Eq. (13.8.1a) using known values of (j>j n (Section 12.8), of L ]l n (Table 13.2.2) and T„ = L h n 
(because M n — 1), and of D n (Fig. 13.8.2). For example, the floor displacements due to 
the first mode are computed as follows: 


' 0.334 


1.916 

0.641 


3.677 

0.895 

■ 5.378 = 

5.139 

1.078 


6.188 

1.173 


6.731 


These displacements are shown in Fig. 13.8.3a. The equivalent static forces for the /zth 
mode are computed from Eq. (13.8.2a) using known values of s„ (Fig.13.2.4) where 
m — 100 kips/g, and A„ (Fig. 13.8.2). For example, the forces associated with the first 
mode are computed as follows: 


fj — SiA] 


0.356 m 


4.899 

0.684 m 


9.401 

0.956 m 

■ 0.1375g = 

13.141 

1.150 m 


15.817 

. 1.252 m . 


17.211 














Pseudo-velocity V, in./sec 
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Figure 13.8.2 Earthquake response spectrum with natural vibration periods T n of example structure 
shown together with spectral values D n and A n . 


These forces are also shown in Fig. 13.8.3a. Alternatively, f„ can be computed by multi¬ 
plying known values of s„ (Fig. 13.2.4) by A n (Fig. 13.8.2). Repeating these computations 
for modes n = 2, 3, 4, and 5 leads to the remaining results of Fig. 13.8.3. Observe that the 
equivalent static forces for the first mode all act in the same direction, but for the second 
and higher modes they change direction as one moves up the building; the direction of 
forces is controlled by the algebraic sign of <fij n (Fig. 12.8.2). 

For each mode the peak value of any story force or element force is computed by 
static analysis of the structure subjected to the equivalent static lateral forces f„. Ta¬ 
ble 13.8.1 summarizes these peak values for the base shear Vb, top-story shear V 5 , and 
base overturning moment Mb- The earlier data for roof displacement Mg are also included. 
These peak modal values are exact because the errors in reading spectral ordinates had 
been eliminated in this example. This is apparent by comparing the data in Table 13.8.1 
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Figure 13.8.3 Peak values of displacements and equivalent static lateral forces due to the five natural 
vibration modes. 


and the peak modal values from response history analysis in Figs. 13.2.7 and 13.2.8. The 
two sets of data agree except possibly for their algebraic signs because the peak values D„ 
and A„ are positive by definition. 

Alternatively, Eq. (13.7.1) could have been used for computing the peak modal 
response. For example, the modal static responses V^ n and are available from 

TABLE 13.8.1 PEAK MODAL RESPONSES 


Mode 

v b 

(kips) 

v 5 

(kips) 

M b 

(kip-ft) 

(in.) 

1 

60.469 

17.211 

2549.4 

6.731 

2 

24.533 

-20.382 

-354.33 

-0.936 

3 

9.867 

12.923 

90.402 

0.239 

4 

2.943 

-4.951 

-20.986 

-0.055 

5 

0.595 

1.141 

3.718 

0.010 
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Table 13.2.3 and A„ from Fig. 13.8.2. For example, the first-mode calculations are 
V b i = V^\Ai = [4.398(100/g)]0.1375g = 60.469 kips 
M bl = M s h \ A , = [(15.45)(100/g) 12]0.1375g = 2549.4 kip-ft 
As expected, these are the same as the data in Table 13.8.1. 


Modal combination. The peak value r of the total response r(t) is estimated by 
combining the peak modal responses according to the ABSSUM, SRSS, and CQC rules of 
Eqs. (13.7.2) to (13.7.4). Their use is illustrated for one response quantity, the base shear. 
The ABSSUM rule of Eq. (13.7.2) is specialized for the base shear: 

5 

V b <J2\ y bn\ ( 13 - 8 . 3 ) 

n =1 

Substituting for the known values of V bn from Table 13.8.1 gives 


V b < 60.469 + 24.533 + 9.867 + 2.943 + 0.595 or V b < 98.407 kips 


As expected, the ABSSUM estimate of 98.407 kips is much larger than the exact value of 
73.278 kips (Fig. 13.2.7). 

The SRSS rule of Eq. (13.7.3) is specialized for the base shear: 


V b 



(13.8.4) 


V»=l 


Substituting for the known values of V bn from Table 13.8.1 gives 

V h ~ 7(60.469)2 + (24.533) 2 + (9.867) 2 + (2.943) 2 + (0.595) 2 = 66.066 kips 


Observe that the contributions of modes higher than the second are small. 
The CQC rule of Eq. (13.7.4) is specialized for the base shear: 


V h - 



1/2 


VbiVbn 


(13.8.5) 


Needed in this equation are the correlation coefficients p,-„, which depend on the frequency 
ratios fi in = &>,/«„, computed from the known natural frequencies (Section 13.2.6) and 
repeated in Table 13.8.2 for convenience. 


TABLE 13.8.2 NATURAL FREQUENCY RATIOS /?,„ 


Mode, i 

n = 1 

n = 2 

n = 3 

n = 4 

n = 5 

a>i (rad/sec) 

1 

1.000 

0.343 

0.217 

0.169 

0.148 

3.1416 

2 

2.919 

1.000 

0.634 

0.494 

0.433 

9.1703 

3 

4.602 

1.576 

1.000 

0.778 

0.683 

14.4561 

4 

5.911 

2.025 

1.285 

1.000 

0.877 

18.5708 

5 

6.742 

2.310 

1.465 

1.141 

1.000 

21.1810 
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TABLE 13.8.3 CORRELATION COEFFICIENTS p,„ 


Mode, i 

n = 1 

n = 2 

n = 3 

77 = 4 

n = 5 

1 

1.000 

0.007 

0.003 

0.002 

0.001 

2 

0.007 

1.000 

0.044 

0.018 

0.012 

3 

0.003 

0.044 

1.000 

0.136 

0.062 

4 

0.002 

0.018 

0.136 

1.000 

0.365 

5 

0.001 

0.012 

0.062 

0.365 

1.000 


TABLE 13.8.4 INDIVIDUAL TERMS IN CQC RULE: BASE 
SHEAR V b 


Mode, i 

n = 1 

n = 2 

n = 3 

n = 4 

n = 5 

1 

3656.476 

10.172 

1.615 

0.306 

0.049 

2 

10.172 

601.844 

10.687 

1.284 

0.178 

3 

1.615 

10.687 

97.354 

3.943 

0.365 

4 

0.306 

1.284 

3.943 

8.658 

0.639 

5 

0.049 

0.178 

0.365 

0.639 

0.354 


For each value in Table 13.8.2, is determined from Eq. (13.7.10) for £ = 
0.05 and presented in Table 13.8.3. Observe that the cross-correlation coefficients p in 
(i ^ n ) are small because the natural frequencies of the five-story shear frame are well 
separated. 

The 25 terms in the double summation of Eq. (13.8.5), computed using the known 
values of p-, n (Table 13.8.3) and 1 7 bn (Table 13.8.1), are given in Table 13.8.4. Adding these 
25 terms and taking the square root gives V b ~ 66.507 kips. It is clear that only the i = n 
terms are significant and the cross-terms (i ^ n ) are small because the cross-correlation 
coefficients are small. Note that the contributions of modes higher than the second mode 
could be neglected, thus reducing the computational effort. 

Comparison of RSA and RHA results. The RSA estimates of peak response 
obtained from the ABSSUM, SRSS, and CQC rules are summarized in Table 13.8.5 to¬ 
gether with the RHA results from Figs. 13.2.7 to 13.2.8. In the preceding section, com¬ 
putational details for estimating the peak base shear by RSA were presented; similarly, 
results for V 5 , M b , and u$ were obtained. These data permit several observations. First, the 
ABSSUM rule can be excessively conservative and should therefore not be used. Second, 
the SRSS and CQC rules give essentially the same estimates of peak response because the 
cross-correlation coefficients are small for this structure with well-separated natural fre¬ 
quencies. Third, the peak responses estimated by SRSS or CQC rules are smaller than the 
RHA values; this is not a general trend, however, and larger values can also be estimated 
when using a jagged response spectrum for a single excitation. Fourth, the error in SRSS 
(or CQC) estimates of peak response, expressed as a percentage of the RHA value, vary 
with the response quantity. It is about 15% for the top-story shear V 5 , 10% for the base 
shear V b , and less than 1% for the base overturning moment M b and top-floor displacement 
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TABLE 13.8.5 RSA AND RHA VALUES OF PEAK 
RESPONSE 



v b 

(kips) 

Vs 

(kips) 

M b 

(kip-ft) 

U5 

(in.) 

ABSSUM 

98.407 

56.608 

3018.8 

7.971 

SRSS 

66.066 

30.074 

2575.6 

6.800 

CQC 

66.507 

29.338 

2572.7 

6.793 

RHA 

73.278 

35.217 

2593.2 

6.847 


wg. The error is largest for Vg because the responses due to the higher modes are most 
significant (compared to other response quantities considered) relative to the first mode 
(Table 13.8.1). Similarly, the error is smallest for M b because the higher-mode responses 
are a very small fraction of the first-mode response (Table 13.8.1). 

Now consider a typical application of the RSA procedure in which the peak response 
is estimated for excitations characterized by a smooth design spectrum, say the mean (or 
median) spectrum derived from individual spectra for many ground motions (Section 6.9). 
Modal combination rules are more dependable when used in conjunction with such a 
smooth spectrum, because the variability of above-noted errors from excitation to exci¬ 
tation is “averaged” out. 

Avoid a pitfall. Observe that the peak value r of each response quantity was de¬ 
termined by combining the peak values r n of the modal contributions to the same response 
quantity. This is the correct way of estimating the peak value of a response quantity. 

On the other hand, it is wrong to compute the combined peak value of one response 
quantity from the combined peak values of other response quantities. For example, it is de¬ 
sired to determine Ag, the drift in the fifth story of the building just analyzed. It is incorrect 
to determine its peak value from A5 = Mg — 114, where u 5 and 1/4 have been determined by 
combining their modal peaks zrg„ and 114,,, respectively. The correct procedure to determine 
Ag is by combining the peak modal values, Ag„ = Mg„ — u 4n . 

Similarly, it is erroneous to compute the combined peak value of an internal force 
from the combined peak values of other forces. In particular, it is incorrect to determine the 
story shears or story overturning moments from the combined peak values of the equivalent 
static forces. The SRSS combination of the peak values of the equivalent static forces fj n 


_* 30.074 kips 

_» 21.611 

_> 24.168 

_.. 25.787 

_.. 25.911 


— V h = 127.55 kips 


Figure 13.8.4 Wrong procedure for 
computing internal forces. 
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for each mode of the five-story shear building (Fig. 13.8.3) is shown in Fig. 13.8.4. Static 
analysis of the structure with these external forces gives the base shear V/, = 127.55 kips, 
which is almost twice the correct SRSS value presented in Table 13.8.5. This erroneous 
value is much larger because the algebraic signs of fj n (Fig. 13.8.3) are lost in the SRSS 
combination and the forces shown in Fig. 13.8.4 are all in the same direction. 

13.8.3 Example: Four-Story Frame with an Appendage 

This section is concerned with the four-story frame with a light appendage of Section 13.2.7, 
where its response history due to El Centro ground motion was presented. In this section 
the peak responses of the same structure are estimated by the RSA procedure directly from 
the response spectrum for the ground motion. The analysis procedure and the details of 
its implementation are identical to those described in Section 13.8.2. Therefore, only a 
summary of the results is presented. 

Table 13.8.6 shows the natural periods T n and the associated spectral ordinates for 
5% damping together with the peak modal responses for two response quantities: base 


TABLE 13.8.6 SPECTRAL VALUES AND PEAK MODAL 
RESPONSES 


Mode 

Tn 

(sec) 

D n 

(in.) 

T,./g 

v b 

(kips) 

t 5 

(kips) 

1 

2.000 

5.378 

0.1375 

26.805 

1.367 

2 

1.873 

5.335 

0.1556 

25.429 

-1.397 

3 

0.672 

2.631 

0.5950 

19.816 

0.027 

4 

0.439 

1.545 

0.8176 

6.414 

-0.005 

5 

0.358 

0.928 

0.7407 

1.090 

0.001 


shear V* and appendage shear V 5 . The ratios of natural frequencies are given in 
Table 13.8.7. The correlation coefficients computed by Eq. (13.7.10) for each value 
are listed in Table 13.8.8. 


TABLE 13.8.7 NATURAL FREQUENCY RATIOS 


Mode, i 

n = 1 

n = 2 

n = 3 

n = 4 

n = 5 

a>j (rad/sec) 

1 

1.000 

0.936 

0.336 

0.219 

0.179 

3.142 

2 

1.068 

1.000 

0.359 

0.234 

0.191 

3.355 

3 

2.974 

2.785 

1.000 

0.653 

0.532 

9.344 

4 

4.556 

4.266 

1.532 

1.000 

0.815 

14.314 

5 

5.589 

5.233 

1.879 

1.227 

1.000 

17.558 
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TABLE 13.8.8 CORRELATION COEFFICIENTS p in 


Mode, i 

n = 1 

n = 2 

n = 3 

n = 4 

n = 5 

1 

1.000 

0.698 

0.007 

0.003 

0.002 

2 

0.698 

1.000 

0.008 

0.003 

0.002 

3 

0.007 

0.008 

1.000 

0.050 

0.023 

4 

0.003 

0.003 

0.050 

1.000 

0.192 

5 

0.002 

0.002 

0.023 

0.192 

1.000 


The 25 terms in the double summation of Eq. (13.8.5) for V b are presented in 
Table 13.8.9; similar data for V 5 appear in Table 13.8.10. The cross (i ^ n) terms in 
Table 13.8.9 are all positive because the modal static responses V bn for base shear are all 
positive. Some of the cross terms in Table 13.8.10 are negative because all the modal static 
responses V 5 S * for the appendage shear do not have the same algebraic sign; a cross term 
is negative when V 5 S * and V 5 S * assume opposite signs. Finally, estimates for the peak val¬ 
ues of the two response quantities obtained by ABSSUM, SRSS, and CQC procedures are 
presented in Table 13.8.11. 

These results bring out several response features of systems with two modes having 
close natural frequencies and contributing significantly to the response (e.g., the first two 
modes of the four-story building with an appendage). The cross-correlation coefficient for 
these two modes is 0.698 (Table 13.8.8), which is significant relative to its largest possible 
value of unity. As a result, the 1-2 cross terms for V 5 and V* are comparable in magni¬ 
tude to the individual modal (1-1 or 2-2) terms (Tables 13.8.9 and 13.8.10). Therefore, 


TABLE 13.8.9 INDIVIDUAL TERMS IN CQC RULE: BASE SHEAR V b 


Mode, i 

n = 1 

n = 2 

n = 3 

n = 4 

n = 5 

1 

718.516 

475.836 

3.491 

0.474 

0.056 

2 

475.836 

646.646 

3.850 

0.510 

0.059 

3 

3.491 

3.850 

392.654 

6.385 

0.488 

4 

0.474 

0.510 

6.385 

41.144 

1.341 

5 

0.056 

0.059 

0.488 

1.341 

1.188 


TABLE 13.8.10 INDIVIDUAL TERMS IN CQC RULE: 

APPENDAGE SHEAR V 5 

Mode, i 

n = 1 

n = 2 

n = 3 

n = 4 

n = 5 

1 

1.868 

- 1.333 

0.000 

0.000 

0.000 

2 

- 1.333 

1.951 

0.000 

0.000 

0.000 

3 

0.000 

0.000 

0.001 

0.000 

0.000 

4 

0.000 

0.000 

0.000 

0.000 

0.000 

5 

0.000 

0.000 

0.000 

0.000 

0.000 
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TABLE 13.8.11 RSA AND 

RHA VALUES OF PEAK 
RESPONSE 



v b 

(kips) 

v 5 

(kips) 

ABSSUM 

79.554 

2.797 

SRSS 

42.428 

1.954 

CQC 

52.774 

1.074 

RHA 

56.660 

0.997 


the SRSS and CQC modal combination rules provide very different estimates of peak re¬ 
sponses (Table 13.8.11). The CQC rule gives a base shear that is larger than its value from 
the SRSS rule because all the cross (i ^ n) terms are positive (Table 13.8.9). For the 
appendage shear, however, the significant cross-term associated with the first two modes is 
negative (Table 13.8.10). Therefore, the CQC rule gives an appendage shear that is smaller 
than that obtained from the SRSS rule. Table 13.8.11 shows that only the CQC modal 
combination rule provides estimates of peak response that are close to the RHA results of 
Fig. 13.2.11. The errors in the SRSS estimates are unacceptably large; and they are even 
larger in the ABSSUM results. 

An examination of the RHA results reveals the reasons for these large errors in the 
SRSS combination rule. Observe that the SDF system responses A n (t) for the first two 
modes are highly correlated, as they are essentially in phase because the two natural pe¬ 
riods are close (Fig. 13.2.10); the peak values of the two A„(t) are similar because their 
natural periods are close and their damping ratios are identical. As a result and because 
the modal static responses are similar for the first two modes (Table 13.2.4), the response 
contributions of the first two modes are similar in magnitude (Fig. 13.2.11). These modal 
contributions to the base shear are almost directly additive because they are essentially in 
phase (Fig. 13.2.11a). This feature of the response is not represented by the SRSS rule, 
whereas it is recognized in the CQC rule by the significant cross term (between modes 1 
and 2) with positive value (Table 13.8.9). In contrast, the two modal contributions to the 
appendage shear tend to cancel each other because they have essentially opposite phase 
(Fig. 13.2.11b). This feature of the response is again not represented by the SRSS rule, 
whereas it is recognized in the CQC rule by the significant cross term (between modes 
1 and 2) with negative value (Table 13.8.10). It is clear from this discussion that the 
SRSS modal combination rule should not be used for systems with closely spaced natural 
frequencies. 


13.9 MULTISTORY BUILDINGS WITH UNSYMMETRIC PLAN 


In this section the response spectrum analysis procedure of Section 13.7 is specialized for 
multistory buildings with their plans symmetric about the x-axis but unsymmetric about 
the y-axis subjected to ground motion in the y-direction. The peak value of the nth-mode 
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contribution r„(t) to a response quantity is given by Eq. (13.7.1). The modal static re¬ 
sponse rf is calculated by static analysis of the building subjected to lateral forces s v „ and 
torques s g n of Eq. (13.3.7). Equations for the modal static response r\f for several response 
quantities are available in Table 13.3.1. Substituting these formulas for floor translation 
Ujy . floor rotation ujg, base shear 14, base overturning moment M b , and base torque 7), in 
Eq. (13.7.1) gives 

Mjyn — T« 0jyn 7-4; ^jOn = ^n&jOn Dfi (13.9.1a) 

V b „ = M*A n M bn = h*M*A n T bn = I* n A n (13.9.1b) 

Equations (13.9.1) for the peak modal responses are equivalent to static analysis of 
the building subjected to the equivalent static forces associated with the nth-mode peak 
response; the lateral forces f yn and torques fg n are 



The lateral force and torque at the / 1 h floor level (Fig. 13.9.1) are 

fjyn — ^'nWlj'frjynAn fj&n ~ 1 4^ 0jOn A u 


(13.9.2) 


(13.9.3) 


For reasons mentioned in Section 13.8, it is more direct to do the static analysis for the 
forces f y „ and ton instead of s yn and s g„ and then multiplying the latter results by A n . 

For any response quantity, therefore, the peak value of the n th-mode response is de¬ 
termined by static analysis of the building subjected to lateral forces f yn and torques fg„ ; the 
direction of forces fj yn and fjg n is controlled by the algebraic signs of <f>j yn and < f>jg„ . Ob¬ 
serve that this static analysis is not necessary to determine floor displacements or rotations; 
Eq. (13.9.1a) provides the more convenient alternative. Although such a three-dimensional 
static analysis of an unsymmetric-plan building provides the element forces in all frames 


N 


j 


1 


' InQi 






# 9 " 

/ Jjyn 




A/m,, 

AJlyn 


W7/. 
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Figure 13.9.1 Peak values of equivalent 
static forces: lateral forces and torques. 
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of the building, it may be useful to recognize that the element forces in an individual (/ th) 
frame can also be determined by planar analysis of the frame subjected to lateral forces: 

f in = (r„ /(al)k. xj (—y,- 4>g„)A n f ln = {T n /u>l)k yi {(j) yn +x ( -0 0 „)A n (13.9.4) 

The first of these equations applies to frames in the .v-direction and the second to frames 
in the y-direction. They are obtained from Eq. (13.3.18) with A n (t) replaced by the corre¬ 
sponding spectral value A„. 

Once these peak modal responses have been determined for all the modes that con¬ 
tribute significantly to the total response, they can be combined using the CQC rule, 
Eq. (13.7.4), with N replaced by 2 N —the number of DOFs for the unsymmetric-plan 
building—in both summations, to obtain an estimate of the peak total response. The SRSS 
rule for modal combination should not be used because many unsymmetric-plan buildings 
have pairs (or triplets) of closely spaced natural frequencies. 

Summary. The procedure to compute the peak response of an /V-story building 
with its plan symmetric about the jt-axis but unsymmetric about the y-axis subjected to the 
y-component of ground motion, characterized by a response spectrum or design spectrum, 
is summarized in step-by-step form: 

1. Define the structural properties. 

a. Determine the mass and stiffness matrices from Eqs. (13.3.1) and (9.5.26). 

b. Estimate the modal damping ratios £„ (Chapter 11). 

2. Determine the natural frequencies co n (natural periods T„ = 2n/u> n ) and natural 
modes <f>„ of vibration (Chapter 10). 

3 . Compute the peak response in the 72th mode by the following steps, to be repeated 
for all modes, n = 1,2,..., 2N: 

a. Corresponding to the natural period T n and damping ratio read D n and A n , the 
deformation and pseudo-acceleration, from the earthquake response spectrum or 
the design spectrum. 

b. Compute the lateral displacements and rotations of the floors from Eq. (13.9. la). 

c. Compute the equivalent static forces: lateral forces t' yn and torques fg„ from 
Eq. (13.9.2) or (13.9.3). 

d. Compute the story forces — shear, torque, and overturning moment — and element 
forces—bending moments and shears—by three-dimensional static analysis of 
the structure subjected to external forces f yn and ffM- Alternatively, the element 
forces in the i th frame can be calculated by planar static analysis of this frame 
subjected to the lateral forces of Eq. (13.9.4). 

4. Determine an estimate for the peak value r of any response quantity by combining the 
peak modal values r„ . The CQC rule for modal combination should be used because 
unsymmetric-plan buildings usually have pairs of closely spaced frequencies. 

Usually, only the lower pairs of modes contribute significantly to the response. There¬ 
fore, steps 2 and 3 need to be implemented for only these modes and the double summa¬ 
tions in the CQC rule truncated accordingly. 
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Example 13.12 

Determine the peak values of the response of the one-story unsymmetric-plan system of Ex¬ 
amples 13.7 and 10.6 with modal damping ratios = 5% to the El Centro ground motion in 
the y-direction, directly from the response spectrum for this ground motion. 

Solution Steps 1 and 2 of the procedure summary just presented have already been imple¬ 
mented in Example 10.6. 

Step 3a: Corresponding to the known T n and = 5%, Fig. 6.6.4 gives the ordinates 
D n and A n . For 7j = 1.069 sec: D\ = 4.256 in. = 0.3547 ft and A\/g = 0.381. For 
73 = 0.9248 sec: D 2 = 4.161 in. = 0.3468 ft and A 2 /g = 0.497. (Obviously, numbers 
cannot be read to four significant figures from the response spectrum; they were obtained 
from the numerical data used in plotting Fig. 6.6.4; see also Fig. E13.8a.) 

Step 3b: The peak values of roof displacement and rotation are obtained by specializing 
Eq. (13.9.1a) for the one-story system: 

ttyn = L/; (pyri D/z U$ n = r„ 0(j n l) n (a) 

Substituting numerical values for T n , (j> yn , and <j>g n (from Example 13.7) in Eq. (a) with n = 1 
gives the first-mode peak responses: 

u y i = (—0.974)(—0.5228)(0.3547) = 0.1806 ft = 2.168 in. 

b 30 (b) 

-ugi = —( 0.974)(0.0493)(0.3547) = -0.2555 ft = -3.065 in. 

where (b/ 2 )ug\ represents the lateral displacement at the edge of the plan due to floor rotation. 
Similarly, the second-mode peak responses are 

Uy2 = (—0.956)(—0.5131 )(0.3468) = 0.1701 ft = 2.042 in. 

( c ) 

Z-u el = L4(—0.956)(—0.0502)(0.3468) = 0.2497 ft = 2.999 in. 

Step 3c: The peak values of f yn and fg n , the lateral force and torque, are obtained by 
specializing Eq. (13.9.3) for this one-story frame: 

fyn = T/i at (byti A n fg n = V n C ftl(f) 0 n A n (d) 

By statics, the base shear and base torque are 

Vbn — fyn Tbn = Jon (c) 

Alternatively, Eq. (13.7.1) can be used for computing the peak modal response. For example, 
the modal static responses and Mp n are available from Example 13.8. Substituting = 
0.509 m, T*\ = —5.203 in, m = 60 kips/g, and A\ = 0.381g in Eq. (13.7.1) gives 


V b i = [0.509(60/g)]0.381g = 11.63 kips 
7*i = [—5.203(60/g)](0.381g) = -118.8 kip-ft 
Substituting = 0.491m, Tjfc = 5.203 m, and A 2 = 0.497g in Eq. (13.7.1) gives 


(f) 


V b2 = [0.491(60/g)]0.497g = 14.64 kips 
T b2 = [5.203(60/g)](0.497g) = 155.2 kip-ft 


(g) 
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Step 3d: The peak lateral force for frame A is given by Eq. (13.9.4b) specialized for a 
one-story frame: 

f An = k A T/i (Oyn T XA tp(!n ) Dn (h) 

Substituting k 4 = 75 kips/ft, x a = 1.5 ft, and numerical values for T„, rf) yn , (pg n , and D„ 
gives 

f A \ = 75(—0.974)[—0.5228 + 1.5(0.0493)]0.3547 = 11.63 kips 
f A2 = 75(—0.956) [—0.5131 + 1.5(-0.0502)]0.3468 = 14.64 kips 
The base shear in a one-story frame is equal to the lateral force; thus 

VbAl = 11.63 kips V bA 2 = 14.64 kips (i) 

The lateral force for frame B is given by Eq. (13.9.4a) specialized for a one-story frame: 

fBn = k B r n (—y B (j)g n )D n (j) 

Substituting kg = 40 kips/ft, y B = 10 ft, and numerical values for T„, <f>g n , and D n gives 
fsi = 40(—0.974)[—10(0.0493)]0.3547 = 6.814 kips 
f B 2 = 40(—0.956)[—10(—0.0502)]0.3468 = -6.662 kips 
The corresponding base shears are 

V bBl = 6.814 kips V bB2 = -6.662 kips (k) 

The results for peak modal responses are presented in Table E13.12a. 


TABLE E13.12a PEAK MODAL RESPONSES 



lly 

b/2ug 

v b 

T b 

VhA 

V b g 

Mode 

(in.) 

(in.) 

(kips) 

(kip-ft) 

(kips) 

(kips) 

1 

2.168 

-3.065 

11.63 

-118.8 

11.63 

6.814 

2 

2.042 

2.999 

14.64 

155.2 

14.64 

-6.662 


Step 4: For this system with two modes, the ABSSUM, SRSS, and CQC rules, Eqs. 
(13.7.2)—(13.7.4), specialize to 

r<\n\ + \r 2 \ r ~ (rf +r|) 1/2 r ~ (rf + r\ + 2 p\ 2 r\n) l/2 0) 

For this system, f}\ 2 = <d\/u> 2 = 5.878/6.794 = 0.865. For this value of fi\ 2 and / = 0.05, 
Eq. (13.7.10) gives p\ 2 = 0.322. The results from Eq. (1) are summarized in Table E13.12b, 
wherein the peak values of total responses determined by RHA are also included. These 
were computed using the results of Example 13.8, where D n {t) and A n (t) were computed by 
dynamic analysis of the nth-mode SDF system. 

As expected, the ABSSUM estimate is always larger than the RHA value. The SRSS 
estimate is better, but the CQC estimate is the best because it accounts for the cross-correlation 
term in the modal combination, which is significant in this example because the natural fre¬ 
quencies are close, a situation common for unsymmetric-plan systems. 
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TABLE E13.12b RSA AND RHA VALUES OF PEAK RESPONSE 



li y 

(in.) 

C b/2)ug 
(in.) 

Vb 

(kips) 

T b 

(kip-ft) 

V bA 

(kips) 

VbB 

(kips) 

ABSSUM 

4.210 

6.064 

26.27 

274.0 

26.27 

13.48 

SRSS 

2.978 

4.289 

18.70 

195.5 

18.70 

9.530 

CQC 

3.423 

3.532 

21.43 

162.3 

21.43 

7.848 

RHA 

3.349 

3.724 

20.63 

174.3 

20.63 

8.275 


Example 13.13 

Figure E13.13a-c shows a two-story building consisting of rigid diaphragms supported by 
three frames, A, B, and C. The lumped weights at the first and second floor levels are 120 and 
60 kips, respectively. The lateral stiffness matrices of these frames, each idealized as a shear 
frame, are 


r 225 

-75 ‘ 

. , , r 

120 

-40' 

[ -75 

75. 

k.vB = Kc = k x = [ 

-40 

40. 


The design spectrum for = 5% is given by Fig. 6.9.5 scaled to 0.5g peak ground accelera¬ 
tion. Determine the peak value of the base shear in frame A. 


20 ' 


u j6 


*5 


Frame B 


Frame A 


Frame C 


1.5 


7 + 


30' 

(a) Plan 



a 2A 



U 2B miu U 2C 


*\B ailvJ U IC 


Figure E13.13a-c 
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Solution This system has four DOFs: u y j and ugj (Fig. E13.13a); j = 1 and 2. The stiffness 
matrix of Eqs. (9.5.25) and (9.5.26) is specialized for this system with three frames: 


k = 


k .v 

ek y 


ek v 

e 2 k y + (d 2 /2)k x . 


Substituting for k v , k v , e = 1.5 ft, d = 20 ft, gives 


"225.0 -75.00 337.5 

75.00 -112.5 

(sym) 24,506 


-112.5" 

112.5 

-8169 

8169 


The floor masses are m i = 120/g = 3.727 kip-sec 2 /ft and m 2 = 60/g = 1.863 kip- 
sec 2 /ft, and the floor moments of inertia are Ioj = mj(b 2 + d 2 )/12 = mj (30 2 + 20 2 )/12 = 
1300wy/12. Substituting these data in the mass matrix of Eq. (9.5.27) gives 


'3.727 


1.863 


403.7 


201.9 


The eigenvalue problem is solved to determine the natural periods T n and modes 
shown in Fig. E13.13d. Observe that each mode includes lateral and torsional motion. In the 
first mode the two floors displace in the same lateral direction and the two floors rotate in 
the same direction. In the second mode the two floors rotate in the same direction, which is 


Mode 1 Mode 2 Mode 3 Mode 4 



T 2 = 1.307 T 3 = 0.756 T 4 = 0.654 


T\ = 1.512 sec 


Figure E13.13d 
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opposite to the first mode. In the third and fourth modes the lateral displacements at the two 
floors are in opposite directions; the same is true for the rotations of the two floors. 

The T„ are computed from Eqs. (13.3.4) to (13.3.6): Ti = 1.591, T 2 = 1.561, r 3 = 
-0.562, and T 4 = 0.552. 

For T n = 1.512, 1.307, 0.756, and 0.654 sec, the design spectrum gives A\/g = 0.595, 
A 2 /g = 0.688, A 3 /g = 1.191, and A 4 /g = 1.355. 

The peak values of the equivalent static lateral forces for frame A are [from 
Eq. (13.9.4b)] 

f 'An = ( T n j 0> n )k v ((ftyn + C(f)l) n ) A n 


Substituting for Ti, £t>i(= 4.156), k v , A i, 4> y i, and 4>g\ gives the lateral forces associated 
with the first mode: 


{ /ai 

1 fA2 


1.591 

(4.156) 2 


(0.595 x 32.2) [ 


225 

-75 


-75] /t 0.2134 
-75 J U 0.4269 


+ 1.5 


-0.0201 1\ _ f 24.2 1 
-0.0403 |/1 24.2 J 


Static analysis of the frame subjected to these lateral forces (Fig. E13.13e) gives the internal 
forces. In particular, the base shear is VbA\ — fix + fll = 48.4 kips. Similar computations 
lead to the peak base shear due to the second, third, and fourth modes: VbA2 — 53.9, VbA3 — 
12.1, and V/,A 4 = 13.3 kips. 


24.2 kips 


24.2 kips 


7777 ? / 5555 - 

Frame A Figure E13.13e 

The peak value r of the total response r(t) will be estimated by combining the peak 
modal responses according to the CQC rule, Eq. (13.7.4). For this purpose it is necessary to 
determine the frequency ratios /!,■„ = a>i/co n \ these are given in Table E13.13a. For each of 
the fii n values the correlation coefficient pi n is computed from Eq. (13.7.10) with f = 0.05 
and presented in Table El3.3b. 


TABLE E13.13a NATURAL FREQUENCY RATIOS 


Mode, i 

n = 1 

n = 2 

n = 3 

n = 4 

ci>i (rad/sec) 

1 

1.000 

0.865 

0.500 

0.433 

4.157 

2 

1.156 

1.000 

0.578 

0.500 

4.804 

3 

2.000 

1.730 

1.000 

0.865 

8.313 

4 

2.312 

2.000 

1.156 

1.000 

9.608 


Substituting the peak modal values 14 a« an d the correlation coefficients p,„ in the CQC 
rule, we obtain the 16 terms in the double summation of Eq. (13.7.4) (Table E13.13c). Adding 
the 16 terms and taking the square root gives VbA = 86.4 kips. Table E13.13c shows that the 
terms with significant values are the i = n terms, and the cross terms between modes 1 and 2 
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TABLE E13.13b CORRELATION COEFFICIENTS p in 


Mode, i 

n = 1 

n = 2 

n = 3 

n = 4 

1 

1.000 

0.322 

0.018 

0.012 

2 

0.322 

1.000 

0.030 

0.018 

3 

0.018 

0.030 

1.000 

0.322 

4 

0.012 

0.018 

0.322 

1.000 

TABLE E13.13C INDIVIDUAL TERMS IN CQC RULE 
SHEAR V bA IN FRAME A 

: BASE 

Mode, (' 

n = 1 

n = 2 

n = 3 

n = 4 

1 

2344.039 

839.912 

10.833 

7.839 

2 

839.913 

2905.669 

19.748 

13.250 

3 

10.833 

19.748 

146.502 

51.797 

4 

7.839 

13.250 

51.797 

176.807 


and between modes 3 and 4. The cross terms between modes 1 and 3,1 and 4, 2 and 3, or 2 and 
4 are small because those frequencies are well separated. The square root of the sum of the four 
i = n terms in Table E13.3c gives the SRSS estimate: VbA = 74.7 kips. This is less accurate. 


13.10 A RESPONSE-SPECTRUM-BASED ENVELOPE 
FOR SIMULTANEOUS RESPONSES 

The seismic design of a structural element may be controlled by the simultaneous action 
of two or more responses. For example, a column in a three-dimensional frame must be 
designed to resist an axial force and bending moments about two axes that act concur¬ 
rently and vary in time. We limit this section to two response quantities: r a (t) and r/,(f); 
for a column r a (t) represents the bending moment M(t ) about a cross-sectional axis and 
rb(t) represents the axial force Pit). The values of r a and r b at a time instant t are de¬ 
noted by one point in the two-dimensional response space (Fig. 13.10.1a), and the response 




Figure 13.10.1 
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trajectory—i.e., combinations of r a and ;•/, throughout the earthquake—shows how this pair 
of response quantities evolves in time. A structural element will be considered as designed 
adequately if the response trajectory stays within the safe region of the response space, 
defined by the relevant capacity curve for the element (Fig. 13.10.1b); e.g., the capacity 
curve for a column is commonly known as the P-M interaction diagram. 

How can such a comparison between seismic demands and structural element ca¬ 
pacity be achieved within the context of the response spectrum analysis (RSA) procedure 
presented in Section 13.7? The RSA procedure provides an estimate of the peak value of 
each response quantity, but these peaks generally do not occur at the same instant. Rec¬ 
ognizing this fact, we present a set of response-spectrum-based equations to determine an 
envelope that bounds the response trajectory. This bounding envelope can then be com¬ 
pared to the capacity curve for the element to determine whether or not it is adequately 
designed. 

The peak values of r a (t) and r/,(f) estimated by the RSA procedure are identified as 
r ao and r/,„ in Fig. 13.10.2a. They can be interpreted as estimates of the peak values of 
the projections of the response trajectory on the r a and r/, axes, respectively. Using these 
response-spectrum-based estimates of peak values, r ao and r /, 0 , a rectangular “envelope” 
that “bounds” the response trajectory is shown in Fig. 13.10.2a'; visually this envelope 
seems overly conservative. It is indeed conservative because it requires that the structural 
element should be designed for all four combinations of the peak responses: ±r ao and 
±rbo, implying that the peaks occur at the same instant; both algebraic signs are considered 
because the sign is lost in the RSA procedure, which always gives a positive value. Our 
goal is to construct a tighter bounding envelope. 

For this purpose, consider an arbitrary direction in the response space that is rotated 
a radians counterclockwise from the r a axis (Fig. 13.10. lc). The projection of the response 





Figure 13.10.2 


'The quotation marks are included to emphasize the fact that this envelope may not strictly bound the 
response trajectory because, as mentioned in Section 13.7, an RSA estimate of peak response may provide an 
underestimate relative to the exact value from RHA. 
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trajectory along this direction is given by' 

r a (t) = r a (t ) cosa + r b (t ) sina (13.10.1) 

The peak value r ao of r a ( t ) can be estimated by the RSA procedure, wherein the required 
modal static responses r* l n can be determined from r^ n and ^following Eq. (13.10.1): 

Cn = r an C0S “ + r bn sin « (13.10.2) 


As shown in Fig. 13.10.2b, the response trajectory is bounded in the direction a by r ao , 
just like it was bounded by r ao and r bo in directions a = 0° and 90°, respectively. 

We can repeat the preceding calculation to determine r ao for several directions a 
and plot the resulting bounds (Fig. 13.10.2c), thus gradually tightening the envelope. The 
resulting envelope can be shown to be an ellipse (Fig. 13.10.3a) with its coordinates de¬ 
fined by 


r a 

rb 


(>j 0 cos a + r abo sin a) /r ao 1 
(r bo sin a + r abo cos a) / r ao J 


0 < a < 2 tc radians (13.10.3) 


where the cross term r abo remains to be defined. In passing, we note that this cross term 
determines the orientation of the principal axes of the ellipse relative to the r a and r b axes 
of the response space. The coordinates given by Eq. (13.10.3) of a point on the elliptical 
envelope do not necessarily lie in direction a away from the origin of the response space; 
in fact, the direction is tan ] (r h /r rl ). Recall that a defines the direction along which the 
response trajectory is projected. It can be shown that the elliptical envelope is inscribed 
within the conservative rectangular envelope. 

Independent of the modal combination rule used to estimate peak responses, the 
preceding presentation is now specialized for the CQC and SRSS rules. Based on the CQC 


'In general, r a does not represent any physical response quantity; however, in some cases it does. For 
example, if r a and r b denote the bending moments in a column about two orthogonal axes a and b of its cross 
section, then r a represents the bending moment about a cross-sectional axis rotated a radians counterclockwise 
from the u-axis. 
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modal combination rule, r ao , rt, 0 , and r a t, () are given by 

/ N N \ 1/2 / N N \ 1/2 

Yao — EE PinXaio^ano J bo 

\i= 1 n =1 / 


EE PinXbioXbno J t~abo — EE* 

Ki= 1 n= 1 / 1=1 n=l 


'/« r aio^bno 


(13.10.4) 

where the first two are familiar equations (see Section 13.7) for peak values of responses 
r a (f) and (f), and the cross term defined by Eq. (13.10.4c) is similar in appearance to 
Eqs. (13.10.4a) and (13.10.4b), but it involves both responses; recall that p,„ = lforr =n 
(Section 13.7). 

If the natural vibration frequencies of the structure are well separated, p,„ ~ 0 for 
i ^ n, and Eq. (13.10.4) simplifies to 



fbo — 



r abo 


N 

^ ' fano^bno 
n= 1 


(13.10.5) 


Equations (13.10.5a) and (13.10.5b) are the familiar equations (see Section 13.7) for peak 
values of responses r a (t ) and r h (t) based on the SRSS modal combination rule, and Eq. 
(13.10.5c) is a special case of Eq. (13.10.4c). 

Based on the RSA procedure, Eq. (13.10.3) combined withEq. (13.10.4) or (13.10.5), 
as appropriate, defines the elliptical bounding envelope. Instead of the complete response 
trajectory (Fig. 13.10.1b), this envelope can be compared to the capacity curve of the 
structural element to determine whether or not it is adequately designed (Fig. 13.10.3b). 
In particular, an element is considered to be adequately designed if the elliptical enve¬ 
lope, which envelopes all combinations of the responses occurring during an earthquake, 
is within the safe region of the response space defined by the capacity surface of the 
element. It is often observed that the critical response combination, denoted by the de¬ 
sign point, does not include the peak value of either of the two responses, as shown in 
Fig. 13.10.3b. 

Researchers have developed a general theory leading to a bounding envelope for a 
set of more than two response quantities, e.g., axial force and bending moments about 
cross-sectional axes x and y acting on a structural element. In this case, the bounding enve¬ 
lope, which is an ellipse in the two-dimensional response space, generalizes to an ellipsoid 
in the three-dimensional response space. Researchers have also developed strategies for 
comparing three-dimensional response envelopes and capacity surfaces to judge whether 
or not a structural element is adequately designed. 


Contribution Of Static forces. In the preceding presentation of the elliptical 
envelope, only time-varying responses to earthquake excitation were considered. However, 
initial static (dead and live) loads acting on the structure cause time-invariant components 
r as and r/„.. For linearly elastic systems, the initial static and time-varying components of 
the response can be added to yield the total response that varies in time around the starting 
point <r as , r hs > in the r a — r h response space (Fig. 13.10.4). The size and orientation of the 
elliptical envelope is unaffected by the static components, and the center of the envelope 
is translated from the origin of the response space to <r as , rb s >, as shown in Fig. 13.10.4. 
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The coordinates of this translated envelope are 

r ° s 1 0 < a < 2n radians (13.10.6) 

r.';. j 

It is clear from Fig. 13.10.4 that the critical design point, which is the point on the 
response envelope that governs the design of a structural element, based on the rectangu¬ 
lar envelope lies outside the capacity curve, indicating that the structural element does not 
satisfy the design requirements. However, the elliptical envelope is encompassed by the 
capacity surface of the element, indicating that the element is adequately designed. Con¬ 
struction of an appropriate envelope is obviously important to arrive at the correct decision. 

Example 13.14 

Consider the inverted L-shaped frame of Fig. E13.1a subjected to the El Centro ground mo¬ 
tion. Determine the response trajectory and bounding envelope for two simultaneously acting 
forces at the base of the column: bending moment Mb and axial force P. Given m = 50 kips/g, 
El = 7.8 x 10 6 kip-in“, L = 12 ft, and assume that = 5%. 

Solution Substituting the given values of m, El, and L in Eq. (c) of Example 13.1 gives 
natural vibration frequencies m\ = 3.139 and a >2 = 8.420 rad/s; the corresponding natural 
vibration periods are T\ = 2.0 and 73 = 0.746 sec. 

Response History Analysis. Response analysis of the first-mode SDF system (7) = 
2 sec and = 5%) and the second-mode SDF system (T 2 — 0.746 sec and (2 — 5%) to the 
El Centro ground motion gives the D„(t ) and A n (t) shown in Fig. E13.14a. 


Vao C0S0! + r abo sinQ')//', 


(r. 2 o sin a + r aho cosal/r, 













kip-in. M , kip-in. 
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Figure E13.14b 


The modal static responses M bn and P,f are as follows: = 2.069 mL and M s b \ = 

0.931 mL (from Example 13.1); P^\ = 0.851m and Pj* = -0.851m (from Fig. E13.1). 
Substituting these in Eq. (13.1.16) gives the response history: 


Mbit) = 2.069mLA\(t ) + 0.931mZA 2 (r) 
P(t) = 0.851mAi(r) - 0.851mA 2 (r) 


(a) 


The base moment and axial force are computed from Eq. (a) using the known A n (f) from 
Fig. E13.14a and shown in Fig. E13.14b. Presented are contributions of each mode separately 
and the combined, total responses. The peak values are Mbo = 4056 kip-in. and P 0 = 24.41 
kips, as noted. 

Plotting Mbit) and P(t) together in the response space (Fig. E13.14c) provides the 
response trajectory. Observe that the peak values of the projections of the response trajectory 
on the Mb and P axes are equal to Mbo and P 0 determined above (Fig. E13.14c). 

Response Spectrum Analysis. The response spectrum for the El Centro ground motion 
(Fig. 6.6.4) for 5% damping gives A\ = 0.1376g and A 2 = 0.4515g, corresponding to 7j and 
T 2 , respectively. These are the precise values for spectral ordinates, the peak values of A„(t) 
noted in Fig. E13.14a. 
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The peak modal responses are given by 

Mbno = M S b ‘ n A n P no = P’* An (b) 

Substituting for A n , the modal static responses, m , and L leads to the peak modal values for 
the bending moment at the base of the column: 

M b i 0 = 2.069mL(0.1376g) = 2047 kip-in. 

Mbio = 0.931mL(0.4514g) = 3033 kip-in. 
and for the axial force in the column: 

Pio = 0.851m(0.1376g) = 5.85 kips 
P 2o = —0.85 lm(0.4514g) = -19.2 kips 

Because the natural frequencies of this system are well separated, we can combine the peak 
modal response by the SRSS rule: 

M bo = 7(2047)2 + (3033) 2 = 3659 kip-in. 

Po = 7 (5.85) 2 + (—19.2)2 = 20.07 kips 

These estimates of the peak responses are shown in the r a — rb response space in Fig. E13.14d. 
Because these estimates of the peak responses are smaller than the exact peak values from 
RHA (Fig. E13.14b), they do not strictly bound the response trajectory (Fig. E13.14d). 

The modal static responses for r a are computed from Eq. (13.10.2): 

r an = M bn C0S “ + P n sin “ 

For a = 30°, these modal static responses are 

= 2.069/wL cos 30° + 0.851m sin 30° 

= (1.792L + 0.4255)m 
r ®2 = 0.93lmLcos30° - 0.851msin30° 



= (0.8062L- 0.4255)/?! 
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Figure E13.14d, e 


Substituting these r^ n and the A n values in r alw = r£ n A„ gives the peak modal responses 

r alo = (1.792L + 0.4255)m(0.1376g) = 1776 
r a 2 0 = (0.8062L- 0.4255)m(0.4515g) = 2617 
Combining these peak modal responses gives 

r ao = 7(1776)2 + (2617) 2 = 3163 

Note that r a does not represent a physical quantity, hence units are not shown. 

Bounding Envelope The bounding envelope is given by Eq. (13.10.3) where r ao , rbo, 
and r ao have already been determined and r a b 0 is given by Eq. (13.10.5c): 

N 

rabo = E ranoTbno = (2047)(5.85) + (3033)(—19.2) 

n =1 

= -46,260 

With r ao , rbo, r ao, an d r a b 0 known, calculating the coordinates of the bounding envelope is 
illustrated for a = 30°: 

r a = [(3659) 2 cos 30° + (-46240) sin 30°]/3163 = 3658 

r b = [(20.07)2 sin 30° + (-46240) cos 30°]/3163 = -12.60 

These are the coordinates of one point on the bounding envelope (Fig. E13.14e). The ellip¬ 
tical envelope is bounded in the direction a by r ao = 3163. This bound will be tangential 
to the envelope at the point (3658, —12.60). However, this assertion cannot be verified in 
Fig. E13.14e because the scales along r a and rb axes are not the same, causing distortion of 
angles. Repeating such calculations for a large number of a values leads to the bounding 
ellipse (Fig. E13.14e). 
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13.11 PEAK RESPONSE TO MULTICOMPONENT GROUND MOTION 

Ground motion at a location is defined by six components: translation along orthogonal 
axes, x, y, and z and rotations about these axes; the x and y axes are horizontal and the 
z-axis is vertical. We will restrict consideration to three translational components because 
these are the only components recorded during earthquakes. Let us temporarily assume 
that x, y, and z axes coincide with the axes defining the structure. The dynamic response 
of the structure within its linearly elastic range of behavior to one component of ground 
motion can be determined by the response history analysis (RHA) procedure (Chapter 13, 
Part A), and the combined response to three components acting simultaneously is obtained 
by superposition. 

How can the combined response be determined within the context of the response 
spectrum analysis (RSA) procedure presented in Section 13.7? The RSA procedure pro¬ 
vides an estimate of the peak values of the responses to individual components of exci¬ 
tation. Recognizing that these peaks generally do not occur simultaneously, we present 
a rule to combine the three individual peaks to estimate the peak response to multicom¬ 
ponent ground motion. For this purpose, it is necessary first to introduce the concept 
of principal axes of ground motion, which in turn requires new terminology and defini¬ 
tions. 


13.11.1 Earthquake Excitation 

Consider three orthogonal components— x, y, and z —of recorded ground acceleration 
a x (t), a y (t), and a z (t) and define the 3x3 covariance matrix (i by its elements: 

1 [ ,d 

Pij= — cij {t)cij (f) dt i,j=x,y,z (13.11.1) 

‘d Jo 

where t r j is the duration of ground motion. The diagonal terms of this matrix represent 
the mean square intensities of the three components, and the off-diagonal terms represent 
cross correlations between pairs of components. In general, p,j for i ^ j is nonzero and 
the components are said to be correlated. 

Researchers have developed three concepts: First, ground motion can be transformed 
to a new orthogonal set of axes 1, 2, and 3 such that ground accelerations a\{t), 02 (f), and 
03 (f) along these axes are uncorrelated; i.e., p = 0, i ^ j, where i, j = 1, 2, 3; the 
corresponding covariance matrix is obviously a diagonal matrix. Second, these axes are 
defined as the principal axes of ground motion. Ordering the components starting from the 
largest mean square intensity to the lowest mean square intensity, i.e., pn > P22 > P33, 
fli (f) is called the major principal component, 02 (f) the intermediate principal component, 
and 03 (f) the minor principal component. Third, the major principal axis is horizontal and 


'In this section ground acceleration is denoted by all) instead of u g (t). to simplify notation. 
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directed roughly toward the epicenter of the earthquake; the intermediate principal axis is 
also horizontal but orthogonal to the first; and the minor principal axis is roughly vertical. 
This simple model is reasonable for ground motions recorded not too close to the causative 
fault. 

The excitation is defined in terms of design spectra associated with the principal com¬ 
ponents of ground motion. The pseudo-acceleration spectra are denoted as A(T„) for the 
major principal component, yA(T n ) for the intermediate principal component, and A^(7' n ) 
for the minor principal component. Note that the design spectra in the two horizontal di¬ 
rections have the same shape but differ by the factor y, where 0 < y < 1 , whereas the 
design spectrum A^(T n ) for vertical ground motion has a different shape, assumptions that 
are consistent with response spectra for recorded motions. 

13.11.2 Structural Response-Incident Angle Relation 

Figure 13.11.1 presents a schematic plan for a structure with two sets of axes: one (axes 1 
and 2 ) defining the principal directions of ground motion, and the other ( x and y axes) 
defining the structure; the third axis for the structure (z-axis) and the minor principal 
axis (axis 3) for the ground motion are both vertical. The relative orientation of the 
two coordinate systems is defined by the angle 0 between the two sets of horizontal 
axes. Defined as the seismic incident angle , 6 in the counterclockwise direction is taken 
to be positive. Components of ground motion along the structural axes are naturally 
correlated. 

Consider a response quantity r (t) that can be expressed as a linear combination of 
structural displacements. The CQC3 rule has been developed to estimate the peak value 
r a of the combined response due to simultaneous application of the principal components 
of ground motion. This rule gives the peak response as a function of the seismic incident 
angle, presented without derivation: 

r(0) ~ { [r 2 + (y r y) 2 ] cos 2 8 + [(yr x ) 2 + r 2 ] sin 2 6 + 2(1 - y 2 )r xy sin 0 cos8 + r 2 } 1/_ 

(13.11.2) 



Figure 13.11.1 Relative orientation of two 
coordinate systems; structural axes x, y, and 
Z\ and principal axes 1, 2, and 3 of ground 
motion (vertical axes z and 3 not shown). 
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where the subscript “o” that denotes the peak value has been dropped, and r x is the peak 
response to a single component of ground motion, defined by the spectrum A (T„) of the 
major principal component, applied along the structural axis x\ r y is the peak response 
to a single component of ground motion, defined by the spectrum A (T„), applied along 
the structural axis y\ r- equals the peak response to vertical ground motion defined by the 
spectrum A z (T n ). Note that r y is not the actual response to the intermediate principal com¬ 
ponent of ground motion, which was defined by the spectrum y A(T n )\r y equals the actual 
response divided by y. If the intensities of the two horizontal components of ground mo¬ 
tion are equal, i.e., y = 1, it can readily be seen from Eq. (13.11.2) that the peak response 
is independent of the seismic incident angle 9. However, recorded ground motions do not 
support the hypothesis of y = 1. 

The peak response r k to an individual component of ground motion is given by the 
CQC rule [see Eq. (13.7.4)]: 

/ N N \ 1/2 

n — EE PinWn*) k = X, y, z (13.11.3) 

\i=l n =1 / 

where r nk is the peak response due to the nth natural mode of vibration and p in is the 
modal correlation coefficient for modes i and n; note that the first subscript in r nk denotes 
the mode number and the second refers to the direction of application of ground motion. 
Rewriting Eq. (13.7.1), 


r nk = r n k Ank (13.11.4) 

where r„ k is the nth modal static response and A nk is the ordinate of the pseudo-acceleration 
spectrum at the nth-mode period, both associated with the ^-direction of application of 
ground motion. The term r xy in Eq. (13.11.2) is a cross term between modal responses 
contributing to r x and r y that arises from correlation between the ground motion compo¬ 
nents along the structural axes: 


N N 

Vxy — ^ ^ PinTix^ny (13.11.5) 

1=1 n= 1 


Note that r xy involves the same terms that enter in Eq. (13.11.3) for peak responses r x and 
r y , but it involves modal responses to both components of ground motion. 

If the natural vibration frequencies of modes contributing significantly to the re¬ 
sponse are well separated, the modal correlation coefficients p ln ~ 0 for i /n, and r k may 
be determined by the simpler SRSS modal combination rule [Eq. (13.7.3)]: 



1/2 


r k — 


(13.11.6) 
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Similarly, Eq. (13.11.5) simplifies to 

N 

n — yi r„ x r ny (13.11.7) 

n= 1 

where we have used the property that p in = 1 for i = n. 

13.11.3 Critical Response 


The critical response r CT is defined as the largest of the responses r(0) for all possible 
seismic incident angles 9. It is of interest because in practical situations the location of the 
earthquake epicenter is not known; hence 0 is unknown. Differentiating Eq. (13.11.2) with 
respect to 0 and setting the derivative equal to zero gives the critical incident angle: 

^s) m-u.*) 

* 'y/ 



This equation leads to two values of 6 between 0 and tc rad, corresponding to the maximum 
and minimum values of r ( 0 ): r max and r m ; n ; the two values of 9 are separated by tt/2 rad. 
Observe that 9 a is independent of the intensity ratio y between the horizontal components 
of ground motion and is not influenced by the vertical component of ground motion. 

Numerical values for r max and r m ; n can be determined by substituting the two numer¬ 
ical values of 9 a obtained from Eq. (13.11.8) intoEq. (13.11.2). It is possible, however, to 
derive explicit equations for r max and r nlln , and the one for maximum response is 


(i + y 2 ) 


/'2 r 2 

x 1 y 


+ (1 - y ) 


Nl 


1 1/2 


/■2 — r 2 

x y 


+ r 2 + r" 

I X y I j 


(13.11.9) 

Thus the CQC3 estimate of the critical response has been expressed in terms of the peak 
responses r x and r y to the major principal component of ground motion, characterized by 
the design spectrum A(T„), applied along the x and y axes of the structure, respectively; the 
peak response r z to the vertical component of ground motion, characterized by the design 
spectrum A z (T n ); and the cross term r xy that arises from correlation between the ground 
motion components along the structural axes. 


13.11.4 Other Multicomponent Combination Rules 


If the principal axes of ground motion coincide with the structural axes, the response is 
given by Eq. (13.11.2) with 9 = 0 if the major principal axis is oriented in the v-di recti on 
and with 9 = n /2 rad if the major principal axis is oriented in the y-direction: 

r (0) = [r x + (yr y ) 2 + r 2 ] 1/2 r (jt/ 2) = [(yr x ) 2 + r 2 y + rj ] 1/2 (13.11.10) 

According to these equations, the peak total response is given by the square-root-of-the- 
sum-of-squares of the peak responses to individual components of ground motion. Although 
the design spectrum for the y-component is less intense than that for the jr-component by 
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the factor y < 1 , r y can be larger than r x , depending on the relative values of the modal 
static responses associated with the two components; see Eq. (13.11.4). Therefore, the 
SRSS rule is defined as 


r CI ~ max[r (0), r (tt/2)] (13.11.11) 

If the two horizontal components of ground motion are equal in intensity, i.e., y = 1 , 
the CQC3 rule [Eq. (13.11.2)] reduces to the SRSS rule: 

r CI ~ (r 2 x + r 2 y + r>) 1/2 (13.11.12) 

Note that Eq. (13.11.12) is the same as Eq. (13.11.11), specialized for y = 1. Some 
building codes define the same design spectrum for both horizontal components of ground 
motion and specify the SRSS rule to determine the peak response to multicomponent ex¬ 
citation. 

A percent rule to determine the peak response to multicomponent excitation also ap¬ 
pears in some building codes. This rule is also based on the assumption that the principal 
axes of ground motion coincide with the structural axes and that both horizontal compo¬ 
nents of ground motion have the same intensity. According to this rule, r a is estimated as 
the sum of the response due to excitation in one direction and some fraction, a percent, 
of the responses due to excitations in the other two directions. Structural design is based 
on the combination that yields the largest estimate of the total response. Thus, three cases 
must be considered: 

r CI ~ max[r* + ar y + ar z , ar x + r y + ar z , ar x + ar y + r-] (13.11.13) 

Some design codes specify a = 30%, whereas a = 40% in other codes. 

13.11.5 Example: Three-Dimensional System 

The analysis procedures presented in the preceding sections are implemented for a sim¬ 
ple three-dimensional system subjected to two horizontal components of ground motion, 
applied simultaneously. Peak values of selected response quantities are estimated by the 
various multicomponent combination rules. The results presented are accompanied by in¬ 
terpretive comments that should assist us in developing an understanding of these rules. 

System and excitation. The three-dimensional pipe of Fig. E13.11.2 is made of 
3-in.-nominal diameter standard steel pipe. Its properties are I = 3.017 in 4 , J — 6.034 in 4 , 
E = 30,000 ksi, G = 12,000 ksi, m — 1.0 kips/g, and L = 36 in. This system is sub¬ 
jected to horizontal ground motion defined by its two principal components, characterized 
by A(T n ) and yA(T„), 0 < y < 1, respectively, where A(T n ) is the design spectrum of 
Fig. 6.9.5 (£ = 5%) scaled to 0.20g peak ground acceleration. 

Response to individual components. Response quantities selected are the 
bending moments about the x and y axes and torque at the clamped end a of the pipe. 
The peak responses due to a single component of ground motion characterized by the 
design spectrum A (T„) applied first along the x-axis and subsequently along the y-axis are 
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Figure E13.11.2 


determined by the RSA procedure of Section 13.7. These calculations are not presented 
in detail (they are left to the reader as Problems 13.59 and 13.60), but the salient results 
needed to determine the response to multicomponent excitation are summarized next. 

The modal correlation coefficients p m are needed in Eq. (13.11.3) to estimate the 
peak response to individual components of ground motion. For this purpose it is neces¬ 
sary to compute the frequency ratios /?,■„ = a>, /<»„ from the natural frequencies co n = 
13.24, 13.66, and 49.59 rad/sec. The corresponding values of p,„, computed from 
Eq. (13.7.10) with £ = 0.05, are presented in Table 13.11.1. 


TABLE 13.11.1 MODAL CORRELATION 
COEFFICIENTS p in 


Mode, i 

n = 1 

n = 2 

n = 3 

1 

i 

0.909 

0.006 

2 

0.909 

1 

0.007 

3 

0.006 

0.007 

1 


The peak modal responses for M x , M v , and 7'-, given by the individual terms in 
Eq. (13.11.3), together with the CQC estimate [Eq. (13.11.3)] of the peak value of the 
combined response are presented in Table 13.11.2. 


TABLE 13.11.2 PEAK MODAL RESPONSES AND CQC ESTIMATE (KIP-IN.) 


Excitation 


x-direction 



-y-direction 


Mode 

M x 

My 

Tz 

M x 

My 

T z 

1 

-1.509 

-17.725 

19.234 

0.956 

11.235 

-12.191 

2 

-5.228 

2.804 

2.424 

9.721 

-5.214 

-4.507 

3 

6.737 

-4.591 

-2.146 

8.835 

-6.021 

-2.814 

CQC 

9.421 

15.925 

21.555 

13.842 

9.097 

16.653 


Cross term r X y. Subsequent calculations are illustrated for M x , i.e., r = M x . 
Table 13.11.3 gives r x = 9.421 kips-in. and r y — 13.842 kips-in. To determine the cross 
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term defined by Eq. (13.11.5), the nine terms in the double summation, computed using 
the known values of p in , r ix , and r ny , are presented in Table 13.11.3. 


TABLE 13.11.3 INDIVIDUAL TERMS IN 
EQ. (13.11.5) 


Mode, i 

n = 1 

n = 2 

n = 3 

1 

-1.443 

-13.333 

-0.081 

2 

-4.543 

-50.821 

-0.305 

3 

0.039 

0.432 

59.521 


Adding the nine terms gives r xy = —10.538. 

Response-incident angle relation. Now that r x , r y , and r xy are known, they 
are substituted in Eq. (13.11.2) to obtain the response as a function of incident angle; e.g., 
for 9 = 7 r /4 and y = 0.67, r (jt/ 4) = 14.046. Such calculations are repeated for many 
values of 9 to obtain M x as a function of 6 for four values of y. Similar calculations are 
implemented to obtain M y and T- as functions of 9. 

The bending moments M x and M y , and torque T z , estimated by the CQC3 rule, are 
presented in Fig. 13.11.3 for all possible orientations 9 of the principal axes of ground 
motion, relative to the structural axes. These results for four values of y permit the fol¬ 
lowing observations: (1) the CQC3 estimate of peak response varies moderately with 9, 
increasingly so for the smaller values of y; and ( 2 ) for the limiting case of y = 1 , the 
CQC3 estimate is independent of 9, a numerical confirmation of the earlier observation 
from Eq. (13.11.2). 

30 

■k 20 

sT io 

aT 

o 

0 n/2 k0 n/2 n 0 n/2 n 

Seismic incident angle 8, rad 

Figure 13.11.3 Peak responses M x , M y , and T z for all orientations of principal axes of 
ground motion. 

Critical response. Substituting r x = 9.421, r y = 13.842, r xy = —10.538, and 
y — 0.67 in Eq. (13.11.9) leads to r cr = 15.232 kips-in. This is the critical value of M x 
(Fig. 13.11.3); i.e., the largest value of M x over all possible seismic incident angles, 6; the 
critical incident angle 9 CT = 95.8° is calculated from Eq. (13.11.8). 
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Comparison of CQC3 and SRSS rules. Estimates of the critical values of 
M x , My, and 77 obtained from CQC3 and SRSS rales are presented in Table 13.11.4 for 
four values of y. The CQC3 estimate is obtained, as illustrated earlier for M x for y = 0.67. 
The SRSS estimate is obtained using Eqs. (13.11.10) and (13.11.11), as is illustrated next 
for response M x , i.e., r = M x . Substituting r x = 9.421, r y = 13.842, and y = 0.67 in 
Eq. (13.11.10) gives r (0) = 13.220 and r(;r/2) = 15.213; according to Eq. (13.11.11), 
r a = max (13.220, 15.213) = 15.213 kip-in. 


TABLE 13.11.4 SRSS AND CQC3 ESTIMATES OF CRITICAL 
RESPONSE 


Intensity Ratio y 

M x (kip-in.) 

M v (kip-in.) 

T z (kip-in.) 

SRSS 

CQC3 

SRSS 

CQC3 

SRSS 

CQC3 

0.5 

14.62 

14.65 

16.56 

17.16 

23.11 

27.05 

0.67 

15.21 

15.23 

17.05 

17.48 

24.27 

27.10 

0.85 

15.99 

16.00 

17.70 

17.91 

25.79 

27.17 

1 

16.74 

16.74 

18.34 

18.34 

27.24 

27.24 


Observe that the SRSS estimate is smaller than the CQC3 estimate for all response quan¬ 
tities and for all values of y < 1; for the limit case of y = 1, the two estimates are 
identical. 

Comments on SRSS and percent rules in building codes. We first illus¬ 
trate estimation of the critical value of response M x according to the SRSS and percent 
rules specified in building codes, which are based on the assumption that y = 1. Substi¬ 
tuting r x = 9.421 and r y — 13.842 (and dropping the r z term) in Eq. (13.11.12) gives 
the SRSS estimate r CI = 16.744 kip-in. According to the percent rules, the critical value 
of response is estimated from Eq. (13.11.13). Substituting r x = 9.421 and r y = 13.842, 
the 30% rale gives r cr = max(16.668, 13.573) = 16.668 kip-in., and the 40% rale gives 
r CI = max(17.610, 14.958) = 17.610 kip-in. 

The critical values of M x , M y , and T z estimated by the SRSS and percent rules in 
building codes are presented in Table 13.11.5, together with the CQC3 estimate (from 
Table 13.11.4); the latter varies with y. Comparing these estimates permits the following 


TABLE 13.11.5 BUILDING CODE AND CCC3 ESTIMATES OF CRITICAL RESPONSE 



M x (kip-in.) 



M v (kip-in.) 


7) (kip-in.) 



40% 

30% 


40% 

30% 

40% 

30% 

Y 

CQC3 SRSS Rule 

Rule 

CQC3 

SRSS Rule 

Rule 

CQC3 SRSS Rule 

Rule 

0.5 

14.65 


17.16 



27.05 


0.67 

15.23 


17.48 



27.10 


0.85 

16.00 


17.91 



27.17 


1.0 

16.74 16.74 17.61 

16.67 

18.34 

18.34 19.56 

18.65 

27.24 27.24 28.22 

26.55 
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observations: For all three response quantities the SRSS estimate (with y = 1) of the 
critical value of response exceeds the CQC3 estimate for all values of y, except y = 1 
when the two are identical. This overestimation increases as y decreases. The preceding 
comments also apply to the estimate of critical response determined by the 40% rule, which 
is even more conservative than the SRSS rule. In contrast, the 30% rule may or may not be 
conservative, depending on the response quantity of interest and on y. 

13.11.6 A Response-Spectrum-Based Envelope for 
Simultaneous Responses 

In Section 13.10 we presented a response-spectrum-based envelope for two or more re¬ 
sponses of a structure excited by one component of ground motion. Researchers have 
developed such an elliptical envelope for multicomponent excitation when the principal 
directions of ground motion are known. For the case where the principal directions of 
ground motion are not known in advance, researchers have developed a supreme envelope 
that represents the union of the elliptical envelopes for all orientations of the principal axes. 
Comparing this supreme envelope for a structural element against its capacity surface to 
determine whether or not the element is adequately designed is even more challenging than 
was alluded to in Section 13.10, and strategies have been developed for this purpose. 
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PROBLEMS 


Part A: Sections 13.1-13.4 

13.1 For the two-story shear frame of Fig. P13.1 (also of Problems 9.5 and 10.6) excited by 
horizontal ground motion u g (t), determine (a) the modal expansion of effective earthquake 
forces, (b) the floor displacement response in terms of D n ( t ), (c) the story shear response in 
terms of A n (?), and (d) the first-floor and base overturning moments in terms of A„ (?). 


h 

h 



Figure P13.1 


* 13.2 The response of the two-story shear frame of Fig. P13.1 (also of Problems 9.5 and 10.6) to El 
Centro ground motion is to be computed as a function of time. The properties of the frame 
are h = 12 ft, m = 100 kips/g, I = 727 in 4 , E = 29,000 ksi, and = 5%. The ground 
acceleration data are available in Appendix 6 at every At = 0.02 sec. 

(a) Determine the SDF system responses D n (?) and A„ (?) using a numerical time-stepping 
method of your choice with an appropriate A?; plot D n (t) and A n {t). 

(b) For each natural mode calculate as a function of time the following response quantities: 
(i) the displacements at each floor, (ii) the story shears, and (iii) the floor and base overturn¬ 
ing moments. 


♦Denotes that a computer is necessary to solve this problem. 
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13.3 


*13.4 


13.5- 

13.6 


*13.7- 

13.8 


(c) At each instant of time, combine the modal contributions to each of the response quanti¬ 
ties to obtain the total response; determine the peak value of the total responses. For selected 
response quantities plot as a function of time the modal responses and total response. 
Determine the effective modal masses and effective modal heights for the two-story shear 
frame of Fig. P13.1 (also of Problems 9.5 and 10.6); the height of each story is h. Display 
this information on the SDF systems for the modes. Verify that Eqs. (13.2.14) and (13.2.17) 
are satisfied. 


Figure P13.4 shows a two-story frame (the same as that in Problems 9.6 and 10.10) with flex¬ 
ural rigidity El for beams and columns. Determine the dynamic response of this structure 
to horizontal ground motion ii g (t). Express (a) the floor displacements and joint rotations in 
terms of D n (t ), and (b) the bending moments in a first-story column and in the second-floor 
beam in terms of A n (t). 



m/2 E[ 



Figure P13.4 


For the three-story shear frames of Figs. P13.5-P13.6 (also of Problems 9.7-9.8 and 10.11— 
10.12) excited by horizontal ground motion u g (t), determine (a) the modal expansion of 
effective earthquake forces, (b) the floor displacement response in terms of D n {t), (c) the 
story shear response in terms of A n (t), and (d) the base overturning moment in terms of 

A n (t). 




Figure P13.5 Figure P13.6 

The response of the three-story shear frames of Figs. P13.5-P13.6 (also of Problems 9.7-9.8 
and 10.11-10.12) to El Centro ground motion is to be computed as a function of time. The 
properties of the frame are h = 12 ft, m = 100 kips/g, / = 1400 in 4 , £ = 29,000 ksi, and 
= 5%. The ground acceleration data are available in Appendix 6 at every At = 0.02 sec. 


♦Denotes that a computer is necessary to solve this problem. 
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13.9- 

13.10 

*13.11- 

13.14 


(a) Determine the SDF system responses D„ ( t ) and A„ ( t ) using a numerical time-stepping 
method of your choice with an appropriate At; plot D n (t) and A n (t). 

(b) For each natural mode, calculate as a function of time the following response quantities: 
(i) the roof displacement, (ii) the story shears, and (iii) the base overturning moment. 

(c) At each instant of time combine the modal contributions to each of the response quantities 
to obtain the total response; determine the peak value of the total responses. For selected 
response quantities, plot as a function of time the modal responses and total response. 
Determine the effective modal masses and effective modal heights for the three-story shear 
frames of Figs. P13.5-P13.6; the height of each story is h. Display this information on the 
SDF systems for the modes. Verify that Eqs. (13.2.14) and (13.2.17) are satisfied. 

Figures P13.11-13.14 show three-story frames (the same as those in Problems 9.9-9.12 and 
10.19-10.22) together with flexural rigidity for beams and columns. Determine the dynamic 


ml 2 


El 


m/2 



£7/2 



Figure P13.ll Figure P13.12 

response of this three-story frame to horizontal ground motion ii g (t). Express (a) the floor 
displacements and joint rotations in terms of D n {t), and (b) the bending moments in a first- 
story column and in the second-floor beam in terms of A n (t). 




Figure P13.13 Figure P13.14 


*Denotes that a computer is necessary to solve this problem. 
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13.15 For the inverted L-shaped frame of Fig. E9.6a excited by vertical ground motion ii g (f), deter¬ 
mine (a) the modal expansion of effective earthquake forces, (b) the displacement response 
in terms of D n ( t ), and (c) the bending moment at the base of the column in terms of A n (?). 

13.16 Solve Problem 13.15 for the ground motion shown in Fig. P13.16. 

*13.17 For the umbrella structure of Fig. P13.17 (also of Problems 9.13 and 10.23) excited by hor¬ 
izontal ground motion ii g (t), determine (a) the modal expansion of effective earthquake 
forces, (b) the displacement response in terms of D„ (f), and (c) the bending moments at the 
base of the column and at location a of the beam in terms of A n ( t ). 


2m m 
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Figure P13.16 Figure P13.17 

*13.18 Solve Problem 13.17 for vertical ground motion. 

*13.19 Solve Problem 13.17 for ground motion in the direction b-d. 

*13.20 Solve Problem 13.17 for ground motion in the direction b-c. 

*13.21 Solve Problem 13.17 for rocking ground motion in the plane of the structure. 

*13.22 A cantilever tower is shown in Fig. P13.22 with three lumped masses and its flexural stiff¬ 
ness properties; m — 0.486 kip-sec 2 /in., El /L 3 = 56.26 kips/in., and El' /L 3 = 0.0064 
kip/in. Note that the top mass and its supporting element are an appendage to the main tower. 
Damping is defined by modal damping ratios, with <(„ = 5% for all modes. 


o 
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7777?. Figure P13.22 


^Denotes that a computer is necessary to solve this problem. 
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(a) Determine the natural vibration periods and modes; sketch the modes. 

(b) Expand the effective earthquake forces into their modal components and show this ex¬ 
pansion graphically. 

(c) Compute the modal static responses for three quantities: (i) the displacement of the ap¬ 
pendage mass, (ii) the shear force at the base of the appendage, and (iii) the shear force at 
the base of the tower. 

(d) What can you predict about the relative values of modal contributions to each of the 
response quantity from the results of parts (a) and (c)? 

*13.23 The response of the tower with appendage of Fig. P13.22 to El Centro ground motion is to 
be computed as a function of time. The ground acceleration is available in Appendix 6 at 
every At = 0.02 sec. The damping of the structure is defined by the modal damping ratios 
= 5% for all modes. 

(a) Determine the SDF system responses D n ( t ) and A n ( t ) using a numerical time-stepping 
method of your choice with an appropriate At. 

(b) For each vibration mode calculate and plot as a function of time the following response 
quantities: (i) the displacement of the appendage mass, (ii) the shear force in the appendage, 
and (iii) the shear force at the base of the tower. Determine the peak value of each modal 
response. 

(c) Calculate and plot as a function of time the total values of the three response quantities 
determined in part (b); determine the peak values of the total responses. 

(d) Compute the seismic coefficients (defined as the shear force normalized by the weight) 
for the appendage and the tower. Why is the seismic coefficient for the appendage much 
larger than for the tower? 

13.24 The one-story, unsymmetric-plan system of Fig. P13.24 (the same as that defined in Prob¬ 
lem 9.14 for which the natural vibration frequencies and modes were to be determined in 
Problem 10.24) is excited by ground motion ii gy {t ) in the y-direction. Formulate the equa¬ 
tions of motion for this 3DF system and: 



kips/in. 


Figure P13.24 


*Denotes that a computer is necessary to solve this problem. 
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(a) Expand the effective earthquake forces in terms of their modal components and show this 
expansion graphically. 

(b) Verify that Eq. (13.3.9), generalized from a 21V-DOF system to a 31V-DOF system, is 
satisfied. 

(c) Determine the displacement u y and rotation ug of the slab in terms of D„(t). 

(d) Determine the base shear and base torque in terms of A n (?). 

13.25 The one-story, unsymmetric-plan system of Fig. P13.24 (the same as that defined in Prob¬ 
lem 9.14 for which the natural vibration frequencies and modes were to be determined in 
Problem 10.24) is excited by ground motion ii g (t) along the diagonal d-b. Formulate the 
equations of motion for this 3DF system and: 

(a) Expand the effective earthquake forces in terms of their modal components and show this 
expansion graphically. 

(b) Verify that Eq. (13.3.9), generalized from a 2V-DOF system to a 31V-DOF system, is 
satisfied. 

(c) Determine the displacement u y and rotation uq of the slab in terms of £)„(?). 

(d) Determine the x and y components of the base shear and base torque in terms of A„(t). 
*13.26 The response history of the system of Problem 13.24 (the same as that in Problem 9.14 for 

which the natural vibration frequencies and modes were to be determined in Problem 10.24) 
to El Centro ground motion along the y-direction is to be determined. In addition to the 
system properties given in Fig. PI3.24, = 5% for all natural vibration modes. The ground 
acceleration is available in Appendix 6 at every At = 0.02 sec. 

(a) Determine the SDF system responses D n (?) and A n (?) using a numerical time-stepping 
method of your choice with an appropriate A?; plot D n (t) and A n {t). 

(b) For each vibration mode, calculate and plot as a function of time the following response 
quantities: u y , b/2ug, base shear V*, and base torque Tg. 

(c) Calculate and plot as a function of time the total responses; determine the peak values of 
the total responses. 

13.27 For the system of Fig. P13.27 (also of Problems 9.18 and 10.28), which is subjected to 
ground motion in the x-direction: (a) expand the effective earthquake forces in terms of their 
modal components and show this expansion graphically; (b) determine the displacements u x , 
u y , and u z of the mass in terms of D n (t ); and (c) determine the bending moments about the 
x and y axes and the torque at the clamped end a in terms of A n (?). 


u 


L 



u. 


X 


Figure P13.27 


*Denotes that a computer is necessary to solve this problem. 
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13.28 Solve Problem 13.27 for ground motion in the y-direction. 

13.29 Solve Problem 13.27 for ground motion in the z-direction. 

13.30 Solve Problem 13.27 for ground motion in the direction a-d. 

Part A: Section 13.5 


13.31 The system of Fig. P13.31 (and of Problem 9.19) is subjected to support motions u g \(t) and 
u g 2 (t). Determine the motion of the two masses as a function of time for two excitations: 
(a)ugi(f) = —u g 2 (t) = Mg(f),and (b) u g 2 (t ) = u g \(t) = u g (t );express all results in terms 
of D„(0, the deformation response of the nth-mode SDF system to iig(t). Comment on how 
the response to the two excitations differs and why. 
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Figure P13.31 

13.32 The undamped system of Fig. P13.32 (and of Problem 9.20), with L = 50 ft, m — 0.2 kip- 
sec 2 /in., and El = 5 x 10 8 kip-in 2 , is subjected to support motions u g \{t) and 
u g2 (t). Determine the steady-state motion of the lumped mass and the steady-state value of 
the bending moment at the midspan due to two harmonic excitations: (i) u g \ ( t ) = u go sin cot, 
Ug 2 (t) = 0; and (ii) u g \(t) — u g 2 (t) = u go s'ma)t. The excitation frequency a> is 0.8a>„, 
where a> n is the natural vibration frequency of the system. Express your results in terms of 
u go . Comment on (a) the relative contributions of the quasi-static and dynamic components 
in each response quantity due to each excitation case, and (b) how the responses to the two 
excitations differ and why. 



Figure P13.32 


*13.33 The equations governing the motion of the system in Fig. P9.21 due to support motions were 
formulated in Problem 9.21. 

(a) Support a undergoes motion u g (t) in the x-direction and support b undergoes the same 
motion, but t' seconds later. Determine the following responses as a function of time: (i) the 
displacements u\ and 112 of the valves, and (ii) the bending moments at a , b, c, d, and e. 
Express the displacements in terms of u g {t) and D n (t), and forces in terms of u g (t) and 
A n (t), where D n (f) and A n (t) are the deformation and pseudo-acceleration responses of the 
nth-mode SDF system to u g (t). 


♦Denotes that a computer is necessary to solve this problem. 
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(b) Compare the preceding results with the response of the system if both supports undergo 
identical motion u g (t). Comment on how the responses in the two cases differ and why. 

*13.34 The equations governing the motion of the system in Fig. P9.22 due to spatially varying 
ground motion in the x-direction were formulated in Problem 9.22. 

(a) Support a undergoes motion u g {t) in the x-direction and support b undergoes the same 
motion, but t' seconds later. Determine the following responses as a function of time: (i) the 
displacements u\ and 112 , and (ii) the bending moments at a, b, c, d , and e. Express the 
displacements in terms of u g (t) and D n (t), and forces in terms of u g (t) and A n (t), where 
D n (f) and A„ ( t ) are the deformation and pseudo-acceleration response of the nth-mode SDF 
system to u g {t). 

(b) Compare the preceding results with the response of the system if both supports undergo 
identical motion u g (t). Comment on how the responses in the two cases differ and why. 

*13.35 For the system defined in Problem 9.23, the equations governing its motion due to spatially 
varying ground motion in the x-direction were formulated in Problem 9.23. 

(a) The supports of columns a and b undergo motion u g (f) in the x-direction and the supports 

of columns c and d undergo the same motion, but t' seconds later. Determine the following 
responses as a function of time: (i) the displacements u x , u y , and ug of the roof slab, and 
(ii) the shear in each column. Express the displacements in terms of u g (t) and D n (t), and 
forces in terms of u g (t) and where D n (t) and A n (t) are the deformation and pseudo¬ 

acceleration response of the nth-mode SDF system to ii g (t). 

(b) Compare the preceding results with the response of the structure if all column supports 
undergo identical motion u g {t). Comment on how the responses in the two cases differ and 
why. 

*13.36 For the system of Fig. P13.24 the natural vibration frequencies and modes were determined 
in Problem 10.24, and the equations governing its motion due to spatially varying ground 
motion in the x-direction were formulated in Problem 9.24. 

(a) The supports of columns a and b undergo motion u g {t) in the x-direction and the sup¬ 
ports of columns c and d undergo the same motion, but t' seconds later. Determine the 
following responses as a function of time: (i) the displacements u x , u y , and ug of the roof 
slab, and (ii) the shear in each column. Express the displacements in terms of u g (t) and 
D n {t), and forces in terms of u g (t) and A n (t), where D n (t) and A n (t) are the deformation 
and pseudo-acceleration response of the nth-mode SDF system to u g (t). 

(b) Compare the preceding results with the response of the structure if all column sup¬ 
ports undergo identical motion u g (t). Comment on how the responses in the two cases 
differ and why. 

*13.37 Implement numerically the solution to Problem 13.36 for El Centro ground motion with 
t' = 0.1 sec. In addition to the system properties given in Fig. P13.24, = 5% for 

all modes. The ground acceleration is available in Appendix 6 at every At = 0.02 sec. 
Plot (i) D n (t), and (ii) the modal contributions and the total response for each response 
quantity. Determine the peak values of the total response. Comment on the influence of 
spatial variations in the excitation. 

*13.38 (a) In the intake tower of Problem 9.25, the base of the tower undergoes horizontal motion 

u g (t), and the right end of the bridge undergoes the same motion as the base, but it does so t' 
seconds later. Determine the following responses as a function of time: (i) the displacement 
at the top of the tower, (ii) the shear and bending moment at the tower base, and (iii) the 


♦Denotes that a computer is necessary to solve this problem. 
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Part 

*13.39 

13.40 


*13.41- 

13.44 


13.45- 

13.46 


axial force in the bridge. Express the displacements in terms of D n (t) and forces in terms of 
A n (0, where D n (t ) and A n ( t ) are the deformation and pseudo-acceleration responses of the 
n th-mode SDF system to u g (t). 

(b) Compare the preceding results with the response of the tower if both supports undergo 
identical motion u g (t). Comment on how the responses in the two cases differ and why. 


Figure P13.4 shows a two-story frame (the same as that in Problems 9.6 and 10.10) with 
m = 100 kips/g, / = 727 in 4 for beams and columns, and E = 29,000 ksi. Deter¬ 
mine the response of this frame to ground motion characterized by the design spectrum 
of Fig. 6.9.5 (for 5% damping) scaled to |g peak ground acceleration. Compute (a) the floor 
displacements, and (b) the bending moments in a first-story column and in the second-floor 
beam. 

The two-story shear frame of Fig. P13.1 (also of Problems 9.5 and 10.6) has the following 
properties: h = 12 ft, m = 100 kips/g, I — 727 in 4 for columns, E = 29,000 ksi, and 
= 5%. The peak response of this structure to El Centro ground motion is to be estimated 
by response spectrum analysis (RSA) and compared with the results of Problem 13.2 from 
response history analysis (RHA). For the purposes of this comparison the RSA is to be im¬ 
plemented as follows. 

(a) Determine the spectral ordinates D n and A n for the nth-mode SDF system as the peak 
values of D n (t) and A n (t), respectively, determined in part (a) of Problem 13.2. [We are do¬ 
ing so to avoid errors inherent in reading D„ and A n from the response spectrum. However, 
in the standard application of RSA, D n (f) or A n ( t ) would not be available and D n or A n 
will be read from the response or design spectrum.] 

(b) For each mode calculate the peak values of the following response quantities: (i) the floor 
displacements, (ii) the story shears, and (iii) the floor and base overturning moments. 

(c) Combine the peak modal responses using an appropriate modal combination rule to ob¬ 
tain the peak value of the total response for each response quantity in part (b). 

(d) Comment on the accuracy of the modal combination rule by comparing the RSA results 
from part (c) with the RHA results of Problem 13.2. 

Figures PI3.11-P13.14 show three-story frames (the same as those in Problems 9.9-9.12 and 
10.19-10.22) with m = 100 kips/g, / = 1400 in 4 , E = 29.000 ksi, and h = 12'. Determine 
the response of this frame to ground motion characterized by the design spectrum of Fig. 6.9.5 
(for 5% damping) scaled to |g peak ground acceleration. Compute (a) the floor displace¬ 
ments, and (b) the bending moments in a first-story column and in the second-floor beam. 
The three-story shear frames of Figs. P13.5-P13.6 (also of Problems 9.7-9.8 and 10.11- 
10.12) have the following properties: h — 12 ft, m = 100 kips/g, I = 1400 in 4 , E = 29,000 
ksi, and f ,, = 5%. The peak response of this structure to El Centro ground motion is to 
be estimated by response spectrum analysis (RSA) and compared with the results of Prob¬ 
lems 13.7-13.8 from response history analysis (RHA). For the purposes of this comparison 
the RSA is to be implemented as follows. 

(a) Determine the spectral ordinates D n and A„ for the nth-mode SDF system as the peak 
values of D n (t) and A n (t ), respectively, determined in part (a) of Problems 13.7-13.8. [We 
are doing so to avoid errors inherent in reading D n and A n from the response spectrum. 


♦Denotes that a computer is necessary to solve this problem. 
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However, in the standard application of RSA, D n (t) or A n (f) would not be available, and 
D n or A n will be read from the response or design spectrum.] 

(b) For each mode calculate the peak values of the following response quantities: (i) the floor 
displacements, (ii) the story shears, and (iii) the floor and base overturning moments. 

(c) Combine the peak modal responses using an appropriate modal combination rule to ob¬ 
tain the peak value of the total response for each response quantity in part (b). 

(d) Comment on the accuracy of the modal combination rule by comparing the RSA results 
from part (c) with the RHA results of Problems 13.7-13.8. 

13.47 Determine the response (displacements and base moment) of the inverted L-shaped frame of 
Fig. E9.6a to horizontal ground motion characterized by the design spectrum of Fig. 6.9.5 
scaled to 0.20g peak ground acceleration, given that L = 10 ft, m = 1.5 kips/g, E = 29,000 
ksi, and / = 28.1 in 4 ; the given value of / is for a 6 -in. standard steel pipe. 

13.48 Solve Problem 13.47 for vertical ground motion. 

13.49 Solve Problem 13.47 for the ground motion shown in Fig. P13.16. 

13.50 The umbrella structure of Fig. P13.17 (also of Problems 9.13 and 10.23) is made of 6 -in.- 
nominal diameter standard steel pipe. Its properties are: / = 28.1 in 4 , E = 29,000 ksi, 
weight = 18.97 lb/ft, m = 1.5 kips/g, and L = 10 ft. Determine the peak response of this 
structure to horizontal ground motion characterized by the design spectrum of Fig. 6.9.5 (for 
5% damping) scaled to 0.20g peak ground acceleration. Compute (a) displacements u\, u 2 , 
and M 3 , and (b) the bending moments at the base of the column and at location a of the 
beam. Comment on the differences between the results from the SRSS and CQC modal 
combination rules. 

13.51 Solve Problem 13.50 if the excitation is vertical ground motion characterized by the design 
spectrum of Fig. 6.9.5 (for 5% damping) scaled to 0.20g peak ground acceleration. 

13.52 Solve Problem 13.50 if the excitation is ground motion in the direction b-d, character¬ 
ized by the design spectrum of Fig. 6.9.5 (for 5% damping) scaled to 0.20g peak ground 
acceleration. 

13.53 Solve Problem 13.50 if the excitation is ground motion in the direction b-c, characterized by 
the design spectrum of Fig. 6.9.5 (for 5% damping) scaled to 0.20g peak ground acceleration. 

13.54 The peak earthquake response of the tower with the appendage of Fig. P13.22 is to be de¬ 
termined. The ground motion is characterized by the design spectrum of Fig. 6.9.5 (for 5% 
damping), scaled to |g peak ground acceleration. 

(a) Using the SRSS and CQC modal combination rules, calculate the peak values of the fol¬ 
lowing response quantities: (i) the displacement of the appendage mass, (ii) the shear force 
at the base of the appendage, and (iii) the shear force at the base of the tower. 

(b) Comment on the differences between the results from the two modal combination rules 
and the reasons for these differences. Which of the two methods is accurate? 

13.55 The peak response of the tower with the appendage of Fig. P13.22 to El Centro ground mo¬ 
tion is to be estimated by response spectrum analysis (RSA) and compared with the results of 
Problem 13.23 from response history analysis (RHA). For the purposes of this comparison 
the RSA is to be implemented as follows. 

(a) Determine the spectral ordinates D n and A„ for the nth-mode SDF system as the peak 
values of D n (t) and A n (t), respectively, determined in part (a) of Problem 13.23. [We are 
doing so to avoid errors inherent in reading D n and A„ from the response spectrum. How¬ 
ever, in the standard application of RSA, D n {t ) or A n (t) would not be available and D n or 
A„ will be read from the response or design spectrum.] 
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(b) For each mode calculate the peak values of the following response quantities: (i) the 
displacement of the appendage mass, (ii) the shear force in the appendage, and (iii) the shear 
force at the base of the tower. 

(c) Using the CQC method, combine the modal peak to determine the peak value of each of 
the response quantities of part (b). Which of the modal correlation terms must be retained 
and which could be dropped from CQC calculations, and why? 

(d) Repeat part (c) using the SRSS method. 

(e) Comment on the accuracy of the CQC and SRSS modal combination rules by comparing 
the RSA results from parts (c) and (d) with the RHA results by solving Problem 13.23. 

13.56 The peak response of the one-story, unsymmetric-plan system of Fig. P13.24 with = 5% 
is to be estimated by response spectrum analysis (RSA) and compared with the results of 
Problem 13.26 from response history analysis (RF1A). For purposes of this comparison the 
RSA is implemented as follows. 

(a) Determine the spectral ordinates D n and A n for the nth-mode SDF system as the peak 
values of D n (t) and A n (t), respectively, determined in part (a) of Problem 13.26. [We are 
doing so to avoid errors inherent in reading D„ or A n from the response spectrum. Flowever, 
in the standard application of RSA, D n (t) or A„ (r) would not be available, and D n or A n 
will be read from the response or design spectrum.] 

(b) For each mode calculate the peak values of the following response quantities: u y ,(b/2)ug, 
the base shear Vb, and the base torque Tb- 

(c) Using the SRSS and CQC modal combination rules, compute the peak value for each 
response quantity. 

(d) Comment on the accuracy of the SRSS and CQC methods by comparing the RSA results 
from part (c) with the RF1A results of Problem 13.26. 

13.57 Determine the peak response of the one-story, unsymmetric-plan system of Fig. P13.24 to 
ground motion along the y-direction. The excitation is characterized by the design spectrum 
of Fig. 6.9.5 (for 5% damping), scaled to 0.5g peak ground acceleration: 

(a) Using the SRSS and CQC modal combination rules, calculate the peak values of the 
following response quantities: u x , u y , b/2uQ, the base shears in the x and y directions and 
the base torque, and the bending moments about the x and y axes at the base of each column. 

(b) Comment on the differences between the results from the two modal combination rules 
and the reasons for these differences. Which of the two methods is accurate? 

13.58 Determine the peak response of the one-story, unsymmetric-plan system of Fig. P13.24 to 
ground motion along the diagonal d-b. The excitation is characterized by the design spec¬ 
trum of Fig. 6.9.5 (for 5% damping), scaled to 0.5g peak ground acceleration. 

(a) Using the SRSS and CQC modal combination rules, calculate the peak values of the fol¬ 
lowing response quantities: (i) u x , (ii) u y , (iii) b/2u6, (iv) the base shears in the x and y 
directions and the base torque, and (v) the bending moments about the x and y axes at the 
base of each column. 

(b) Comment on the differences between the results from the two modal combination rules 
and the reasons for these differences. Which of the two methods is accurate? 

13.59 The three-dimensional pipe of Fig. P13.27 is made of 3-in.-nominal diameter standard steel 
pipe. Its properties are / = 3.017 in 4 , J = 6.034 in 4 , E = 30,000 ksi, G = 12,000 ksi, 
m = 1.0 kip/g, and L = 36 in. Determine the peak response of the system to ground 
motion in the ;c-direction characterized by the design spectrum of Fig. 6.9.5 (f = 5%) 
scaled to 0.20g peak ground acceleration. Using the SRSS and CQC modal combination 
rules, calculate the peak values of (a) the displacements u x , u y , and u z of the mass, and 
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(b) the bending moments about the x and y axes and the torque at a. Comment on the 
differences between the results from the two modal combination rules. 

13.60 Solve Problem 13.59 for ground motion in the y-direction. 

13.61 Solve Problem 13.59 for ground motion in the z-direction. 

13.62 Solve Problem 13.59 for ground motion in the direction a-d. 

13.63 For the structure and ground motion defined in Problem 13.59, estimate the peak bending 
moment at a about an axis oriented at an angle a = 30° counterclockwise from the x-axis. 
Comment on the differences between the SRSS and CQC estimates. 

13.64 Solve Problem 13.63 for ground motion in the v-direction. 

13.65 Solve Problem 13.63 for ground motion in the ^-direction. 

13.66 Solve Problem 13.63 for ground motion in the direction a-d. 

13.67 (a) For the structure defined in Problem 13.59 and ground motion in the x-direction, estimate 
the peak bending moment at a about an axis oriented at an arbitrary angle a counterclock¬ 
wise from the x-axis. 

(b) Compute the maximum value of the peak bending moment in the pipe at a and the cor¬ 
responding value of a. Comment on the differences between the SRSS and CQC estimates. 

13.68 Solve Problem 13.67 for ground motion in the y-direction. 

13.69 Solve Problem 13.67 for ground motion in the ^-direction. 

13.70 Solve Problem 13.67 for ground motion in the direction a-d. 
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Analysis of Nonclassically Damped 
Linear Systems 


PREVIEW 

Now that we have developed the modal analysis procedure for structural systems with 
classical damping subjected to earthquake excitation, we are ready to deal with the more 
challenging analysis of nonclassically damped systems that arise in several practical situ¬ 
ations mentioned in Section 11.5. In Part A of this chapter, we revisit classically damped 
systems and recast the analysis procedure developed in Chapters 10 and 13 for free vibra¬ 
tion analysis and earthquake analysis of underdamped systems (f„ < 1 in all modes) in a 
form that facilitates its extension to the more general case. Part B, which occupies most of 
this chapter, is devoted to response history analysis of nonclassically damped systems sub¬ 
jected to earthquake excitation. Presented first is the theory for free vibration analysis that 
is specialized to obtain the response to unit impulse excitation. The convolution integral 
approach is then used to develop the procedure for analysis of response to arbitrary ground 
motion. 


PROBLEM STATEMENT 

The response of an MDF system to ground acceleration u g (t) is governed by Eqs. (13.1.1) 
and (13.1.2), repeated here for convenience: 

mii + cu + ku = — miii g (t) (14.1) 
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Limiting our interest to “restrained systems”!—i.e., systems that do not permit any rigid 
body modes of natural vibration^—the mass matrix m, the stiffness matrix k, and the 
damping matrix c of the system are real-valued and symmetric; furthermore, m and k are 
positive definite, whereas c is semipositive definite. Our objective is to develop a procedure 
for analyzing the response of the system without imposing any further restriction on the 
form of the damping matrix; in particular, for analyzing the response of nonclassically 
damped systems, defined in Section 10.9. 


PART A: CLASSICALLY DAMPED SYSTEMS: 
REFORMULATION 


14.1 NATURAL VIBRATION FREQUENCIES AND MODES 


Free vibration of classically damped systems (defined in Section 10.9) is governed by 
Eq. (10.10.4), repeated here for convenience: 

q„ + 2t; n CL> n q n + w 2 n q„ = 0 (14.1.1) 

where o> n is the undamped natural circular frequency and £„ is the damping ratio for the 
nth mode of vibration. The solution of this differential equation has the form 

q n {t) = e Kt (14.1.2) 


Substituting Eq. (14.1.2) in Eq. (14.1.1) and proceeding as in Derivation 2.2 (Chapter 2) 
leads to the characteristic equation, which can be solved to determine its two eigenvalues, 
which are a complex-conjugate pair: 

~^n — ^ i^nD (14.1.3) 


where i = ~/—i is the unit imaginary quantity; £„, (»„, and co nD are real positive scalars; 


tU/iZ) — OJ n 



(14.1.4) 


is the damped natural frequency (first introduced in Section 10.10), and the overbar denotes 
a complex conjugate, i.e., X n is the complex conjugate of . 

Note that the natural frequency a>„ of the associated undamped system and the damp¬ 
ing ratio £„ are related to the eigenvalue as follows: 

Re(A„) 

COn = \K\ Sn = - ^ (14.1.5) 


tSuch systems are sometimes referred to as passive systems. 
^In contrast, airplanes in flight have rigid-body modes. 
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where | | denotes the modulus, and Re(-) represents the real part, of the complex-valued 
quantity enclosed in (•); similarly, Im(-) will represent the imaginary part of the complex¬ 
valued quantity. Associated with the two eigenvalues X n and X n is a real-valued eigenvector 
4>„. Although a computed eigenvector may be complex valued, its real and imaginary 
subvectors are proportional; hence, it can be normalized as a real-valued vector. 


14.2 FREE VIBRATION 


Derived in Chapter 10, the solution for free vibration of classical damped systems due to 
initial displacements and velocities is given by Eq. (10.10.7). In this section we derive 
this result using an alternative approach that will permit its generalization to nonclassically 
damped systems. 

Following Eq. (g) in Derivation 2.2 (Chapter 2), the general solution of Eq. (14.1.1) 
is 

— B n e x "‘ + B n e Xn ' 

and substituting it in Eq. (10.2.1) gives the contribution of the nth mode to the displacement 
response of the system: 

U/i (t ) = Bn^ne 1 "' + B n <fr„e x "' (14.2.1) 

in which B n is a complex-valued constant and B n is its complex conjugate; cf> n is the nth 
natural mode of vibration. Since the second term on the right side of Eq. (14.2.1) is the 
complex conjugate of the first, the two imaginary parts cancel each other, resulting in 

u„(0 = 2Re(B„4> n e x "') (14.2.2) 


Observe that the modal solution given by Eq. (14.2.1) or Eq. (14.2.2) is associated with 
the pair of eigenvalues X n and X n , and their common eigenvector <t>„. 

The response of the system to arbitrary initial excitation is given by the superposition 
of the modal solutions [Eqs. (14.2.1) or (14.2.2)]: 

N N 

U(0 = B n<Pne Kt + B n (t>ne x "' = 2^Re(R„0, ! e 1 " f ) (14.2.3) 

n =1 n =1 


where the complex-valued constants B n are determined from the given initial displace¬ 
ments u(0) and initial velocities u(0) by invoking the orthogonality properties of modes 
(Appendix 14.1): 


B„ = 


q„ (0) - i 


. *7 n (0) “F (7 c hi (0) 


®nf) 


where 


q n { 0 ) = 


0’'mu(O) 

M n 


q n (0) = 


^mii(O) 


(14.2.4) 


M, 


M n = (plmcj), 


(14.2.5) 
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which are identical to Eq. (10.8.5). Substituting Eq. (14.2.4) in Eq. (14.2.2), substituting 
Eq. (14.1.3) for X n , and finally, using Euler’s relations, e lx = cosx + i sinx and e~ ,x = 
cosx — i sinx, leads to the contribution of the nth vibration mode to the free vibration 
response: 


u „{t) — <j) n e Knt ° nt 


,*7« (0) T" £;i®,!*7;i (0) . 

q n ( 0 ) cos &>„£>t H-sin co,,ot 

w„d 


(14.2.6) 


Superposition of the modal responses u„(f), n = 1, 2, ..., N, leads to Eq. (10.10.7) for 
the total response. 

In preparation for the analysis of nonclassically damped systems, we express 
Eq. (14.2.2) in an alternative form. For this purpose, we first evaluate the product 


2/i ?; (pn — fin T i~in 


(14.2.7) 


in which /3„ and 7 ,, are real-valued vectors, then substitute Eq. (14.2.7) into Eq. (14.2.2) 
and Eq. (14.1.3) for X n , and finally, use Euler’s relations to obtain 

u n (t) = e~ Ua>n '[P„ cos o) nD t - 7 „ sin w nD t] (14.2.8) 


Since Eqs. (14.2.8) and Eq. (14.2.6) are equivalent. 


fin — * 7 // ( 0 ) 0 n 


In = 


n ( 0 ) -|- ^ n (l) n q n {0) 
(OnD 


<t>n 


(14.2.9) 


Superposing the modal responses defined by Eq. (14.2.8) gives an alternative expression 
for the total response: 


N 

u(f) = cos co nD t - 7 ,, sina)„ 0 f] (14.2.10) 

/i=i 


14.3 UNIT IMPULSE RESPONSE 

A unit impulse ground acceleration, u g (t) = S(t — r), imparts to an SDF system the ini¬ 
tial velocity m(t) = — 1 and initial displacement u( r) = 0. The resulting free vibration 
response was described by Eq. (4.1.7), which is repeated here for convenience after spe¬ 
cializing it for r = 0 : 

h{t) — -sin (o D t (14.3.1) 

(L> D 

Extending the preceding concepts to MDF systems, a unit impulse ground acceler¬ 
ation, ii g it) = Sit), imparts to the system the initial velocities u(0) = —t, but no initial 
displacements, i.e., u(0) = 0; the influence vector l was first defined in Section 9.4. Sub¬ 
stituting these initial displacement and velocity vectors in Eq. (14.2.5) gives the initial 
conditions for the modal coordinates: q„i0) = 0 and q„i0) = — F„ [see Eq. (13.1.5) for 
the definition of T„]; then Eq. (14.2.4) specializes to 
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which is substituted in the general solution for free vibration, Eq. (14.2.2), to obtain the 
unit impulse response; note that superscript “g” has been added in B„ to emphasize that 
these constants are associated with ground acceleration. To express such a result in a form 
similar to Eq. (14.2.10), we first express the product 2B g <p n as in Eq. (14.2.7): 

2 B*4> n = f3* + iT* (14.3.3) 

where 

P g n =0 7 1= — <t> n (14.3.4) 

are real-valued vectors that are independent of how the modes are normalized. 

Thus the response is given by Eq. (14.2.10) with an obvious change of notation: 

N 

h(0 = cos co nD t - 7 * sin aw] (14.3.5) 

n= 1 

where h(f) denotes the vector of unit impulse response functions for displacements u(f) of 
the system. 

Recognizing that f3„ and 7 ,f are given by Eq. (14.3.4), the preceding result can be 
expressed as 

N 

h(t) = J2 r n h n(t)(t>n (14.3.6) 

n =1 

in which 

1 , , 

h n (t) = - e ? " <u " sinconot (14.3.7) 

U>nD 

is the unit impulse response function for deformation of the nth-mode SDF system, an 
SDF system with vibration properties—natural frequency a>„ and 7 —of the nth mode of 
the MDF system. This becomes apparent by comparing Eqs. (14.3.7) and (14.3.1). 


14.4 EARTHQUAKE RESPONSE 

Extending the convolution integral concept for SDF systems (Sections 4.2 and 6.12), the 
response of an MDF system to arbitrary ground acceleration may be expressed as 


g(r)h(r — r) dr 


in which h(t) is substituted from Eq. (14.3.6) to obtain 


u(r) = ii 

Jo 


(14.4.1) 


u(t) = ^F„D, ,(t)4> n 


(14.4.2) 


n= 1 


where 


r.. 

I u 

Jo 


D n (t) = / u g (z)h n (t — t) dr 


(14.4.3) 
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represents the deformation response of the nth-mode SDF system to ground acceleration 
u g (t), introduced in Section 13.1.3. This becomes apparent by substituting Eq. (14.3.7) for 
li n (t) and comparing the resulting equation with Eq. (6.12.1). Note that Eq. (14.4.2) is 
identical to Eq. (13.1.15). 


PART B: NONCLASSICALLY DAMPED SYSTEMS 

Now that we have reformulated the analysis of classically damped systems, we return to 
the original problem of analyzing the response of nonclassically damped systems, defined 
in Section 10.9. 


14.5 NATURAL VIBRATION FREQUENCIES AND MODES 

Free vibration of an MDF system is governed by Eq. (10.9.1), which is repeated for con¬ 
venience: 


mii + cu + ku = 0 (14.5.1) 

This equation admits a solution of the form 

u (t) = ipe kt (14.5.2) 

Substituting this form of u(f) in Eq. (14.5.1) leads to the quadratic eigenvalue problem 
(also known as the complex eigenvalue problem): 

(X 2 m + Ac + k)t/> = 0 (14.5.3) 

Although Eq. (14.5.3) can be solved directly for an eigenvalue X and the associated eigen¬ 
vector ip, these may be determined more conveniently by first reducing the N second-order 
differential equations (14.1) to a system of 2 N first-order differential equations 
(Appendix 14.2). The corresponding eigenvalue problem of order 2 N [Eq. (A 14.2.8)] 
can be solved by well-established procedures and computer algorithms. The 2 N roots 
of X are either real valued or they occur in complex-conjugate pairs (Appendix A14.2). 
Response analysis of systems with all complex-valued roots is developed in Sections 14.5 
to 14.9; whereas systems with some real-valued roots are deferred until Section 14.10. 

Provided the amount of damping is not very high—i.e., small enough to ensure os¬ 
cillatory free vibration in all modes—the eigenvalues occur in complex-conjugate pairs 
with negative or zero real parts, just as in the case of classically damped systems [see 
Eq. (14.1.3)]. For an A-DOF system, there are A pairs of eigenvalues, and to each such 
pair corresponds a complex-conjugate pair of eigenvectors. 

A complex-conjugate pair of eigenvalues, denoted by X„ and X n , may be expressed 
in the same form as Eq. (14.1.3) for classically damped systems: 

"Xn i X n — 


(7 ('ht T io)„D 


(14.5.4) 
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where 


D — y 1 Kn 

Note that a>„ and are related to the eigenvalues as follows: 


(14.5.5) 



(14.5.6) 


The associated pair of complex-valued eigenvectors is separated into its real and imaginary 
parts: 


tpn = 4>„ ± IXn 


(14.5.7) 


in which </j„ and Xn are real-valued vectors of N elements each. The values of a> n are 
numbered in ascending order and the values of and ip„ are numbered in the order cor¬ 
responding to co n . 

Considering that Eqs. (14.5.4) and (14.5.5) for nonclassically damped systems are 
identical to the corresponding Eqs. (14.1.4) and (14.1.5) for classically damped systems, 
u> n will be referred to as the nth pseudo-undamped natural circular frequency of the system, 
u>„D as the corresponding frequency with damping, and as the modal damping ratio. The 
prefix “pseudo” has been included to denote that for nonclassically damped systems, co„ 
is a function of the amount of system damping and, hence, differs from the corresponding 
frequency of the associated undamped system; where confusion may arise, the latter fre¬ 
quency will be denoted by co°. Because i/>„ for nonclassically damped systems is akin to <p„ 
for classically damped systems, ij) n will be referred to as the nth natural mode of vibration. 

Studies on the effect of light damping on the natural frequencies of MDF systems 
have demonstrated that (1) the natural frequency of the highest mode of a damped system 
is always less than or equal to the corresponding undamped frequency, no matter whether 
damping is classical or nonclassical; and (2) the damped natural frequency of the lowest 
mode may be higher than the corresponding undamped frequency, depending on the form 
of the damping matrix and on separation of <o\ and • 

For the special case of classically damped systems, as noted in Section 14.1, the 
eigenvalues also occur in complex-conjugate pairs; the modulus co n of each pair of eigen¬ 
values is equal to the natural frequency of the associated undamped system co°; and the 
damped natural frequencies a> n D are always lower than the corresponding undamped fre¬ 
quencies w°. However, the eigenvectors are real valued and equal to those of the associated 
undamped system, i.e., Xn = 0 , %l>„ = ?/>„ = </>„. 

14.6 ORTHOGONALITY OF MODES 

A pair of eigenvectors corresponding to distinct eigenvalues satisfies the following orthog¬ 
onality conditions (see Appendix 14.3 for proof): 


(X n + X r ) i/’Jm i/j r + V’J cip r =0 

Iplklpr - XnXr'lplm'lpr = 0 


(14.6.1) 


(14.6.2) 
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These orthogonality relations are also valid for a complex-conjugate pair of eigenvectors 
because their eigenvalues are distinct. 

For classically damped systems, it can be shown that Eqs. (14.6.1) and (14.6.2) 
reduce to the familiar orthogonality relations of Eq. (10.4.1) (see Appendix 14.3). 

Example 14.1 

Determine the natural vibration frequencies and modes and modal damping ratios for the two- 
story shear frame ofFig. E10.12.la with c — km/200 , a classically damped system. Use the 

theory for nonclassically damped systems, developed in Section 14.5, to solve the problem. 


Solution 


The mass and stiffness matrices of the system, determined in Example 9.1, are 


f 2 m 

r 6c 

-2c' 


3k 

-k 1 

m 

1 m _ 

[-2c 

2c. 

k = 

—k 

k\ 


The damping matrix satisfies Eq. (10.9.3), implying that the system is classically damped. The 
eigenvalue problem to be solved is defined by Eq. (A14.2.8), repeated here for convenience: 


Xan + b/t = 0 


(b) 


where the matrices a and b, defined in Eq. (A14.2.5), for this system are 




" 0 

0 

2m 


0 


r° «1_ 

0 

0 

0 


m 

a = 

Lm c J 

2m 

0 

6c 


-2c 



_ 0 

m 

-2c 

2c . 



—2m 


0 

0 

0 

h _ 

' —m 0 j 

0 


—m 

0 

0 


II 

o 

0 


0 

3 k 

—k 



0 


0 

-k 

k 

problem 

can be solved numerically using 

an ap 


(c) 


(d) 


Matlab function eig( b, —a), resulting in the eigenvalues 


Tq, Xi = J - (-0.0354 ± 0.7062/) 
m 


(e.l) 


7-2, 7^2 



(-0.1414 ± 1.4071/) 


From these eigenvalues, a>„ and can be determined using Eq. (14.5.6): 


= |A.i| = 0.7071 



co 2 = 17.21 = 1.4142. 


(e.2) 


(f) 


Re(T-i) 

Cl =-- = 0.05 

l*ll 


?2 = “ 


Re(7-2) 
17-21 


0.10 


(g) 


Observe that co n in Eq. (f) are the same as the natural frequencies of the associated undamped 
system, determined by solving the real eigenvalue problem in Problem 10.4, and in Eq. (g) 
are identical to the values determined using Eq. (10.10.3). 
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From the eigenvalues of Eq. (e), the damped frequencies are determined from their 
definition in Eq. (14.5.5): 


coid = Im(Ai) = 0.7062. 


u>2d = ImfXi) = 1.4071 



(h) 


Note that the damped frequencies a >„d [Eq. (h)] are lower than the undamped frequen¬ 
cies a>„[Eq. (f)]. Solution of the eigenvalue problem [Eq. (b)] also provides the eigenvectors: 


V’l = 




(i) 


Note that the eigenvectors are real valued, as expected for a classically damped system, and 
identical to the natural modes of the associated undamped system determined in Example 10.4. 


Example 14.2 

Determine the natural frequencies and modes of vibration, and the modal damping ratios for 
the system shown in Fig. E14.2a, a two-story frame idealized as a shear building with a damper 
only in the first story with c — ~Jkm. Show that the eigenvectors satisfy the orthogonality 
properties. 



Figure E14.2 (a) Nonclassically damped system; (b) real and imaginary parts of eigenvectors 0 \ 

and 02- 


Solution The mass, damping, and stiffness matrices of the system are 



(a) 


The damping matrix does not satisfy Eq. (10.9.3), implying that the system is nonclassically 
damped. The eigenvalue problem to be solved is defined by Eq. (A 14.2.8), repeated here for 
convenience: 


Xnn + b/t = 0 


(b) 
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where the matrices a and b, defined in Eq. (A14.2.5), for this system are 


a=[° “1 = 

L 111 c J 


0 0 2 m 0 

0 0 0 m 

2m 0 c 0 

0 m 0 0 


(c) 


b = 



:] 


—2m 0 0 0 

0 —m 0 0 

0 0 3 k -k 

0 0 -k k 


(d) 


The eigenvalue problem can be solved numerically using an appropriate algorithm, e.g., the 
Matlab function eig (b, —a), resulting in the eigenvalues 


A.i.A.1 


— C—0.0855 ± 0.7159*) 

m 


(e.l) 


k-2, ^2 


— (—0.1645 i 1.37731) 
m 


From these eigenvalues, oi n and can be determined using Eq. (14.5.6): 


m = |Ai [ = 0.7209. 


m 2 = |* 2 | = 1-3871 



(e.2) 


(f) 


ft = - 


Re(A.i) 

IMI 


= 0.1186 


& = - 


ReU2) 

IA-21 


= 0.1186 


(g) 


Observe that the pseudo-undamped frequencies co n in Eq. (f) are slightly different than the 
frequencies of the associated undamped system co° given by Eq. (f) in Example 14.1. 

From the eigenvalues of Eq. (e), the corresponding frequencies (o„£> of the damped 
system are determined from their definition in Eq. (14.5.5): 


cd = Im(7.i) = 0.7159 


CD2D = Im(A,2) = 1.3773 


(h) 


Note that the damped natural frequency cd\d of the lowest (or first) mode is higher than the 
undamped frequency co °; however, the damped frequency u>2D of the highest (or second) mode 
is lower than the undamped frequency dis¬ 
solution of the eigenvalue problem [Eq. (b)] also provides the 4x1 eigenvectors, but 
only the third and fourth components [see Eq. (A14.2.7)] are relevant and shown below: 

f 0.4949-0.12241 I , [-0.8699 - 0.45311 1 

= | j | </>2={ j | (0 

Note that the eigenvectors are now complex valued, as expected for a nonclassically damped 
system. Their real and imaginary parts are plotted in Fig. E14.2b. 
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To verify that the eigenvectors tp n are orthogonal, we compute the individual terms in 
the left side of Eqs. (14.6.1) and (14.6.2): 

j °' 4949 - °' 1224 ' } T [ 2m m ] { -°' 8699 - °' 4531 ' j = m (0.0281 - 0.2355/) 
tfkfc = j °' 4949 - °- 1224 ' } T [ 3 _ k k "*] { -°- 86 " - °- 4531 ' } = * (-0.0828 + 0.22230 

tfcfc = { °' 4949 - °- 1224 ' j' [ C Q ] { -°- 86 " - °- 4531 ' } = (-0.4859 - 0.11780 

Substituting individual terms in the left side of Eqs. (14.6.1) and (14.6.2) gives 
(7.1 + 7.2) r/’f m'02 + V’f cr/)2 = 'Jkm (—0.2500 + 2.093 li) (0.0281 — 0.2355() 

+ Vk^ (-0.4859 - 0.11781) =0 

r/)j , k-02 — 7. 17 .2r/’| / rtiV - , 2 = k (—0.0828 + 0.22231) 

+ £(0.9719 + 0.23550 (0.0281 - 0.23550 = 0 

This verifies that the eigenvectors computed for the system are orthogonal. 


14.7 FREE VIBRATION 

The modal solution associated with the complex-conjugate pair of eigenvalues X n and 7.„ 
and their eigenvectors t/r„ and xp n (derived in Appendix A14.4) is given by 

u „(t) = B n xj} n e K ‘ + B n xjj n e Kt (14.7.1) 

which may be viewed as a generalization of Eq. (14.2.1) for nonclassically damped sys¬ 
tems. Since the second term on the right-hand side of Eq. (14.7.1) is the complex conjugate 
of the first, the two imaginary parts cancel each other, resulting in 

u nit) = 2R e(fi„t/>„e A » f ) (14.7.2) 

The response of the system to arbitrary initial excitation is given by the superposition of 
the modal solutions [Eq. (14.7.2)]: 

N 

u(f) = 2J2 MBn^ n e Kt ) (14.7.3) 

n= 1 

By invoking the orthogonality properties of modes [Eqs. (14.6.1) and (14.6.2)], the complex¬ 
valued constants are determined (see Appendix 14.4): 

B = ^^,[mu(0) + tp* cu(0) + t/)>u(0) (14 7 4) 

27 Wl i/>Jm 

Following the derivation of the alternative form of the free vibration solution for 
classically damped systems (Section 14.2), we first evaluate the product: 

2 B n ip n — (3 n + i 


(14.7.5) 
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in which (3 n and 7 ,, are real-valued vectors, then substitute Eq. (14.7.5) into Eq. (14.7.2), 
and finally relate the exponential functions to trigonometric functions, leading to 

u n (t) = cos co nD t - 7 „ sin co nD t] (14.7.6) 

which is identical to Eq. (14.2.8) for classically damped systems, but the vectors f3„ and 
7 „ will no longer be defined by Eq. (14.2.9). Superposition of the modal solutions, as 
expressed in Eq. (14.7.3), provides an alternative form for the free vibration response: 

N 

u(f) = cosa> nD t - 7 „ sin co„ D t] (14.7.7) 

n =1 

For classically damped systems, Eq. (14.7.4) reduces to Eq. (14.2.4), (3 n and 7 ,, 
are given by Eqs. (14.2.9) (see Appendix 14.4), and Eq. (14.7.7) becomes equivalent to 
Eq. (14.2.10). 


Example 14.3 

Determine the free vibration response of the two-story shear frame of Fig. E10.12.1a with 
c — ^/km / 200 , a classically damped system, due to initial displacements u(0) = ( — j 2 ) T . 
Use the theory for nonclassically damped systems, developed in Section 14.7, to solve the 
problem. 

Solution The initial displacement and velocity vectors are 

u(0) = |-|[ u(0) = { q } (a) 

Substituting them in Eq. (14.7.4) together with m, c, X n , and i/j„ determined in Example 14.1 
gives 


B 1 


A.i mu(0) + ipT cu(0) + if>7 mu(0) 

'- —— l - --- = 0.5000 - 0.0250/ 

2A.n/>; mipi + ci/’i 


(b.l) 


B 2 = 


X 21 P 2 mu(0) + if >2 cu(0) + tpi mu(0) 
2 X 2 ll >2 mi />2 + 1 P 2 c1 /’2 


= 0.5000 - 0.0503/ 


(b. 2 ) 


Using the B„ inEq. (b) and rj} n from Example 14.1, (3 n and 7 ,, are determined fromEq. (14.7.5) 
as follows: 


/3j = Re(26 1 t/>i) = 


0.5000 1 

1.0000 | 


/3 2 = Re(2B 2 tp 2 ) - 


- 1.00001 
1.0000 | 


(c.l) 


7 ! = Im( 2 e 1 i/>i) = 


-0.0250 1 
-0.0501 | 


72 = Im(2/? 2 t/> 2 ) = 


0.1005 1 
-0.1005 | 


(c. 2 ) 


Substituting the f3„ and 7 ,, from Eq. (c) into Eq. (14.7.7) gives the free-vibration response: 


u(f) = e-° 05 ®i f ^ 


-he 


— 0.1 &> 2 1 


0.50001 r 0.02501 . 1 

1.0000 } C0SWlDf+ | 0.0501 r inwiD? J 

f -1.00001 f-0.1005 I . 

I 1.0000 [ COSW2Df+ | 0.1005 } SmCU2Df 


(d) 


Observe that this solution is identical to the result obtained by the classical method in Exam¬ 
ple 10.13. 
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Example 14.4 

Determine the free vibration response of the two-story shear frame of Fig. E 14.2a with c — 
\Jkm due to initial displacements u(0) = ( — 4 2 ) T . 


Solution 


The initial displacement and velocity vectors are 


u(0) = 


u(0) = 


(a) 


Substituting them in Eq. (14.7.4) together with m, c, X n , and ip n determined in Example 14.2 
gives 


B i = 


itiV’f mu(0) + cu(0) + ip( mu(0) 

2XiipJmip\ + ip\c.ip\ 


= 0.5101 + 0.3137/ 


(b.l) 


S 2 = 


7 2 0T mu(0) + lit* cu(0) + I/’Tmu(0) 
27.20jm0 2 + ^2 c ^2 


0.4899 - 0.2532/ 


(b.2) 


Using the B„ in Eq. (b) and ip„ from Example 14.2, f3 n and 7„ are determined from Eq. (14.7.5) 
as follows: 


Pi = Re {2B\tp\) = 


7! = Im(2BiVq) = 


| 0.5817 

1 1.0203 , 

| p 2 = Re(2B 2 0 2 ) = | 

[ -1.0817] 
[ 0.9797 | 

[ 0.1856 ] 
l 0.6274 I 

72 = Im (2B 2 ip2) = j 

[ -0.0034 ] 
[ -0.5065 I 


(c.l) 


(c.2) 


Substituting the /3„ and 7„ from Eq. (c) into Eq. (14.7.7) gives the free-vibration response: 

— o Ii86®i t T f 0.5817 1 10.18561 . 1 

U(,) = e ' U 1.0203 | CO&CVlDt ~ | 0.6274 1 smfl H 


+ e 


-0.1186^2/1" I -1-0817 1 
LI 0.9797 J 


cos w 2 zV + 


0.00341 . 


0.5065 J 


sin (D 2 Dt 


] 


(d) 


Example 14.5 

Determine the free vibration responses of the two-story shear frame of Fig. E14.2a with 
c = \[km due to two sets of initial displacements: (1) u(0) = <p\ and (2) u(0) = 02. where 
0„ is the nth natural vibration mode of the associated undamped system; 0i = lj and 

02 = (— 1 D r - 


Solution Part 1 Substituting the first u(0) in Eq. (14.7.4) together with m, c, X n , and ip,, 
determined in Example 14.2 gives 


7i0^ mu(0) + 0^ cu(0) + tp\ mu(0) 

Bi = - — -——-= 0.5103 ■ 


Bo = 


27 1 ipf mi/q + 0{ c0i 
720jmu(O) + ^JeufO) + 0jmu(O) 
2 7 2 0j m0 2 + ipl C02 


0 . 0200 / 


= -0.0103 - 0.0200/ 


(a.l) 


(a.2) 


Using the B„ in Eq. (a) and ip n from Example 14.2, /3„ and 7,, are determined from Eq. (14.7.5) 
as follows: 


P\ = Re(2Bi0i) = 


0.5002 1 
1.0207 | 


Pi = Re (2 62 02) = 


- 0.0002 1 
-0.0207 | 


| -0.1448 1 
1 -0.0401 I 


72 = Im( 2 S 2 02 ) = 


0.0442 1 
-0.0401 I 


(b.l) 

(b.2) 


71 = Im(26i0i) = 
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Substituting the /3„ and 7,, from Eq. (b) into Eq. (14.7.7) gives the free-vibration response: 

/x —0 1 l86mi 1 T [ 0-5002 ] , f 0.1448 1 . 1 

u(f) = e 0.H86 coit i o2Q7 j CQSQ)lDt + | q o4qi | sm«> 1D fJ 


+ e 


— 0 . 1186602 ? 


[I 


-0.00021 


-0.0207 | C ° S " 2Df ~ i -0.0401 f SmM2Dt 


0.0442 I . 


'] 


(c) 


Part 2 Proceeding as in Part 1, the free vibration response due to the second u(0) can 
be determined: 

0.3304 I 

1 : 


0.0815 1 
-0.0004 I 
, —0.1186 (u 2 r I" f -1-0815 
LI 1-0004 


u(r) = e -°- 1186 “> f [| 


COS CO\Dt 
COS Cl> 2Dt 


0.6675 I 
0.0476 
0.4664 I 


smcui£>r 

1 


sin (D2D< 


(d) 


Observations The displacements u(f) are expressed as a linear combination of < 
the natural vibration modes of the associated undamped system: 


2 

U (0 = (e) 

n= 1 


where the modal coordinates are given by 


qn (t) = 


(j) n HI (.1,; 


tf) 


which is a generalization of Eq. (10.7.2). Substituting the known cf> n and Eq. (c) for u(r) in 
Eq. (f) leads to 

171 (0 = e _01186a ’ 1, (1.0139cosa)io/ + 0.1232 sin (Dipt) 

+ e~ 0A 186 “ 2f (0.0068 cos m 2D t - 0.0832 sin w 2D t) (g) 


q 2 (t) = e“ 01186£Olf (-0.0139 cos cu 1D r - 0.0028 sin o) W t) 

+ e -° 1186 "2 f (—0.0068 cos w 2D t + 0.0428 sin ai 2D t) (h) 

These are the q n ( t ) associated with Eq. (c), the free vibration response due to the first set of 
initial displacements. 

Similarly, substituting the known cf> n and Eq. (d) for u(r), Eq. (f) leads to 

qi(t ) = e-° 1186a, i'(0.0541 cosw 1D r - 0.6652sintu 10 f) 

+ e~°- 1186 ^(-0.0545 cos ai 2D t - 0.0023 sin oi 2D t) (j) 


q 2 (t) = e~ 0A 186 "i' (-0.0541 cosuiiof + 0.3427 sintoi/jf) 

+ e _01186w2 '(1.0545costU2Dr + 0.1237 sin^oO (k) 

These are the q„ (f) associated with Eq. (d), the free vibration response to the second set of 
initial displacements. 

These results, presented in Figs. E14.5.1 and E14.5.2, are for a system disturbed from 
its equilibrium position by imposing initial displacements that are proportional to a natural 
vibration mode of the associated undamped system. The solutions for q n ( t ) are presented 
in part (c) of these figures; the floor displacements in part (d); and the deflected shapes at se¬ 
lected time instants—a, b, c, d, and e—in part (b). These results permit three observations that 
contrast with what we observed earlier for undamped systems (Figs. 10.1.2 and 10.1.3) and for 
classically damped systems (Figs. E10.12.1 and E10.12.2): First, q 2 (t) ^ 0 in Fig. E14.5.1c 
and qi(t) ^ 0 in Fig. E14.5.2c. Second, the initial deflected shape is not maintained in free 
vibration; see Figs. E14.5.1b and E14.5.2b. Third, all floors (or DOFs) of the system do not 
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vibrate in the same phase; they do not pass through zero, maximum, or minimum positions at 
the same instant of time; see Fig. E14.5.2d. 


(c) 





(a) (b) (d) 


Figure E14.5.1 Free vibration of a nonclassically damped system due to initial displacement in the 
first natural mode of the undamped system: (a) two-story frame; (b) deflected shapes at time instants 
a, b, c, d , and e; (c) modal coordinates q„ (/); (d) displacement history. 


(c) 




Figure E14.5.2 Free vibration of a nonclassically damped system due to initial displacement in 
the second natural mode of the undamped system: (a) two-story frame; (b) deflected shapes at time 
instants a, b, c, d, and e\ (c) modal coordinates q n {t)\ (d) displacement history. 
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14.8 UNIT IMPULSE RESPONSE 


As first mentioned in Section 14.3, a unit impulse ground acceleration u g (t) = 8(t) imparts 
to an MDF system the initial velocities u(0) = —i, but no initial displacements, i.e., 
u(0) = 0. Substituting these initial conditions into Eq. (14.7.4) provides the complex¬ 
valued constant 


IV: = 


-iplmL 




(14.8.1) 


As before, the superscript “g” has been added i n Bjj to emphasize that these constants are 
associated with ground acceleration. Substituting Eq. (14.8.1) in the general solution for 
free vibration, Eq. (14.7.3) leads to the unit impulse response. 

To express this result in a form similar to Eq. (14.7.6), we first express the product 
2 B g ip n as in Eq. (14.7.5): 


2 Bfiipn = PI + ill 


(14.8.2) 


Thus, the response is given by Eq. (14.7.7) with an obvious change of notation: 

N 

h(0 = u(f) = y^e~^ n( ° nt [f3 8 n cos a) nD t - 7 * sin co nD t\ (14.8.3) 

n= 1 

where h(f) denotes the vector of unit impulse response functions for displacements of the 
system. Note that Eqs. (14.8.2) and (14.8.3) have the same form as Eqs. (14.3.3) and 
(14.3.5) for classically damped systems, but the vectors (3l and 7 ,? are no longer given by 
Eq. (14.3.4). 

We prefer to express Eq. (14.8.3) in terms of the unit impulse response function h„ (t) 
for deformation of the nth-mode SDF system, just as we did in Eq. (14.3.6) for classically 
damped systems. Recall that 

1 , , 

h n (t) = - e sin co nD t (14.8.4) 

U>nD 

and its first derivative is given by 

h„(t) = —cos o) nD t - t; n co n h n (t ) (14.8.5) 

which can be rewritten as 

_ e -inio„t cosa)nDt = h n (t) + t; n0 ) n h n (t) (14.8.6) 

The trigonometric functions multiplying the vectors j3l and 7 1 in Eq. (14.8.3) are now re¬ 
placed by the corresponding expressions obtained from Eqs. (14.8.4) and (14.8.6) in terms 
of h n (t ) and h n (t) to obtain the vector of unit impulse response functions for displacements 
u(f) of the system: 

N 

h(t) = -^2 [afonhnit) + 0lh n (t)] 

n= 1 


(14.8.7) 
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in which 

= Snfi ~ - till ( 14 - 8 . 8 ) 

where /3„ and 7 ^ are known from Eqs. (14.8.2) and (14.8.1). 

For classically damped systems, Eq. (14.8.7) specializes to Eq. (14.3.6). This can 
be verified by substituting Eq. (14.3.4) in Eq. (14.8.8) to obtain oif = —(T,,/«„)</>„ and 
substituting it together with /3f = 0 in Eq. (14.8.7). 

Properties of a:„ and /3,f . The vectors a.„ and (3„ that appear in Eq. (14.8.3) satisfy 
the following relations: 

N N 

E # = 0 E «"K' - 2 ^Af] = -t (14-8.9) 

n =1 n =1 

These equations can be derived by recalling that Eq. (14.8.3) must satisfy the initial con¬ 

ditions associated with unit impulse ground acceleration: u( 0 ) = 0 and u( 0 ) = —l. 
Specializing Eq. (14.8.3) for t = 0 and imposing the first initial condition leads to Eq. 
(14.8.9a). Similarly, differentiating Eq. (14.8.3) to obtain an equation for u(f), special¬ 
izing it for t — 0, and imposing the second initial condition leads to Eq. (14.8.9b); see 
Appendix A14.5. 

For classically damped systems, (3„ = 0 for all modes [Eq. (14.3.4a)], implying 
that Eq. (14.8.9a) is satisfied. Furthermore, for such systems a. g n = — (F„/oj„) <j>„, and 
Eq. (14.8.9b) reduces to 

N 

= t (14.8.10) 

n— 1 

This is the modal expansion of the influence vector which first appeared in Section 13.1.3. 


Example 14.6 

Determine the response of the two-story shear frame of Fig. E10.12.1a with c = y/km /200, 
a classically damped system, due to unit impulse ground acceleration, u g (t) = <5(r). Use the 
theory for nonclassically damped systems developed in Section 14.8 to solve the problem. 


Solution 


B g are determined by substituting m, c, and if>„ from Example 14.1 in Eq. (14.8.1): 


B 


g 

1 


2kiipfimpi + V’fcV’i 



(a.l) 


B 2 = 


-^'mi 


T = —0.1184 7 — i 


2X 2 ip2 mi p 2 + ^2 ^2 
Using the 6 ,f in Eq. (a) and tp n , (3 g and 7 ® are determined from Eq. (14.8.2) as follows: 

0 


(a. 2 ) 


Pf = Re( 2 Sf- 0 i) = { J } /3f = Re(2S|i/) 2 ) = j 


(b.l) 


7? =Im(2 Bfi/>i) = 


| 0.9440 1 fm 

l 1.8880 | y ~k 


7 | = Im(2S|i/) 2 ) = 


| 0.2369 1 fm 
1 -0.2369 J V k 


(b. 2 ) 
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Substituting the /3,f and ~ff, from Eq. (b) into Eq. (14.8.3) gives the desired response: 


= + ° 2369 } sin °H < c > 

These solutions for uj(t ) are plotted in Fig. E14.6. 

The response can also be expressed in terms of the unit impulse response functions 
h n (t). For this purpose Eq. (14.8.8) is used to obtain 


f -0.9428 1 fm 
1 -1.8856 \y ~k 


1 -0.2357 1 [m 
1 0.2357 ly k 


which are substituted in Eq. (14.8.7) to obtain 


u(0 = 


0.6667 

1.3333 


* 1(0 + 


0.3333 

-0.3333 



where h n ( t ) is given by Eq. (14.8.4). 

The vectors and (3f x satisfy Eq. (14.8.9): 


/3f+/31 = 


(d) 


(e) 


(f) 


N 





0.9428 
1.8856 



-0.2357 

0.2357 


which can be verified by substituting for aqand a >2 from Eq. (f) of Example 14.2. 


(g) 



Figure E14.6 Unit impulse response functions for a classically damped system. 


Example 14.7 

Determine the response of the two-story shear frame of Fig. E14.2a with c = ~Jkm due to 
unit impulse ground acceleration, u g {t) = <5(f). 

Solution are determined by substituting m, c, and ip„ from Example 14.2 in Eq. (14.8.1): 


2XiV>['mt/>i + ipjcipi 

,g ~^l mL 

2 2X21^1 mifa + ip 2 C V*2 


(-0.0383 + 0.9835/) 


(0.0383 -0.1504/) 


(a.l) 


(a.2) 
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u(f) 


Using the B,, in Eq. (a) and xjj n , f3„ and 7 „ are determined from Eq. (14.8.2) as follows: 

-R^W-)/f ft - H 2 b 2*i) - { "aroS ]/f <b -‘> 

7 ; ! = rm(2/;;'./, l )-]™;| v /” 7 f _ Imps**) = j^/f (b.2) 

Substituting the /3f and 7 ,f from Eq. (b) into Eq. (14.8.3) gives the total response of the 
system: 


u(?) = 


[I 


0.2029 1 
-0.0766 ) 


_|_ g—t.2G>2t 


[I 


COS 0)\Qt -|- 

COS + 


-0.9828 

-1.9671 


sincui j)t 

\ 


sin o> 2 Dt 


(C) 


-0.2029 I , f -0.2269 

0.0766 } COSW2£,r+ | 0.3007 1 
These solutions for uj(t ) are plotted in Fig. E14.7. 

The response can also be expressed in terms of the unit impulse response functions 
h n (t). For this purpose Eq. (14.8.8) is used to obtain 


-0.9518 

-1.9623 


-0.2493 1 m 


0.3077 JV k 


(d) 


which are substituted together with from Eq. (b. 1) in Eq. (14.8.8) to obtain 

0.6862 1 , 

1.4147 


1 , I -0.2029 1 m ■ I 0.3459 1 , , % I 0.2029 1 m 
P (0+ | 0.0766 JV k hl ' (0+ l -0.4268 -0.0766 W J & 


where h n ( t ) and h n ( t ) are given by Eq. (14.8.4) and (14.8.5), respectively. 
The vectors o:^ and fi„ satisfy Eq. (14.8.9): 




rr 0.20291 r 

-0.2029 r 

1 f 0 1 

Li -0.0766 i + i 

0.0766 J. 

J = |o) 


(f) 


#2 r g a gi f™ rr —0.95181 - | 0.202911 

X>„[a„ -a>i^ k [j _ L9623 ) 2fi | _ Q 0?66 )J 


m 

+ T 
k 


[| 


-0.2493 

0.3077 


-2fe 


-0.2029 

0.0766 


I]- 


-1 

-1 


(g) 


which can be verified by substituting for aqand a >2 from Eq. (f) of Example 14.2. 



Figure E14.7 Unit impulse response functions for a nonclassically damped system. 
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14.9 EARTHQUAKE RESPONSE 

The displacements (relative to the ground) of the system at time t due to arbitrary ground 
acceleration u g {t) are given by the convolution integral introduced in Eq. (14.4.1): 

u(f) = f u g (r)h(t — r) dr (14.9.1) 

Jo 

in which h(f) is substituted from Eq. (14.8.7) to obtain 

N 

u(f) = [cxfaMt) + (3 g n D n (t)] (14.9.2) 

n=1 

where 

D n {t) = f u g (r) h n (t — r) dr (14.9.3) 

Jo 

and 

D n (t) = f ii g (r) h„ (t — r) dr (14.9.4) 

Jo 

The unit impulse response functions h„{t) and li n (t) for the nth-mode SDF system 
were presented in Eqs. (14.8.4) and (14.8.5), respectively. 

In Eqs. (14.9.2) and (14.9.3), D n (t ) represents the deformation response of the nth- 
mode SDF system, an SDF system with vibration properties—natural frequency co n and 
damping ratio £„—of the nth mode of the MDF system, to ground acceleration ii g (t ); 
D n (t) was introduced in Section 13.1.3 and also appeared in the response of classically 
damped systems (Section 14.4). The quantity D„(t) represents the corresponding relative 
velocity response of the nth-mode SDF system, introduced in Section 6.12. These SDF 
system responses, D n (t) and D n (f), are usually computed by one of the numerical methods 
presented in Chapter 5, not by numerical evaluation of the convolution integrals in Eqs. 
(14.9.3) and (14.9.4) because the latter approach is numerically inefficient. 

The response of a nonclassically damped MDF system has been expressed as a linear 
combination of N pairs of terms; the nth pair represents the nth-modal solution, associated 
with the nth pair of eigenvalues X n and and their associated eigenvectors ij) n and tj) n . 
The first part in the nth such pair represents a motion in the deflected shape ot„ with its 
temporal variation defined by D n (t), whereas the second part represents a motion in the 
deflected shape (3„ with its temporal variation defined by D„(t). The deflected shapes 
af, and j3f, are obviously functions of the natural modes of vibration of the system, as 
is apparent from Eqs. (14.8.2) and (14.8.8); these are independent of ii g (t) and satisfy 
Eq. (14.8.9). 

How does the response of nonclassically damped systems differ from that of clas¬ 
sically damped systems? Both D„(t ) and D„(t) appear in Eq. (14.9.2), which defines 
the earthquake response of nonclassically damped systems; however, only D„(t) enters 
into Eq. (14.4.2), the corresponding result for classically damped systems. For classically 
damped systems, the deflected shape <p n associated with the contribution of the nth mode 
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of vibration remains invariant over time [Eq. (14.4.2)], but it varies with time in the case 
of nonclassically damped systems [Eq. (14.9.2)]. 

Once the displacements u(f) have been computed, internal forces in the structure 
can be determined as described earlier for classically damped systems. Forces in viscous 
dampers (that may be part of a supplemental damping system) can be determined from 
the damper properties and u(t). Differentiating Eq. (14.9.2) gives a formal equation for 
these velocities that involve D n (t) and D„(t). Both of these quantities are computed in the 
process of numerically evaluating D n (f) using one of the numerical methods presented in 
Chapter 5. 

Example 14.8 

Derive equations for the floor displacements of the shear frame of Fig. El0.12.1a with 
c = y/km /200, a classically damped system, subjected to ground acceleration u g (t). Use 
the theory for nonclassically damped systems developed in Section 14.9 to solve the problem. 

Solution Substituting the a® and /3® determined in Example 14.6 into Eq. (14.9.2) provides 
the equations for the floor displacements: 



Note that this result is identical to that obtained in Example 13.3 by classical methods. 


Example 14.9 


Derive equations for the floor displacements of the shear frame of Example 14.7 subjected to 
ground acceleration u g (t). 


Solution Substituting the a® and /3® determined in Example 14.7 into Eq. (14.9.2) provides 
the equation for the floor displacements: 


u(t) = 


0.6862 

1.4147 


Di(t) + 


-0.2029 

0.0766 


h Dl(t)+ 


0.3459 

-0.4268 


D 2 (t) + 


0.2029 

-0.0766 



(a) 

where D n (?) and D„ (f) represent the deformation and relative velocity response of the nth- 
mode SDF system; see Eqs. (14.9.3) and (14.9.4). 


Example 14.10 

Determine the displacement response of the two-story shear frame of Fig. E14.2a with 
c = Jkm, m = 100 kips/g, and k = 2rt 2 m, due to the El Centro ground motion. 

Solution The equation describing the displacement response of this system, derived in 
Example 14.9, contains D n (t) and the deformation and relative velocity responses 

of the nth-mode SDF system [Eqs. (14.9.3) and (14.9.4)]. The natural frequencies co n and 
damping ratios of the two modal SDF systems are given in terms of m and k by by Eqs. (f) 
and (g) of Example 14.2. 

Substituting m = 0.2591 kip-sec 2 /in. and k = 5.1138 kips/in. gives 


"1 

= 3.203 rad/sec 

co 2 

— 6.163 rad/sec 

(a) 

El 

= 1.962 sec 

t 2 

= 1.020 sec 

(b) 

Ci 

= 0.1186 

& 

= 0.1186 

(c) 



in. 
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Figure E14.10a Deformation D n (t) and relative velocity D n (t) responses of modal SDF systems. 
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Figure E14.10b Floor displacements: modal contributions, u\ n (t) and ui n (t ), and total responses 
ui(t) and u 2 (t). 


Numerical values of D„ (f) and D n ( t ) for the nth-mode SDF system with natural period T n and 
damping ratio to the El Centro ground are determined by the linear acceleration method 
(Chapter 5) to obtain discrete values of D n and D n at every At. These computations were 
implemented for the two modal SDF systems with properties given by Eqs. (b) and (c), and 
the results are plotted in Fig. E14.10a. 

Substituting these numerical values of D n (t) and D n (t) into Eq. (a) of Example 14.9 
provides numerical values of the floor displacements; the individual modal contributions are 
combined to obtain the total response shown in Fig. E14.10b. 


14.10 SYSTEMS WITH REAL-VALUED EIGENVALUES 

The preceding development led to the complete solution for the earthquake analysis of non¬ 
classically damped systems for which all eigenvalues ). n and the associated eigenvectors 
are complex valued; the modal damping ratios for such modes are less than unity. In 
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general, a damped system—classical or nonclassical—may have an even number of real¬ 
valued, negative eigenvalues, each associated with a real-valued eigenvector; the modal 
damping ratios for such modes are greater than unity. Extension of the preceding anal¬ 
ysis to determine the earthquake response of such overdamped modes is presented next; 
although these modal responses are expected to be small, this extension is included for 
completeness. 


14.10.1 Free Vibration t 

Consider a pair of real-valued eigenvalues k„ and such that > k n |, and the as¬ 
sociated real eigenvectors and ip r , determined by solving the eigenvalue problem of 
Eq. (A14.2.8). We express this pair of eigenvalues in a form motivated by the eigenvalues 
of an overdamped SDF system (Appendixl4.6) as 

Xr = C?i ('hi 4“ te n D k r = tenD (14.10.1) 


in which^ 


V/i D — ten-J Kl 


1 


(14.10.2) 


and co n and are real-valued, positive quantities that can be determined from the known 
eigenvalues k n and k r as follows. 

Multiplying Eqs. (14.10.1a) and (14.10.1b) and making use of Eq. (14.10.2) leads to 


OJ n — k n k r 

Adding Eqs. (14.10.1a) and (14.10.1b) leads to 

kn “b k r kn -f- k r 

~ 2a>„ ~ 2VkJTr 

Finally, subtracting Eq. (14.10.1b) from (14.10.1a) gives 


k„ ki¬ 


te nD 


(14.10.3) 


(14.10.4) 


(14.10.5) 


The motion represented by a linear combination of two real-valued eigenvectors ip n 
and is given by 


u„(r) = B n xjj n e Kt + B r xj} r e Xrt 


(14.10.6) 


^This terminology is used for consistency with Section 14.7, although the system returns to its equilibrium 
position without oscillating (Section 2.2.1). 


•^Note that the notation co n o here represents a different quantity compared to Eq. (14.5.6). 
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in which B n and B, in this case are real-valued constants [in contrast to Eq. (14.7.1), 
where these constants were complex valued] that can be determined from Eq. (14.7.4). 
Substituting Eq. (14.10.1) and expressing exponential functions in terms of hyperbolic 
functions, Eq. (14.10.6) may be rewritten as (see Appendix 14.7) 

u„ (t) = coshaj, l£ >f — 7 ,, sinh(w„ 0 r] (14.10.7) 

where 

P„ = B r A + B n %l> n (14.10.8) 


In — 67 t/y B n ip n 


(14.10.9) 


Note the similarity between modal solutions associated with a pair of real-valued eigenval¬ 
ues [Eq. (14.10.7)] and with a complex-conjugate pair of complex-valued eigenvalues [Eq. 
(14.7.6)], with the only difference being that hyperbolic functions appear in the former 
case, in contrast to trigonometric functions in the latter case. 


Example 14.11 


Determine the free vibration characteristics of the system shown in Fig. E14.11a, a two-story 
frame idealized as a shear building with a damper in the second story with c = 2 \fkm. Show 
that the eigenvectors satisfy the orthogonality properties. 



Figure E14.ll (a) Nonclassically damped system; (b) real and imaginary parts of eigenvector ij >\; 
and real-valued eigenvectors ip 2 and r/ 13 . 


Solution The mass, damping, and stiffness matrices of the system are 



The eigenvalue problem to be solved is defined by Eq. (A14.2.8), repeated here for 
convenience: 


Xan + b« = 0 

where the matrices a and b, defined in Eq. (A14.2.5), for this system are 

0 0 2m 0 

0 0 0 m 

2m 0 c — c 

0 m —c c 



(b) 


(c) 
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*-n:] 


—2m 0 0 

0 —m 0 
0 
0 


0 3k 
0 —k 


(d) 


The eigenvalue problem can be solved numerically using an appropriate algorithm, e.g., the 
Matlab function eig{ b, —a), resulting in the eigenvalues 


(e.l) 

(e.2) 


Aj.Ai = -(-0.0501 ±0.7955i) 

m 


X 2 = -0.7232,/ — 
' m 


A 3 = -2.1766,/ — 
m 


Note that two of the eigenvalues of the system are a complex-conjugate pair, whereas two are 
real and negative valued, with |7. 3 | > [7.21 

From the eigenvalues T-i and Xi, a>\ and can be determined using Eq. (14.5.6): 


®i = |A.il =0.7971./- 


Re(Ai) 

Cl =-= 0.0629 


Substituting eigenvalues X 2 and X 2 in Eqs. (14.10.3) and (14.10.4) gives 


a> 2 


= = 1.2546./- 

V m 

r alue T-i of Eq. (e.l), the c 
is determined from its definition in Eq. (14.5.5): 


7-2 + 7. 3 

C2 = -- = 1.1556 


(f) 


(g) 


m 2co 2 

From the eigenvalue 7.j of Eq. (e.l), the corresponding frequency co\o of the damped system 


00 


oo i d = Im(7-i) = 0.7955,/ — 
m 


However, co 2 o should be determined from Eq. (14.10.5): 

7-2 — 7. 3 / k 

co 2D = = 0.7267 / - 

2 \ m 


(i) 


Solution of the eigenvalue problem [Eq. (b)] also provides the 4 x 1 eigenvectors, but 
only the third and fourth components [see Eq. (A14.2.7)] are relevant and shown below: 

0.7923 + 0.27871 
1 


V’i = { 1 


, I —0.1717 1 

V>2=| 1 | 


V> 3 = 


_ | -0.4129 | 


J 


0) 


Note that t/q is complex valued, but ijj 2 and i/> 3 are real valued (Fig. E14.1 lb). 

To verify that the eigenvectors xpi and ip 2 are orthogonal, we compute the individual 
terms in the left side of Eqs. (14.6.1) and (14.6.2): 


V>; n#2 = 
ki/>2 = 
Cl/>2 = 


0.7923 + 0.2787/ 

1 


n 

^ 2m 

m \ { 

! r l 

r 3k 

-* 1 

1 

l-k 

k\ 

i T i 



} 

\ c 

“ C 1 

1 

[-C 

c J 


-0.1717 


k 1 f -0.1717 

1 


-0.1717 j 


= m (0.7279 -0.0957/) 

= k (-0.0287 - 0.4222/) 

= Vfrii (0.4868 - 0.6531/) 
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Substituting these individual terms in the left side of Eqs. (14.6.1) and (14.6.2) gives 

(7.1 + X 2 ) ipjmip2 + ipf ct />2 — ~Jkin (—0.7733 + 0.79551) (0.7279 — 0.09571) 

+Vkm (0.4868 - 0.65311) = 0 


xp^ktp2 — X\X2ipJmip2 = k (—0.0287 — 0.42221) 

- *(0.0362 - 0.57531) (0.7279 - 0.09571) = 0 

This verifies that the eigenvectors and ip2 computed for the system are orthogonal; similar 
calculations show that other pairs of eigenvectors are also orthogonal. 

In passing, we rewrite Eqs. (h) and (i) to facilitate an interesting observation: 


cdid — 0.9743 


u>2 d — 0.8900 



00 


If the second story were rigid, the system of Fig. E14.1 la would reduce to an SDF system 
with natural vibration frequency = ■ s /2kj3m. Note that the frequencies of the damped system 
[Eq. (k)] are close to this reference frequency because the damper coefficient is so large that 
the damper provides much resistance to deformation in the second story. 


Example 14.12 

Determine the free vibration response of the two-story shear frame of Fig. E14.11a with 
c = 2 -v/ km due to initial displacements u(0) = ( — 4 2 ) r . 

Solution The initial displacement and velocity vectors are 

u(°) = { | } u( 0 ) = { °} (a) 

Substituting them in Eq. (14.7.3) together with m. c, X„ , and ip n determined in Example 14.11 
gives 


kii/>fmu(0) + ipT cu(0) + 't/>j r mu(0) 

B\ = —-!-—-——i- = -0.2747 - 0.2440/ 

2A 1 nt'i/’l + Vq 


(b.l) 


S 2 = 


X 2 ' 4 j i mu(0) + 1 p* cu(0) + xplj mu(0) 
2 X 2 ip2 mip 2 + iplcip2 


3.5317 


(b. 2 ) 


X-}ibT mu(0) + 1 b\ cu(0) + tbl mu(O) 

S 3 = — --V—^- = -0.9824 (b.3) 

27.3 1/2 j mt />3 + l/)j C03 

Using the S„ in Eq. (b) and ip n from Example 14.11, f3\ and 71 are determined from 
Eq. (14.7.5), and fa and 72 from Eqs. (14.10.8) and (14.10.9) as follows: 

A = ReC**,) = | ] 7 , = to(2S,*)=|:“”| (c.1) 

02 = B 2 ip2 + B31P3 = J 2 2493 } T2 = ~ S 3^3 = { 4'2142 } ( c - 2 ) 
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The free-vibration response is given by 

u(f) = Ui(f) + u 2 (f) (d) 


where ui (f) is determined by substituting f3\ and 71 from Eq. (c. 1) into the n = 1 term on the 
right side of Eq. (14.7.5): 


ui(t) = e — 00629 Ml '[{ 


-0.2992 

-0.5493 


COS (0\£)t — 


-0.5397 1 . 1 

-0.4880 } SmwiD? J 


(e) 


and 112 (f) is determined by substituting (32 and 72 from Eq. (c.2) into Eq. (14.10.7): 


u 2 (f) = e - L 1556 “2'[j 


-0.2008 

2.5493 


cosh u> 2 £>f — 


- 1.0120 

4.5142 


J sinhti)2Df 


Substituting Eqs. (e) and (f) into Eq. (d) gives the total response u(f). 


ffi 


14.10.2 Unit Impulse Response 

Recall that unit impulse ground acceleration u g {t) = S(t) imparts to the system the initial 
velocities u(0) = — l but no initial displacements, i.e., u(0) = 0 (Section 14.3). For these 
initial conditions, the constants Z?,f are given by Eq. (14.8.1) and Eq. (14.10.7) can be 
expressed in a form analogous to the nth-mode term in Eq. (14.8.3): 

MO = cosh w„ D t - 7 * sinhtt>„ fl f] (14.10.10) 

where 

PI = B r^r + (14.10.11) 

(14.10.12) 

As in Section 14.8, we prefer to express Eq. (14.10.10) in terms of the unit impulse 
response function h n {t) for deformation of an overdamped SDF system with undamped 
natural frequency co n defined by Eq. (14.10.3) and damping ratio £„ by Eq. (14.10.4), 
respectively (see Appendix 14.6): 

MO =-— sinhaw (14.10.13) 

U>nD 

and its first derivative 

MO = —coshcu nD — t;„a>„h„(t) (14.10.14) 

which can be rewritten as 

_ e SnlOnt C0S h Q) nD = h„{t) + C, n oj n h n (t) (14.10.15) 

The hyperbolic functions multiplying the vectors j3f, and 7 * in Eq. (14.10.10) are now 
replaced by the corresponding expressions obtained from Eqs. (14.10.13) and (14.10.15), 
in terms of h n ( t ) and h„ (t ) to obtain the vector of unit impulse response for displacements 

u„( 0 : 


MO = ~[a. g n co n h n {t) +/3fM0] 


( 14 . 10 . 16 ) 
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where 

= SnPZ - - 1 In (14.10.17) 

The vectors /3„ and 7 ® are given by Eqs. (14.10.11) and (14.10.12), wherein B„ are defined 
by Eq. (14.8.1). Observe that the form of Eq. (14.10.16) is identical to Eq. (14.8.7), but 
Eq. (14.10.17) is a modified version of Eq. (14.8.8). 


Example 14.13 

Determine the response of the two-story shear frame of Fig. E14.1 la with c = 1\Jkm due to 
unit impulse ground acceleration, u g {t) = 8(t). 

Solution 6 ,f are determined by substituting m, c, and 0„ from Example 14.11 in Eq. 
(14.8.1): 


B 


g 

1 


— ip^mi 

+ 0^c0i 



(0.2232 + 0.7311;') 


(a.l) 


B 


g 

2 


—•02 mt 

2X 2 1p2 m02 + 02 C02 



(a. 2 ) 


B 


g 

3 


—0^mt 

2 X 3 0j m03 + 0j C03 



(a. 3) 


Using the B,f in Eq. (a) and 0„in Eq. (i) of Example 14.10, (3 ^ and 7 ^ are determined from 
Eq. (14.8.2), and/3® and 7 ^ from Eqs. (14.10.11) and (14.10.12) as follows: 



The response of the system is given by 


u(f) = ui 


Tf-lm(2«f*) -US | /f <b ‘> 

7 +*+-*+,=! mtoI/i (b2 > 

» + U 2 (f) (c) 


where ui(f) is determined by substituting /3® and 7 ^ from Eq. (b.l) into the n — 1 term on 
the right side of Eq. (14.8.3): 


. , I -0.0539 1 11.2828 1 . 1 [m 

Ul(0 = e [| 0.4463 | C ° SW1Df - | 1.4621 | SmWlof JV^ (d) 

and U 2 (f) is determined by substituting /3® and 7 ^ from Eq. (b.2) into Eq. (14.10.10): 

u 2 ( f ) = _° 0 ° 4 5 4 3 6 9 3 } cosh co 2D t - | ^353 ) sinho^Bfjyi (e) 

Substituting Eqs. (d) and (e) into Eq. (c) gives the total response u(r). The individual terms 
[Eqs. (d) and (e)] and the total response are plotted in Fig. E14.13; note that U 2 (f) is plotted 
at a scale different from that for ui ( t ). 
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Figure E14.13 Floor displacements of a nonclassically damped system due to unit impulse ground 
acceleration: modal contributions u\ n {t) and zi2n(0» and total responses u\{t ) and 1*2 (0* 


The response can also be expressed in terms of the unit impulse response functions 
h n (t). For this purpose, Eqs. (14.8.8) and (14.10.17) give 


OL 


8 

1 


=fi*-ywi 2 7? 


— 1.2836 1 fm 
-t.4312 jy k 


(f.l) 


a 


g 

2 



0.1386 1 [rn 
-0.8838 |y k 


(f-2) 


The response of the system can be determined from 

u(0 = Ur (?) + u 2 (f) (g) 

The first term ui(r) is determined by substituting af from Eq. (f.l) and from Eq. (b.l) 
into the n = 1 term on the right side of Eq. (14.8.7): 


Ut(0 


1.0231 

1.1407 


h\ (f) + 


0.0539 

-0.4463 



(h) 


where h\(t) and h\(t) are given by Eqs. (14.8.4) and (14.8.5), respectively. The second term 
U2(f) in Eq. (g) is determined by substituting from Eq. (f.2) and /3? from Eq. (b.2) into 
Eq. (14.10.16): 


U2(0 = 


-0.1739 

1.1088 


J/i2(f) + 


-0.0539 

0.4463 



(i) 


where / 72 (f) and / 12 (f) are given by Eqs. (14.10.13) and (14.10.14), respectively. 
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The vectors /3® and 7 ^ satisfy Eq. (14.8.9): 



Equation (k) can be verified by substituting for a>\ and a> 2 from Example 14.11. 


14.10.3 Earthquake Response 


For a system subjected to arbitrary ground acceleration u g (t) the response associated 
with a linear combination of two real-valued eigenvectors and ip r , and the associated 
real-valued eigenvalues X n and X r is still described by the nth term in the summation of 
Eq. (14.9.2). This becomes apparent if h(f) in Eq. (14.9.1) is replaced by h„(f) defined 
in Eq. (14.10.16). Given by Eqs. (14.9.3) and (14.9.4), D n (t ) and D n (t ) represent the 
deformation and relative velocity response of an overdamped SDF system with undamped 
natural frequency co n defined by Eq. (14.10.3) and damping ratio by Eq. (14.10.4), and 
the vectors a* and (3„ are given by Eqs. (14.10.17) and (14.10.11), respectively. Note that 
the SDF system responses D n (t) and D n ( 1 ) are usually computed by one of the numerical 
methods presented in Chapter 5, not by evaluating the convolution integrals of Eqs. (14.9.3) 
and (14.9.4). 


Example 14.14 

Derive equations for the floor displacements of the shear frame of Fig. E14.11a with 
c = 2 \Jkm subjected to ground acceleration u g {t). 

Solution Substituting the af, and /3® determined in Example 14.13 into Eq. (14.9.2) pro¬ 
vides equations for the floor displacements: 


u(t) = 


1.0231 

1.1407 


Di(t) + 


0.0539 

-0.4463 


1 m ■ 

Vi Dl(f)+ 


-0.1739 

1.1088 


D 2 (t) + 


-0.0539 

0.4463 



where D n (?) and D n ( t ) represent the deformation and relative velocity response of the nth- 
mode SDF system; see Eqs. (14.9.3) and (14.9.4). Recall that in these equations, h\(t) and 
h\(t) are given by Eq. (14.8.4) and (14.8.5), respectively, whereas h 2 (t) and h 2 (t) are given 
by Eq. (14.10.13) and (14.10.14), respectively. 


14.11 RESPONSE SPECTRUM ANALYSIS 

In Part B of Chapter 13, we presented the response spectrum analysis (RSA) procedure for 
classically damped systems to estimate their peak response directly from the earthquake 
response (or design) spectrum. Researchers have developed RSA procedures also for non¬ 
classically damped systems. The rationale for not including them here is as follows: These 
procedures require two response spectra: (1) pseudo-acceleration (or pseudo-velocity or 
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deformation) response spectrum, which was needed for RSA procedures presented in 
Chapter 13; and (2) relative velocity response spectrum. Because the latter is not readily 
available or specified as part of structural design criteria, it has often been approximated by 
the pseudo-velocity response spectrum. As mentioned in Section 6.12, this approximation 
is valid only over a limited range of vibration periods and damping ratios. 


14.12 SUMMARY 

The preceding analysis of the earthquake response of an /V-DOF nonclassically damped 
system with known mass, stiffness, and damping matrices m, k, and c to ground accelera¬ 
tion ii g (t) is summarized as a sequence of steps: 

1. Compute the eigenvalues X n and the associated eigenvectors x[> n by solving the eigen¬ 
value problem [Eq. (A14.2.8)]. 

2. Determine the damped and pseudo-undamped natural frequencies co n w and &>„, and 
the modal damping ratios £„, fromEqs. (14.5.5) and (14.5.6) for a complex-conjugate 
pair of eigenvalues, X n and X n , or from Eqs. (14.10.3) through (14.10.5) for a pair of 
real-valued eigenvalues, X n and . 

3. Determine the complex-valued constants fi® [Eq. (14.8.1)]. 

4 . Determine /3®, 7 ®, and cr® as follows: For a complex-conjugate pair of eigenvalues 
X n and X n , compute the complex-valued product 2B„il> n , then determine (3„ and 7 ® 
from Eq. (14.8.2) and a® from Eq. (14.8.8). For a pair of real eigenvalues X n 
and X r , compute /3®, 7 ®, and a® from Eqs. (14.10.11), (14.10.12), and (14.10.17), 
respectively. 

5. Compute the deformation response D n {t) and relative velocity response D n (t) of 
the nth-mode SDF system with &>„ and 7 , determined in step 2 to prescribed ground 
acceleration u g {t) by one of the numerical time-stepping methods (Chapter 5). 

6. Compute the displacements u(f) from Eq. (14.9.2) using the a® and /3,® appropriate 
for each term in the summation; see step 4. 

The analysis of nonclassically damped systems differs from that of classically damped 
systems (Section 13.2.4) in two principal ways: 

1. The eigenvalue problem to be solved [Eq. (A14.2.8)] is now of order 2 N. 

2. In addition to the deformation D n ( t ) of the nth-mode SDF system, its relative ve¬ 
locity D n (t) is now required. However, in a step-by-step numerical evaluation of the 
response of an SDF system (Chapter 5), D n (f) is normally computed in the process 
of obtaining D n (t). 
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APPENDIX 14: DERIVATIONS 


A14.1 Complex-Valued Constants: Free Vibration 
of Classically Damped Systems 


The displacements given by Eq. (14.2.3) are repeated herein for convenience: 

N N 

u(f) = ^ ^B r c/) r e Xr ' + B r (f r e Xrt ) = 2^Re(g,-0 r e iff ) 
r= 1 r=l 

These displacements can be differentiated to obtain the velocity response: 

N 

u(0 = Y UrB r (t> r e Xr ‘ + k r B r (j> r e Xrt \ 

r= 1 

Setting t = 0 in Eqs. (A14.1.1) and (A 14.1.2) gives 

N N 

u (°) = Y ( B > + ^r)0r U(0) = Y ( A ' S '' + *-rB r )<t>r 

r= 1 r= 1 


(A 14.1.1) 


(A14.1.2) 


(A14.1.3) 


With the initial displacements u(0) and initial velocities u(0) known, each of these two equations 
represents N algebraic equations in the 2 N unknowns Re(fi, ) and \m(B r ). Premultiplying both 
sides of Eqs. (A14.1.3a) and (A14.1.3b) by 4>f,m and utilizing the orthogonality property of modes 
[Eq. (10.4.1)] gives 

<t>J, mu(0) = (S„ + B„)4>lm(t) n 0^mu(O) = (A14.1.4) 

which may be written as 

Bn + B n = q n { 0) X„B„ + X n B n = q n ( 0) (A14.1.5) 


where Eq. (10.8.5), which defines the initial displacement q„( 0) and initial velocity q, ,(0) of the 
modal coordinate q n (t), has been utilized. The two equations (A 14.1.5) are solved to determine the 
real and imaginary parts of B„: 


Re(B„) 


q n (0) 

2 


Im(B„) 


qn (0) + (,n (, lnqn (0) 

2 U>nD 


(A14.1.6) 


leading to Eq. (14.2.4) for the complex-valued constant B„. 
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A14.2 First-Order Equations of Motion 
and Eigenvalue Problem 


Equation (14.1) is written in augmented form: 

mil — mu = 0 


(A14.2.1) 


mii + cu + ku = — nuu g (t) 


(A14.2.2) 


The preceding two sets of equations can be combined to obtain a state-space formulation of the 
equations of motion: 


au + bu = e(f) 


(A14.2.3) 


in which u and e(f ) are vectors of 2 N elements defined as 


:i *>- 

and a and b are square matrices of order 2 N given by 

a = 


0 


r o 

m 


—m 

«1 

[m 

c . 

H 

0 

kj 


(A14.2.4) 


(A14.2.5) 


Thus, the system of N second-order differential equations [Eq. (14.1)] has been reduced to a system 
of 2N first-order differential equations (A14.2.3). 

The solution of the homogeneous form of Eq. (A14.2.3) is of the form 


u(f) = K,e 


M 


(A14.2.6) 


where X is an eigenvalue and k is the associated eigenvector of 2 N elements. The lower N elements of 
k represent the desired modal displacements rp and the upper N elements represent the corresponding 
modal velocities Xip; i.e., 


k = 



(A14.2.7) 


Substituting Eq. (A14.2.6) into the homogeneous form of Eq. (A14.2.3), i.e., the equation governing 
free vibration of nonclassically damped systems, leads to the eigenvalue problem: 


Xan + b/t = 0 


(A14.2.8) 


The 2 N roots of X are either real valued and negative or they occur in complex-conjugate pairs 
with negative (or zero) real parts; the latter fact can be demonstrated as follows: If X n and n„ are an 
eigenvalue-eigenvector pair, they satisfy 

(X„a + b)/4„ = 0 (A14.2.9) 

Taking the conjugate of both sides and noting that a and b are real valued, i.e., a = a and b = b, 
gives 

(X„a + b)/t„ = 0 (A14.2.10) 

which implies that X„ and k n also satisfy Eq. (A14.2.8), and hence represent an eigenvalue-eigenvector 
pair. 


i Other versions of state-space analysis, which are mathematically equivalent to the ones presented here, are 
popular in mathematics, physics, electrical engineering, and control. 
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A14.3 Orthogonality of Modes 

Since a and b in Eq. (A14.2.3) are real-valued symmetric matrices, the eigenvectors K n and n r 
corresponding to any pair of distinct eigenvalues X n and X r can be shown to satisfy the orthogonality 
relations 

k,- = 0 n^b k,- = 0 (A14.3.1) 

These relations are also valid for a complex-conjugate pair k„ and k n since the associated eigenval¬ 
ues X„ and X n are different. Substituting Eqs. (A14.2.5) and (A14.2.7) into Eq. (A14.3.1) leads to the 
orthogonality relations expressed by Eqs. (14.6.1) and (14.6.2). 

Special Case. For a classically damped system ip n — = </>„, u> n = a>°, 

K = + ia)°J 1 - ? 2 (A14.3.2) 

and the eigenvalue problem is 

k = «) 2 m0„ (A14.3.3) 

Specializing Eq. (14.5.3) for the /;th eigenvalue and eigenvector pair, and replacing i/r„ by cf> n gives 

X„m<f) n + X„C(t> n + k </>„ = 0 (A14.3.4) 

Substituting Eq. (A14.3.3) for the last term on the left side of Eq. (A14.3.4), combining it with the 
first term, and making use of Eq. (A14.3.2) leads to the relation 

c 4> r = 2f r a>°m0,. (A14.3.5) 

where the subscript n has been replaced by r. Premultiplying both sides of Eq. (A14.3.5) by (pj, and 
recognizing that tp n = cp n , we obtain 

t />,[cipr = 4>n C 4>r = 2p r a>°(p' n mtp, (A14.3.6) 

On making use of Eq. (A14.3.6), the first orthogonality condition given by Eq. (14.6.1) reduces to 

ct>lmct> r = 0 (A14.3.7) 

Furthermore, substituting Eq. (A14.3.7) into Eq. (14.6.2) leads to the second orthogonality condition: 

(j>l kcj) r =0 (A14.3.8) 

Equations (A14.3.7) and (A14.3.8) are the familiar orthogonality relationships for classically damped 
systems, introduced in Section 10.4. 

A14.4 Complex-Valued Constants: Free Vibration 
of Nonclassically Damped Systems 

The vector u can be expanded in terms of the 2 N eigenvectors 

2 N 

u(Q = y, K, n q n (t) = nq(t) (A14.4.1)t 

n= 1 




appears in q n and q to distinguish them from the modal coordinates for classically damped systems. 


introduced in Section 10.7. 
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where k = [ki K 2 ■■■ k- 2 n], q n are scalar multipliers, and q =< q\ q 2 ■■■ q2N >T ■ The q n 

are to be determined for prescribed initial conditions. Substituting Eq. (A14.4.1) in the homogeneous 
form of Eq. (A14.2.3) gives 

a«q + bts;q = 0 

Premultiplying each term by k t gives 

(, K T an)q + (K r bK)q = 0 

Because of the orthogonality relations of Eq. (14.3.1), the two coefficient matrices are diagonal 
matrices, resulting in a set of 2N uncoupled equations governing q n {t)'- 

Annq„ + B nn q n = 0 (A14.4.2) 

where 

A nn = K^an,, B nn - K%bn„ (A14.4.3) 

Premultiplying Eq. (A14.2.9) by nj t gives B nn — —X„A nn , which is substituted in Eq. (A14.4.2) to 
obtain 

q n — X n q n = 0 (A14.4.4) 

which is the equation governing q n (t) associated with the eigenvector k„ (and eigenvalue X n ). A 
companion equation exists for the complex-conjugate eigenvector h n . It can be demonstrated that 

Ann = rfakn B„„ = k^bk,, (A14.4.5) 

and B nn = — X n A nn - From these relationships it can be shown that the companion equation is 

q n - ~ k nq n = 0 (A14.4.6) 

The general solutions of Eqs. (A14.4.4) and (A14.4.6) are 

q n (t) = B n e Xnt q„(t) = Bne 1 "' (A14.4.7) 


respectively, where the constants B„ and B n are to be determined from the prescribed initial displace¬ 
ments and velocities that initiate free vibration. Thus the response associated with the eigenvector 
pair K n and k n is given by the two corresponding terms in the summation of Eq. (A14.4.1): 

u n (t) = B n K n e Xnt + B n k n e^" r (A14.4.8) 


where the lower N equations are the same as Eq. (14.7.1), which becomes apparent after substituting 
Eqs. (A14.2.4a) and (A14.2.7). Combining such response contributions for the A pairs of eigenvec¬ 
tors gives the complete solution of the homogeneous form of Eq. (A14.2.3): 


6(0 = B r K r e‘ 

r= 1 


.V 




' + ^2 B r K r e 

r= 1 


(A14.4.9) 


The complex-valued constants B n are to be determined from the initial conditions 


6(0) = 


u (0) 1 

u(0) J 


(A 14.4.10) 
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where u(0) and u(0) are the vectors of initial displacements and velocities, respectively. Specializing 
Eq. (A14.4.9) for t = 0 gives 


N 


N 


u(0) = ^2 S Ar + ^2 BrKr 


r= 1 r=l 

T„ 


Premultiplying both sides of Eq. (A 14.4.11) by K n a gives 


nJ t Mi(0) — ^2 Br^n a/c,- + B r K^aK r 


(A14.4.11) 


(A14.4.12) 


r=l 


Because of the orthogonality condition of Eq. (A14.3.1a), all terms in both summations vanish except 
the r = n term in the first summation; thus 

ftJau(O) = (K„'aK„)S„ 

The matrix products on both sides of this equation are scalars. Therefore, 

au(0) 


= 




(A14.4.13) 


which, on substituting Eqs. (A14.2.5), (A14.2.7), and (A14.4.10), reduces to Eq. (14.7.4). 


Special case: classically damped systems. For classically damped systems, = 
(/>„, a> n = a>°, is given by Eq. (A14.3.2), Eq. (A14.3.5) is premultiplied by <fi jT, and the subscript 
r is replaced by n to obtain 

4>i, C 4>n = 2 $nK<l>l m 4>n (A14.4.14) 

and the following generalized version of Eq. (A14.3.6) is valid: 

4>l cu(0) = 2^,»u(0) (A14.4.15) 

On making use of these results and of Eqs. (A14.3.2) and (A14.3.6), Eq. (14.7.4) reduces to 
Eq. (14.2.4). 


A14.5 Derivation of Eq. (14.8.9) 


Differentiating Eq. (14.8.3) gives the velocity vector u(f) that is specialized for f = 0 to obtain 


IV 

U(°) = ^2 ~ 0>n [f"/ 3 " + V 7 ! - din 


(A14.5.1) 


n= 1 


Expressing the second term on the right side in terms of af, and (3„ by using Eq. (14.8.8) yields 


u(°) = ^ 2 a ‘n[ a n ~ 2 $nPn\ 


(A14.5.2) 


n= l 


Imposing the initial condition u(0) = — l in this equation leads to Eq. (14.8.9b). 
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A14.6 Overdamped SDF System 

The characteristic equation in Derivation 2.2 (Chapter 2) is rewritten for damping ratio £ > 1 as 

A.i 2 — — ± coq (A14.6.1) 

where 

a>o = a<„v/f 2 — 1 (A14.6.2) 

The solution of Eq. (2.2.1b) is 

u(t) = a x e klt + a 2 e l2 ’ (A14.6.3) 

which after substituting Eq. (A14.6.1) becomes 

«(0 = e-^\a x e <OD ' + a 2 e~°’ D ') (A14.6.4) 

The constants of integration a\ and a 2 are determined by imposing the requirement that u(t) must 
satisfy the given initial displacement and initial velocity at t — 0. 

A unit impulse ground acceleration ii g (t) — S(t) applied at t = 0 imparts to the system the ini¬ 
tial velocity «(0) = — 1 and initial displacement u( 0) = 0. For these initial conditions, the constants 
are 

a\ = z—— a 2 = --'~ (A14.6.5) 

ZCO £) ICO d 

Substituting Eq. (A14.6.5) in Eq. (A14.6.4) leads to the resulting free vibration response: 

II(0 = - — e -^ntf e co D i _ e -a> D t\ (A14.6.6) 

2 cod 

The exponential functions within the parentheses are related to hyperbolic functions as follows: 

e a>Dt = costuo£>r + sinhai/jt e~ <DDt — coshtu pt — sinh coot (A14.6.7) 

Substituting these relations into Eq. (A14.6.6) leads to 

h(t) — -sinh(i>£>f (A14.6.8) 

0)D 

where h(t) denotes the unit impulse response of an overdamped SDF system. 

Interpreting u> n as given by Eq. (14.10.3) and changing the notation from a>o to co„o 
[Eq. (14.10.2)], and from f to [Eq. (14.10.4)], Eq. (A14.6.8) can be rewritten as Eq. (14.10.13). 

A14.7 Derivation of Eq. (14.10.7) 

Substituting Eq. (14.10.1) into Eq. (14.10.6) leads to 

u„(f) = e-^XBniPne^' + B r ip r e- m " nt ) (A14.7.1) 

The exponential functions within the parentheses are related to hyperbolic functions as follows: 

e «W = cosh a> n £)t + sinhai,,/)? e _ “" D ' = cosh a>„ot — sinha)„£)f (A14.7.2) 
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Substituting these relations into Eq. (A14.7.1) and collecting the terms containing cosh a> n Dt and 
those where sinh &>„£>? appears gives 

u n (t) = e -f» <o » t [(B r - 0 r + B n tp„) cosha > nD t - ( B r ip r - B n ip„) sinh co nD t] (A14.7.3) 
With /3„ and 7 ,, dehnedby Eqs. (14.10.8) and (14.10.9), Eq. (A14.7.3) is equivalent to Eq. (14.10.7). 


PROBLEMS 

14.1 Determine the natural frequencies, natural modes, and modal damping ratios for the two- 
story shear frame of Figure P9.5 with damping. The Rayleigh damping matrix provides a 
damping ratio of 5% in both modes. Use the theory for nonclassically damped systems, 
developed in Section 14.5, to solve this problem for a classically damped system. Verify that 
the eigenvectors are orthogonal. Verify that the results match the solution of Problem 10.6 
by classical modal analysis. 

14.2 Determine the natural frequencies, natural modes, and modal damping ratios for the two- 
story frame of Figure P9.5, with a damper only in the first story with damping coefficient 
ci = 0.4 \[km, where k — 24 El/ fi 3 is the story stiffness; express frequencies in terms of m 
and k. Show that the natural modes satisfy the orthogonality properties. 

14.3 Determine the free vibration response of the two-story shear frame of Problem 14.1, a clas¬ 
sically damped system, due to initial displacements of Figure P10.8a. Use the theory for 
nonclassically damped systems developed in Section 14.7, to solve the problem. Verify that 
the results match the solution of Problem 10.9 by classical modal analysis. 

14.4 Determine the free vibration response of the two-story shear frame of Problem 14.2 due to 
initial displacements of Fig. PI0.8a. 

14.5 Determine the response of the two-story shear frame of the system of Problem 14.1, a classi¬ 
cally damped system, due to unit impulse ground acceleration, u g (?) = 8 (?). Use the theory 
for nonclassically damped systems developed in Section 14.8, to solve the problem. Com¬ 
pare the result with the solution given by Eqs. (14.3.6) and (14.3.7) for classically damped 
systems. 

14.6 Determine the free vibration response of the two-story shear frame of Problem 14.2 due to 
unit impulse ground acceleration, u g (?) = 8 (?). Verify that Eq. (14.8.9) is satisfied. 

14.7 For the two-story shear frame of Problem 14.1, a classically damped system, excited by hor¬ 
izontal ground motion ii g (?), determine the floor displacement response in terms of D n (?). 
Use the theory for nonclassically damped systems developed in Section 14.9 to solve the 
problem. Compare the result with that determined in Problem 13.1. 

14.8 For the two-story shear frame of Problem 14.2 excited by horizontal ground motion ii g (?), 
determine the floor displacement response in terms of D n (?) and D n (?). 

14.9 Determine the natural frequencies, natural modes, and modal damping ratios for the two- 
story frame of Fig. P9.5, with dampers c\ = 0.6 y/km in the first story and C 2 = 1.2 -s/km in 
the second story, where k = 24 El j fi 3 is the story stiffness; express frequencies in terms of 
m and k. Show that the natural modes satisfy the orthogonality properties. 

14.10 Determine the free vibration response of the two-story shear frame of Problem 14.9 due to 
initial displacements of Fig. P10.8a. 
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14.11 

14.12 

14.13 


Determine the free vibration response of the two-story shear frame of Problem 14.9 due to 
unit impulse ground acceleration, ii g (f) = <5 (r). Verify that Eq. (14.8.9) is satisfied. 

For the two-story shear frame of Problem 14.9 excited by horizontal ground motion ii g ( t ), 
determine the floor displacement response in terms of D„ ( t ) and D n (f) 

Consider a one-story building with mass m, lateral stiffness k, and damping coefficient c 
(Fig. 20.2. la). On a fixed base, this SDF system has the natural frequency cof, natural period 
Tf = 0.4 sec, and damping ratio £y = 2%; the subscript/is chosen instead of n to emphasize 
that these are properties of the structure on a fixed base. As shown in Fig. 20.1.1b. this one- 
story building is mounted on a base slab of mass mb = 2m j 3, which in turn is supported on 
a base isolation system with lateral stiffness kb and linear viscous damping q,. The isolation 
system is characterized by two parameters: 



which are given: Tb = 2.0 sec, = 10%. 

Determine the response of this nonclassically damped system to the El Centro ground motion 
by three methods: 

1. Solving the coupled equations of motion. 

2. Using the theory developed in Sections 14.5 to 14.9. Verify that these results agree with 
those from Method 1. 

3. Modal analysis of the system approximated as classically damped by neglecting the off- 
diagonal terms in C, the damping matrix in modal coordinates [see Eq. (10.9.5)]. 


14.11 

14.12 

14.13 
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Reduction of Degrees of Freedom 


PREVIEW 

Although our objective in this book is the analysis of structures for dynamic excitation, 
we recognize that in practice a dynamic analysis is usually preceded by static analysis 
for dead and live loads. The structural idealization for the static analysis is dictated by the 
complexity of the structure, and several hundred to a few thousand DOFs may be necessary 
for accurate evaluation of the internal element forces and stresses in a complex structure. 

The same refined idealization may be used for dynamic analysis of the structure, 
but this may be unnecessarily refined and drastically fewer DOFs could suffice. Such is 
the case because the dynamic response of many structures can be represented well by the 
first few natural vibration modes, and these modes can be determined accurately from a 
structural idealization with drastically fewer DOFs than required for static analysis. Thus 
we are interested in reducing the number of DOFs as much as reasonably possible before 
proceeding with computation of natural frequencies and modes, which is perhaps the most 
demanding phase of dynamic analysis. 

Presented in this chapter are two approaches to reducing the number of DOFs: mass 
lumping in selected DOFs and the Rayleigh-Ritz method. Before presenting these proce¬ 
dures we mention how kinematic constraints based on structural properties can be used to 
reduce the number of DOFs in the structural idealization for static analysis; this idealiza¬ 
tion is the starting point for dynamic analysis. 
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15.1 KINEMATIC CONSTRAINTS 

The configuration and properties of a structure may suggest kinematic constraints that 
express the displacements of many DOFs in terms of a smaller set of displacements. For 
example, the floor diaphragms (or slabs) of a multistory building, although flexible in the 
vertical direction, are usually very stiff in their own plane and can be assumed as rigid 
without introducing significant error. With this assumption the horizontal displacements of 
all the joints at one floor level are related to the three rigid-body DOFs of the diaphragm in 
its own plane: the two horizontal components of displacement and rotation about a vertical 
axis. 

As a result of this kinematic constraint, the number of DOFs that would be consid¬ 
ered in a static analysis can be reduced almost by half. Consider, for example, the 20-story 
building shown in Fig. 15.1.1, consisting of eight frames in the y -direction and four in the 
^-direction. With 640 joints and six DOFs (three translations and three rotations) per joint, 
the system has 3840 DOFs. Assuming the floor diaphragms to be rigid in their own planes, 
the system has only 1980 DOFs. These include the vertical displacement and two rotations 
(in xz and yz planes) of each joint and three rigid-body DOFs per floor. 



Figure 15.1.1 Twenty-story building. 


Another kinematic constraint sometimes assumed in building analysis is that the 
columns are axially rigid. This assumption should be used with discretion because it may 
be reasonable only in special circumstances: for example, buildings that are not slender. 
If justifiable, the assumption leads to further reduction in the number of DOFs; for static 
analysis of the multistory building of Fig. 15.1.1 this number reduces to 1340. 

Once the structural idealization has been established for static analysis after con¬ 
sidering kinematic constraints appropriate to the structure, the number of DOFs can be 
reduced for dynamic analysis by the procedures presented next. 
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15.2 MASS LUMPING IN SELECTED DOFs 

As mentioned in Section 9.2.4, the mass is distributed throughout an actual structure, but 
it can be idealized as lumped at the nodes of the discretized structure with the mass in 
rotational DOFs usually set to zero. Procedures were then described to determine the 
lumped masses. The DOFs in the structural idealization established for static analysis are 
subdivided into two parts: u,. which have mass, and the remaining uo, which have zero 
mass and no external dynamic force, but are necessary for accurate representation of the 
stiffness properties of the structure. The DOFs uo are related to u, by Eq. (9.3.3) and, as 
indicated by Eq. (9.3.4), the equations of motion can be formulated in terms of only u,, the 
dynamic DOFs. This is the static condensation method developed in Section 9.3 by which 
the number of DOFs is reduced to only the dynamic DOFs. 

The static condensation method is especially effective in earthquake analysis of 
multistory buildings subjected to horizontal ground motion because of three special fea¬ 
tures of this class of structures and excitations. First, the floor diaphragms (or floor slabs) 
are usually assumed to be rigid in their own plane. Second, the effective earthquake forces 
[Eq. (9.4.9)] associated with rotations and vertical displacements of the joints are zero. 
Third, the inertial effects associated with these same DOFs are usually not significant in 
the lower vibration modes that contribute dominantly to structural response. Assigning 
zero mass to these DOFs leaves only the three rigid-body DOFs of each floor diaphragm 
for dynamic analysis. For the 20-story building of Fig. 15.1.1, this method reduces the 
number of degrees of freedom from 1980 to 60. 

The reduction in actual computational effort may be much less significant, however, 
than the reduction in the number of DOFs. This is because the efficiency of computation 
permitted by the narrow banding of the stiffness matrix k in Eq. (9.2.12) is in part lost in 
using the fully populated condensed stiffness matrix k„ in Eq. (9.3.4). 

The relationship between uo and u,, Eq. (9.3.3), although exact only if the uo DOFs 
have zero mass, can also be used if this condition is not satisfied. In such cases Eq. (9.3.3) 
provides a basis to select displacement shapes for use in the Rayleigh-Ritz method 
described in the next section. 


15.3 RAYLEIGH-RITZ METHOD 

A most general technique for reducing the number of DOFs and finding approximations to 
the lower natural frequencies and modes is the Rayleigh-Ritz method. It is an extension 
of Rayleigh’s method suggested by W. Ritz in 1909. Originally developed for systems 
with distributed mass and elasticity (see Chapter 17), the method is presented next for 
discretized systems. 

15.3.1 Reduced Equations of Motion 


The equations of motion for a system with N DOFs subjected to forces p(f) = spit) are 

mii + cu + ku = sp(t) (15.3.1) 


660 


Reduction of Degrees of Freedom Chap. 15 


In Rayleigh’s method we expressed the structural displacements as u(r) = z(t)ip, where 
ip was an assumed shape vector; this reduced the system to one with a single degree of 
freedom and led to an approximate value for the fundamental natural frequency. In the 
Rayleigh-Ritz method, the displacements are expressed as a linear combination of several 
shape vectors ipj : 

j 

u (t) = ^2zj(t)ipj = '&z(t) (15.3.2) 

j =i 

where Zj (f) are called the generalized coordinates, and the Ritz vectors ipj — j — 1,2,, 
J —must be linearly independent vectors satisfying the geometric boundary conditions. 
They are selected appropriate for the system to be analyzed, as discussed in Section 15.4. 
The vectors ipj make up the columns of the N x J matrix Sir j n Eq. (15.3.2) and z is the 
vector of the J generalized coordinates. 

Substituting the Ritz transformation of Eq. (15.3.2) in Eq. (15.3.1) gives 

mSI/z + cS&z + kS&z = s p{t) 

Each term is premultiplied by SIS r to obtain 

mz + cz + kz = L pit) (15.3.3) 

where 

m = Sk r mSI/ c = SI> r cSI> k = d> r kil> L = Sk r s (15.3.4) 

Equation (15.3.3) is a system of J differential equations in the J generalized coordinates 
z(f). 

We now make two observations: (1) Equation (15.3.3) in generalized coordinates is 
similar to Eq. (12.4.4) in modal coordinates. (2) Equation (15.3.4) defining m, c, and k is 
of the same form as Eqs. (12.3.4) and (12.4.3) for M, C, and K. Obtained by transforming 
Eq. (15.3.1), both sets of equations differ, however, in an important sense that the Ritz 
vectors are used for transformation in one case, whereas the natural vibration modes in the 
other. Because the Ritz vectors are generally different from the natural modes, m and k are 
not diagonal matrices, whereas M and K are diagonal; see Eq. (12.3.6). 

In summary, the Ritz transformation of Eq. (15.3.2) has made it possible to reduce 
the original set of N equations (15.3.1) in the nodal displacements u to a smaller set of J 
equations (15.3.3) in the generalized coordinates z. 

15.3.2 “Best” Approximation 

The reduced system of equations we have just derived represents a powerful procedure 
because they are rooted in Rayleigh’s principle (Section 10.12). The approximations to 
the natural modes of the system determined by solving the eigenvalue problem associ¬ 
ated with Eq. (15.3.3) represent the “best” solution among all possible solutions that are 
linear combinations of the selected Ritz vectors. In this section we use Rayleigh’s prin¬ 
ciple to demonstrate that this solution is “best” in the sense that the associated natural 
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frequencies of the system are closest to the true frequencies among all approximate values 
possible with the selected Ritz vectors. 

For this purpose, we first determine Rayleigh’s quotient, Eq. (10.12.1), for a vector 
0 defined as a linear combination of the Ritz vectors, consistent with Eq. (15.3.2): 

0=’®'X (15.3.5) 


Substituting Eq. (15.3.5) in Eq. (10.12.1) gives 

X T kX k(X) 


MX) = 


X 1 IT1Z 


m(X) 


(15.3.6) 


where k(X) and m(X) are scalar quantities; and k and m are the .7x7 matrices defined by 
Eq. (15.3.4) with their typical elements given by 


kij = ipj'kipj rhij = ipfmipj 


(15.3.7) 


and X has been replaced by X(X) to emphasize its dependence on X. Eq. (15.3.6) can be 
rewritten as 


X(X) = 


EL EL Xi* A 
Ei =l Ej =l XiXjrhj 


(15.3.8) 


Rayleigh’s quotient cannot be determined from Eq. (15.3.8) because the generalized coor¬ 
dinates X n are unknown. However, from Section 10.12 it is known that 


u>\ < 7 (X) < ar N 


(15.3.9) 


where a>i and o> N are the smallest and largest natural vibration frequencies. 

To proceed further we invoke Rayleigh’s stationary condition, the property that 
Rayleigh’s quotient is stationary in the neighborhood of the true modes (or true values of 
X); see Section 10.12 for detail. Because X ,■ are the only variables, the necessary condition 
for 7(X) to be stationary is 

t^ = 0 i = l,2,...,7 (15.3.10) 

OA i 

For the A given by Eq. (15.3.8), 

dx _ 2m J 2 j=i X Li - Ej =1 x j™ij 

3 X; m 2 

This condition can be rewritten by substituting X = k/m from Eq. (15.3.8): 

] 

Y(k u — Xmij)Xj = 0 i = 1 , 2 , ..., 7 

7=1 

Writing these 7 equations in matrix form gives the reduced eigenvalue problem 

kX = 7mX (15.3.11) 

where k and m are the 7x7 matrices defined by Eqs. (15.3.4) and (15.3.7), and X is the 
vector of generalized coordinates that remain to be determined. Observe that Eq. (15.3.11), 
derived using Rayleigh’s stationary condition, is also the eigenvalue problem associated 
with Eq. (15.3.3). This proves the assertion at the beginning of this section. 
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15.3.3 Approximate Frequencies and Modes 

The solution to Eq. (15.3.11) by methods of Chapter 10 yields J eigenvalues p n —n = 1, 
2,, J —and the corresponding eigenvectors 

x n = [X ln ,X ln ,...,X Jn ) T (15.3.12) 

The eigenvalues provide 

co n = n — 1, 2,..., J (15.3.13) 

which are approximations to the natural frequencies co n . The eigenvectors X n substituted 
in Eq. (15.3.5) provide the vectors 

4>n = *X n n = 1,2,..., J (15.3.14) 

which are approximations to the natural modes <p„. The accuracy of these approximate 
results is generally better for the lower modes than for higher modes. Therefore, more Ritz 
vectors should be included than the number of modes desired. 

In light of the properties of Rayleigh’s quotient (Section 10.12), the approximate 
frequencies are never lower than the fundamental frequency and never higher than the 
highest frequency, that is, 

u>i > Co, cbj < u>n (15.3.15) 

Furthermore, an approximate frequency approaches the exact value as the number J of 
Ritz vectors is increased. 

15.3.4 Orthogonality of Approximate Modes 

In this section we demonstrate that the vectors </>„ satisfy the orthogonality conditions 

= 0 = 0 n^r (15.3.16) 

This result is by no means obvious because the vectors <p n are only approximations of the 
natural modes <p n , which are known to satisfy Eq. (10.4.1). 

The eigenvectors X n of Eq. (15.3.11) obviously satisfy the orthogonality conditions: 

X T n \sX r = 0 X' n mX r = 0 n^r (15.3.17) 

Using this property and Eq. (15.3.14), the first orthogonality condition in Eq. (15.3.16) can 
be proven as follows: 

(p'„k(j) r = = Xjk X r = 0 n ^ r 

The second orthogonality condition in Eq. (15.3.16) can be demonstrated similarly. 

If the eigenvectors X n were made to be mass orthonormal (Section 10.6), then 

X' n mX n = 1 X' n kX n = or n (15.3.18) 

This implies, as can easily be demonstrated, that the approximate modes (f) n are also mass 
orthonormal: 

4^i m 4>n = 1 <t>n = 0)1 


(15.3.19) 


Sec. 15.4 Selection of Ritz Vectors 


663 


Because the approximate modes <p„ satisfy the orthogonality conditions of Eq. (15.3.16), 
they can be used in classical modal solution of Eq. (15.3.1). Therefore, in the rest of 
this chapter we do not distinguish between the approximate values ( d >„, <p n ) and the exact 
values (a> n , </>„)■ 

15.4 SELECTION OF RITZ VECTORS 

The success of the Rayleigh-Ritz method depends on how well linear combinations of 
Ritz vectors can approximate the natural modes of vibration. Therefore, it is important 
that the Ritz vectors be selected judiciously. In this section we present two very different 
approaches; the first is based on physical insight into shapes of natural modes, and the 
second is a formal computational procedure. 

15.4.1 Physical Insight into Natural Mode Shapes 

If we can visualize the shapes of the first few natural vibration modes of a structure, the 
Ritz vectors can be selected as approximations to these modes. In particular, the /?th Ritz 
vector il> n is selected to approximate the nth natural mode <f>„ of the structure. For example, 
based on what we have learned by solving several examples in Chapters 10 and 12, we can 
visualize the first two natural modes in planar vibration of a multistory frame. Thus the two 
Ritz vectors shown in Fig. 15.4.1 could be used in the Rayleigh-Ritz method to determine 
approximations to the first two natural frequencies and modes of this structure. 

This approach may not be possible for complex systems because it may be difficult 
to visualize their mode shapes if we have never determined the natural modes of similar 
structures. Such visualization can be especially difficult if the natural mode includes two- 
or three-dimensional motions. A general procedure to select Ritz vectors that does not 
depend on physical visualization of the natural modes is therefore developed in the next 
section. This systematic procedure is suitable for implementation on a computer. 




Figure 15.4.1 Ritz vectors for a five-story frame. 
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Example 15.1 

By the Rayleigh-Ritz method, determine the first two natural frequencies and modes of a 
uniform five-story shear frame with story stiffnesses k and lumped floor masses m. Use the 
two Ritz vectors shown in Fig. 15.4.1. 


Solution 

1. Formulate the stiffness and mass matrices. 


- 2 

-1 

0 

0 

0- 


-i 

-1 

2 

-1 

0 

0 


i 

0 

-1 

2 

-1 

0 

m = m 

i 

0 

0 

-1 

2 

-1 


i 

_ 0 

0 

0 

-1 

1 - 


i- 


2. Compute k and m. 


\F = [-01 


"0.2 

-0.5- 

0.4 

-1.0 

0.6 

-0.5 

0.8 

0 

_ 1.0 

1.0. 


k = 'S/ 1 k<I> = , 


[J? 

0.2' 

TT T r 2 - 

m = m'E = m \ „ _ 

0.2" 

L 0.2 

2.0. 

[ 0.2 

2.5. 


3. Solve the reduced eigenvalue problem, Eq. (15.3.11). Substituting rh and k, 
Eq. (15.3.11) gives 


ro.2 

0.21 

rxii 

/ m\ 

r 2.2 

o. 2 i rxii 

L 0.2 

2.0 J 

Lx 2 . 

= { P J) 

L 0.2 

2.5J [x 2 J 


The eigenvalue problem of Eq. (a) is solved to obtain 


pi = 0.08238(A/m) P 2 = 0.80040/m) 


*1 


1.329 ] 
—0.1360 J 



0.03170 

1.240 


4. Determine the approximate frequencies and modes. 

d>n — \J Pn = V'. 


The results are presented in Table El5.1. 


TABLE E15.1 COMPARISON OF APPROXIMATE AND EXACT 
RESULTS 


Approximate 


Exact 


a>\ = O.287O0A' /m 


a> j = 0.2846 ffk/m 


d >2 = 0.8947 'ffk/m a> 2 = 0.8308 ffk/m 


"0.3338 

-0.6135 - 


-0.3338 

-0.8954- 

0.6676 

-1.227 


0.6405 

-1.173 

0.8654 

-0.6008 

$ = 

0.8954 

-0.6411 

1.063 

0.02536 


1.078 

0.3338 

-1.193 

1.271 - 


- 1.173 

1.078 _ 
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5. Compare with the exact results. The approximate values of the natural frequencies 
and modes are compared in Table E15.1 with their exact values obtained in Section 12.8. The 
errors in the approximate frequencies and modes are less than 1% in the first frequency, 8% 
in the second frequency, and 4% in the first mode. However, the second mode is so much in 
error that it may be useless. 


15.4.2 Force-Dependent Ritz Vectors 


It is desired to determine Ritz vectors appropriate for analysis of a structure subjected to 
external dynamic forces: 

p(t) = sp(t) (15.4.1) 

The spatial distribution of forces defined by the vector s does not vary with time, and the 
time dependence of all forces is given by the same scalar function p(t). Using the vector 
s, a procedure is presented next to generate a sequence of orthonormal Ritz vectors. 

The first Ritz vector 0i is defined as the static displacements due to applied forces s. 
It is determined by solving 

k yi = s (15.4.2) 


The vector yi is normalized to be mass orthonormal; thus 


0i = 


(yfm yi ) 1/2 


(15.4.3) 


The second Ritz vector 0 2 is determined from the vector y 2 of static displacements 
due to applied forces given by the inertia force distribution associated with the first Ritz 
vector 0i. The vector y 2 is obtained by solving 


ky 2 = m 0 . 


(15.4.4) 


The vector y 2 will in general contain a component of the previous vector, 0|. It can 
therefore be expressed as 

y 2 = 02 + fli20i (15.4.5) 

where 0 2 is a “pure” vector, which is orthogonal to the previous vector, and ai 2 0 i is 
the component of the previous vector present in y 2 . The coefficient fl | 2 is determined by 
premultiplying both sides of Eq. (15.4.5) by 0f m to obtain 

0 f m y2 = 0 f m 0 2 + ai 2 ( 0 f m 0 i) 

Note that 0[ m0 2 = 0 by definition of 0 2 , and 0[m0i = 1 from Eq. (15.4.3). Thus 

fli 2 = 0j r m y2 (15.4.6) 

The pure vector 0 2 is given by 


02 = y2 - 01201 


(15.4.7) 
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where an is known from Eq. (15.4.6). Finally, the vector i/h is normalized so that it is 
mass orthonormal to obtain the second Ritz vector: 


Ip 2 = 



(15.4.8) 


Generalizing this procedure, the nth Ritz vector ip n is determined from the vector 
y„ of the static displacements due to applied forces given by the inertia force distribution 
associated with the (n — l)th Ritz vector ip n -\. The vector y„ is determined by solving 

ky„ = mxp n _i (15.4.9) 


The vector y„ will in general contain components of previous Ritz vectors xpj and can 
therefore be expressed as 

n— 1 

y« = -0,1 + y^a jn ipj (15.4.10) 

7=1 


where ip n is a “pure” vector, which is orthogonal to the previous vectors, and a,-,, i/> ; are 
the components of the previous vectors present in y„. The coefficient <7,„ is determined by 
premultiplying both sides of Eq. (15.4.10) by tpjm\ 

n— 1 

ipf my„ = ipj ni'0» + ^2 a jn (ip?mipj) 

7=1 

Observe that ip? mip n = 0 by definition of ip n , ipf m ipj = 0 for i ^ j and xpj m xpi = 1 
because all previous vectors are mass orthonormal. Thus 

a in — xpf my„ i = 1, 2,..., n — 1 (15.4.11) 

The pure vector ip n is given by 

n— 1 

= y n - ^din'i/ii (15.4.12) 

1=1 


where a ln are known from Eq. (15.4.11). Finally, the vector tp„ is normalized so that it is 
mass orthonormal to obtain the nth Ritz vector: 


= 



(15.4.13) 


The sequence of vectors t/q, t/q, ..., ipj are mutually mass-orthonormal and hence they 
satisfy the linear independence requirement of the Rayleigh-Ritz method. 

While the Gram-Schmidt orthogonalization procedure of Eqs. (15.4.11) and 
(15.4.12) should theoretically mass-orthogonalize the new vector with respect to all 
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previous vectors, the actual computer implementation may be fraught with loss-of- 
orthogonality problems due to numerical round-off errors. To overcome these difficul¬ 
ties the Gram-Schmidt procedure is modified as follows. After computation of each a ln 
from Eq. (15.4.11), an improved vector t/>„ is calculated from Eq. (15.4.12), which is used 
instead of y„ in Eq. (15.4.11) to calculate the next a m . Including this modification, the 
procedure to generate the force-dependent Ritz vectors is summarized in Table 15.4.1 as it 
might be implemented on the computer. 


TABLE 15.4.1 GENERATION OF FORCE-DEPENDENT RITZ VECTORS 

1. Determine the first vector, ipi. 

a. Determine yi by solving: kyj = s. 

b. Normalize yi: ipi = yi -P (yj’myi) * 1 / 2 . 

2. Determine additional vectors, ip n , n = 2, 3, ..., J. 

a. Determine y„ by solving: ky„ = 

b. Orthogonalize y„ with respect to previous • •., V’n-l by repeating 

the following steps for i = 1, 2, ..., n — 1: 

• cti„ = ipj my„. 

• Ipn =y n - ain-l/ji. 

• y« = i’n- 

c. Normalize tp„: ~ . 


The procedure to generate these vectors is reminiscent of the vector sequence xi, 
k 1 nix |, (k l m) 2 x i ,... generated in the inverse iteration procedure (Section 10.13). When 
obtained without making the vectors orthogonal, this vector sequence converges to the low¬ 
est natural mode. With Gram-Schmidt orthogonalization, as in Table 15.4.1, this sequence 
provides the force-dependent Ritz vectors. 

Example 15.2 

The vibration properties of the uniform five-story shear frame of Example 15.1 with m = 
100 kips/g = 0.2591 kip-sec 2 /in. and k = 31.56 kips/in. are to be determined by the 
Rayleigh-Ritz method using Ritz vectors determined from a force distribution s = 
( m m m m m) T . Using two force-dependent vectors, determine the first two natural 
frequencies and modes of vibration. 

Solution 

1. The stiffness and mass matrices, k and m, are given in Example 15.1 with k = 31.56 
kips/in. and m = 0.2591 kip-sec 2 /in. 

2. Determine the first Ritz vector, tp\. 

• Solve ky t = ml to obtain y x = (0.0410 0.0739 0.0985 0.1149 0.1231) 7 '. 

• Divide yi by (yf myi) 1 / 2 = 0.1082 to obtain the normalized vector: 

"0! = (0.3792 0.6826 0.9102 1.062 lA38) r 
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3. Determine the second Ritz vector %p 2 - 

• Solve ky 2 = iim/>i to obtain y 2 = (0.0342 0.0654 0.0909 0.1090 0.1183) r . 

• Orthogonalize y 2 with respect to ip \: 

c?12 = ^fmy 2 = 0.1012 

$ 2 = y2 - o. 1012-01 

= 10“ 2 (-0.4134 -0.3705 - 0.1204 0.1500 0.3164) r 


• Divide ?/> 2 by (s/0m^) 1 / 2 = 0.3396 x 10 2 to get the normalized vector: 
02 = (—1.217 - 1.091 - 0.3546 0.4418 0.9316) r 


4. Compute k and m. 
-k = [-0! 0 2 ] 

k = 4' r k^> 


T 9.986 

-3.086] 

T r T r 1-0 1 

m = m'T 

L -3.086 

91.95 J 

[ 1.0 J 


5. Solve the reduced eigenvalue problem, Eq. (15.3.11). 


cb\ = 3.142 w 2 = 9.595 


_ f 0.9993 1 
Xl \ 0.0376 | 


_ I -0.0376 1 
2 i 0.9993 J 


6. Determine the natural modes. Substituting Hi,, and X n in Eq. (15.3.14) gives 
4> i = (0.3332 0.6412 0.8962 1.078 1.172) r 

4> 2 = (-1-230 - 1.116 -0.3886 0.4016 0.8882) r 


7. Compare with the exact results. Table E15.1 gives the exact modes and frequencies; 
the latter, after substituting for k and m, are 

ft>l = 3.142 a >2 = 9.170 rad/sec 

The approximate frequencies u> n and modes from this example, using force-dependent Ritz 
vectors, are better than those determined in Example 15.1 from assumed vectors. 


15.5 DYNAMIC ANALYSIS USING RITZ VECTORS 

Now that we have developed procedures to generate Ritz vectors, we return to the solution 
of Eq. (15.3.3), the reduced system of equations. With J Ritz vectors included, these J 
equations are coupled because in general the matrices m, c, and k in Eq. (15.3.3) are not 
diagonal. However, if the force-dependent Ritz vectors of Section 15.4.2 are used, m = I, 
the identity matrix. The set of J coupled equations can be solved for the unknowns X ; (t )— 
j = 1,2,..., J —by numerical time-stepping methods (Chapter 16). Then at each time 
instant, the nodal displacement vector u is determined from Eq. (15.3.2) and the element 
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forces by the methods of Section 9.10. This method is quite general in the sense that 
it applies to classically damped systems as well as nonclassically damped systems. For 
systems with Rayleigh damping, an alternative procedure is presented at the end of this 
section. 

The number of force-dependent Ritz vectors included in the dynamic analysis should 
be sufficient to represent accurately the vector s that defines the spatial distribution of 
forces. Because these Ritz vectors are mass-orthonormal, following Eqs. (12.8.2) to 
(12.8.4), the vector s can be expanded as follows: 

N 

s = ^ f„mi/y where f„ = i/>Js (15.5.1) 

n= 1 


The J Ritz vectors included in dynamic analysis provide an approximation to s, and an 
error vector can be defined as 

j 

e/ = s —(15.5.2) 

n= 1 


Considering that a logical norm for the vector s is its length (s 7 s) l/2 , an error norm ej is 
defined as 


ej 


T 

s e y 


s' s 


(15.5.3) 


This error ej will be zero when all N Ritz vectors are included (./ = N) because of 
Eq. (15.5.1), and ej will equal unity when no Ritz vectors are included (/ = 0). Thus, 
enough Ritz vectors should be included so that ej is sufficiently small. 

To illustrate these concepts, the error is computed for the five-story uniform shear 
frame of Example 15.1. The results presented in Fig. 15.5.1 are for three different force dis¬ 
tributions: s fl = (0 0 0 0 l) r , Sb = (0 0 0 -2 l) r , and s c = (1 1 1 1 l) r . 
For a given force distribution, the error decreases as more Ritz vectors are included, and is 
zero when all five Ritz vectors are included. For a fixed number of Ritz vectors, the error 
is smallest for the force distribution s r , largest for S/,, and has an intermediate value for s a . 

Figure 15.5.1 also provides a comparison of the error ej if J Ritz vectors are included 
in the analysis versus the error ej if J natural vibration modes of the system are considered. 
The latter was calculated from formulas similar to Eqs. (15.5.2) and (15.5.3), with the Ritz 
vectors ■»/>„ replaced by the natural modes (j),,. The error is smaller when Ritz vectors 
are used because they are derived from the force distribution. While this result would 
indicate that Ritz vectors are preferable to natural modes, the latter lead to uncoupled 
modal equations, which have advantages: Solving uncoupled modal equations, each of 
the same form as the governing equation for an SDF system, is easier than dealing with 
the coupled equations in Ritz coordinates. Also, the modal equations permit estimation 
of the peak value of the earthquake response of a structure by response spectrum analysis 
(Chapter 13, Part B). 

Do we need a static correction term (see Section 12.12) to supplement the response 
obtained by dynamic analysis using a truncated set of Ritz vectors? This is not necessary 
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J = number of Ritz vectors or natural modes 

Figure 15.5.1 Variation of error ej with the number J of Ritz vectors and of natural 
modes for three distributions of lateral forces. 


because the static correction effect is contained in the first Ritz vector because it is obtained 
from the static displacements due to the applied forces. 

For dynamic analysis of systems with Rayleigh damping, classical modal analysis 
(Section 12.9) of Eq. (15.3.1) may be preferable over solution of the coupled equations 
(15.3.3) in Ritz coordinates, especially if the natural frequencies and modes of the system 
are desired. The Rayleigh-Ritz concept is still useful, however, because these vibration 
properties are obtained by solving Eq. (15.3.11), a smaller eigenvalue problem of order J, 
instead of the original eigenvalue problem of size N [Eq. (10.2.4)]. Because the resulting 
approximate modes cj) n are orthogonal with respect to the mass and stiffness matrices m and 
k (Section 15.3.4), they can be used just like the exact modes in classical modal analysis 
of the system. 
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PROBLEMS 


15.1 By the Rayleigh-Ritz method, determine the first two natural vibration frequencies and modes 
of the system in Fig. 15.4.1 using the following two Ritz vectors: 

-01 = < 0.3 0.6 0.8 0.9 l) r 

■02 = (—1 -1 -0.5 0.5 l) r 

Compare these results with those obtained in Example 15.1 and the exact values presented 
in Section 12.8 and comment on how the selected Ritz vectors influence the accuracy of the 
results. 

*15.2 Resolve Example 15.2 using Ritz vectors determined from the force distribution s = 
(0 0 0 0 1 ) T . Comment on the accuracy of the results and how the force distribution 

used in generating Ritz vectors influences the accuracy. 

15.3 By the Rayleigh-Ritz method, determine the first two natural vibration frequencies and modes 
of the five-story shear frame in Fig. P15.3 using the following two Ritz vectors: 

01 = (0.2 0.4 0.6 0.8 l) r 

02 = (-0.5 -1 -0.5 0 l) T 


50 kips 


100 

0 — 

100 

0 — 

100 

0— 

100 

0 — 


kj, kips/in. 

100 

150 

150 

200 

200 

Figure P15.3 


*Denotes that a computer is necessary to solve this problem. 














672 


Reduction of Degrees of Freedom Chap. 15 


*15.4 For the five-story shear frame in Fig. P15.3, determine the first two natural vibration frequen¬ 
cies and modes using two force-dependent Ritz vectors determined from the force distribution 
s = (1 1 1 1 0.5 ) T . Comment on therelative accuracy of the results of Problems 15.3 

and 15.4. 

*15.5 Solve Problem 15.4 using the force distribution s = (0 0 0 0 \) T . Comment on the 

relative accuracy of the solutions of Problems 15.4 and 15.5. 

*15.6 Solve Problem 15.4 using the force distribution s =( 0 0 0 —2 1 ) T . Comment on the 

relative accuracy of the solutions of Problems 15.4, 15.5, and 15.6. 

*15.7 Compute the error ej where J is the number of Ritz vectors included in dynamic analysis of 
the five-story shear frame in Fig. P15.3 subjected to dynamic forces with three different force 
distributions: 

s fl = (0 0 0 0 l) r 
s* = (0 0 0 -2 l) r 

s c = (l 1 1 1 0.5 ) T 

Plot ej against J and comment on how, for a given s, this error depends on J, and how, for a 
given 7, this error depends on s. 

* 15.8 (a) Compute the error ej where J is the number of natural vibration modes of the system 

included in dynamic analysis of the five-story shear frame in Fig. P15.3 subjected to dynamic 
forces with three different force distributions: 

s fl = (0 0 0 0 l) r 
s b = (0 0 0 -2 l) r 

s c = (l 1 1 1 0.5 ) T 

(b) Plot e j against J and comment on how, for a given s, this error depends on J , and how, 
for a given J, this error depends on s. 

(c) Compare the error ej if ./ Ritz vectors are included in the analysis (Problem 15.7) versus 
the error ej if J natural vibration modes of the system are included. Discuss the pros and cons 
of using the two sets of vectors in response history analysis and response spectrum analysis 
of earthquake response. 

*15.9 (a) Determine the steady-state response of the five-story shear frame in Fig. P15.3 to ground 

motion u g {t) = 0.2gsinl5t using two force-dependent Ritz vectors determined from the 
force distribution s =( 1 111 0.5 ) T . Neglect damping. 

(b) Compare these results with those from modal analysis, including (i) the first two natural 
vibration modes, and (ii) all five modes. 


*Denotes that a computer is necessary to solve this problem. 
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Numerical Evaluation of 
Dynamic Response 


PREVIEW 

So far, we have been concerned primarily with modal analysis of MDF systems with clas¬ 
sical damping responding within their linearly elastic range; see Fig. 9.11.1. The un¬ 
coupled modal equations could be solved in closed form if the excitation were a simple 
function (Chapter 12), but the numerical methods of Chapter 5 were necessary for com¬ 
plex excitations such as earthquake ground motion (Chapter 13). Uncoupling of modal 
equations is not possible if the system has nonclassical damping or it responds into the 
nonlinear range. For such systems, coupled equations of motion in nodal, modal, or Ritz 
coordinates—Eqs. (9.8.2), (12.4.4), or (15.3.3), respectively—need to be solved by nu¬ 
merical methods. A vast body of literature, including major chapters of several books, 
exists about these methods. This chapter includes only a few methods, however, that build 
upon the procedures presented in Chapter 5 for SDF systems. It provides the basic con¬ 
cepts underlying these methods and the computational algorithms needed to implement the 
methods. 


16.1 TIME-STEPPING METHODS 

The objective is to solve numerically the system of differential equations governing the 
response of MDF systems: 

mu + cu + f s (u) = p(f) or —mui g (t) (16.1.1) 
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with the initial conditions 


u = u(0) and u = u(0) 


(16.1.2) 


at t = 0. The solution will provide the displacement vector u(f) as a function of 
time. 

As in Chapter 5, the time scale is divided into a series of time steps, usually of 
constant duration At. The excitation is given at discrete time instants f, = i At: at 
denoted as time i, the excitation vector is p,- = p(f, ). The response will be determined at 
the same time instants and is denoted by u, = u(f,), u,- = u(/,), and ii, = ii(f,). 

Starting with the known response of the system at time i that satisfies Eq. (16.1.1) at 
time i. 


mil,- + cu, + (f s )i = p, 


(16.1.3) 


time-stepping methods enable us to step ahead to determine the response u I+ i, u,+i, and 
ii; + i of the system at time i + 1 that satisfies Eq. (16.1.1) at time i + 1: 


miii+i + cu,+i + (f s )i+i = p,+i 


(16.1.4) 


When applied successively with i = 0, 1, 2, 3, ... , the time-stepping procedure gives 
the desired response at all time instants i = 1, 2, 3, .... The known initial condi¬ 
tions at time ; = 0, Eq. (16.1.2), provide the information necessary to start the 
procedure. 

The numerical procedure requires three matrix equations to determine the three un¬ 
known vectors u /+ i, u,+i, and ii,+i. Two of these equations are derived from either finite 
difference equations for the velocity and acceleration vectors or from an assumption on 
how the acceleration varies during a time step. The third is Eq. (16.1.1) at a selected time 
instant. If it is the current time i, the method of integration is said to be an explicit method. 
If the time i + 1 at the end of the time step is used, the method is known as an implicit 
method; see Chapter 5. 

As mentioned in Chapter 5, for a numerical procedure to be useful, it should (1) con¬ 
verge to the exact solution as At decreases, (2) be stable in the presence of numeri¬ 
cal round-off errors, and (3) be accurate (i.e., the computational errors should be within 
an acceptable limit). The stability criteria were shown not to be restrictive in the re¬ 
sponse analysis of SDF systems because At must be considerably smaller than the sta¬ 
bility limit to ensure adequate accuracy in the numerical results. Stability of the numerical 
method is a critical consideration, however, in the analysis of MDF systems, as we shall 
see in this chapter. In particular, conditionally stable procedures can be used effectively 
for analysis of linear response of large MDF systems, but unconditionally stable proce¬ 
dures are generally necessary for nonlinear response analysis of such systems. In the 
following sections we present some of the numerical methods for each type of response 
analysis. 
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16.2 LINEAR SYSTEMS WITH NONCLASSICAL DAMPING 

The N differential equations (16.1.1) to be solved for the nodal displacements u, when 
specialized for linear systems, are 

mii + cu + ku = p(r) or m iu g (t) (16.2.1) 

In this section, we present an alternative to the generalized modal analysis procedure 
(Chapter 14) for solving Eq. (16.2.1). If the system has a few DOFs, it may be appro¬ 
priate to solve these equations in their present form. For large systems, however, it is 
usually advantageous to transform Eq. (16.2.1) to a smaller set of equations by expressing 
the displacements in terms of the first few natural vibration modes <p n of the undamped 
system (Chapter 12) or an appropriate set of Ritz vectors (Chapter 15). In this section we 
use the modal transformation; extension of the concepts to use Ritz vector transformation 
is straightforward. 

Thus, the nodal displacements of the system are approximated by a linear combina¬ 
tion of the first J natural modes: 

j 

ii(f) ~ = $q(f) (16.2.2) 

n = 1 

where J can be selected using the concepts and procedure developed in Section 12.11. 
Using this transformation, as shown in Section 12.4, Eq. (16.2.1) becomes 

Mq + Cq + Kq = P(f) (16.2.3) 

where 

M=3> r m$ C = $ r c$ K=3> r k$ P(t) = $ r p(0 (16.2.4) 

with M and K being diagonal matrices. Equation (16.2.3) is a system of J equations in the 
unknowns q n ( t ), and if J is much smaller than N, it may be advantageous to solve them nu¬ 
merically instead of Eq. (16.2.1). The resulting computational savings can more than com¬ 
pensate for the additional computational effort necessary to determine the first J modes. 

The J equations (16.2.3) may be coupled or uncoupled depending on the form of 
the damping matrix. They are uncoupled for systems with classical damping, and each 
modal equation can be solved numerically by the methods of Chapter 5. For systems 
with nonclassical damping, C is not a diagonal matrix and the equations are coupled. In 
this section numerical methods are presented for solving such coupled equations for linear 
systems. Although these methods are presented with reference to Eq. (16.2.3), they can be 
extended to the reduced set of equations (15.3.3) using Ritz vectors. 

Conditionally stable numerical methods can be used to solve Eq. (16.2.3); that is, we 
need not insist on an unconditionally stable procedure (see Section 5.5.1). The time step 
At should be chosen so that A t/T n is small enough to ensure an accurate solution for each 
of the modes included, n = 1, 2, ...,/; T n is the natural period of the nth mode of the 
undamped system. The choice for At would be dictated by the period of the ,/tli mode 
because it has the shortest period; thus At/Tj should be small, say less than 0.1. This 
choice implies that At/T n for all the lower modes is even smaller, ensuring an accurate 
solution for all the modes included. The At chosen to satisfy the accuracy requirement, say 
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A t < 0.177, would obviously satisfy the stability requirement. For example, A t = 0.1 77 
is much smaller than the stability limits of Tj/n and 0.55177 for the central difference 
method and the linear acceleration method, respectively (Sections 5.3 and 5.4). 

Direct solution of Eq. (16.2.1)—without transforming to modal coordinates—may 
be preferable for systems with few DOFs or for systems and excitations where most of 
the modes contribute significantly to the response, because in these situations there is little 
to be gained by modal transformation. The numerical methods presented next are readily 
adaptable to such direct solution as long as the time step A 1 is chosen to satisfy the stability 
requirement relative to the shortest natural period TV of the undamped system. 

Two conditionally stable procedures are presented next for linear response analysis 
of MDF systems. These are the central difference method and Newmark’s method. 

16.2.1 Central Difference Method 

Developed in Section 5.3 for SDF systems, the central difference method can readily be 
extended to MDF systems. The scalar equations (5.3.1) that relate the response quantities 
at time /' + 1 to those at times i and i — 1, and the scalar equation (5.1.3) of equilibrium 
at time i, all now become matrix equations. The other new feature arises from the need 
to transform the initial conditions on nodal displacements, Eq. (16.1.2), to modal coordi¬ 
nates, and to transform back the solution of Eq. (16.2.3) in modal coordinates to nodal 
displacements. Putting all these ideas together in Table 5.3.1 leads to Table 16.2.1, where 
the central difference method is presented as it might be implemented on the computer. 

Two observations regarding the central difference method may be useful. First, the 
algebraic equations to be solved in step 1.3 to determine qo are uncoupled because M is a 
diagonal matrix when modal coordinates or force-dependent Ritz vectors are used. Second, 
step 2.3 is based on equilibrium at time i, and the stiffness matrix K does not enter into 
the system of algebraic equations solved to determine q (+ i at time i + 1, implying that the 
central difference method is an explicit method. 

The central difference method can also be used for direct solution of the original 
equations in nodal displacements, Eq. (16.2.1), without transforming them to modal coor¬ 
dinates, by modifying Table 16.2.1 as follows: Delete steps 1.1, 1.2, 2.1, and 2.5. Replace 
(1) q, q, and q by u, u, and ii; (2) M, C, and K by m, c, and k; (3) P by p; and (4) K and 
P by k and p. 

16.2.2 Newmark’s Method 

Developed in Section 5.4 for SDF systems, Newmark’s method can readily be extended 
to MDF systems. The scalar equations (5.4.9) that relate the response—displacement, 
velocity, and acceleration—increments over the time step i to i + 1 to each other and 
the response values at time i, and the scalar equation (5.4.12) of incremental equilibrium, 
all now become matrix equations. Implementing this change in Table 5.4.2 together with 
transformation of initial conditions to modal coordinates and of modal solutions to nodal 
displacements, as in Section 16.2.1, leads to Table 16.2.2, where the time-stepping solution 
using Newmark’s method is summarized as it might be implemented on the computer. 
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TABLE 16.2.1 CENTRAL DIFFERENCE METHOD: LINEAR SYSTEMS 


1.0 Initial calculations 
1-1 (f/«) 0 = 


mup 

4>n m 0,1 


(*7«)o — 


0,T m uo 

4>h m 4>n 


qj = <(tfl)o. (qj) o) Qo = <(9l)0, 


1.2 P 0 = $ r p 0 . 

1.3 Solve: Mqo = Po — Cqo — Kqo : 

1.4 Select Ac 


qo- 


1.5 q^i = q 0 - At q 0 + 


(At) 2 .. 


-qo 


1.6 K = 

1.7 a = 


7^ M+ 2^7 C - 

(At) 2M _ 2At C ’ 


b = K- 


(Af) 2 


;M. 


2.0 Calculations for each time step i 

2.1 Pi = ^ T pi. 

2.2 P, = P, -aq,_i-bq, . 

2.3 Solve: Kq,+i = P, =>■ q i+ i. 

2.4 If required: 

q^^qm-q/-') 

2.5 u/+i = $q,-+i. 


- (qj) 0 ). 


q t = 


(At)’ 


r(q/+i -2q/ +q,-_i) 


3.0 Repetition for the next time step. Replace i by / + 1 and repeat steps 2.1 to 2.5 
for the next time step. 


The two special cases of Newmark’s method that are commonly used are (1) y = | 
and fl = which gives the constant average acceleration method, and (2) y = \ an( J 
P = i corresponding to the linear acceleration method. The constant average acceleration 
method is unconditionally stable, whereas the linear acceleration method is conditionally 
stable for At < 0.551 Tj. For a given time step that is much smaller than this stabil¬ 
ity limit, the linear acceleration method is more accurate than the average acceleration 
method. Therefore, it is especially useful for linear systems because the At chosen to 
obtain accurate response in the highest mode included would satisfy the stability require¬ 
ments. Observe that step 2.3 is based on equilibrium at time i + 1, and the stiffness matrix 
K enters into the system of algebraic equations solved to determine q i+ \ at time i + 1, 
implying that Newmark’s method is an implicit method. 

Newmark’s method can also be used for direct solution of the original equations in 
nodal displacements, Eq. (16.2.1), without transforming them to modal coordinates, by 
modifying Table 16.2.2 appropriately, as indicated at the end of Section 16.2.1. 
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TABLE 16.2.2 NEWMARK’S METHOD: LINEAR SYSTEMS 


Special cases 

(1) Constant average acceleration method (y = p = 

(2) Linear acceleration method (y = y6 = i) 


1.0 Initial calculations 
1 ■ 1 (<7n)o = 


'I m u o . 


(4«)o = 


^mu 0 


Qo = <(<7i)o. (qj) o) % = ((4i)o 

1.2 Po = $ r p 0 . 

1.3 Solve M qo = Po — C qo — K qo 

1.4 Select A?. 

1 y 1 

1.5 a! = - T M+—C 

P(A t) 2 PAt 


qo- 


A2 = JKi M + 


. (qj )o>- 




and 


a3 = (i _ 1 ) M+Ar fe _1 ) C 

1.6 K = K + ai. 

2.0 Calculations for each time step, i = 0, 1,2,... 

2.1 P (+ i = ^Pi+i + aiq, + a 2 q, + a 3 q, . 

2.2 Solve Kq,+i = P/+i => q, + i. 


4 + , = ^;(q, + , -q i )+l | -|j4, + A,n-^ 


2.3 

2.4 q I+1 = 


q; 


P(A f) 2(q ' +1 q;) pAt^ (2 p 1 


q- 


2.5 u I+ i = $q i+ i. 

3.0 Repetition for the next time step. Replace i by i+1 and implement steps 2.1 to 2.5 for 
the next time step. 


Example 16.1 

The five-story shear building of Fig. 12.8.1 (repeated for convenience as Fig. E.16.1a) is sub¬ 
jected to a full sinusoidal cycle of ground acceleration ii g (t) — u go sm2nt (Fig. E16.1b) 
with td = 1 sec; u g0 = 0.5g; m = 100 kips/g; k = 100 kips/in.; and modal damping ratios 
£„ = 5% for all modes. Solve the equations of motion after transforming them to the first two 
modes by the linear acceleration method with At = 0.1 sec. 

Solution First, we set up modal equations. The mass and stiffness matrices are available in 
Section 12.8 and the effective earthquake forces in Eq. (13.1.2): 


-1 


-2-1 


-1- 

1 


-1 2 -1 


1 

1 

II 

-1 2 -1 

p(t) = — m 

1 

1 


-1 2 -1 


1 

1- 


-1 1- 


.1. 


(a) 

where the subscript “eff” in Eq. (13.1.2) has been dropped. 
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-Numerical solution 

— — — Theoretical solution 





Figure E16.1 

Solving the eigenvalue problem gives the first two natural frequencies and modes: 


ft = 


j-5.592 


16.32 


<t> = 


-0.334 

-0.895- 

0.641 

-1.173 

0.895 

-0.641 

1.078 

0.334 

_ 1.173 

1.078- 


Substituting m, k, and in Eq. (16.2.4) gives 


M 


k 


rj «»-[ 


-1.067 

0.336 


iig(t) 


(b) 


(c) 
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The two equations (16.2.3) in modal coordinates are uncoupled for the classically damped 
system, and C is a diagonal matrix with the nth diagonal element equal to the generalized 
modal damping C„ = f„(2M n a> n ); see Eq. (10.9.11): 


C = 


0.559 


1.632 


(d) 


For generality, this uncoupling property is not used in solving this example, however. The 
procedure of Table 16.2.2 is implemented as follows: 


1.0 Initial calculations 

1.1 Since the system starts from rest, uo = lio = 0: therefore, qo = qo = 0. 

1.2 po = 0; therefore, Po = 0. 

1.3 qo = 0. 

1.4 At = 0.1 sec. 

1.5 Substituting M, C, At, y = A, and ft = g in step 1.5 gives 

61.12 1 _r 2.028 

63.27 J 33 — : L 2.082. 

1.6 Substituting K and a 3 in step 1.6 gives 


at = 


616.8 


649.0 


a f 648.0 

L 915.4. 


2.0 Calculations for each time step, i. For the parameters of this example, computational 
steps 2.1 through 2.5 are specialized and implemented for each time step i as follows: 

2.1 Pi+i = $ r p;+i + ai q, + a 2 q, + a 3 q,. 

' 616.8 + 61.12< 7 i + 2.028 q\' 




2.2 Solve 


i+1 
f 648.0 


raw 

,n 


915.' 


7 i 
-72 


649.0 <72 + 63.26 92 + 2.028 q 2 

Pi' 

Pl\i+\ 


71 1 

72 J; 


[ 


•q/+i- 


The modal displacements q, for the first 20 time steps are shown in Table E16.1 
and Fig. E16.1c. 


2.3 

= 30 ( 

-7ti _r 

711 

) —2 r^ 1 1 - 0.05 

"7l ' 

L 72 J,-+i 

V 

-72-I/+1 L 

72 J, 

) L 72 J < 

.72. 

2.4 r? 1 ] 

= 600 ( 

>1 - 

r 71 ' 

1 

ON 

O 

-1 

• 

_1 

1 

to 

'711 

L 72 Ji +1 

\ 

L 72 j,-+i 

L 72 . 

i L 72 J < 

.72 J 



"Ml “ 


- 0.334 

-0.895- 


M 2 


0.641 

-1.173 

2.5 

M 3 

= 

0.895 

-0.641 


M 4 


1.078 

0.334 


_ M 5 _ 

i +1 

.1.173 

1.078. 


These displacements are also presented in Table El6.1, and U 5 is plotted in Fig. 
E16.1d as a function of time. 


Comparison with theoretical solution. The modal equations defined by Eqs. E16.1c-d 
can also be solved analytically, extending the procedure of Section 4.8 to damped systems. 
Considering the first two modes of the system, such theoretical results were derived. They 
were computed at every 0.1 sec and are presented as the dashed lines in Fig. E16.1c and d. 
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TABLE El6.1 NUMERICAL SOLUTION OF MODAL EQUATIONS BY THE LINEAR 
ACCELERATION METHOD 


u 

Ql 

<72 

U\ 

U2 

M 3 

M4 

u 5 

0.1 

-0.1868 

-0.1868 

-0.0997 

-0.1685 

-0.1940 

-0.1875 

-0.1742 

0.2 

-1.3596 

-1.3596 

-0.6688 

-1.1524 

-1.3711 

-1.3851 

-1.3357 

0.3 

-3.7765 

-3.7765 

-1.5977 

-2.8605 

-3.6226 

-3.9442 

-4.0229 

0.4 

-6.6733 

-6.6733 

-2.4239 

-4.5317 

-6.1156 

-7.1185 

-7.5893 

0.5 

-8.5377 

-8.5377 

-2.7869 

-5.3864 

-7.5996 

-9.2244 

-10.0877 

0.6 

-7.8337 

-7.8337 

-2.4301 

-4.7759 

-6.8820 

-8.5111 

-9.4087 

0.7 

-3.8483 

-3.8483 

-1.1041 

-2.2286 

-3.3166 

-4.2146 

-4.7301 

0.8 

2.7434 

2.7434 

1.1162 

2.0198 

2.5998 

2.8818 

2.9758 

0.9 

9.8980 

9.8980 

3.5110 

6.6113 

9.0106 

10.5897 

11.3579 

1.0 

14.8661 

14.8661 

5.0228 

9.6017 

13.3542 

15.9984 

17.3602 

1.1 

15.4597 

15.4597 

5.0214 

9.7205 

13.7429 

16.7125 

18.2966 

1.2 

11.5465 

11.5465 

3.7794 

7.2981 

10.2851 

12.4714 

13.6304 

1.3 

4.4929 

4.4929 

1.6127 

3.0259 

4.1037 

4.7998 

5.1327 

1.4 

-3.4964 

-3.4964 

-1.0838 

-2.1305 

-3.0710 

-3.7990 

-4.2003 

1.5 

-10.0597 

-10.0597 

-3.4465 

-6.5597 

-9.0707 

-10.8081 

-11.6901 

1.6 

-13.3706 

-13.3706 

-4.5502 

-8.6786 

-12.0342 

-14.3768 

-15.5745 

1.7 

-12.6389 

-12.6389 

-4.1522 

-8.0085 

-11.2691 

-13.6456 

-14.9016 

1.8 

-8.2858 

-8.2858 

-2.6779 

-5.1924 

-7.3562 

-8.9622 

-9.8223 

1.9 

-1.7591 

-1.7591 

-0.6336 

-1.1876 

-1.6083 

-1.8784 

-2.0069 

2.0 

4.9390 

4.9390 

1.5634 

3.0520 

4.3614 

5.3545 

5.8944 


The dashed line in Fig. E16.1d also represents the theoretical solution including all five modes, 
indicating that the response contributions of the third, fourth, and fifth modes are negligible. 

The numerical results for q\ are accurate because the chosen time step At = 0.1 sec 
and natural period T\ = 27r/5.592 = 1.12 sec, implying a small At/T\ = 0.089. However, 
the same At implies that At/T 2 = 0.16, which is not small enough to provide good accuracy 
for q 2 . The numerical solution for u$ is quite accurate, however, because the contribution of 
the second mode is small. 


16.3 NONLINEAR SYSTEMS 

To numerically evaluate the dynamic response of systems responding beyond their linearly 
elastic range, the N equations for an IV-DOF system are usually solved in their original 
form, Eq. (16.1.1), because classical modal analysis is not applicable to nonlinear systems 
(Fig. 9.11.1). However, even the displacements of a nonlinear system can always be ex¬ 
pressed as a combination of the natural modes of the undamped system vibrating within 
the range of its linear behavior: 

N 

u(f) = ^24>„qn(t ) 
n= 1 


(16.3.1) 
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Numerical solutions 

-Direct solution by linear acceleration method 

— — — Two-mode solution (Example 16.1) using At = 0.12 sec 



Time, sec 

Figure 16.3.1 


Direct solution of Eq. (16.1.1) is equivalent to including all the N modes in the 
analysis, although only the first J terms in Eq. (16.3.1) may be sufficient to represent 
accurately the structural response. It would seem that the choice of At should be based 
on the accuracy requirements for the /th mode, say At = Tj/ 10, where Tj is the period 
of the /th mode of undamped linear vibration. Direct solution of Eq. (16.1.1) with this 
choice of At will give u(f) such that the higher-mode (/ + 1 to N) terms in Eq. (16.3.1) 
would be inaccurate, but this should not be of concern because we had concluded that 
these higher-mode contributions to the response were negligible. Although this choice 
of At would seem to provide accurate results, it may not be sufficiently small to ensure 
stability of the numerical procedure. Accuracy is required only for the first J modes, but 
stability must be ensured for all modes because even if the response in the higher modes is 
insignificant, it will “blow up” if the stability requirements are not satisfied relative to these 
modes. This problem is illustrated in Fig. 16.3.1, where the response of the shear building 
of Example 16.1 to one sinusoidal cycle of ground motion is presented as obtained by two 
numerical methods. The dashed curve shows the results determined by solving the first two 
modal equations by the linear acceleration method, as in Example 16.1 but now using At = 
0.12 sec. When the original equations (16.1.1) are solved by the same method using the 
same time step, this direct solution (shown by the solid curve) “blows up” around t = 2 sec. 

Requiring stability for all modes imposes very severe restrictions on At, as illustrated 
by the following example. Consider a system in which the highest mode with significant 
response contribution has a period Tj = 0.10 sec, whereas the period of the highest mode 
of the system is T N = 0.001 sec. To ensure stability of the numerical procedure. At should 
be less than T^/tc (i.e.. At < 0.00032 sec) for the central difference method, and 0.5517’v 
(i.e. At < 0.00055 sec) for the linear acceleration method. 

Presented in this section are one conditionally stable method: the central differ¬ 
ence method, which is an explicit method (Section 16.3.1); and one unconditionally stable 
method: the average acceleration method, which is an implicit method. For implicit meth¬ 
ods, there is little difference between nonlinear static and nonlinear dynamic analysis. The 
approach adopted here is first to present Newton-Raphson iteration for nonlinear static 
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analysis (Section 16.3.2), then use Newmark’s equations (5.4.8 and 5.4.9)—adapted to 
MDF systems—to extend it to nonlinear dynamic analysis (Section 16.3.3). 

The constant average acceleration method has the drawback that it provides no nu¬ 
merical damping (Fig. 5.5.2). This is a disadvantage because it is desirable to filter out the 
response contributions of modes higher than the J significant modes because these higher 
modes and their frequencies, which have been calculated from an idealization of the struc¬ 
ture, are usually not accurate relative to the actual properties of the structure. One approach 
for achieving this goal is to define the damping matrix consistent with increasing damping 
ratio for modes higher than the ,/th mode (see Section 11.4). Researchers have also been 
interested in formulating numerical time-stepping algorithms which, in some sense, have 
optimal numerical damping. 

16.3.1 Central Difference Method 

The central difference method for nonlinear SDF systems (Section 5.6) can readily be 
adapted for MDF systems. Each scalar equation in the procedure for SDF systems 
(Eqs. 5.6.1 to 5.6.3) now becomes a matrix equation for MDF systems. Table 16.3.1 sum¬ 
marizes the procedure as it might be implemented on the computer. 

The resisting forces (f.v) / required in step 2.1 can be evaluated explicitly, as they 
depend only on the known state of the system at time i. Thus, (f s ), is easily calculated, 
making the central difference method perhaps the simplest procedure for analysis of non¬ 
linear MDF systems. 


TABLE 16.3.1 CENTRAL DIFFERENCE METHOD: NONLINEAR SYSTEMS 

1.0 Initial calculations 

1.1 State determination for initial u = uo : (fs)o- 

1.2 Solve mii 0 = po - ciio - (fj)o =4> iio- 

1.3 Select At. 


1.4 

1.5 

1.6 


(At) 2 

U— i = u 0 - Aluo -I-^—iio- 

1 1 

k = --m -I-c. 

(At) 2 2At 

1 1 

a = --in-c and b = 

(At) 2 2A t 



2.0 Calculations for each time step, i = 0, 1, 2, ... 

2.1 p, = p, - au,_i - bu, - (is)i- 

2.2 Solve ku, + i = p, => u !+ i. 

2.3 State determination: (fs), + i. 

2.4 If required: 

1 1 

u, = -(Ui +1 — U,_i) and ii, = -^(u,+i — 2u; + u,-_i) 

2A t (At) 2 

3.0 Repetition for next time step. Replace i by i + 1 and repeat steps 2.1-2.4 for 
the next time step. 
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Explicit methods, typically the central difference method, are used in software such 
as LS-DYNA, ABAQUS-Explicit, and OpenSees. Because the time step required is very 
small, these methods are impractical for analysis of large systems using conventional com¬ 
puters (one to four computer processors). However, explicit methods have the advantage 
that they can be conveniently programmed for parallel computing using a large number of 
computer processors. Most applications to large systems diagonalize the damping matrix 
c so that k is diagonal and the equations in step 2.2 can be solved efficiently. Researchers 
have developed various approximate models for damping to achieve this goal. 

16.3.2 Nonlinear Static Analysis 


Nonlinear static analysis is used to investigate the force-deformation behavior of a struc¬ 
ture for a specified distribution of forces, typically lateral forces. With certain assumption 
of force distribution, nonlinear static analysis is called pushover analysis (see Chapters 19 
and 22). 

Dropping the inertia and damping terms in the equations of motion [Eq. (16.1.1)] gives 
the system of nonlinear equations to be solved in a static problem: 

f.S'(u) = p(f) (16.3.2) 

Before examining multiple-force steps necessary in a pushover analysis, consider the so¬ 
lution of the equilibrium equations for a single set of forces: 

fs(u) = p (16.3.3) 


The task is to determine the displacements u due to a set of given external forces p, where 
the nonlinear force-deformation relation f' s (u) is known for the system to be analyzed. 

Suppose that after j cycles of iteration, u (7) is an estimate of the unknown displace¬ 
ments and we are interested in developing an iterative procedure that provides an improved 
estimate u ( - ,+1) . Expanding the resisting forces f£ /+1) (u) in Taylor series about the known 
estimate u (J \ and dropping the second- and higher-order terms, leads to the linearized 
equation (see Section 5.7.1) 

Au 0) = p - = R u) (16.3.4) 


where 


Si) 


9f s (u) 


3u 


u o> 


(16.3.5) 


is the tangent stiffness matrix at u ly) ; (kj)jj = the change in force at DOF i due to unit 
change in displacement at DOF j at the current state of the system. Solving the linearized 
system of equations (16.3.4) gives Au <y) and an improved estimate of displacements: 

u (y+1) = u <;) + Au (j) (16.3.6) 


This is the essence of the Newton-Raphson method for iterative solution of the nonlin¬ 
ear equations (16.3.3). As shown in Section 5.7.1, this iterative method converges with 
quadratic rate to the exact solution. 
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The preceding description of the Newton-Raphson procedure for a single force step 
can be generalized for multiple force steps. For this purpose, the forces are represented by 
a reference spatial distribution p re f and a variable scalar /.,■; thus 

P, = A, Pref (16.3.7) 

The nonlinear equilibrium equations for each force level are solved by Newton-Raphson 
iteration starting with the initial estimate of the solution as the displacements at the previ¬ 
ous force level. Table 16.3.2 summarizes such a procedure for nonlinear static analysis as 
it might be implemented on the computer. 

TABLE 16.3.2 NONLINEAR STATIC ANALYSIS 

1.0 State determination for u = ut: (fs)o an d (k 7 -)o. 

2.0 Calculations for each force step, i = 0, 1, 2,... 

2.1 Initialize j = 1, u^, = U;, = (fs)i, and (ky)^ = (ky) ; . 

2.2 P/+1 = A'l'+lPref- 

3.0 For each iteration, j = 1, 2, 3, ... 

3.1 R«= P ,■+,-(*)&• 

3.2 Check convergence; if the acceptance criteria are not met, implement steps 3.3 
to 3.6; otherwise, skip these steps and go to step 4.0. 

3.3 Solve (krl^AuU) = =>• Au u) . 

3.4 uj^ * 1 2 ’ — u ;+i + Au^. 

3.5 State determination: (fy)^ 1 ' and (kj-)^ 1 '. 

3.6 Replace j by j + 1 and repeat steps 3.1 to 3.5; denote final value as u,-+i. 

4.0 Repetition for next force step. Replace i by i + 1 and implement steps 2.0 and 3.0 

for the next force step. 

f Uo may be nonzero if initial gravity load effects are included in the analysis. 

In step 3.2, the solution is checked and the iterative process is terminated when some 
measure of the error in the solution falls below a specified tolerance. Typically, one or more 
of the following convergence (or acceptance) criteria are enforced: 

1. Residual force is less than a tolerance: 

|R U) ||<£r (16.3.8a) 

where || ■ || denotes the Euclidean norm of the vector. Conventional values for the 
tolerance Sr range from 10” 3 * * to 10” 8 . 

2. Change in displacement is less than a tolerance: 

II Au ( - /) || < £„ (16.3.8b) 

Conventional values for the tolerance s u range from 10” 3 to 10” 8 . 

3. Incremental work done by the residual force acting through the change in displace¬ 

ment is less than a tolerance: 

[Au 0 ' ) ] t R U, | < 


1 

2 


(16.3.8c) 
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Tolerance e w must be at or near the computer (machine) tolerance because the left 
side is a product of small quantities. 

Although the examples presented subsequently use the preceding criteria, for 
large MDF systems it is better to use relative force or displacement measures: 


| R< ^| 

llPref II 


< s'. 


Au^ 

II uW || 


< s' 


(16.3.9a) 


where the recommended value for tolerances e' R and s' u is 10~ 3 to 10 fi . For frames, 
the displacement vector contains translations and rotations (and the force vectors 
contains forces and moments) whose magnitudes may be vastly different. For such 
situations, we recommend use of relative incremental work to check convergence. 
The convergence criterion then is 


[Au (j, ] 7 R ,j) 

[Au<0] r R(0 


(16.3.9b) 


where the recommended value for e' w is on the order of 10 16 . 


Example 16.2 

The five-story shear building of Example 16.1 is subjected to monotonically increasing lateral 
forces with the invariant distribution presented in Fig. E16.2a. The story shear-drift ( Vj — Sj) 
relationship is identical for all stories; it is bilinear with initial stiffness k — 100 kips/in., 
post yield stiffness ratio a = 0.05, and yield shear Vj y = 125 kips (Fig. E16.2b). Conduct 
nonlinear static analysis of the building for the p re f shown and force factors: 

\ T = (0 1.0 1.1 1.2 1.3 1.4 1.5 1.6) 

Note that the base shear associated with p re f is V* = 125 kips, the yield value of base shear. 


625/15 


\ 

500/15 \- 

\ 

375/15V— 
\ 

250/15 V- 


\ 

125/15V 
\ 


o 


o 


■o 


■o 


-o 


'////////////////////////, 

(a) 


3 



(b) 


Figure E16.2 a, b 
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Solution The procedure of Table 16.3.2 is implemented as follows: 

1.0 State determination for uo = 0 

Gravity load effects would not produce any lateral displacements; thus uo = 0, (fy)o = 
0 and 



-2-1 





-1 2 

-1 



k 

-1 

2 

-1 




-1 

2 

-1 




-1 

1 


To demonstrate calculations of steps 2.0 and 3.0 in Table 16.3.1, they are implemented 


for the force step from i = 

1 to i = 

2. 



Calculations for i = 1 





2.1 Initialize j = 1 





u, ( +i = u, = (1.250 

2.417 

3.417 

4.167 

4.583 ) T 

State determination at 

= l(k 

= 1.0) 

leads to 


(%)■+! = (fs); = <87 

33 16 

67 25.00 33.33 41. 

- 1.05 

-1 


- 

(kr)^ = (k r ), = k 

-1 

2 

-1 



-1 

2 - 

1 



-1 

2 -1 





1 1- 


see Table El6.2. 

\T 


2.2 p, + i = A.,-+i p re f, where p re f is shown in Fig. E16.2a. 
p,-+i = (9.167 18.33 27.50 36.67 45.83) r . 

3.0 First iteration, j = I 

2.500 3.333 


3.1 RW = pf+i - (fsOi+i = < 0.833 1.667 


4.167) 


3.2 Check convergence: Because 


R 


( 1 ) 

i+1 


= 6.180 exceeds sr = 10 3 , chosen for 


this example, implement steps 3.3 to 3.6. 


3.3 Solve (k r )^ ) 1 Au (1) = 


Au (1) = (2.500 2.617 2.717 2.792 2.833) r . 


3.4 u^j = u^j + Au (1) = (3.750 5.033 6.133 6.958 7.417 ) T . 

3.5 State determination. 


First determine story drifts: 

^■+1 = (3.750 1.283 1.100 0.825 0.458) r 

Knowing story drift, the story stiffness and story shear force can be obtained from 
the story shear-story drift relationship (Fig. E16.2b); e.g., the first story drift, <5 1 = 
3.750 in. is larger than the yield drift, S\ y = 1.25 in.; therefore, the story stiffness 
is 0.05k and the shear force is 125 + 0.05 k (3.75 — 1.25) = 137.5 kips. Knowing 
the stiffness of each story, the stiffness matrix can be obtained using the procedure 
of Example 9.1b. 


(kr)® = k 


r o.io 

-0.05 


-0.05 
1.05 -1 
-1 2 
-1 


-1 

2 -1 
-1 1 _ 












, kips V , kips 
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A, = 0 1 1.1 1.2 1.3 1.4 1.5 1.6 




Displacement/height, % Displacement/height, % 






200 

Story 5 

150 


a 


' - 100 




50 

a 


(i) 


oe- 1 - 1 -■- 

0 5 10 15 

5 S , in. 


Figure E16.2 (c)-(i) 
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The resisting force f$i at the first floor is the difference between story shears in the 
first and second stories; fsj at other stories are determined similarly to obtain 


- 137.50- 125.17" 


-12.33- 

125.17 - 110.00 


15.17 

110.00- 82.50 

= 

27.50 

82.50 - 45.83 


36.67 

45.83 


-45.83- 


3.0 Second iteration, j = 2 


3.1 R® = p i+1 


(f s )®j = (-3.167 3.167 0 0 0 ) 1 


3.2 Check convergence: Because 


R 


( 2 ) 

! + l 


= 4.478 exceeds e«, implement steps 3.3 


to 3.6. 

3.3 Solve (k-/)® Au a) = R® x =>• Au (2) = (0 0.633 0.633 0.633 0.633 ) T . 

3.4 =u®j + Au ( 2) = (3.750 5.667 6.767 7.592 8.050) r . 

3.5 State determination: 


= (3.750 1.917 1.100 0.825 0.458) r 


- 9.167- 


- 0.10 

-0.05 


- 

18.33 

( k r)^=k 

-0.05 

1.05 

-1 


27.50 


-1 

2 

-1 

36.67 



-1 

2 -1 

_45.83 - 





-1 1 - 


3.0 Third iteration, j = 3 


3.1 R® = p i+1 


(fsf +1 - 0 - 


3.2 Check convergence: Because 


R 


( 3 ) 

1+1 


= 0 is less than e«, iteration is terminated 


and the final value is denoted as u,-+i ; see row 3 of Table E16.2. 


4.0 Repetition for the next time step'. Steps 2.0 and 3.0 are implemented for i = 0, 1, 2, 3, ... 
to obtain the floor displacements u\, U 2 , u 3 , 114 , and 115 presented in Table E16.2 and 
plotted in Fig. E16.2c. The base shear is plotted as a function of the roof displacement 
«5 in Fig. El 6 .2d. Story shear-story drift relationships are presented in Figs. E16.2e-i 
for the five stories of the building. 


TABLE E16.2 RESULTS OF NONLINEAR STATIC ANALYSIS 


i 

A.,- 

Ml 

Ul 

M 3 

U 4 

u 5 

0 

0 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

1 

1.0 

1.2500 

2.4167 

3.4167 

4.1667 

4.5833 

2 

1.1 

3.7500 

5.6667 

6.7667 

7.5917 

8.0500 

3 

1.2 

6.2500 

10.5000 

11.7000 

12.6000 

13.1000 

4 

1.3 

8.7500 

15.3333 

17.5833 

18.5583 

19.1000 

5 

1.4 

11.2500 

20.1667 

24.4167 

25.4667 

26.0500 

6 

1.5 

13.7500 

25.0000 

31.2500 

32.3750 

33.0000 

7 

1.6 

16.2500 

29.8333 

38.0833 

39.2833 

39.9500 
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Example 16.3 

The five-story shear building of Example 16.2 is subjected to a full sinusoidal cycle of ground 
acceleration u g (t) = ii go s'm2nt (Fig. E16.lb) with tj = 1 sec and u go = 0.5g. Solve the 
static equilibrium equations at every time step Af = 0.05 sec. 

Solution The static equilibrium equations are 


f s (u) = —m iii g (t) = —miiigo sin 2 a: t (a) 

The reference force distribution p re f = —m iil g0 and the load factor is A.,- = sin 2 ntj, where 
ti = iAt. Thus, p ref = -50 ( 1 1 1 1 1 ) T and X = (0 0.309 0.588 0.809 0.951 
1.0 ) T . Computational step 1.0 is identical to Example 16.2. Computational steps 2.0 and 3.0 
are implemented for i = 0, 1, 2, 3, ... to obtain the displacements u\, u 2 , u 3 , 114 , and z <5 

presented in Table E16.3 and plotted in Figure E16.3a at i = 0, 2, 4 . The base shear 

is plotted as a function of the roof displacement M 5 in Fig. E16.3b. Story shear-story drift 
relationships are presented in Fig. E16.3c-g for the five stories of the building. 

The computations in step 3.5 must recognize that the force-deformation relation of 
inelastic systems is path dependent; see Section 16.3.3. 


TABLE E16.3 RESULTS OF NONLINEAR STATIC ANALYSIS 


i 

u 

A; 

«i 

U2 

M 3 


u 5 

0 

0.00 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

1 

0.05 

0.3090 

-0.7725 

-1.3906 

-1.8541 

-2.1631 

-2.3176 

2 

0.10 

0.5878 

-5.6393 

-6.8148 

-7.6965 

-8.2843 

-8.5782 

3 

0.15 

0.8090 

-16.7008 

-25.3115 

-26.5251 

-27.3341 

-27.7386 

4 

0.20 

0.9511 

-23.8028 

-38.0951 

-42.8768 

-43.8278 

-44.3034 

5 

0.25 

1.0000 

-26.2500 

-42.5000 

-48.7500 

-49.7500 

-50.2500 

6 

0.30 

0.9511 

-26.1276 

-42.2798 

-48.4563 

-49.4074 

-49.8829 

7 

0.35 

0.8090 

-25.7725 

-41.6406 

-47.6041 

-48.4131 

-48.8176 

8 

0.40 

0.5878 

-25.2195 

-40.6450 

-46.2767 

-46.8645 

-47.1584 

9 

0.45 

0.3090 

-24.5225 

-39.3906 

-44.6041 

-44.9131 

-45.0676 

10 

0.50 

0.0000 

-23.7500 

-38.0000 

-42.7500 

-42.7500 

-42.7500 

11 

0.55 

-0.3090 

-8.2992 

-19.6885 

-23.9749 

-23.6659 

-23.5114 

12 

0.60 

-0.5878 

5.6393 

5.4007 

1.5324 

2.1201 

2.4140 

13 

0.65 

-0.8090 

16.7008 

25.3115 

25.8320 

26.6411 

27.0456 

14 

0.70 

-0.9511 

23.8028 

38.0951 

42.8768 

43.8278 

44.3034 

15 

0.75 

-1.0000 

26.2500 

42.5000 

48.7500 

49.7500 

50.2500 

16 

0.80 

-0.9511 

26.1276 

42.2798 

48.4563 

49.4074 

49.8829 

17 

0.85 

-0.8090 

25.7725 

41.6406 

47.6041 

48.4131 

48.8176 

18 

0.90 

-0.5878 

25.2195 

40.6450 

46.2767 

46.8645 

47.1584 

19 

0.95 

-0.3090 

24.5225 

39.3906 

44.6041 

44.9131 

45.0676 

20 

1.00 

0.0000 

23.7500 

38.0000 

42.7500 

42.7500 

42.7500 


16.3.3 Constant Average Acceleration Method 

The constant average acceleration method with Newton-Raphson iteration has already 
been presented for analysis of nonlinear SDF systems; it is the procedure summarized in 
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Table 5.7.1, specialized for y = \ and /3 = This procedure carries over directly to 
MDF systems with each scalar equation in the procedure for SDF systems now becoming 
a matrix equation for MDF systems. Table 16.3.3 summarizes the procedure as it might be 
implemented on the computer. 

To avoid computation of a new tangent stiffness matrix for each iteration—which can 
be computationally demanding for large MDF systems—the initial stiffness matrix at the 
beginning of a time step may be used for all iterations within the time step. This modified 
Newton-Raphson iteration results in slower convergence, i.e., it requires more iterations to 
achieve convergence (see Figs. 5.7.1 and 5.7.2). 


TABLE 16.3.3 CONSTANT AVERAGE ACCELERATION METHOD: NONLINEAR 
SYSTEMS 

1.0 Initial calculations 

1.1 State determination: (f$)o and (k^Jo. 

1.2 Solve miio = po - cuo - (k^lo uo => iio- 

1.3 Select At. 

4 2 4 

1.4 ai = -r-mH-c and a 2 =—m + c. 

(At) 2 At At 

2.0 Calculations for each time instant, i = 0, 1,2,... 

2.1 Initialize j = 1, = u;, (fs)-^ = (fj);, and = (k T )i- 

2.2 pi+i = p,+i + am,- + a 2 ti; + mu,. 

3.0 For each iteration, j = 1, 2, 3,... 

3.1 R'^Pw-^-am®. 

3.2 Check convergence; if the acceptance criteria are not met, implement steps 3.3 
to 3.7; otherwise, skip these steps and go to step 4.0. 

3.3 (kr);^! = (kr);^ +a,. 

3.4 Solve (krl^Au 0 ') = => Au (j) . 

3.5 u^ 1 ’ = u^j + Au*^. 

3.6 State determination: 1 > and (k 7 ’)j^ 1> . 

3.7 Replace j by j+ 1 and repeat steps 3.1 to 3.6; denote final value as u,-+i. 

4.0 Calculations for velocity and acceleration vectors 
2 

41 U i+ l = — ( u ;+l - U;) - U;. 

4 4 

4 “ U/+1 = (A02 (U/+1 _ Ui) ~ At* ~ U/ ' 

5.0 Repetition for next time step. Replace i by i +1 and implement steps 2.0 to 4.0 for 
the next time step. 
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Path dependence. One of the important operations in the computations is state 
determination (step 3.6). It must recognize that the force-deformation relation of inelastic 
systems is path dependent, i.e., it depends on whether the deformation is increasing or 
decreasing during the time step. This feature must be considered in calculating the tangent 
stiffness matrix and the resisting forces associated with the displacements u, at each time i. 
Such procedures are available in textbooks on static structural analysis and are not included 
here [see, e.g., Filippou and Fenves (2004)]. 

Example 16.4 

The five-story shear building of Example 16.2 is subjected to a full sinusoidal cycle of ground 
acceleration u g (t) = ii go s'm2nt (Fig. E16.1b); u go — 0.5g. Solve the equations of motion 
by the constant average acceleration method with Newton-Raphson iteration using a time step 
of At = 0.1 sec; assume zero initial conditions and modal damping ratios = 5% for all 
modes. 


Solution The 5x5 mass and initial stiffness matrices were defined in Example 16.1; the 
damping matrix corresponding to given modal damping ratios = 5% is determined by 
superposing modal damping matrices (Section 11.4.3). 


-69.01 

-19.81 

-3.395 

-1.370 

-0.873- 


65.70 

-21.18 

-4.268 

-2.243 



64.83 

-22.05 

-5.638 

(sym) 



63.46 

-25.45 


43.65 J 


1.0 Initial calculations 

1.1 State determination for uo = 0: 

(fs)o = 0 


(kr)o = k 


-1 

2 

-1 


-1 

2 

-1 


-1 

2 

-1 


-1 

1 J 


at = 


(At) 2 


4 

— i 

At 


1.2 Solve miio = Po — cuq — 

O 

C 

o 

=> iio = 0. 




1.3 At = 0.1. 







1.4 Matrices ai anda 2 : 








r 117.4 

-3.962 

-0.679 

-0.274 

-0.175 

1 



116.8 

-4.236 

-0.854 

-0.449 

m -|- c = 400m + 20c = 



116.6 

-4.411 

-1.128 

Zai 


(sym) 



116.3 

-5.090 







112.4 


r 110.5 

-1.981 

-0.340 

-0.137 

—0.087 -| 




110.2 

-2.118 

-0.427 

-0.224 


+ c = 40m + c = 



110.1 

-2.205 

-0.564 

x 10 _1 


(sym) 



110.0 

-2.545 







108.0 J 
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2.0 Calculations for each time step, i 

Computational steps 2.0 to 5.0 are implemented for i = 0, 1, 2, 3, ... to obtain the dis¬ 
placements u\, ui, « 3 , « 4 , and u 5 presented in Table E16.4. The roof displacement u$ 
is plotted as a function of time in Fig. El6.4a, and the variation of floor displacements 
over height at selected time instants i — 0, 2, 4, ... are plotted in Fig. E16.4b. 


TABLE El 6.4 NUMERICAL SOLUTION BY CONSTANT AVERAGE 
ACCELERATION METHOD 


i tj u\ U 2 u 3 M 4 U 5 


0 

0.0 

1 

0.1 

2 

0.2 

3 

0.3 

4 

0.4 

5 

0.5 

6 

0.6 

7 

0.7 

8 

0.8 

9 

0.9 

10 

1.0 

11 

1.1 

12 

1.2 

13 

1.3 

14 

1.4 

15 

1.5 

16 

1.6 

17 

1.7 

18 

1.8 

19 

1.9 

20 

2.0 


0.0000 

-0.1708 

-0.7701 

-1.8807 

-3.5344 

-5.3831 

-6.4439 

-5.9863 

-4.3618 

-2.0815 

0.7305 

3.4782 

5.5469 

6.7492 

6.6858 

5.5610 

4.8642 

4.9813 

4.7428 

4.0458 

3.7573 


0.0000 

-0.2359 

-1.1762 

-2.8973 

-5.1266 

-7.5152 

-9.0716 

-8.4266 

-5.5450 

-1.8558 

1.6946 

5.0342 

7.8168 

9.1381 

8.6380 

7.2111 

6.0410 

5.5452 

5.1217 

4.3222 

4.0322 


0.0000 

-0.2613 

-1.3750 

-3.5514 

-6.2603 

-8.7127 

-10.0489 

-9.1988 

-5.7476 

-0.9983 

3.3099 

6.7247 

9.2078 

10.2318 

9.6715 

8.2729 

6.8150 

5.5219 

4.5283 

4.0478 

4.1602 


0.0000 

-0.2712 

-1.4663 

-3.9154 

-7.0473 

-9.6905 

-10.7549 

-9.5634 

-5.9381 

-0.6832 

4.3848 

7.8941 

9.7899 

10.4083 

10.0370 

8.9549 

7.1914 

5.1092 

3.6914 

3.4673 

4.0642 


0.0000 

-0.2746 

-1.5015 

-4.0737 

-7.4383 

-10.2388 

-11.1525 

-9.6810 

-6.0052 

-0.6541 

4.9299 

8.6981 

10.0600 

10.2899 

10.2689 

9.4278 

7.3539 

4.8836 

3.2563 

3.0939 

4.0387 



Figure E16.4 
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PROBLEMS 


*16.1 Solve the problem in Example 16.1 by the central difference method, implemented by a 
computer program in a language of your choice using At = 0.1 sec. 

*16.2 Repeat Problem 16.1 using At = 0.05 sec. How does the time step affect the accuracy of 
the solution? 

*16.3 Solve the problem in Example 16.1 by the constant average acceleration method, imple¬ 
mented by a computer program in a language of your choice using At = 0.1 sec. Based on 
these results and those from Problem 16.1, comment on the relative accuracy of the average 
acceleration and central difference methods. 

*16.4 Repeat Problem 16.3 using At — 0.05 sec. How does the time step affect the accuracy of 
the solution? 

*16.5 Solve the problem in Example 16.1 by the linear acceleration method, implemented by a 
computer program in a language of your choice using At = 0.1 sec. Based on these results 
and those from Problem 16.3, comment on the relative accuracy of the linear acceleration and 
constant average acceleration methods. Note that this problem was solved as Example 16.1 
and the results were presented in Table E16.1. 

*16.6 Repeat Problem 16.5 using At = 0.05 sec. How does the time step affect the accuracy of 
the solution? 

*16.7 Solve the problem of Example 16.4 by the central difference method, implemented by a 
computer program in a language of your choice using a time step of 0.05 sec. 

*16.8 Solve the problem in Example 16.2, implemented by a computer program in a language of 
your choice. 

*16.9 Solve Problem 16.8 with a uniform distribution of lateral forces. 

*16.10 Solve the problem in Example 16.3, implemented by a computer program in a language of 
your choice. 


*Denotes that a computer is necessary to solve this problem. 
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*16.11 

*16.12 
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Solve the problem in Example 16.4, implemented by a computer program in a language of 
your choice. 

Solve the problem in Example 16.4 using modified Newton-Raphson iteration. Compare the 
number of iterations required for convergence using Newton-Raphson iteration (Problem 
16.11) and modified Newton-Raphson iteration (Problem 16.12). 


*Denotes that a computer is necessary to solve this problem. 



Systems with Distributed Mass 
and Elasticity 


PREVIEW 

So far in this book we have focused on discretized systems, typically with lumped masses; 
such a system is an assemblage of rigid elements having mass (e.g., the floor diaphragms of 
a multistory building) and massless elements that are flexible (e.g., the beams and columns 
of a building). A major part of this book is devoted to lumped-mass discretized systems, 
for two reasons. First, such systems can effectively idealize many classes of structures, 
especially multistory buildings. Second, effective methods that are ideal for computer im¬ 
plementation are available to solve the system of ordinary differential equations governing 
the motion of such systems. However, a lumped-mass idealization, although applicable, 
is not a natural approach for certain types of structures, such as a bridge (Fig. 2.1.2e), 
a chimney (Fig. 2.1.2f), an arch dam (Fig. 1.10.2), or a nuclear containment structure 
(Fig. 1.10.1). 

In this chapter we formulate the structural dynamics problem for one-dimensional 
systems with distributed mass, such as a beam or a tower, and solutions are presented 
for simple systems (e.g., a uniform beam and a uniform tower). The solutions presented 
for these simple cases provide insight into the dynamics of distributed-mass systems that 
have an infinite number of DOFs and how they differ from lumped-mass systems with a 
finite number of DOFs. The chapter ends with a discussion of why this infinite-DOF ap¬ 
proach is not feasible for practical systems, pointing to the need for discretized methods for 
distributed-mass systems. The results presented for the simple systems provide the exact 
solution against which results from discretized methods can be compared (Chapter 18). 
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17.1 EQUATION OF UNDAMPED MOTION: APPLIED FORCES 

In this section we develop the equation governing the transverse vibration of a straight 
beam without damping subjected to external force. Figure 17.1.1a shows such a beam 
with flexural rigidity EI(x ) and mass m(x) per unit length, both of which may vary with 
position x. The external forces p(x, t ), which may vary with position and time, cause 
motion of the beam described by the transverse displacement u(x, t) (Fig. 17.1.1b). The 
equation of motion to be developed will be valid for support conditions other than the 
simple supports shown and for beams with intermediate supports. 



Figure 17.1.1 System with distributed mass and elasticity: (a) beam and applied force; 
(b) displacement; (c) forces on element. 


The system has an infinite number of DOFs because its mass is distributed. There¬ 
fore, we consider a differential element of the beam, isolated by two adjoining sections. 
The forces on the element are shown in Fig. 17.1.1c, where an inertia force has been in¬ 
cluded following D’Alembert’s principle (Section 1.5.2); V(x, t ) is the transverse shear 
force and A4(x, t ) is the bending moment. Equilibrium of forces in the y-direction gives 

dV d 2 u 

TT = P~ m ^ (17.1.1) 


Without the inertia force this equation is the familiar relation between the shear force in 
a beam and external transverse force. The inertia force modifies the external force in 
recognition of the dynamics of the problem. If the inertial moment associated with angular 
acceleration of the element is neglected, rotational equilibrium of the element gives the 
standard relation 



(17.1.2) 


We now use Eqs. (17.1.1) and (17.1.2) to write the equation governing the trans¬ 
verse displacement u(x,t). With shear deformation neglected, the moment-curvature 






























Sec. 17.2 Equation of Undamped Motion: Support Excitation 


699 


relation is 


M = El 


. 3 2 u 
dx 2 


Substituting Eqs. (17.1.3) and (17.1.2) into Eq. (17.1.1) gives 


3 2 m 


52 r 


m (x)-r- + —r 


3 2 u 

El(x 


= p(x, t) 


(17.1.3) 


(17.1.4) 


This is the partial differential equation governing the motion u(x, t) of the beam subjected 
to external dynamic forces p(x,t). To obtain a unique solution to this equation, we must 
specify two boundary conditions at each end of the beam and the initial displacement 
u (x , 0) and initial velocity it (x, 0). 


17.2 EQUATION OF UNDAMPED MOTION: SUPPORT EXCITATION 


Consider two simple cases: a cantilever beam subjected to horizontal base motion (Fig. 
17.2.1a) or a beam with multiple supports subjected to identical motion in the vertical 
direction (Fig. 17.2.1b). The total displacement of the beam is 

u'(x, t) = u g (t) + u(x, t) (17.2.1) 

where the beam displacement w(x, t), measured relative to the support motion u g {t), results 
from the deformations of the beam. 



(a) 

Figure 17.2.1 (a) Cantilever beam subjected to base excitation; (b) continuous beam 

subjected to identical motion at all supports. 


For these simple cases of a beam excited by support motion the derivation of the 
equation of motion is only slightly different than that for applied forces. Recognizing that 
the inertia forces are now related to the total accelerations and that external forces p(x, t) 
do not exist, Eq. (17.1.1) becomes 
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3V 

dx 


2 „t 


3 2 u 

'lit 2 


d 2 u 


d~u Q 


— —m —- — m -— 

3 t 2 dt 2 


(17.2.2) 


wherein Eq. (17.2.1) has been used to obtain the second half of the equation. Substituting 
Eqs. (17.1.3) and (17.1.2) into Eq. (17.2.2) gives 


m(x) 


3 2 u 
dt 2 


dx 2 


EI(x ) 


3 V 

dx 2 


—m(x)u g (t ) 


(17.2.3) 


By comparing Eqs. (17.2.3) and (17.1.4), it is clear that the deformation response u(x, t) 
of the beam to support acceleration u g (t) will be identical to the response of the system 
with stationary supports due to external forces = —m(x)u g (t). The support excitation can 
therefore be replaced by effective forces (Fig. 17.2.2): 


p eS (x, t ) = —m(x)u g (t) 


(17.2.4) 


x 





II 


= -m(x)u g (t) 



Stationary supports 


(a) 


(b) 


Figure 17.2.2 Effective forces t). 

This formulation can be generalized to include the possibility of different motions of 
the various supports of a structure. Such multiple support excitation may exist in several 
practical situations (Section 9.7), but is not included in this chapter because it is usually 
not possible to analyze such practical problems as infinite-DOF systems. They are usually 
discretized by the finite element method (Chapter 18) and analyzed by extensions of the 
procedures of Section 13.5. 


17.3 NATURAL VIBRATION FREQUENCIES AND MODES 

For the case of free vibration, Eqs. (17.1.4) and (17.2.3) become 

= 0 


d 2 u d 2 r 

mix )—— H-- 

dt 2 dx 2 


d 2 u 

EI{x) d.7 2 


(17.3.1) 
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We attempt a solution of the form 


Then 


u(x, t ) = <f>(x)q(t ) 


3 2 u 3 2 u ,, 

— = <j>(x)q(t) ^2 = </> (x)g(r) 


(17.3.2) 


(17.3.3) 


where overdots denote a time derivative and primes denote an x derivative; thus q (r) = 
dq/dt, q{t) = d 2 q/dt 2 , and — d 2 <fi/dx 2 . Substituting Eq. (17.3.3) in Eq. (17.3.1) 
leads to 

m(x)cj>(x)q(t) + q(t ) [.E7(x)</>"(x)] ,, = 0 
which, when divided by m(x)<J>(x)q(t), becomes 

-m = [Ei{xmx)T 3 

q(t) m{x)4>(x) 

The expression on the left is a function of t only and the one on the right depends only on 
x. For Eq. (17.3.4) to be valid for all values of x and t, the two expressions must therefore 
be constant, say or. Thus the partial differential equation (17.3.1) becomes two ordinary 
differential equations, one governing the time function q(t) and the other governing the 
spatial function </>(x): 

q+co 2 q = 0 (17.3.5) 

[EI(x)<j/'(x)f - co 2 m(x)4>(x) = 0 (17.3.6) 

Equation (17.3.5) has the same form as the equation governing free vibration of an SDF 
system with natural frequency o>. For any given stiffness and mass functions, EI(x) and 
m(x), respectively, there is an infinite set of frequencies o> and associated modes 0(x) 
that satisfy the eigenvalue problem defined by Eq. (17.3.6) and the support (boundary) 
conditions for the beam. 

For the special case of a uniform beam, EI(x) — £7and»;(x) = m, and Eq. (17.3.6) 
becomes 


EI(/) lY (x ) — a> 2 m(f)(x) = 0 


<Ax) - p A (j){x) = 0 


where 


4 _ a>hn 
^ El 

The general solution of Eq. (17.3.7) is (see Derivation 17.1) 

<)>(x) = C\ sin /lx + C 2 cos fix + C 3 sinh fix + C 4 cosh fix 


(17.3.7) 


(17.3.8) 


(17.3.9) 


This solution contains four unknown constants, C\, C 2 , C 3 , and C 4 , and the eigenvalue pa¬ 
rameter p. Application of the four boundary conditions for a single-span beam, two at each 
end of the beam, will provide a solution for fi and hence for the natural frequency o> [from 
Eq. (17.3.8)] and for three constants in terms of the fourth, resulting in the natural mode of 
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Eq. (17.3.9). This procedure is illustrated next by two examples: a simply supported beam 
and a cantilever beam. Results are also available for other boundary conditions but are not 
included in this book. 


17.3.1 Uniform Simply Supported Beam 


The natural frequencies and modes of vibration of a uniform beam simply supported at 
both ends are determined next. At x = 0 and x = L, the displacement and bending 
moment are zero. Thus, using Eqs. (17.3.2), (17.1.3), and (17.3.9) at x = 0 gives 

u( 0, t) = 0 => <j)(0) = 0 C 2 + C 4 = 0 (17.3.10a) 

M( 0, t) = ()=>■ E!</>"( 0) = 0 p 2 (-C 2 + C 4 ) = 0 (17.3.10b) 

These two equations give C 2 = C 4 = 0 and the general solution reduces to 

(f>{x) = C\ sin Px + C 3 sinh Px (17.3.11) 

Then at x — L, 

u(L, t) = 0 =t> (f>(L ) = 0 =>■ Ci sin PL + C 3 sinh/lL = 0 (17.3.12a) 

M(L,t) = 0 => EI<t>"{L) = 0=> p 2 (—C\ sin PL+ C 2 sinh PL) = 0 (17.3.12b) 

Adding these two equations after dropping p 2 from the second equation gives 

C 3 sinh/SL = 0 

Since sinh PL cannot be zero (otherwise, u> will be zero, a trivial solution implying no 
vibration at all), so C 3 must be zero. This leads to the frequency equation: 

Ci sin PL — 0 (17.3.13) 

This equation can be satisfied by selecting Ci = 0, which gives o(x) — 0, a trivial solution. 
Therefore, sin pL must be zero, from which 


PL = njt n = 1, 2, 3,... 

Equation (17.3.8) then gives the natural vibration frequencies: 



(17.3.14) 


(17.3.15) 


The natural vibration mode corresponding to co n is obtained by substituting Eq. (17.3.14) 
in Eq. (17.3.11) with C 3 = 0 as determined earlier: 

njtx 


4 >„(x) = C 1 sin 


L 


(17.3.16) 
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(f> 2 (x) = sin(2juc/L) 



4ji 2 [ e [ 
L 2 V m 


03(jc) = sin(37l.v/L) 



9ti 2 /e/~ 
L 2 V 


Figure 17.3.1 Natural vibration modes and 
frequencies of uniform simply supported 
beams. 


The value of C\ is arbitrary; C 1 = 1 will make the maximum value of o n (x) equal to unity. 
These natural modes are shown in Fig. 17.3.1. 

For a simply supported uniform beam, we have determined an infinite series of 
modes each with its vibration frequency. Equations (17.3.15) and (17.3.16) and Fig. 17.3.1 
tell us that the first mode is a half sine wave and that its frequency u>\ = jt 2 (EI /mL 4 ) 1 ^ 2 . 
The second mode is a complete sine wave with frequency a >2 = 4a> \; the third is one and a 
half sine waves with frequency a> 3 = 9uj \; and so on. 


17.3.2 Uniform Cantilever Beam 

In this section the natural vibration frequencies and modes of a uniform cantilever beam 
are determined. At the clamped end, x — 0, the displacement and slope are zero. Thus 
Eq. (17.3.9) gives 

u(0, f) = 0 =r- </>(0) = 0 =>■ C 2 + C 4 — 0 =>■ C 4 — —C 2 (17.3.17a) 

u'( 0, 0 = 0=^ 4>(Q) = 0 jS(Ci +C 3 ) = O^C 3 = -Cl (17.3.17b) 

At the free end, x = L, of the cantilever the bending moment and shear are both zero. 
Thus, from Eqs. (17.3.9) and after using Eq. (17.3.17), we obtain 
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M(L,t) = 0=^ Elf(L) = 0 

Ci(sin PL + sinh/ii) + C 2 (cos PL + cosh/JL) = 0 (17.3.18a) 

V(L, 0 = 0=^ EI(j)'"(L) = 0 

=2 Ci(cos/J L + cosh /3L) + Ci{— sin /3L + sinh PL) = 0 (17.3.18b) 


Rewriting Eqs. (17.3.18a) and (17.3.18b) in matrix form yields 


sin PL + sinh/lL 

cos PL + cosh PL 

' Ci ' 


'o' 

cos PL + cosh PL 

— sin PL + sinh PL 

_ C 2 _ 


_0_ 


Equation (17.3.19) can be satisfied by selecting both C\ and C 2 equal to zero, but this 
would give a trivial solution of no vibration at all. For either or both of C\ and C 2 to be 
nonzero, the coefficient matrix in Eq. (17.3.19) must be singular (i.e., its determinant must 
be zero). This leads to the frequency equation: 

1 + cos /3L cosh PL = 0 (17.3.20) 

No simple solution is available for PL, so Eq. (17.3.20) is solved numerically to obtain 


P n L = 1.8751, 4.6941, 7.8548, and 10.996 (17.3.21) 

for n = 1,2, 3, and 4. For n > 4, P„L — (2 n — \)n/2. Equation (17.3.8) then gives the 
first four natural frequencies: 

3.516 [eT 22.03 [~EI 61.70 [eT 

m 


co 1 


a>2 


CO 3 


L 2 V m L 2 V m J L 2 

Corresponding to each value of /!„ L , the natural vibration mode is 
4 > n (x) = Ci 


a>4 


120.9 I El 
m 


L 2 


(17.3.22) 


• n a cosh^„L + cos/3„L . ' 

cosh p n x — cos p n x - ; - ; -(sinh p n x — sin p n x) 


sinh p n L + sin ft,, L 


(17.3.23) 



Figure 17.3.2 Natural vibration modes and frequencies of uniform cantilever beams. 
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where C\ is an arbitrary constant. To arrive at Eq. (17.3.23), C 2 is expressed in terms of C\ 
from Eq. (17.3.18a) and substituted in the general solution, Eq. (17.3.9), and Eq. (17.3.17) 
is used. The first four natural vibration modes are shown in Fig. 17.3.2. 

Derivation 17.1 

The solution of the fourth-order ordinary differential equation (17.3.7) is of the form 

4>(x ) = Ae ax (a) 

where A is an arbitrary constant. Substituting for rj>(x) and its fourth derivative in Eq. (a) 
yields the characteristic equation 

a 4 - p A = 0 or (a 2 - p 2 )(a 2 + p 2 ) = 0 (b) 

which gives a = ±/S and a = ±i/J. Thus the general solution of Eq. (17.3.7) is 

<j)(x) = A\e'P x + Ase - '^ + A^ x + A^e - ^ (c) 

Equation (c) can be rewritten as Eq. (17.3.9) because 

e±P x — cosh fix ± sinh fix e ±, ^ x = cos fix ± i sin fix (d) 


17.3.3 Shear Deformation and Rotational Inertia 


In the preceding derivation of the equation of motion for the transverse vibration of a 
beam, the inertial moment associated with rotation of the beam sections was ignored in 
Eq. (17.1.2), and only the deflection associated with bending stress in the beam was in¬ 
cluded in Eq. (17.1.3), thus ignoring the deflection due to shear stress in the beam. The 
analysis of beam vibration, including both the effects of rotational inertia and shear defor¬ 
mation, is called the Timoshenko beam theory. 

The following equation governs such free vibration of a uniform beam with m(x ) = 
m and EI(x ) = El: 


3 2 u 3 4 u 

m —- + El —r — mr 
3 1 2 dx 4 


2 



3 4 u 
dx 2 dt 2 


m 2 r 2 3 4 u 
kGAHt 4 


(17.3.24) 


where G is the modulus of rigidity, r = -JI / A is the radius of gyration of the beam cross 
section, A is the area of cross section, and k is a constant that depends on the cross-sectional 
shape and accounts for the nonuniform distribution of shear stress across the section. The 
constant k is derived for various cross-sectional shapes in textbooks on solid mechanics 
(e.g., k is g for rectangular cross section and for circular cross section). 

Consider a beam with both ends simply supported. Assuming a solution of the form 
u(x, t) = C sin(«7Tx/L) sinai' t, which satisfies the necessary end conditions, the fre¬ 
quency equation is obtained. Denoting a natural frequency of the beam by oJ n if shear and 
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rotational inertia effects are included, by co„ if these effects are neglected [Eq. (17.3.15)], 
and defining Q n = co' n /a > n , this frequency equation can be written as 


(1 - 





(17.3.25) 


If it is assumed that nr/L << 1, the (mrr/L) 4 term may be dropped and Eq. (17.3.25) 
reduces to 

o/ n = co n \ (17.3.26) 

y/1 + (nnr/DHl + E/kG) 

which implies that w' n < co n . The correction due to rotational inertia is represented by 
the term ( mrr/L ) 2 in the denominator, whereas the shear deformation correction appears 
as (mzr/L) 2 (E/kG). Thus the correction term for shear deformation is E/kG times 
larger than the rotational inertia correction term. For steel beams of rectangular cross 
section, E/kG is approximately 3.2. Values of Q n = w' n /(o n are plotted in Fig. 17.3.3 
using the solution of Eq. (17.3.25), a quadratic equation in £2 2 , for three values of E/kG ; 
these results are valid for all natural frequencies because n is included in the abscissa 
scale. Similar results are presented in Fig. 17.3.4 for the first five natural frequencies 
of a beam with E/kG = 3.2. Also included is the approximate value of the frequency 



0.0 0.2 0.4 0.6 0.8 1.0 


nr/L 

Figure 17.3.3 Influence of shear deformation and rotational inertia on natural frequencies 
of simply supported beams. 
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Figure 17.3.4 Influence of shear deformation and rotational inertia on natural frequencies 
of simply supported beams. 


given by Eq. (17.3.26). When nr/L < 0.2 the error in the approximate equation is less 
than 5%. 

Shear deformation and rotational inertia have the effect of lowering the natural fre¬ 
quencies, as shown in Figs. 17.3.3 and 17.3.4. For a fixed value of the slenderness ratio 
L/r of the beam, the frequency reduction due to shear deformation and rotational inertia 
increases with the E/kG value and with mode number. The latter observation implies that 
while the corrections due to shear deformation and rotational inertia may be unimportant 
for the fundamental natural frequency, they could be significant for the higher frequencies. 
For a fixed value of E/kG and mode number, the frequency reduction increases with r/L, 
implying its significance for less slender or stubby beams. From the results presented one 
can estimate whether these corrections need to be included in a particular problem. For 
earthquake response analysis of many practical structures, these corrections are not signif¬ 
icant, but it is important to realize that these corrections do exist. If significant, they can be 
included in the finite element formulation for practical structures which are not amenable 
to solution as infinite-DOF systems. 


17.4 MODAL ORTHOGONALITY 

In this section we derive the orthogonality properties of natural vibration modes of systems 
with distributed mass and elasticity. For convenience, the derivation is restricted to single¬ 
span beams with hinged, clamped, or free ends and without any lumped mass at the ends, 
although the final result applies in general. 
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The starting point for this derivation is Eq. (17.3.6), which governs the natural fre¬ 
quencies and modes; for mode r, 

[El (x)4>''(x)Y = coj.m(x)(/) r (x) (17.4.1) 

Multiplying both sides by </>„ (x) and integrating from 0 to L gives 

f <p n (x) [£/(jt)^y Mf dx = cof. [ m(x)cj) n {x)<j) r {x) dx (17.4.2) 

Jo Jo 

The left side of this equation is integrated by parts; applying this procedure twice leads to 


J <j>„(x) [EI(x)</)"(x)]" dx = 1 (x)[EI(x)cj>"(x)]' 


#,(*)[£/(*)#'(*)] 


f 


EI(x)<j)'J l (x)(f>"(x) dx 


(17.4.3) 


It is easy to see that the quantities enclosed in {■ • •} are zero at x — 0 and L if the ends of the 
beam are free, simply supported, or clamped. This is true at a clamped end because <f> — 0 
and <fj = 0, at a simply supported end because <j> = 0 and the bending moment is zero (i.e., 
EI<j)" = 0), and at a free end because the bending moment is zero (i.e., EI<j>" = 0) and the 
shear force is zero [i.e., ( EI<j>")' = 0]. With the quantities in {• ■ •} set to zero, Eq. (17.4.3) 
substituted in Eq. (17.4.2) gives 


f 


EI{x)4ln{x)4lr(x) dx = 


= 4 /' 

Jo 


m (x ) <p n (x ) 4> r (x ) d x 


(17.4.4) 


Similarly, starting with Eq. (17.3.6) written for mode n, multiplying both sides by 
-(x), integrating from 0 to L, and using integration by parts twice leads to 


/' 


EI{x)(j)l(x)(t)l{x)dx = 


= <4 

Jo 


m(x)(j) n (x)(j) r (x) dx 


(17.4.5) 


Subtracting Eq. (17.4.4) from Eq. (17.4.5) gives 

t* L 


? f L 

(col ~ °Jr) / m(x)(j) n (x)(j) r (x) dx = 0 

Jo 


Therefore, if co n ^ co r , 


f 


m(x)(j)„(x)4> r (x) dx — 0 


and this substituted in Eq. (17.4.2) leads to 

fL 


[ 4>„(x) [EI (x)(j)"(x)Y dx — 0 
Jo 


(17.4.6a) 


(17.4.6b) 


Equations (17.4.6a) and (17.4.6b) are the orthogonality relations for the natural vibration 
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modes. If a system has repeated frequencies, modes (!> n (x) still exist such that any two 
modes, n ^ r, satisfy the orthogonality relations even if co n = co r . 


17.5 MODAL ANALYSIS OF FORCED DYNAMIC RESPONSE 


We now return to the partial differential equation (17.1.4), which is to be solved for a given 
applied force p{x, t ). Assuming that the associated eigenvalue problem of Eq. (17.3.6) has 
been solved for the natural frequencies and modes, the displacement due to each mode is 
given by Eq. (17.3.2) and the total displacement by 


= y ^4> r (x)q r (t) 


(17.5.1) 


r= 1 


Thus the response u(x, t) has been expressed as the superposition of the contributions of 
the individual modes; the rth term in the series of Eq. (17.5.1) is the contribution of the rth 
mode to the response. 

We will see next that Eq. (17.1.4) can be transformed to an infinite set of ordinary 
differential equations, each of which has one modal coordinate q n (t ) as the unknown. Sub¬ 
stituting Eq. (17.5.1) in Eq. (17.1.4) gives 

OO OO 

'Y^m(x)cj) r (x)q r (t) + ^ [El(x)<p"(x)]"q r (t) = p(x, t ) 

r= 1 r= 1 

Now we multiply each term by <j)„(x ), integrate it over the length of the beam, and inter¬ 
change the order of integration and summation to get 

oo „L 00 pL 

'Em ] m (x)<t> n (x)(t> r (x) dx + T: q r ( t) j 4>„{x) \EI (x)<j>"(x)]" dx 


r =1 


r =1 


= / p(x,t)c/) n (x)dx 
Jo 

By virtue of the orthogonality properties of modes given by Eq. (17.4.6), all terms in each 
of the summations on the left side vanish except the one term for which r = n, leaving 

q n (t) / m(x) [0nO)] 2 dx + q n (t) / (j) n (x) [EI(x)^(x)]" dx = / p(x,t)cj) n (x) dx 

Jo Jo Jo 

This equation can be rewritten as 

M n q n (t) + K„q n (t) = P„(t) (17.5.2) 

where 

M n = f m(x) [4> n (x)] 2 dx K n = f </> n (x) [El(x)cj)"(x)]'' dx 
Jo Jo 


L 


Pn(f)= / p{x, t)<j>„(x) clx 


(17.5.3) 
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If each end of the beam is free, hinged, or clamped, Eq. (17.4.3) and subsequent discussion 
gives an alternative equation for K„: 

pL 

K n = EI(x)[^(x)fdx (17.5.4) 

JO 

The generalized mass M n and generalized stiffness K n for the nth mode are related: 

K n = «f n M n (17.5.5) 

This relation can be derived by writing Eq. (17.4.1) for the nth mode, multiplying both 
sides by 4> n (x), integrating over 0 to L, and utilizing the definitions of M n and K„. The term 
P„(t ) in Eq. (17.5.2) is called the generalized force for the nth mode. Equa¬ 
tion (17.5.2) governs the nth modal coordinate q„(t), and the generalized properties M„, 
K n , and P n (t ) depend only on the nth mode & n (x). 

Thus we have an infinite number of equations like Eq. (17.5.2), one for each mode. 
The partial differential equation (17.1.4) in the unknown function n(x, r) has been trans¬ 
formed to an infinite set of ordinary differential equations (17.5.2) in unknowns q„(t). 
Recall that the same equations (12.3.3), N in number, were obtained for /V-DOF systems. 

For applied dynamic forces defined by p(x, t), the motion u(x. t ) of the system can 
be determined by solving the modal equations for q n (t). The equation for each mode is 
independent of the equations for all other modes and can therefore be solved separately. 
Furthermore, each modal equation is of the same form as the equation of motion for an SDF 
system. Thus the results obtained in Chapters 3 and 4 for the response of SDF systems to 
various dynamic forces—harmonic force, impulsive force, etc.—can be adapted to obtain 
solutions q n (t) for the modal equations. 

Once the q„(t) have been determined, the contribution of the nth mode to the dis¬ 
placement n(x, f) is given by 


m„(x, t ) = cf>„(x)q n (t) (17.5.6) 

The total displacement is the combination of the contributions of all the modes: 

OO OO 

m ( x , t) = E n„(x, t ) = E 0n(x)q n (t) (17.5.7) 

n =1 n =1 

The bending moment and shear force at any section along the length of the beam are 
related to the displacements u{x) as follows: 

M(x) = EI(x)u"(x) V(x) = [EI(x)u"(x)]' (17.5.8) 

These static relationships apply at each instant of time with n(x) replaced by u„ (x, f), 
which is given by Eq. (17.5.6). Thus the contribution of the nth mode to the internal forces 
is given by 

M n (x, t) = El (x)</>"(x)<7„(t) V„(x, t) = [EI(x)(t>" l (x)]' q„(t) 


(17.5.9) 
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Combining the contributions of all modes gives the total internal forces: 

OO OO 

M(x,t) = = J2 E K x )K( x )qn(t ) (17.5.10a) 

n= 1 n— 1 

OO OO 

V(x,t) = J2 V n(x,t) = J2[ EI M^(x)]'q n ( t ) (17.5.10b) 

n =1 n—l 


Example 17.1 

Derive mathematical expressions for the dynamic response—displacement and bending 
moments—of a uniform simply supported beam to a step-function force p a at distance (? from 
the left end (Fig. E17.1). Specialize the results for the force applied at midspan. 


P 


Po 


4 

5 r 

m, El 


0 

t 

1 

+— 

L 

-+ 




(a) 


(b) 


Figure E17.1 


Solution 

1. Determine the natural vibration frequencies and modes. 

n 2 :t 2 El nnx 

(On = —pr\ — <Pn(x) = sin — — 
L- V m L 


(a) 


2. Set up the modal equations. Substituting 4> n (x) in Eq. (17.5.3a) gives M„, which is 
substituted in Eq. (17.5.5) together with to 2 to get K n : 


M„ = 


mL 


K„ = 


n 4 jt 4 El 


(b) 


2 ““ 2L 3 

Substituting p(x, t) = p 0 S(x — f), where S(x — (?) is the Dirac delta function centered at (?, 
in Eq. (17.5.3c) gives 

P„(0 = Po</>n(£) (c) 


Then the nth modal equation is 


+ K n q n (f) — j>o On (f) 


(d) 
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M 


3. Solve the modal equations. Equation (4.3.2) describes the response of an SDF system 
to a step force. We will adapt this solution to Eq. (d) by changing the notation u{t) to q n (t) 
and noting that (u st ) 0 = Po<t>n(&/K n . Thus 


q n (t) = 


Po<A«(?) 


K 


n 


(1 — COS 0)„?) = 


IpoO </>„(£) 

n 4 EI n 4 


(1 — cos a> n t) 


(e) 


Substituting Eq. (e) in Eq. (17.5.7) and noting that 4> n (x) is known from Eq. (a), we obtain the 
displacement response u(x, t). 

4. Specialize for ^ = L/2. Substituting f = L/2 in Eq. (e) and the latter in Eq. (17.5.7) 

gives 


u(x, t) = 


2 PoL 4 

n 4 El 


£ 

n= 1 


0„(L/2) . mix 

--- (1 — cos co n t) sin- 


(f) 


where 


n = 2, 4, 6 , ... 
n = 1,5,9,... 
n = 3,7. 11, ... 


(g) 


from Eq. (a) and Fig. 17.3.1. Substituting Eq. (g) in Eq. (f) gives 


u(x, t) = 


2 PoL 3 

n 4 El 


1— COSO)l? JTX 1—COS 0)3? 3 7TX 

-sin-sin- 

1 L 81 L 


1 — cos cost 5 TtX 1 

4 -sin- 

625 L 2401 


COS 0)7? IjTX 

stn —— + • 


00 


The displacement at midspan is 


-,t = 


2 p 0 L 4 /l— cosotif 1—cosa> 3 ? 1— cosayf 1— cosarjt 


n 4 EI 


1 


+ 


81 


625 


+ 


2401 


+ ■ 


(i) 


The coefficients 1,81, 625, 2401, and so on, in the denominator suggest that the first-mode 
contribution is dominant and that the series converges rapidly. 

The bending moments are obtained by substituting Eq. (h) in Eq. (17.5.9a): 


2 p a L ( 1— COS 0 ) 1 ? 71 x 1—cos 0 ) 3 ? 37 xx 

M(x, t) =-r— I -sin-— sin- 

jv 2 V 1 L 9 L 


1 —cos 0 ) 5 ? 57 ? jc 1 —cos 0 ) 7 ? Inx 

-\ -sin-sin- 1 - • 

25 L 49 L 


(j) 


The bending moment at midspan is 


2 ^ 


2 p a L I 1 — cos o)i? 1 


1 


cos 0)3? 1 — cos 0)5? 1 — COS 0)7? 


25 


49 


(k) 


This series with n 2 in the denominator converges slowly compared to Eq. (i) with n 4 in the 
denominator. This difference implies that higher modes contribute more significantly to forces 
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than to displacements, a result consistent with the conclusions of Chapters 12 and 13 for 
discretized systems. 

Example 17.2 

A simply supported bridge with a single span of length L has a deck of uniform cross section 
with mass m per feet length and flexural rigidity El. A single wheel load p 0 travels across 
the bridge at uniform velocity of v, as shown in Fig. E17.2a. Neglecting damping, determine 
an equation for the deflection at midspan as a function of time. 


<N CO 



0 50 100 150 200 

1 - 1 - 1 - J - 1 -► Location of load, ft 



Time t, sec 


(c) 


The properties of a prestressed concrete box girder elevated freeway connector are 
L = 200 ft, m = 11 kips/g per foot, I = 700 ft 4 , and E = 576,000 kips/ft 2 . If v = 55 mph, 
determine an equation for the deflection at midspan as a function of time. Also determine the 
maximum value of deflection over time. 


Solution We assume that the mass of the wheel load is small compared to the bridge mass, 
and it can be neglected. 

1. Determine the natural vibration frequencies and modes. 

n 2 n 2 / El nnx 

(o n = —prJ — <Pn(x) = sin —— (a) 

ZA V m L 


2 . Determine the generalized mass and stiffness. Substituting 4> n ( x ) in Eq. (17.5.3a) 
gives M n , which is substituted in Eq. (17.5.5) together with a> 2 to get K n : 


n 4 n 4 EI 


M, 


mL 

~Y 


K, 


2 L 3 


(b) 
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3. Determine the generalized force. A load p 0 traveling with a velocity v takes time 
t d = L/v to cross the bridge. At any time t the position is as shown in Fig. El7.2a. Thus the 
moving load can be described mathematically as 


p{xJ)= \Po^~vt) 0 <t <t d 
1 1 0 t>t d 


(c) 


where <5 (jc — vt) is the Dirac delta function centered at x = vt. Substituting Eq. (c) in 
Eq. (17.5.3c) gives 


I fo P° S( ~ X ~ vt ^ n M dx 0<t<t d 
l 0 t > t d 

\Po<t>n(vt) 0 < t < t d 

1 0 t > t d 

1 p 0 sin (mzt/t d ) 0 < t < t d 

l 0 t > t d 


(d) 


This generalized force is shown in Fig. E17.2b; for the nth mode, it consists of n half-cycles 
of the sine function. 

4. Set up modal equations. 


MndnO T K n q n (t) — Pn 0) 


(e) 


where M„, K „, and P n (t) are given by Eqs. (b) and (d). P n (t) represents n half-cycles of 
a sine function. To solve these modal equations, we first determine the response of an SDF 
system to such an excitation. 

5. Response of SDF system to n half-cycles of p(t) = p a sin cot. The equation of motion 
is 


mu + ku=\ P ° sin{nnt/td) '- td (f) 

l o t > td 

During t < td, the force is the same as the harmonic force p(t ) = p 0 sin cot considered earlier 
with frequency: 


co = 


nn 

td 


njtv 

~r 


(g) 


The response is given by Eq. (3.1.6b), which is repeated here for convenience, with (u s t) 0 = 

Polk'. 


«(0 

( M st )o 


1 

1 - (c ojcDn ) 2 


( . 01 . 

I sin ait -sin 

V oi n 



t < t d 


(h) 


After the force ends (i.e., t > t d ) the system vibrates freely with its motion described by 
Eq. (4.7.3). The displacement u(t d ) and velocity u(t d ) at the end of the excitation are 
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determined from Eq. (h): 


u(td) 
( M st )o 


—Ql/a> n 
1 - ( co/a>„) 2 


sin (On td 


(il) 


u(fd) 


( M st)c* 1 (.00 / 0J n 

Substituting Eqs. (i) in Eq. (4.7.3) gives 
u(t) oo/ao n 


[(-!)" - COS<B„fd] 


(«st)o 1 - (to/(tin) 2 


[(-!)" sin oin(t - td) - sin a> n t\ t > tj 


(i2) 


a) 


6. Solve modal equations. The solution of Eq. (f) is given by Eqs. (h) and (j). We will 
adapt this solution to the modal equations (e) by changing the notation u(t) to q n (t) and noting 
that 


L . . Po Pno 2 p 0 

td = ( u st)o — i = „ = y 

v k K,, mLa)„ 

where co n and to are given by Eqs. (a) and (g), respectively. The results are 


q„(t) = 


2 Po 


1 


mL co% — (nnv/L)- 


nnvt 


u>„ L 


sin co n t 


t < L/v 


(k) 


2 Po 1 nnv r „ n 

q,i(t) = — - - ~z — r (-1) sinft>„(r - L/v) - sinw„r t > L/v (1) 

mL aoi - (mtv/LY oo n L 

This solution is valid provided that ao n Y nnv/L or T n Y 2L/nv. Note that when specialized 
for n = 1, Eqs. (k) and (1) reduce to Eqs. (g) and (h) of Example 8.4. 

7. Determine the total response. The displacement response of the beam is given by 
Eq. (17.5.7): 


oo 

u(x,t) = <j>n(x)q n (t ) 

n =1 


where tjo n (x) is given by Eq. (a) and q„(t) by Eqs. (k) and (1). 

8. Determine deflection at midspan. Substituting x = L/2 in Eq. (m) gives 


(m) 


oo 

M(L/2,f) = ^<A«(i/2)?„(f) (n) 

n= 1 


where 

n = 2, 4, 6, ... 

n = 1, 5, 9, ... (o) 

n = 3, 7, 11, ... 

Equation (o) indicates that the even-numbered modes, the antisymmetric modes, do not con¬ 
tribute to the midspan deflection. 
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9. Numerical results. For the given prestressed concrete structure and vehicle speed: 


m 

11 

“ 322 

= 0.3416 kip-sec 2 /ft 2 


EI 

= 576,000 x 700 = 4.032 x 10 s 

! kip-ft 2 


7T 2 

/ 4.032 x 10 8 



— - 

J - 8.477 

rad/sec 

200 2 

Y 0.3416 



T\ — 0.74 sec 
a> n = rT a>\ 


v = 55 mph = 80.67 ft/sec 


TCV 

~L 


1.267 


td 


L 

v 


200 

80.67 


= 2.479 sec 


Because the duration of the excitation tj = L/v is greater than T n /2 for all n, the maximum 
response occurs while the moving load is on the bridge span. This phase of the response is 
given by Eqs. (k) and (n): 


u(L/2, t) = 


2 Po 


;£ 


ML/ 2 ) 


(0.3416)200 ^ (8.477/r 2 ) 2 - (1.267n) 2 


d=i 


1.267/7 , 

sin 1.267 nt -= sin 8.477//"t 

8.477n 2 


Po 


£ 


ML/2) 


2454.7 ^ /7 4 (1 - 0.02234//7 2 ) 

n=l 


0.1495 ^ 

sin \.2(2nt -sin 8.477/i“t 


(P) 


Equation (p) is valid for 0 < t < 2.479 sec. The values of midspan deflection calculated 
from Eq. (p) at many values of t are shown in Fig. E17.2c; the maximum deflection u 0 — 
1.1869p 0 /2454.7 is attained when the moving load is near midspan. This deflection is only 
17% larger than the static deflection (= p 0 L 3 /48£/) due to a stationary load p a at midspan, 
implying that the dynamic effects of a moving load are small. 

Also shown is the result considering only the contribution of the first vibration mode 
[i.e., the n = 1 term in Eq. (p)]. (Recall that this was the result obtained in Example 8.4.) It is 
clear that the response contributions of higher modes are negligible. 


17.6 EARTHQUAKE RESPONSE HISTORY ANALYSIS 

As shown earlier, when the excitation is acceleration u g (t) of the supports, the equation of 
motion for a beam is the same as for applied force p(x, t) except that this force is replaced 
by Pes(x, t) given by Eq. (17.2.4). Thus the modal analysis procedure of Section 17.5 can 
readily be extended to the earthquake problem. 

From Eq. (17.2.4) the effective earthquake forces are 


p eS (x, t ) = —m(x)u g {t) 


(17.6.1) 
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The spatial distribution of these forces is defined by m(x). This force distribution can 
be expanded as a summation of inertia force distributions s n (x) associated with natural 
vibration modes (see Section 12.8): 

OO OO 

m(x) = s r (x) = r r m(x)(j> r (x ) (17.6.2) 

r= 1 r= 1 

Premultiplying both sides by 4>„(x), integrating over the length of the beam, and utilizing 
modal orthogonality with respect to the mass distribution, Eq. (17.4.6a), leads to 

L h f L 

r„ = —- where L h = / m(x)6 n (x) dx (17.6.3) 

M„ Jo 

The contribution of the nth mode to m (x) is 

s n (x) = r n m(x)(j) n (x) (17.6.4) 


Observe that these modal expansion equations for a distributed-mass system are similar to 
the corresponding equations (13.2.2) and (13.2.4) for lumped-mass systems. 

For uniform cantilever towers with mass m per unit length the modal expansion 
of Eq. (17.6.2) is as shown in Fig. 17.6.1. The functions s n (x) were evaluated from 
Eq. (17.6.4) using Eqs. (17.6.3) and (17.5.3a) and the 4>„(x) given by Eqs. (17.3.23) and 
(17.3.21). 




Figure 17.6.1 Modal expansion of effective earthquake forces for uniform towers. 


Returning now to the modal analysis procedure of Section 17.5, p(x, t) in 
Eq. (17.5.3c) is replaced by p e ff(x, t ) given by Eq. (17.6.1), to obtain 

P n {t) = -L h n u g {t) (17.6.5) 

Substituting Eq. (17.6.5) in Eq. (17.5.2), dividing by M„, and using Eqs. (17.5.5) and 
(17.6.2a) gives the modal equations of an undamped tower subjected to earthquake excita¬ 
tion: 

q n + — F/i tig {t) 


(17.6.6) 
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For classically damped systems, Eq. (17.6.6) becomes 

cjn “F —in0) f! (jn ~F = E n Wg(?) (17.6.7) 

where £„ is the damping ratio for the nth mode. This is the same as Eq. (13.1.7) de¬ 
rived earlier for A'-DOF systems, except that L h n and M n that enter into F„ are now given 
by Eqs. (17.6.3) and (17.5.3), respectively. As shown in Section 13.1.3, the solution of 
Eq. (17.6.7) is 


q n {t) = T„ D n (t) (17.6.8) 

where D n (1) is the deformation response of the nth-mode SDF system. This is an SDF 
system with vibration properties—natural frequency w n and damping ratio £„—of the nth 
mode of the distributed-mass system. Thus q n ( t ) is readily available once the SDF system 
response has been determined by the methods of Chapter 6. The contribution of the nth 
mode to the earthquake response of the tower can be expressed in terms of D n (t). Substi¬ 
tuting Eq. (17.6.8) in Eqs. (17.5.6) and (17.5.9) gives the displacements, bending moments, 
and shear forces due to the nth mode: 

u n (x, t ) = F „c/) n (x)D l ,(t) (17.6.9) 

M„(X, t ) = r n EI(x)</>"(x)D„(t ) Vn(x, t ) = r„ [EI(x)^(x)]’ D n {t) (17.6.10) 

Alternatively, as in Chapter 13 for an A'-DOF system, the internal forces can be deter¬ 
mined from the equivalent static forces associated with displacements n„(x, t) computed 
from dynamic analysis. To derive an equation for these forces, we introduce a familiar 
equation from elementary beam theory relating deflections u(x) to applied forces fix). 
For a uniform beam 


EIu ly (x) — f{x) (17.6.11) 

where El is the flexural rigidity and n IV = d 4 u/dx 4 . The more general version of this 
equation applicable to nonuniform beams with flexural rigidity EI(x) is 

[EI(x)u"(x)]" = f(x) (17.6.12) 

Replacing u(x) by the time-varying displacements u n (x, t ) from Eq. (17.6.9) gives 

fn(x, t) = F„ [E!(x)<p';fx)]''D n (t) (17.6.13) 

which, by using Eq. (17.4.1) rewritten for the nth mode, becomes 

f n {x,t)=Snix)A n {t) (17.6.14) 

where s n {x) is given by Eq. (17.6.4), and A„{t), the pseudo-acceleration response of the 
/7th-mode SDF system, is given by Eq. (13.1.12), which is repeated: 

A n (t) = co 2 n D n (t) (17.6.15) 

Observe the similarity between Eqs. (17.6.14) and (13.2.7) for a lumped-mass system. At 
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any time instant the contribution r n (t) of the nth mode to any response quantity r(t )— 
deflection, shear force, or bending moment at any location of the beam—is determined by 
static analysis of the beam subjected to external forces f, (x, t), and can be expressed as 

r n (t) = r*A n (t) (17.6.16) 

The modal static response is determined by static analysis of the tower due to external 
forces s „(£) (Fig. 17.6.2). As shown in Fig. 17.6.1, these forces due to the fundamental 
mode all act in the same direction, but for the second and higher modes they will change 
direction as one moves up the tower. 



© = r 


Figure 17.6.2 Static problem to be solved 
to determine modal static responses. 


The modal static responses are presented in Table 17.6.1 for five response quantities: 
the shear V(x) at location x, the bending moment A4(x) at location x, the base shear 
V/, = V(0), the base moment Ml/, = Afl(O), and deflection u(x ). The first four equations 
come from static analysis of the system in Fig. 17.6.2. The result for u(x ) is obtained by 
comparing Eqs. (17.6.9) and (17.6.16) and using Eq. (17.6.15). Parts of the equations for 
Vf n and Mf n are obtained by substituting Eq. (17.6.4) for j„(f), using Eq. (17.6.3) for L(j, 
and defining 


m* = r„L! 


h* = ^ 
" L h 


L e n = I xm(x)(f>„(x) dx 

Jo 


(17.6.17) 


TABLE 17.6.1 MODAL STATIC RESPONSES 


Response, r 

Modal Static Response, 

V(x) 

V„ S, (X) = f;S n Q)d$ 

M(x) 


v b 

v*=f 0 L sn(S)ds = r n L* = M; 

M b 

Kn = lo d S = r nL° n = h*M* 

u{x) 

M*‘(x) = (T n /u>l)(j) n (x) 


Observe the similarity between the equations in Table 17.6.1 and those for a lumped-mass 
system in Table 13.2.1. The approach symbolized by Eq. (17.6.16) to determine shear and 
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moment is preferable over Eq. (17.6.10) because it avoids computation of the second and 
third derivatives of the mode shapes; obviously, both methods will give identical results. 

The base shear and base moment A4 bn (t) due to the nth mode are obtained 

by specializing Eq. (17.6.16) for V b and A 4b and substituting for V bn and M.fn f rom 
Table 17.6.1: 

VbJt) = M*A n (t) M b n(f) = h* n V bn {t ) (17.6.18) 


Because Eq. (17.6.18) is identical to Eqs. (13.2.12b) and (13.2.15b) for lumped-mass sys¬ 
tems, following Section 13.2.5, M* and h* may be interpreted as the effective modal mass 
and effective modal height for the nth mode. Observe that Eq. (17.6.17a and b) is iden¬ 
tical to Eq. (13.2.9a) for lumped-mass systems; the definitions of M n , L h n , and L e n differ, 
however, between distributed-mass and lumped-mass systems. 

The sum of the effective modal masses over all modes is equal to the total mass of 
the tower: 

00 nL 

J2 M n= / m(x)dx (17.6.19) 


and the sum of the first moments about the base of the effective modal masses M* located 
at heights h* is equal to the first moment of the distributed mass about the base: 


00 »Z 

E*x= / 

„=i J ° 


xm(x ) dx 


(17.6.20) 


These relations can be proven in the same manner as the analogous equations (13.2.14) 
and (13.2.17) for a lumped-mass system. In particular, Eq. (17.6.19) can be proven by 
integrating Eq. (17.6.2) over the height of the tower and using Eq. (17.6.3b). Similarly, 
Eq. (17.6.20) can be derived from the modal expansion of forces xm(x). 

The effective modal masses M* and effective modal heights h* for a uniform can¬ 
tilever tower are shown in Fig. 17.6.3; note that h* are plotted without their algebraic signs. 
M* and h* were determined from Eq. (17.6.17) using the known modes (Fig. 17.3.2). Ob¬ 
serve that the sum of M* for the first four modes gives 90% of the total mass of the tower. 


0.613mL 

o 


. m(x) = m 
—*- u g ( t) 


L 


0.188 mL 


0.065 mL 


1 


1 0.033 mL 


II 


Mode 1 


Figure 17.6.3 Effective modal masses and effective modal heights. 
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Combining the response contributions of all the modes the earthquake response of 
the system: 


oo oo 

r(f) = £>(f) = J2 r n A n(t) (17.6.21) 

n =1 n =1 

where Eq. (17.6.16) has been used for r n (t). This nth-mode contribution to the response 
can be determined from the modal static response (Table 17.6.1) and A„(f), the pseudo¬ 
acceleration response of the nth-mode SDF system, just as for A-DOF systems (Fig. 13.1.1). 


17.7 EARTHQUAKE RESPONSE SPECTRUM ANALYSIS 


The peak response of a distributed-mass system, such as a cantilever tower, can be es¬ 
timated from the earthquake response (or design) spectrum by procedures analogous to 
those developed in Chapter 13, Part B for lumped-mass systems. 

The exact peak value of the nth-mode response r n (t) is 

r no = C A„ (17.7.1) 

where A n = A(T„, £„) is the ordinate of the pseudo-acceleration spectrum corresponding 
to natural period T n and damping ratio . Alternatively, r no may be viewed as the result of 
static analysis of the tower subjected to external forces 

fno(x) = s n (x)A n (17.7.2) 


which are the peak values of the equivalent static forces f„(x, t) defined in Eq. (17.6.14). 

The peak value r a of the total response r(t) can be estimated by combining the modal 
peaks r, w according to one of the modal combination rules presented in Section 13.7.2. 
Because the natural frequencies of transverse vibration of a beam are well separated, the 
SRSS combination rule is satisfactory. Thus 


r 



(17.7.3) 


Example 17.3 

A reinforced-concrete chimney, 600 ft high, has a uniform hollow circular cross section with 
outside diameter 50 ft and wall thickness 2 ft 6 in. (Fig. E17.3a). For puiposes of earthquake 
analysis, the chimney is assumed clamped at the base and its mass and flexural stiffness are 
computed from the gross area of the concrete (neglecting the reinforcing steel). The elastic 
modulus for concrete E c = 3600 ksi, and its unit weight is 150 lb/ft 3 . Modal damping ratios 
are estimated as 5%. Determine the displacements, shear forces, and bending moments due 
to an earthquake characterized by the design spectrum of Fig. 6.9.5 scaled to a peak ground 
acceleration of 0.25g. Neglect shear deformations and rotational inertia. 
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Figure E17.3a, b 


Solution 

1. Determine the chimney properties. 


m = jr 


[25 2 - (22.5) 2 ]0.15 
32C2 


1.738 kip-sec 2 /ft 2 


El = (3600 x 144) ^ [25 4 - (22.5) 4 ] = 5.469 x 10 10 kip-ft 2 

2. Determine the natural vibration periods and modes. Equation (17.3.22) gives the nat¬ 
ural frequencies of vibration, and the corresponding periods, in seconds, are T\ = 3.626, Ti = 
0.5787, 73 = 0.2067, T\ = 0.1055, and so on. The natural modes, given by Eq. (17.3.23) 
with fi n L defined by Eq. (17.3.21), were evaluated numerically for many values of x and are 
shown in Fig. 17.3.2, normalized to unit value at the top. 

3. Compute the modal properties. With the mode shapes known, the properties M„, 
L*, L®, M*. and h* were obtained by numerically evaluating their respective integrals, and 
are presented in Table E17.3. 

4. Read the design spectrum ordinates. The design spectrum of Fig. 6.9.5 scaled to a 
peak acceleration of 0.25g is shown in Fig. E17.3b, wherein the pseudo-acceleration ordinates 
corresponding to the first four periods are noted: A„/g = 0.124, 0.678, 0.678, and 0.601. 

5. Compute the displacements. The peak displacements u no (x) due to the nth mode 
are given by Eq. (17.7.1), where the modal static response becomes u^(x) given in Ta¬ 
ble 17.6.1. Substituting known values of T (! , q )„(jt), <w 2 , and A n leads to u no (x), n = 1, 2, 
3, and 4, shown in Fig. E17.3c. At each location x these peak modal displacements are com¬ 
bined according to the SRSS rule, Eq. (17.7.3), to obtain an estimate of the total displacements 
u a (x), which are also shown. Observe that the total displacements are due primarily to the first 
mode. 
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25.0 


-1.93 


0.144 


-0.024 


25.1 



25 -25 


10.86 


-32.9 



40 -40 


0 

V lo 


25 -25 0 25 -25 0 

u lo u Ao 

(c) Lateral displacements, in. 


19.29 


-12.24 


V 


3 o 


V A . 


(e) Shears, 10 3 kips 



25 -25 0 25 

Total u n 



(d) Equivalent static forces, kips 




-6 0 
Total V 


-1.5 



0 1.5 -1.5 

M lo 


1.5 -1.5 


0 

M 


1.5-1.5 


3 o 


M 


4 o 


(f) Bending moments, 10 6 kip-ft 



1.5-1.5 0 1.5 

Total A4 n 


Figure E17.3c-f 
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TABLE E17.3 MODAL PROPERTIES 


Mode 

M n /m L 

Lj/mL 

r„ 

L s n /mLr 

1 

0.2500 

0.3915 

1.5660 

0.2844 

2 

0.2500 

-0.2170 

-0.8679 

-0.0454 

3 

0.2500 

0.1272 

0.5089 

0.0162 

4 

0.2498 

-0.0909 

-0.3637 

-0.0082 


6. Determine the modal expansion of m(x), Eq. (17.6.2). With 4> n {x) known from 
Fig. 17.3.2 and T„ from Table E17.3, the functions .s„(x) are determined from Eq. (17.6.4). 
Actually, these were presented in Fig. 17.6.1. 

7. Compute the equivalent static forces for the nth mode. These forces f n o{x) are 
determined from Eq. (17.7.2) using the s n (x ) of Fig. 17.6.1 and the A„ values of Fig. El7.3b. 
The results for the first four modes are shown in Fig. E17.3d. 

8 . Compute the shears and bending moments. For each mode the peak values of shears 
and bending moments at location x are computed by static analysis of the chimney subjected to 
forces fno(x). The resulting shears and bending moments due to the first four modes are shown 
in Fig. E17.3e and f. At each section x, these modal responses are combined by the SRSS 
rule [Eq. (17.7.3)] to obtain an estimate of the total forces, which are also shown. Observe 
that the first two modes contribute significantly to the total response, with the second-mode 
contribution more significant for the shears than for moments. 

9. Compare with Rayleigh’s method. It is of interest to compare the results above 
considering response in four modes with the approximate solution using Rayleigh’s method 
(Example 8.3). The approximate analysis predicts the displacements reasonably well but not 
the bending moments or shears. There are two reasons for the larger errors in forces: (a) The 
approximate results differ from the exact response due to the first mode because the assumed 
shape function in Rayleigh’s method is an approximation to this mode; this discrepancy in¬ 
troduces larger errors in forces than in displacements, (b) The second and higher modes, 
whose response contributions to forces are more significant than they are for displacements, 
are neglected in Rayleigh's method. 


17.8 DIFFICULTY IN ANALYZING PRACTICAL SYSTEMS 

It is evident that the dynamic response of systems with distributed mass and elasticity can 
be determined by the modal analysis procedure once the natural vibration frequencies and 
modes of the system have been determined. Both examples solved in Section 17.3 involved 
uniform beams, and we found the natural frequencies and modes analytically, although the 
frequency equation for the cantilever had to be solved numerically. This classical approach 
is rarely feasible if the flexural rigidity El or mass m vary along the length of the beam, 
several intermediate supports are involved, or the system is an assemblage of several mem¬ 
bers with distributed mass. In this section we identify some of the difficulties in obtaining 
analytical solutions for the above-mentioned systems. 

Consider a single-span beam with mass m(x) and flexural stiffness EI(x). To de¬ 
termine the natural frequencies and modes, we need to solve Eq. (17.3.6), which can be 
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rewritten as 

EI(x)(l) lv (x) + 2 EI\x)<t>'"{x) + EI"(x)<j>"{x) - o?m(x) 0 (x) = 0 (17.8.1) 

Because the coefficients EI(x), EI'(x), EI"(x), and m (x) of this fourth-order differential 
equation vary with x, an analytical solution is rarely feasible for or and 4>(x). Therefore, 
it is not practical to use the classical approach for practical problems in which EI(x) and 
m(x) may be complicated functions. 

In finding the natural frequencies and modes of a beam on multiple supports, the 
uniform segment between each pair of supports is considered as a separate beam with its 
origin at the left end of the segment. Equation (17.3.9) applies to each segment, there is 
one such equation for each segment, and the necessary boundary conditions are: 

1. At each end of the beam the usual boundary conditions are applicable, depending on 
the type of support. 

2. At each intermediate support the deflection is zero, and since the beam is continuous, 
the slope and the moment just to the left and to the right of the support are the same. 


This process quickly becomes unmanageable because of the four constants in Eq. (17.3.9), 
which must be evaluated in each segment. An analytical solution is rarely feasible for 
a) 2 and <j)(x), especially if the span lengths vary and m (x) and EI(x) vary within each 
segment, as would often be the case for a multispan bridge. 

Consider the two-member frame shown in Fig. 17.8.1. Each member is axially rigid 
and has uniform properties—flexural rigidity and mass—as indicated; however, 
they may differ from one member to the other. Each member is considered as a separate 
beam with its origin at one end. Equation (17.3.9) applies to each uniform member, there 
is one such equation for each member, and the necessary end and joint conditions are: 


1. At the supports of the frame the usual boundary conditions are applicable, depending 
on the type of support, resulting in four equations for the frame of Fig. 17.8.1: 

0d)(Li) = O 4>' m {Li) = 0 0 ( 2)(O) = O (// (2) (0) = 0 



Figure 17.8.1 
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2. At the joint the end displacements of the joining members should be compatible; this 
condition for axially rigid members gives 

0(1) (0) = 0 0(2)(i'2) = o 

3. At the joint the end slopes of the joining members should be compatible; thus 

</>'(,) ( 0 ) = ^ 2 )(L 2 ) 

4. At the joint the bending moments should be in equilibrium; thus 

)( 0 ) + El2</>yL 2 ) = 0 


A simple two-member frame requires setting up these eight conditions and the evaluation 
of eight constants. The process becomes unmanageable for a frame with many members. 

It should now be evident that the classical procedure to determine the natural frequen¬ 
cies and modes of a distributed-mass system with infinite number of DOF, is not feasible 
for practical structures. Such problems can be analyzed by discretizing them as systems 
with a finite number of DOFs, as discussed in the next chapter. 
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PROBLEMS 


17.1 Find the first three natural vibration frequencies and modes of a uniform beam clamped at 
both ends. Sketch the modes. Comment on how these frequencies compare with those of a 
simply supported beam. 

17.2 Find the first three natural vibration frequencies and modes of a uniform beam clamped at 
one end and simply supported at the other. Sketch the modes. 

17.3 Find the first five natural vibration frequencies and modes of a uniform beam free at both 
ends. Sketch the modes. Comment on how these frequencies compare with those for a beam 
clamped at both ends. (Hint. The first two modes are rigid-body modes.) 
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17.4 A weight W is suspended from the midspan of a simply supported beam as shown in 
Fig. P17.4. If the wire by which the weight is suspended suddenly snaps, describe the 
subsequent vibration of the beam. Specialize the general result to obtain the deflection at 
midspan. Neglect damping. 


m, El 



Figure P17.4 


17.5 Derive mathematical expressions for the displacement response of a simply supported uni¬ 
form beam to the force distribution shown in Fig. P17.5; the time variation of the force is a 
step function. Express the displacements u(x , t) in terms of the natural vibration modes of 
the beam. Identify the modes that do not contribute to the response. Specialize the general 
result to obtain the deflection at midspan. Neglect damping. 


P(t) 



+---+ Figure P17.5 

17.6 Derive mathematical expressions for the displacement response of a simply supported uni¬ 
form beam to the force distribution shown in Fig. P17.6; the time variation of the force is a 
step function. Express the displacements u(x, t) in terms of the natural vibration modes of 
the beam. Identify the modes that do not contribute to the response. Specialize the general 
result to obtain the deflection at quarter span. Neglect damping. 


Pit) 


S?. m, El 




Pit) 


Figure P17.6 


17.7 Solve Problem 8.25 considering all natural vibration modes of the bridge. 

17.8 Solve Problem 8.26 considering all natural vibration modes of the bridge. 

17.9 Prove that Eq. (17.6.19) is valid for a vertical cantilever beam. 

17.10 Prove that Eq. (17.6.20) is valid for a vertical cantilever beam. 
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17.11 A free-standing intake-outlet tower 200 ft high has a uniform hollow circular cross section 
with outside diameter 25 ft and wall thickness 1 ft 3 in. Assume that the tower is clamped 
at the base and that its mass and flexural stiffness are computed from the gross area of the 
concrete (neglecting reinforcing steel). The elastic modulus for concrete is 3600 ksi, and 
its unit weight is 150 lb/ft 3 . Modal damping ratios are estimated as 5%. Determine the top 
displacement, base shear, and base overturning moment due to an earthquake characterized 
by the design spectrum of Fig. 6.9.5 scaled to the peak ground acceleration of |g. Neglect 
shear deformations and rotational inertia. 
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Introduction to the 
Finite Element Method 


PREVIEW 

The classical analysis of distributed-mass systems with infinite number of DOFs is not 
feasible for practical structures, for reasons mentioned in Chapter 17. In this chapter, 
two methods are presented for discretizing one-dimensional distributed-mass systems: the 
Rayleigh-Ritz method and the finite element method. As a result, the governing partial 
differential equation is replaced by a system of ordinary differential equations, as many 
as the DOFs in the discretized system, which can be solved by the methods presented in 
Chapters 10 to 16. The consistent mass matrix concept is introduced and the accuracy 
and convergence of the approximate natural frequencies of a cantilever beam, determined 
by the finite element method using consistent or lumped-mass matrices, is demonstrated. 
The chapter ends with a short discussion on application of the finite element method to the 
dynamic analysis of structural continua. 


PART A: RAYLEIGH-RITZ METHOD 


18.1 FORMULATION USING CONSERVATION OF ENERGY 

Developed in Chapter 15 for lumped-mass systems, the Rayleigh-Ritz method is also 
applicable to systems with distributed mass and elasticity. It was for the latter class of 
systems that the method was originally developed by W. Ritz in 1909. The method, ap¬ 
plicable to any one-, two-, or three-dimensional system with distributed mass and elas¬ 
ticity, reduces the system with an infinite number of DOFs to one with a finite number of 
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DOFs. In this section we present the Rayleigh-Ritz method for the transverse vibration of a 
straight beam. 

Consider such a beam with flexural rigidity £7(x) and mass ni(x) per unit length, 
both of which may vary arbitrarily with position x. The deflections u(x) of the system are 
expressed as a linear combination of several trial functions \ /^(x): 

N 

u(x) = Zj j/j (x) = V(x)z (18.1.1) 

7=1 

where Zj are the generalized coordinates, which vary with time in a dynamic problem, z is 
the N x 1 vector of generalized coordinates, and the I x N matrix of trial functions is 

^(.x) = [f\(x) ir 2 (x) ■■■ f N {x)] 


Each trial function i jrj (x)—also known as Ritz function or shape function—must be admis¬ 
sible: that is, continuous and have a continuous first derivative, and satisfy the displacement 
boundary conditions on the system. All the trial functions must be linearly independent and 
are selected appropriate for the system to be analyzed. 

The starting point for formulation of the Rayleigh-Ritz method is the Rayleigh’s 
quotient [Eq. (8.5.11)] for a function </>(X) defined consistent with Eq. (18.1.1): 

4>(x) = V(x)X (18.1.2) 

Replacing i j/(x) in Eq. (8.5.11) by <j){x) and substituting Eq. (18.1.2) leads to 


where 


p(X) = 


v , N | /,x /w,/ 


k 


ij 



EI(x)f"{x)f"(x)dx 


r L 

m ^ = I m (x ) i/fj (x ) i /sj(x)dx 

Jo 


(18.1.3) 


(18.1.4) 


Rayleigh’s quotient cannot be determined from Eq. (18.1.3) because the N generalized 
coordinates Zi are unknown. Our objective is to find the values that provide the “best” 
approximate solution for the natural vibration frequencies and modes of the system. 

For this purpose we invoke the property that Rayleigh’s quotient is stationary in the 
neighborhood of the true modes (or true values of X), which implies that dp/dX ,• = 0— 
i = 1, 2, ..., N. We do not need to go through the details of the derivation because the 
p(X ) for distributed-mass systems, Eq. (18.1.3), is of the same form as that for discretized 
systems, Eq. (15.3.8). Thus the stationary condition onEq. (18.1.3) leads to the eigenvalue 
problem of Eq. (15.3.11), which is repeated here for convenience: 

kX = pmX (18.1.5) 

where k and m are square matrices of order N, the number of Ritz functions used to rep¬ 
resent the deflections n(x) in Eq. (18.1.1), with their elements given by Eq. (18.1.4). The 
original eigenvalue problem for distributed-mass systems, Eq. (17.3.6), has been reduced 
to a matrix eigenvalue problem of order N by using Rayleigh’s stationary condition. 
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The solution of Eq. (18.1.5), obtained by the methods of Chapter 10, yields N eigen¬ 
values pi, P 2 ,, Pn and the corresponding eigenvectors 

X n = (X i„ X 2n ••• X Nn ) T n — \, 2,.... N (18.1.6) 

The eigenvalues provide 

= VP~n (18.1.7) 

When arranged in increasing order of magnitude, o> n are upper bound approximations to 
the true natural frequencies co n of the system, that is, 

«„>&>„ h=1,2,...,N (18.1.8) 


Furthermore, an approximate frequency approaches the exact value from above as the num¬ 
ber N of Ritz functions is increased. The eigenvectors X„ substituted in Eq. (18.1.2) pro¬ 
vide the functions: 

N 

cf> n (x) = ^2x jn \l/j(x) = ^f(x)X n 77 = 1,2,...,# (18.1.9) 

7=i 

which are approximations to the true natural modes (f>„(x) of the system. The quality of 
these approximate results is generally better for the lower modes than for higher modes. 
Therefore, more Ritz functions should be included than the number of modes desired for 
dynamic response analysis of the system. Although the natural modes (j) n {x ) are approx¬ 
imate, they satisfy the orthogonality properties of Eq. (17.4.6)—as demonstrated for dis¬ 
cretized systems (Section 15.3.4)—and can therefore be used in modal analysis of the 
system as described in Sections 17.5 to 17.7. 


Example 18.1 


Find approximations for the first two natural frequencies and modes of lateral vibration of a 
uniform cantilever beam of Fig. E18.1a by the Rayleigh-Ritz method using the shape func¬ 
tions shown in Fig. E18.lb: 


\j/\ (x) = 1 — cos 


nx 
2 L 


fiix) = 1 


cos 


37 TX 

IT 


(a) 


(a) 


(b) 


(c) 



Figure E18.1 
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These functions are admissible because they are continuous, have a continuous first derivative, 
and satisfy the two displacement boundary conditions at the clamped end. However, they do 
not satisfy one of the force boundary conditions at the free end. Note that the two shape 
functions satisfy the requirement of linear independence. 

Solution 

1. Set up k and m. For the selected Ritz functions of Eq. (a), the stiffness coefficients 
are computed from Eq. (18.1.4a): 


k\\ — 

k\2 = 
^21 = 
ki2 = 


1 

7l 4 El 

16 

L 4 

9 

71 4 E1 

16 

L 4 

£12 

= 0 

81 

Tl 4 El 


L 


jrx\ z 
cos — dx = 


1 n 4 EI 


2 L, 


32 L 3 


nx 3nx 

cos — cos- dx — 0 

2 L 2 L 


16 L 4 


Jo (“" it ) 


81 n 4 EI 
32 L 3 


Similarly, the mass coefficients are determined from Eq. (18.1.4b): 

»L 

mu = i 


71X \ 3 

1 — cos — ) dx = 0.2268 mL 
2 L) 


m 12 = m 


=m J ( 


3 7tx , 

1 — cos- 1 dx = 0.5756 mL 

2 L 


rail = m 12 = 0.5756 mL 

" L 4 3ttx\~ 

m 22 — m I | 1 — cos _ | dx = 1.9244 mL 


1 I I 1 — cos- I 

Jo V 2L J 

Substituting Eqs. (b) and (c) in Eq. (18.1.5) gives 

n 0"||X 1 l__r 0.2268 0.5756] | X; 
Lo 81 J l X 2 J = P L 0.5756 1.9244J t X 2 


(bl) 

(b2) 

(b3) 

(b4) 

(cl) 

(c2) 

(c3) 

(c4) 

(d) 


where 

32m L 4 
' ~ 7T 4 EI p 

2. Solve the reduced eigenvalue problem. 

P! = 4.0775 p 2 = 188.87 



3. Determine the approximate frequencies from Eqs. (e) and (18.1.7). 


(e) 
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4. Determine the approximate modes from Eq. (18.1.9). 


7 / 

TCX \ 

( 3jtx \ 


7 XX 

3 TCX 

4>i (x) = y 
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+ 0.0321 1 - cos- 

1 = 1.0321 - 

COS - 
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7ZX 

3:rx 

4>2(x) = 

1 — COS - 


1 = 0.6152- 

cos — 

+ 0.3848 cos- 

2 L) 

' V 2L J 
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2 L 

2 L 


(gl) 

(g2) 


These approximate modes are plotted in Fig. El8.1c. 

5. Compare with the exact solution. The exact values for natural frequencies and modes 
of a cantilever beam were determined in Section 17.3.2. The exact frequencies are 


3.516 [El 22.03 I~eT 

oil = 7 J — u>2 = , 7 J — (h) 

V m V m 

Both approximate frequencies are higher than the corresponding exact values, and the error is 
larger in the second frequency. The exact modes are also plotted in Fig. El8.1c. It is clear that 
the approximate solution is excellent for the first mode but not as good for the second mode. 

The approximate value for the fundamental frequency in Eq. (h) is lower and hence 
better than the result obtained in Example 8.2 by Rayleigh’s method with i/oM as the only 
trial function. 


18.2 FORMULATION USING VIRTUAL WORK 


In this section the equation governing the transverse vibration of a straight beam due to 
external forces will be formulated using the principle of virtual displacements. At each 
time instant the system is in equilibrium under the action of the external forces p(x,t), 
internal resisting bending moments M(x, t ), and the fictitious inertia forces, which by 
D’Alembert’s principle are 

fj(x,t) = —m(x)u(x,t) (18.2.1) 

If the system in equilibrium is subjected to virtual displacements Su(x), the external virtual 
work SWe is equal to the internal virtual work <5 W /: 

SW I= SW E (18.2.2) 


Based on the development of Section 8.3.2, these work quantities are 


SW E = 


f L f L 

— I m(x)u(x, t)8u(x) dx + / p(x, t)8u(x) dx 

Jo Jo 


-L 


S Wj — I EI(x)u"(x,t)8[u"(x)]dx 


(18.2.3a) 


(18.2.3b) 


The displacements u(x, t ) are given by Eq. (18.1.1) and 8 u(x) is any admissible virtual 
displacement: 


Su(x) — fti(x) Szi 


i = 1,2, ..., N 


(18.2.4) 
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Substituting Eqs. (18.1.1) and (18.2.4) in Eq. (18.2.3) leads to 


N 

8 W E = -Szi ^2,'ijfhij + SziPiit ) 
7=1 
N 

<5W/ = Szi Y2 Zjkjj 
7=1 


where 



P,(t)= f 

Jo 

Substituting Eq. (18.2.5) in Eq. (18.2.2) 


m(x) \jfj ( x ) Vq (x ) dx 
EI{x)f"{x)f"(x)dx 
p(x, t)x[ri(x)dx 
gives 

N \ 


Szi 


7=1 


E 

7=1 


Z i^ij 


= SziPi(t) 


(18.2.5a) 


(18.2.5b) 


(18.2.6) 


(18.2.7) 


and Szi can be dropped from both sides because this equation is valid for any 8 zi . 

Corresponding to the N independent virtual displacements of Eq. (18.2.4), there are 
N equations like Eq. (18.2.7). Together they can be expressed in matrix notation: 


mz + kz = p(f) 


(18.2.8) 


where z is the vector of N generalized coordinates, m the generalized mass matrix with 
its elements defined by Eq. (18.2.6a), k the generalized stiffness matrix whose elements 
are given by Eq. (18.2.6b), and p(f) the generalized applied force vector with its elements 
defined by Eq. (18.2.6c). It is obvious from Eq. (18.2.6) that m and k are symmetric matri¬ 
ces. A damping matrix can also be included in the virtual work formulation if the damping 
mechanisms can be defined. The system of coupled differential equations (18.2.8) can be 
solved for the unknowns Zj(t) using the numerical procedures presented in Chapter 16. 
Then at each time instant the displacement u(x) is determined from Eq. (18.1.1). This is 
an alternative to the classical modal analysis of the system mentioned at the end of Sec¬ 
tion 18.1. 

The mass and stiffness matrices obtained using the principle of virtual displacements 
are identical to those derived in Section 18.1 from the principle of energy conservation, the 
concept underlying the original development of the Rayleigh-Ritz method. We will draw 
upon the virtual work approach when we introduce the finite element method in Part B of 
this chapter. 
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18.3 DISADVANTAGES OF RAYLEIGH-RITZ METHOD 

The Rayleigh-Ritz method leads to natural frequencies d>„ and natural modes <p n (x) that 
approximate the true values a> n and d> n (x), respectively, best among the admissible class of 
functions described by Eq. (18.1.1). However, the method is not practical for general appli¬ 
cation and automated computer implementation to analyze complex structures for several 
reasons: (1) It is difficult to select the Ritz trial functions because they should be suitable 
for the particular system and its boundary conditions. (2) It is not clear how to select addi¬ 
tional functions to improve the accuracy of an approximate solution obtained using fewer 
functions. (3) It may be difficult to evaluate the integrals of Eq. (18.2.6) over the entire 
structure, especially with higher-order trial functions. (4) It is computationally demanding 
to work with the matrices m and k because they are full matrices. (5) It is difficult to in¬ 
terpret the generalized coordinates, as they do not necessarily represent displacements at 
physical locations on the structure. These difficulties are overcome by the finite element 
method introduced next. 


PART B: FINITE ELEMENT METHOD 


The finite element method is one of the most important developments in applied mechanics. 
Although the method is applicable to a wide range of problems, only an introduction is 
included here with reference to systems that can be idealized as an assemblage of one¬ 
dimensional structural finite elements. The presentation, although self-contained, is based 
on the presumption that the reader is familiar with the finite element method for analysis 
of static structural problems. 


18.4 FINITE ELEMENT APPROXIMATION 

In the finite element method the trial functions are selected in a special way to overcome 
the aforementioned difficulties of the Rayleigh-Ritz method. To illustrate this concept, 
consider the cantilever beam shown in Fig. 18.4.1, which is subdivided into a number of 
segments, called finite elements. Their size is arbitrary; they may be all of the same size 
or all different. The elements are interconnected only at nodes or nodal points. In this 
simple case the nodal points are the ends of the element, and each node has two DOFs, 
transverse displacement and rotation. In the finite element method nodal displacements 
are selected as the generalized coordinates, and the equations of motion are formulated in 
terms of these physically meaningful displacements. 

The deflection of the beam is expressed in terms of the nodal displacements through 
trial functions i/f ( - (x) shown in Fig. 18.4.1. Corresponding to each DOF, a trial function is 
selected with the following properties: unit value at the DOF; zero value at all other DOFs; 
continuous function with continuous first derivative. No trial functions are shown for the 
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node at the clamped end because the displacement and slope are both zero. These trial 
functions satisfy the requirements of admissibility because they are linearly independent, 
continuous with continuous first derivative, and consistent with the geometric boundary 
conditions. The deflection of the beam is expressed as 

u(x) = M/l/r, (x) (18.4.1) 


Finite element 



Nodal point 



u j = 1 


#q(x) 




4 




# 3 (*) 


u 3 


= 1 






lW 


U N -1 _ 1 



&n(x) 



Figure 18.4.1 
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where u, is the nodal displacement in the / th DOF and t//, (x) is the associated trial func¬ 
tion. Because these functions define the displacements between nodal points (in contrast 
to global displacements of the structure in the Rayleigh-Ritz method), they are called 
interpolation functions. 

The finite element method offers several important advantages over the Rayleigh- 
Ritz method. Stated in the same sequence as the disadvantages of the Rayleigh-Ritz 
method mentioned at the end of Section 18.3, the advantages of the finite element method 
are: (1) Simple interpolation functions can be chosen for each finite element. (2) Accu¬ 
racy of the solution can be improved by increasing the number of finite elements in the 
structural idealization. (3) Computation of the integrals of Eq. (18.2.6) is much easier be¬ 
cause the interpolation functions are simple, and the same functions may be chosen for 
each finite element. (4) The structural stiffness and mass matrices developed by the finite 
element method are narrowly banded, a property that reduces the computational effort nec¬ 
essary to solve the equations of motion. (5) The generalized displacements are physically 
meaningful, as they give the nodal displacements directly. 


18.5 ANALYSIS PROCEDURE 

The formulation of the equations of motion for a structure by the finite element method 
may be summarized as a sequence of the following steps: 

1. Idealize the structure as an assemblage of finite elements interconnected only at 
nodes (Fig. 18.5.1a); define the DOF u at these nodes (Fig. 18.5.1b). 

2. For each finite element form the element stiffness matrix k, , the element mass matrix 
m,,, and the element (applied) force vector p,,(f) with reference to the DOF for the 
element (Fig. 18.5.1c). For each element the force-displacement relation and the 



5 



(C) 



Figure 18.5.1 (a) Finite elements and nodes; (b) assemblage DOF u; (c) element DOF u,. 
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inertia force-acceleration relation are 

(Xs)e = k f; u ( , (f/) e = m e ii e (18.5.1) 

In the finite element formulation these relations are obtained by assuming the dis¬ 
placement field over the element, expressed in terms of nodal displacements. 

3. Form the transformation matrix a e that relates the displacements u, and forces p,, for 
the element to the displacements u and forces p for the finite element assemblage: 

u f = a c u p(0 = ajp e (f) (18.5.2) 

where a e is a Boolean matrix consisting of zeros and ones. It simply locates the 
elements of k e , m r . and p, at the proper locations in the mass matrix, stiffness matrix, 
and (applied) force vector for the finite element assemblage. Therefore, it is not 
necessary to carry out the transformations: k e = a T e k e a e , rri, = ajm e a e , or p,,(f) = 
ajp e (f) to transform the element stiffness and mass matrices and applied force vector 
to the nodal displacements for the assemblage. 

4. Assemble the element matrices to determine the stiffness and mass matrices and the 
applied force vector for the assemblage of finite elements: 

k = -4' v l,k c m = A^ x m e p(f) = A^ x tp e {t) (18.5.3) 

The operator A denotes the direct assembly procedure for assembling according to 
the matrix a e , the element stiffness matrix, element mass matrix, and the element 
force vector—for each element e = 1 to N e , where N e is the number of elements— 
into the assemblage stiffness matrix, assemblage mass matrix, and assemblage force 
vector, respectively. 

5. Formulate the equations of motion for the finite element assemblage: 

mu + cu + ku = p(f) (18.5.4) 

where the damping matrix c is established by the methods of Chapter 11. 

The governing equations (18.5.4) for a finite element system are of the same form 
as formulated in Chapter 9 for frame structures. It should be clear from the outline above 
that the only difference between the displacement method for analysis of frame structures 
and the finite element method is in the formulation of the element mass and stiffness matri¬ 
ces. Therefore, Eq. (18.5.4) can be solved for u(r) by the methods developed in preceding 
chapters. The classical modal analysis procedure of Chapters 12 and 13 is applicable if 
the system has classical damping and the direct methods of Chapter 16 enable analysis of 
nonclassically damped systems. 

In the subsequent sections, which are restricted to assemblages of one-dimensional 
finite elements, we define the interpolation functions and develop the element stiffness 
matrix k e , the element mass matrix m e , and the element (applied) force vector p e (t). As¬ 
sembly of these element matrices to construct the corresponding matrices for the finite 
element assemblage is illustrated by an example. 
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18.6 ELEMENT DEGREES OF FREEDOM AND INTERPOLATION 
FUNCTIONS 

Consider a straight-beam element of length L. mass per unit length m(x), and flexural 
rigidity EI(x). The two nodes by which the finite element can be assembled into a struc¬ 
ture are located at its ends. If only planar displacements are considered, each node has two 
DOFs: the transverse displacement and rotation (Fig. 18.6.1a). The displacement of the 
beam element is related to its four DOFs: 


4 



u(x,t) = 'EuMMx) 

(18.6.1) 

1 =1 

where the function i/r,(x) defines the displacement of the element due to unit displacement 
Uj while constraining other DOFs to zero. Thus i//, (x ) satisfies the following boundary 
conditions: 

i = l: 

1M0)= 1, 1r[(.0) = 1r 1 (L) = 1,[(L) = 0 

(18.6.2a) 

i = 2: 

^'(0) = 1, to(0) = ML) = ^2 (L) = o 

(18.6.2b) 

i = 3 : 

ML) = 1. MO) = MO) = ML) = 0 

(18.6.2c) 

i = 4 : 

M L ) = i. MO) = MO) = ML) = o 

(18.6.2d) 



v 4 w 


Figure 18.6.1 (a) Degrees of freedom for a 

beam element; (b) interpolation functions. 















740 


Introduction to the Finite Element Method Chap. 18 


These interpolation functions could be any arbitrary shapes satisfying the boundary condi¬ 
tions. One possibility is the exact deflected shapes of the beam element due to the imposed 
boundary conditions, but these are difficult to determine if the flexural rigidity varies over 
the length of the element. However, they can conveniently be obtained for a uniform beam, 
as illustrated next. 

Neglecting shear deformations, the equilibrium equation for a beam loaded only at 
its ends is 

d 4 u 

El—j = 0 (18.6.3) 

ax 4 

The general solution of Eq. (18.6.3) for a uniform beam is a cubic polynomial 

u(x) = flj +a 2 (^j +«3 (^) (18.6.4) 

The constants a, can be determined for each of the four sets of boundary conditions, 
Eq. (18.6.2), to obtain 

W x)= 1-30 2 + 20 3 (18.6.5a) 

if 2 {x) = L (£) - 2 L (^-) 2 + L 0 3 (18.6.5b) 

^(x) = 3^f -2^ (18.6.5c) 

V4(*) = -l(^-) 2 + l(£) 3 (18.6.5d) 

These interpolation functions, illustrated in Fig. 18.6.1b, can be used in formulating the 
element matrices for nonuniform elements. 

The foregoing approach is possible for a beam finite element—because the govern¬ 
ing differential equation (18.6.3) could be solved for a uniform beam—but not for two- 
or three-dimensional finite elements. Therefore, the finite element method is based on as¬ 
sumed relationships between the displacements at interior points of the element and the 
displacements at the nodes. Proceeding in this manner makes the problem tractable but 
introduces approximations in the solution. 


18.7 ELEMENT STIFFNESS MATRIX 

Consider a beam element of length L with flexural rigidity El (x). By definition, the 
stiffness influence coefficient k,j of the beam element is the force in DOF i due to unit 
displacement in DOF j. Using the principle of virtual displacement in a manner similar to 
Section 18.2, we can derive a general equation for k (; -: 

kjj = J El (x)^"(x)iJ/j (x) dx 


(18.7.1) 
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The symmetric form of this equation shows that the element stiffness matrix is symmetric; 
k,j = kji. Observe that this result for an element has the same form as Eq. (18.2.6) for the 
structure. Equation (18.7.1) is a general result in the sense that it is applicable to elements 
with arbitrary variation of flexural rigidity EI(x), although the interpolation functions of 
Eq. (18.6.5) are exact only for uniform elements. The associated errors can be reduced 
to any desired degree by reducing the element size and increasing the number of finite 
elements in the structural idealization. 

For a uniform finite element with EI(x) = EI, the integral of Eq. (18.7.1) can 
be evaluated analytically for i, j = 1, 2, 3 and 4, resulting in the element stiffness 
matrix: 



- 12 

6 L 

-12 

6 L I 

El 

6 L 

4 L 2 

—6 L 

2 L 2 

u 

-12 

-6 L 

12 

-6 L 


. 6 L 

2 L 2 

—6 L 

4L 2 _ 


These stiffness coefficients are the exact values for a uniform beam, neglecting shear de¬ 
formation, because the interpolation functions of Eq. (18.6.5) are the true deflection shapes 
for this case. Observe that the stiffness matrix of Eq. (18.7.2) is equivalent to the force- 
displacement relations for a uniform beam that are familiar from classical structural anal¬ 
ysis (see Chapter 1, Appendix 1). For nonuniform elements, such as a haunched beam, 
approximate values for the stiffness coefficients can be determined by numerically evalu¬ 
ating Eq. (18.7.1). 

The 4x4 element stiffness matrix k, of Eq. (18.7.2) in local element coordinates 
(Fig. 18.6.1a) is transformed to the 6 x 6 k f of Eq. (18.5.1) in global element coordinates 
(Fig. 18.5.1c). Before carrying out this transformation, k,, is expanded to a 6 x 6 matrix that 
includes the stiffness coefficients associated with the axial DOF at each node. The trans¬ 
formation matrix that depends on the orientation 6 of the member (Fig. 18.5.1c) should be 
familiar to the reader. 


18.8 ELEMENT MASS MATRIX 


As defined in Section 9.2.4, the mass influence coefficient mjj for a structure is the force 
in the ;th DOF due to unit acceleration in the /th DOF. Applying this definition to a beam 
element with distributed mass m(x) and using the principle of virtual displacement along 
the lines of Section 18.2, a general equation for m,y can be derived: 


l 


= I m(x)ij/i(x)ij/j (x) dx 


(18.8.1) 


The symmetric form of this equation shows that the mass matrix is symmetric; m,y = niji. 
Observe that the result for an element has the same form as Eq. (18.2.6) for the structure. 

If we use the same interpolation functions in Eq. (18.8.1) as were used to derive 
the element stiffness matrix, the result obtained is known as the consistent mass matrix. 
The integrals of Eq. (18.8.1) are evaluated numerically or analytically depending on the 
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function m(x). For an element with uniform mass [i.e., m(x ) = m], the integrals can be 
evaluated analytically to obtain the element (consistent) mass matrix: 



- 156 

22 L 

54 

— 13 L 

mL 

22 L 

4L 2 

13L 

- 3 L 

m, =- 

420 

54 

13 L 

156 

-22 L 


_ —13L 

- 3 L 2 

-22 L 

4 L 


Observe that the consistent-mass matrix is not diagonal, whereas the lumped-mass approx¬ 
imation leads to a diagonal matrix, as we shall see next. 

The mass matrix of a finite element can be simplified by assuming that the distributed 
mass of the element can be lumped as point masses along the translational DOF u i and (<3 
at the ends (Fig. 18.6.1), with the two masses being determined by static analysis of the 
beam under its own weight. For example, if the mass of a uniform element is m per unit 
length, a point mass of mL/2 will be assigned to each end, leading to 


m,, = mL 


■i 0 0 O' 
6000 
0 0^0 
L0 0 0 0. 


(18.8.3) 


Observe that for a lumped-mass idealization of the finite element, the mass matrix is diago¬ 
nal. The off-diagonal terms of this matrix are zero because an acceleration of any point 
mass produces an inertia force only in the same DOF. The diagonal terms m,-,- associated 
with the rotational degrees of freedom are zero because of the idealization that the mass is 
lumped in points that have no rotational inertia. 

The 4x4 element mass matrix m t given by Eq. (18.8.2) or (18.8.3) in local ele¬ 
ment coordinates (Fig. 18.6.1a) is transformed to the 6 x 6 m f of Eq. (18.5.1) in global 
element coordinates (Fig. 18.5.1c). The procedure and transformation matrix are the same 
as described earlier for the stiffness matrix. 

The dynamic analysis of a consistent-mass system requires considerably more com¬ 
putational effort than does a lumped-mass idealization, for two reasons: (1) The lumped- 
mass matrix is diagonal, whereas the consistent-mass matrix has off-diagonal terms; and 
(2) the rotational DOF can be eliminated by static condensation (see Section 9.3) from the 
equations of motion for a lumped-mass system, whereas all DOFs must be retained in a 
consistent-mass system. 

However, the consistent-mass formulation has two advantages. First, it leads to 
greater accuracy in the results and rapid convergence to the exact results with an increas¬ 
ing number of finite elements, as we shall see later by an example, but in practice the 
improvement is often only slight because the inertia forces associated with node rota¬ 
tions are generally not significant in many structural earthquake engineering problems. 
Second, with a consistent-mass approach, the potential energy and kinetic energy quan¬ 
tities are evaluated in a consistent manner, and therefore we know how the computed 
values of the natural frequencies relate to the exact values (see Part A of this chapter). 
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The second advantage seldom outweighs the additional computational effort required to 
achieve a slight increase in accuracy, and therefore the lumped-mass idealization is widely 
used. 


18.9 ELEMENT (APPLIED) FORCE VECTOR 


If the external forces pi(t), i = 1, 2, 3 and 4, are applied along the four DOFs at the two 
nodes of the finite element, the element force vector can be written directly. On the other 
hand, if the external forces include distributed force p(x, t ) and concentrated forces /?'■ ( t ) 
at locations x n the nodal force in the /th DOF is 


Pi(t)= / p(x,t)fi(x)dx ■ 
Jo 


YsP-mdx,) 


(18.9.1) 


This equation can be obtained by the principle of virtual displacements, following the 
derivation of the similar equation (18.2.6c) for the complete structure. If we use the same 
interpolation functions in Eq. (18.9.1) as were used to derive the element stiffness matrix, 
the results obtained are called consistent nodal forces. 

A simpler, less accurate approach is to use linear interpolation functions: 

*ito = l-^ M x )=£ (18.9.2) 

Then Eq. ( 18 . 9 . 1 ) gives the nodal forces pi(t) and /73(f) in the translational DOF; the 
forces /72(f) and /74(f) in the rotational DOF are zero unless external moments are applied 
directly to the nodes. 

The 4x1 element force vector p r given by Eq. (18.9.1) in local element coor¬ 
dinates is transformed to the 6 x 1 p f of Eq. (18.5.2) in global element coordinates. 
The transformation matrix is the transpose of the one described earlier for the stiffness 
matrix. 


Example 18.2 

Determine the natural frequencies and modes of vibration of a uniform cantilever beam, ide¬ 
alized as an assemblage of two finite elements (Fig. E18.2a) using the consistent mass matrix. 
The flexural rigidity is El and mass per unit length is m. 

Solution 

1. Identify the assemblage and element DOFs. The six DOFs for the finite element 
assemblage are shown in Fig. E18.2b, and the two finite elements and their local DOFs in 
Fig. E18.2c. 

2. Form the element stiffness matrices. Replacing L in Eq. (18.7.2) by L/2, the length 
of each finite element in Fig. E18.2a, gives the stiffness matrices ki and k 2 for the two finite 
elements in their local DOFs. Since both local element DOFs and assemblage DOFs are de¬ 
fined along the same set of Cartesian coordinates, no transformation of coordinates is required. 
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(a) 


i 

f 


Element (1) 
L/2 


+ 


Element (2) 
L/2 


Nodal point 


4 



(c) 



Figure E18.2 


Therefore, kj = ki and k 2 = 


k 


8 El 

1 = IX 


8 El 
k2 = TT 


ki;thus 

(5) 

(6) 

(2) 

(4) 


" 12 

3 L 

-12 

3 L ' 

(5) 

3 L 

L 2 

—3 L 

L 2 /2 

(6) 

-12 

-3 L 

12 

-3 L 

(2) 

3 L 

L 2 /2 

—3 L 

l 2 _ 

(4) 

(2) 

(4) 

(1) 

(3) 


" 12 

3 L 

-12 

3 L ' 

(2) 

3 L 

L 2 

—3 L 

L 2 /2 

(4) 

-12 

-3 L 

12 

—3 L 

(1) 

3 L 

L 2 /2 

—3 L 


(3) 


The numbers in parentheses alongside rows and columns of k f refer to the assemblage DOFs 
that correspond to the element DOFs. This information enables k e to be assembled. 

3. Transform the element stiffness matrices to assemblage DOFs. This step is not 
required for solving this problem but is included to assist in better understanding of the pro¬ 
cedure. The element stiffness matrix with reference to the nodal displacements of the finite 
element assemblage is given by 

k c = a e k, a, (a) 


The nodal displacements of elements (1) and (2) are related to the assemblage displacements 
by 


(«l)l = U5 («2)l = «6 (“3)l = “2 («4)l = «4 
Ol >2 = u 2 ( U2)2 = «4> (“3)2 = «1 («4)2 = «3 
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These relationships for the two elements can be expressed as 

ui = aiu u 2 = a 2 u (b) 

where the transformation matrices are 


"0 

0 

0 

0 

1 

o ' 


'0 

1 

0 

0 

0 

0 ~ 

0 

0 

0 

0 

0 

1 
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0 

0 

1 

0 

0 

0 

1 

0 

0 

0 

0 

32 = 

1 

0 

0 

0 

0 

0 

_0 
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0 

1 

0 

0 _ 


_0 

0 

1 

0 

0 

0 _ 


Observe that a/j = 1 indicates that the element DOF i corresponds to (and becomes renum¬ 
bered as) the assemblage DOF j. The same information is available through the numbers in 
parentheses alongside rows and columns of ki and k 2 . Thus the matrices ai and a 2 simply 
locate the elements of ki and k 2 in the stiffness matrix for the assemblage. This implies that 
it is not necessary to carry out the transformation of Eq. (a), because ai and a 2 consist of only 
ones and zeros. 

4. Assemble the element stiffness matrices. The stiffness matrix k for the finite element 
system is determined by assembling k[ and k 2 by locating the elements of kj and k 2 in k 
according to ai and a 2 , respectively. 



r 12 

-12 

—3 L 

—3 L 

0 

0 


-12 

24 

3 L 

0 

-12 

—3 L 

8 El 

—3 L 

3 L 
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L 2 / 2 

0 

0 

~u~ 

—3 L 

0 

L 1 / 2 

2 L 2 

3 L 

L 2 / 2 


0 

-12 

0 

3 L 

12 

3 L 


L o 

—3 L 

0 

L 2 / 2 

3 L 

L 2 


support DOFs 


support DOFs 

5. Form the element mass matrices. Replacing L in Eq. (18.8.2) by L /2 gives the 
element mass matrices mj and m 2 in their local DOF; and as for the stiffness matrices, m; = 


- m 2 . Thus 

(5) 

(6) 

(2) 

(4) 



' 156 

11L 

54 

-6.5 L ' 

(5) 

mL 

11L 

L 2 

6.5 L 

-0.75L 2 

(6) 

mi = - 

840 

54 

6.5 L 

156 

— 11L 

(2) 


_—6.5 L 

-0.75 L 2 

— 11L 

L 2 

(4) 


(2) 

(4) 

0) 

(3) 



' 156 

111 

54 

—6.5 L ' 

(2) 

mL 

11L 

L 2 

6.5 L 

-0.75L 2 

(4) 

ms = - 

840 

54 

6.5 L 

156 

— 11L 

(1) 


_-6.5 L 

-0.75L 2 

— 11L 

L 2 

(3) 
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6. Assemble the element mass matrices. The mass matrix for the finite element system is 
determined by assembling mi and m2 in a manner analogous to the stiffness matrix assembly: 

m = -4r =1 m; 



r 156 

54 

— 11 L 

6.5 L 

0 

0 




54 

312 

-6.5 L 

0 

54 

6.5L 



mL 

840 

— 11L 

-6.5 L 
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0 
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6.5 L 

0 

-Q.15L 2 

2L 1 

-6.5 L 

-0.75L 2 




0 

54 

0 

-6.5 L 

156 

11L 


J support DOFs 


0 

6.5 L 

0 

—0.75 L 2 

11L 

L 2 












support DOFs 

7. Formulate the equations of motion. Before writing the equation of motion, the 
support conditions must be imposed. For the cantilever beam of Fig. E18.2a, u$ = U(, = 0. 
Thus the fifth and sixth rows and columns are deleted from the matrices m and k to obtain 


mii + ku = 0 


(c) 



156 54 —11L 6.5 L 


ii x 


mL 


312 —6.5 L 0 


U2 


840 

(sym) L 2 -0.75L 2 


U 3 




2L 2 _ 


U 4 




' 12 -12 —3 L —3 L " 


U\ 


'0 

8 El 

24 3 L 0 


U2 


0 

-J 

+- 

(sym) L 2 0.5 L 2 


U3 

— 

0 



1L 2 _ 


U4. 


0 


Note that the stiffness matrix in Eq. (d) is the same as the one obtained by classical methods 
in Example 9.4. 

8. Solve the eigenvalue problem. The natural frequencies are determined by solving 
k 4> = armcfy. 

I El I El 

a>i = 3.51772 /—r « 2 = 22.2215./—= 

V niL 4 V niLr 

I El 

W3 = 75.1571,/ -- 604 = 218. 

V mi 4 



Example 18.3 

Repeat Example 18.2 using the lumped-mass approximation. 


Solution The only change is in formulation of the mass matrix. Using the lumped-mass 
matrix of Eq. (18.8.3) for each element and proceeding as in steps 5, 6, and 7 of Example 18.2 
leads to 


mii + ku = 0 


(a) 
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where u and k are the same as in Eq. (d) of Example 18.2 but m is different: 

mL/A 0 0 0 

mL /2 0 0 
m (sym) 0 0 

0 


(b) 


Because the mass associated with the rotational DOFs M 3 and 114 is zero, they can be eliminated 
from the stiffness matrix by static condensation. The resulting 2x2 stiffness matrix in terms 
of the translational DOF was presented in Example 9.5. The eigenvalue problem was solved 
in Example 10.2 to obtain the natural frequencies: 


a>\ = 3.15623. 


El 
mL 4 


a )2 = 16.2580. 


El 
mL 4 


(c) 


18.10 COMPARISON OF FINITE ELEMENT AND EXACT SOLUTIONS 

In this section the approximate values for the natural frequencies of a uniform cantilever 
beam determined by the finite element method are compared with the exact solutions pre¬ 
sented in Chapter 17. The approximate results are obtained by discretizing the beam into 
N finite elements of equal length and analyzing it by the finite element method. Such re¬ 
sults for the coefficient a n in a> n = a ny / El /mL 4 obtained for N e = 1, 2, 3, 4, and 5 finite 
elements and using the consistent-mass matrix are presented in Table 18.10.1. Example 
18.2 provides the results for N e = 2 and those for other N e were obtained similarly. 

Observe from these results that the accuracy of the natural frequencies deteriorates 
for the higher modes of a particular lV e -element system, but the accuracy is improved by 
increasing N e and hence the number of DOFs. The accuracy is quite good for a number of 


TABLE 18.10.1 NATURAL FREQUENCIES OF A UNIFORM CANTILEVER BEAM: 
CONSISTENT-MASS FINITE ELEMENT AND EXACT SOLUTIONS 


Mode 


Number of Finite Elements, N e 


Exact 

1 

2 

3 

4 

5 

1 

3.53273 

3.51772 

3.51637 

3.51613 

3.51606 

3.51602 

2 

34.8069 

22.2215 

22.1069 

22.0602 

22.0455 

22.0345 

3 


75.1571 

62.4659 

62.1749 

61.9188 

61.6972 

4 


218.138 

140.671 

122.657 

122.320 

120.902 

5 



264.743 

228.137 

203.020 

199.860 

6 



527.796 

366.390 

337.273 

298.556 

7 




580.849 

493.264 

416.991 

8 




953.051 

715.341 

555.165 

9 





1016.20 

713.079 

10 





1494.88 

890.732 


Source: R. R. Craig, Jr. and AJ. Kurdila, Fundamentals of Structural Dynamics , 2nd ed., Wiley, 
New York, 2006, Section 14.8. 
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TABLE 18.10.2 NATURAL FREQUENCIES OF A UNIFORM CANTILEVER BEAM: 
LUMPED-MASS FINITE ELEMENT AND EXACT SOLUTIONS 


Mode 


Number of Finite Elements, N e 


Exact 

1 

2 

3 

4 

5 

1 

2.44949 

3.15623 

3.34568 

3.41804 

3.45266 

3.51602 

2 


16.2580 

18.8859 

20.0904 

20.7335 

22.0345 

3 



47.0284 

53.2017 

55.9529 

61.6972 

4 




92.7302 

104.436 

120.902 

5 





153.017 

199.860 


Source: R. R. Craig, Jr. and A.J. Kurdila, Fundamentals of Structural Dynamics, 2nd ed., Wiley, New 
York, 2006, Section 14.8. 


modes equal to the number of elements, but the frequencies of the higher modes are poor. 
As expected from Rayleigh-Ritz or consistent finite element formulations, the frequencies 
converge from above to the exact solution. 

The natural frequencies obtained by a lumped-mass idealization of the finite element 
system and using the condensed stiffness matrix with N e = 1, 2, 3, 4, and 5 finite elements 
are presented in Table 18.10.2. Example 18.3 provides the results for N e = 2, and those 
for other N e were obtained similarly. 

For the particular mass-lumping procedure employed (i.e., half the element mass is 
distributed to each node), the lumped-mass approximation gives frequencies that converge 
slowly from below. Observe that for a given number N e of elements the consistent-mass 
formulation provides a better result then does the lumped-mass approximation. However, 
this improved accuracy comes at the expense of increased computational effort because the 
size of the eigenvalue problem solved is doubled if consistent mass is used. 


18.11 DYNAMIC ANALYSIS OF STRUCTURAL CONTINUA 

The finite element method is one of the most important developments in structural analysis. 
Any structural continuum with an infinite number of degrees of freedom can be idealized 
as an assemblage of finite elements with a finite number of DOFs. Thus the partial differen¬ 
tial equations governing the motion of the structural continuum are reduced to a system of 
ordinary differential equations, as many as the DOFs in the finite element idealization. Be¬ 
cause the equations of motion for a finite element idealization of a structure [Eq. (18.5.4)] 
are of the same form as formulated in Chapter 9 for frame structures, they can be solved 
by the methods developed in this book. 

The formulation of the governing equations outlined in Section 18.5 is also applica¬ 
ble to assemblages of two- or three-dimensional finite elements. Introductory comments 
regarding such applications are included in this paragraph with reference to a body in the 
state of plane stress (Fig. 18.11.1a) idealized as an assemblage of two-dimensional (quadri¬ 
lateral in this case) elements (Fig. 18.11.1b), each with eight DOFs (Fig. 18.11.1c). The 
number of elements chosen for the assemblage depends on the accuracy desired. With 
properly formulated finite elements, the results converge to the exact solution with de¬ 
creasing element size; accordingly, the larger the number of elements, the more accurate 
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Nodal point 



Figure 18.11.1 (a) Body in plane stress; (b) finite element idealization; (c) DOF u e . 


will be the solution. Unlike assemblages of one-dimensional finite elements, compatibil¬ 
ity at the nodes does not always ensure compatibility across the element boundaries. For 
example, as external forces are applied to the finite element assemblage of Fig. 18.11.1b, 
the boundaries of adjacent elements between the nodes would tend to open up or over¬ 
lap. To avoid such discontinuities, interpolation functions over the element are assumed in 
such a fashion that the common boundaries will deform together; such elements are called 
compatible elements. With these additional considerations, the finite element method of 
Section 18.5 is applicable to structural continua. Solution of Eq. (18.5.4) will give the 
time variation of nodal displacements. At each time instant, the state of stress within each 
finite element is determined from the nodal displacements using interpolation functions, 
strain-displacement relations, and constitutive properties of the material. The finite el¬ 
ement method differs from the displacement method for frame structures, as mentioned 
earlier, primarily in the formulation of the element mass and stiffness matrices. 

An explosive growth of research on the finite element method took place beginning 
in the early 1960s, leading to the development of finite elements appropriate for idealizing 
different types of structural continua and their application to practical problems. These de¬ 
velopments and applications are documented in thousands of published papers and dozens 
of textbooks and are too numerous to describe here. We mention just two applications. 

Figure 18.11.2 shows the finite element idealization for the reactor building of a 
nuclear power plant. The idealization includes shell and solid elements, both axially sym¬ 
metric, and includes a portion of the foundation soil. In the dynamic analysis conducted to 
satisfy U.S. Nuclear Regulatory Commission requirements for licensing the power plant, 
the prescribed earthquake motion was applied at the lower boundary of the system shown. 

Figure 18.11.3 shows Koyna Dam, a 338-ft-high and 2800-ft-long concrete dam, in 
India. The Koyna earthquake of December 11, 1967, with peak acceleration around 0.5g 
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Figure 18.11.2 Axisymmetric finite 
element idealization of a nuclear reactor 
building. (From A. K. Chopra, ’’Earthquake 
Analysis of Complex Structures,” in Applied 
Mechanics in Earthquake Engineering, 
ASME, New York, 1974.) 



Figure 18.11.3 Koyna Dam, a 338-ft-high and 2800-ft-long concrete gravity dam near 
Poona, India. This major dam was damaged by the Koyna earthquake of December 11, 
1967, a Magnitude 6.5 event centered 3 miles from the dam. [From A. K. Chopra, “Earth¬ 
quake Response Analysis of Concrete Dams,” in Advanced Dam Engineering for Design, 
Construction and Rehabilitation (ed. R. B. Jansen), Van Nostrand Reinhold, New York, 
1988.] 
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Figure 18.11.4 Addition of buttresses to Koyna Dam after the damage caused by the 
Koyna earthquake of December 11, 1967. [From A. K. Chopra, “Earthquake Response 
Analysis of Concrete Dams,” in Advanced Dam Engineering for Design, Construction and 
Rehabilitation (ed. R. B. Jansen), Van Nostrand Reinhold, New York, 1988.] 


in the transverse direction, caused significant cracking in the dam. Although the dam 
survived the earthquake without any sudden release of water, the cracking appeared se¬ 
rious enough that it was decided to strengthen the dam by providing concrete buttresses 
on the downstream face of the nonoverflow monoliths; Fig. 18.11.4 shows the buttresses 
under construction. The finite element method was used to explain why the dam was 
damaged. Figure 18.11.5a shows the finite element idealization for the tallest monolith 
of Koyna Dam, including 136 quadrilateral plane-stress elements interconnected at 162 
nodes. From the equations of motion formulated by the finite element method, the nat¬ 
ural periods and modes of vibration of this structure were determined; the first four are 
shown in Fig. 18.11.5b. Assuming linear behavior, the governing equations were solved 
to predict the dynamic response of the dam to the ground motion recorded at the dam site 
(Fig. 6.1.3). The results of this computer analysis included the time variation of the dis¬ 
placement of each node and of the stress in each finite element. The peak value of tensile 
stress in each finite element over the duration of the earthquake was noted and the contours 
of equal stress are shown in Fig. 18.11.5c. These results indicate larger tensile stresses in 
upper parts of the dam, especially around the elevation where the slope of the downstream 
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Figure 18.11.5 (a) Finite element idealization, (b) first four natural vibration modes and 

periods, and (c) stresses in the dam due to the Koyna earthquake, computed by linear 
analysis. [From A. K. Chopra, “Earthquake Response Analysis of Concrete Dams,” in Ad¬ 
vanced Dam Engineering for Design, Construction and Rehabilitation (ed. R. B. Jansen), 
Van Nostrand Reinhold, New York, 1988.] 


face changes. These stresses, which exceed 600 psi on the upstream face and 900 psi on 
the downstream face, are approximately two to three times the tensile strength (350 psi) 
of the concrete used in the upper parts of the dam. Hence, based on the finite element 
analysis results and concrete strength data, it was possible to identify the locations in the 
dam where significant cracking of concrete can be expected. These are consistent with the 
locations where the dam was damaged by the Koyna earthquake. 
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PROBLEMS 


Part A 

18.1 A chimney of height L has been idealized as a cantilever beam with mass per unit length 
varying linearly from m at the base to m/2 at the top, and with second moment of cross- 
sectional area varying linearly from I at the base to 7/2 at the top. Estimate the first two 
natural frequencies and modes of lateral vibration of the chimney using the shape functions 

= 1 — cos(?rx/2L) and = 1 — cos(37rx/2L), where x is measured from the 

base. 

18.2 A simply supported beam of length L has constant flexural rigidity El and a mass distribution 

J 2 m 0 (x/L) 0 < x < L/2 

m( - X ’ = 1 2m 0 (l -x/L) L/2 < x < L 

Determine the first two natural frequencies and modes of symmetric vibration of this nonuni¬ 
form beam by the Rayleigh-Ritz method using two modes of the uniform beam as the shape 
functions. 

Part B 

*18.3 Determine the natural vibration frequencies and modes of a simply supported uniform beam, 
idealized as an assemblage of two finite elements (Fig. P18.3), using (a) the consistent-mass 
matrix, and (b) the lumped-mass matrix. Compare these results with the exact solutions ob¬ 
tained in Example 17.1. 


*Denotes that a computer is necessary to solve this problem. 
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m, El 

Element (1) 


f 


L/2 


Element (2) 
Li2 


Nodal point 


Figure P18.3 


18.4 Determine the natural vibration frequencies and modes of a uniform beam clamped at both 
ends, idealized as an assemblage of two finite elements (Fig. P18.4), using (a) the consistent- 
mass matrix, and (b) the lumped-mass matrix. Compare these results with the exact solutions 
obtained by solving Problem 17.1.] 


I 

f 


m, El 


L/2 


+ 


L/2 


I 

■4 


Figure P18.4 


18.5 Determine the natural vibration frequencies and modes of a uniform beam clamped at one 
end and simply supported at the other, idealized as an assemblage of two finite elements 
(Fig. P18.5), using (a) the consistent-mass matrix, and (b) the lumped-mass matrix. Compare 
these results with the exact solutions obtained by solving Problem 17.2. 


m, El 


L/2 


L/2 




Figure P18.5 


*18.6 Figure PI8.6 shows a one-story, one-bay frame with mass per unit length and second moment 
of cross-sectional area given for each member. The frame, idealized as an assemblage of three 
finite elements, has the three DOFs shown if axial deformations are neglected in all elements. 

(a) Using influence coefficients, formulate the stiffness matrix and the consistent-mass matrix. 
Express these matrices in terms of m , El, and h. 

(b) Determine the natural vibration frequencies and modes of the frame; express rotations in 
terms of h. Sketch the modes showing translations and rotations of the nodes. 


2^-. 2 m, 7/2 3^~. 

p -xH * 1 


m, I 


m, 1 


7 ? 77 ?. 


7777 ?. 


2 h 


Figure P18.6 


18.7 Repeat Problem 18.6 using the lumped-mass approximation. Comment on the effects of mass 
lumping on the vibration properties. 

18.8 Repeat part (a) of Problem 18.6 starting with the stiffness and mass matrices for each element 
and using the direct assembly procedure of Section 18.5. 


*Denotes that a computer is necessary to solve this problem. 
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Earthquake Response of Linearly 
Elastic Buildings 


PREVIEW 

Developed in Chapter 13 were two procedures—response history analysis (RHA) and re¬ 
sponse spectrum analysis (RSA)—for calculating the earthquake response of any structure 
described as a linearly elastic system with a finite number of degrees of freedom. Deter¬ 
mined by RSA, the earthquake response of multistory buildings to excitations characterized 
by a design spectrum is presented in this chapter for a wide range of the two key param¬ 
eters: fundamental natural vibration period and beam-to-column stiffness ratio. Based on 
these results, we develop an understanding of how these parameters affect the earthquake 
response of buildings and how they affect the relative response contributions of the differ¬ 
ent natural vibration modes. These results also enable us to identify the conditions under 
which the first mode or the first two modes are sufficient to provide a useful approxima¬ 
tion to the total response. The understanding we develop of the significance of the higher 
modes in building response will be useful in Chapter 22, where we evaluate the equivalent 
static force procedure in seismic building codes in light of the results of dynamic analyses. 


19.1 SYSTEMS ANALYZED, DESIGN SPECTRUM, AND RESPONSE 
QUANTITIES 

19.1.1 Systems Analyzed 

The systems analyzed are single-bay, five-story frames with constant story height = h and 
bay width = 2 h (Fig. 19.1.1). All the beams have the same flexural rigidity, El/,, and the 
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m 

II 

m 


m 



\ -+ 

2h 


Flexural rigidity 
Columns EI C 
Beams Elf, 


Figure 19.1.1 Properties of uniform 
five-story frames. 


column rigidity, EI C , does not vary with height. The building is idealized as a lumped- 
mass system with the same mass m at all the floor levels. The damping ratio for all five 
natural vibration modes is assumed to be 5%. 

Only two additional parameters are needed to define the system completely: the 
fundamental natural vibration period 7) and the beam-to-column stiffness ratio p. The 
latter parameter is based on the properties of the beams and columns in the story closest to 
the midheight of the frame: 


beams Elf,/Lb 
^columns ^ ^c / L c 


(19.1.1) 


where Lb and L c are the lengths of the beams and columns and the summations include all 
the beams and columns in the midheight story. For the uniform, one-bay frame defined in 
the preceding paragraph, Eq. (19.1.1) reduces to 


P = 


h_ 

4 lc 


(19.1.2) 


which was introduced in Section 1.3 for a one-story frame. This parameter is a measure of 
the relative beam-to-column stiffness and indicates how much the system may be expected 
to behave as a frame. For p = 0 the beams impose no restraint on joint rotations, and 
the frame behaves as a flexural beam (Fig. 19.1.2a). For p = oo the beams restrain the 
joint rotations completely, and the structure behaves as a shear beam with double-curvature 
bending of the columns in each story (Fig. 19.1.2c). An intermediate value of p represents 
a frame in which beams and columns undergo bending deformation with joint rotation 
(Fig. 19.1.2b). As an example for the frame of Fig. 19.1.1, p = | represents //, = 1J2, 
which implies a frame with columns stiffer than the beams, typical of earthquake-resistant 
construction. 

The parameter p controls several properties of the frame: the fundamental natural 
period, the relative closeness or separation of the natural periods, and the shapes of the 
natural modes. These vibration properties of the frame of Fig. 19.1.1 are calculated by 
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(a) (b) (c) 


Figure 19.1.2 Deflected shapes: (a) p = 0; (b) p = (c) p = oo. 



Stiffness ratio p 


Figure 19.1.3 Fundamental natural vibration period of uniform five-story frames. 

the procedures of Chapters 9 and 10. The variation of the fundamental period with p 
is shown in Fig. 19.1.3, which indicates that for a fixed column stiffness EI C and floor 
mass m, the fundamental period is reduced by a factor of over 8 as p increases from 0 
to oo. The ratios of the natural periods are independent of T\ but depend strongly on 
p, especially the higher-mode periods, as shown in Fig. 19.1.4. As a result, the natural 
periods of a frame with small p are more separated from each other than if p is large. 
The shapes of the natural modes depend significantly on p, as shown in Fig. 19.1.5. It is 
clear from these results that the stiffness ratio p must have great importance in determining 
the dynamic (and static) behavior of the frame. We demonstrate this in the sections that 
follow. 
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Figure 19.1.4 Natural vibration period ratios for uniform five-story frames. (After Roehl, 
1971.) 



Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 


Figure 19.1.5 Natural vibration modes of uniform five-story frame for three values of p. 

The fundamental period 7) will be varied over a range that is much wider than is 
reasonable for five-story frames. However, this is appropriate for the objectives of this 
chapter, where we are studying the influence of 7j on the response of buildings. The re¬ 
sponse behavior is controlled by 7j primarily and affected only secondarily by the number 
of stories. Hence the observations we glean from the results presented are not restricted to 
five-story buildings. 

19.1.2 Design Spectrum 

The earthquake excitation is characterized by the design spectrum of Fig. 19.1.6 (identical 
to Fig. 6.9.5), multiplied by 0.5, so that it applies to ground motions with a peak ground 
acceleration u go = 0.5g, velocity ii go = 24 in./sec, and displacement u go = 18 in. In the 
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Figure 19.1.6 Design spectrum for ground motions with ii go = lg, u go = 48 in./sec, 
and u go = 36 in.; £ = 5%. 


design spectrum shown (Fig. 19.1.6) for 5% damping, the acceleration-sensitive, velocity- 
sensitive, and displacement-sensitive regions (defined in Chapter 6 ) are identified. 

19.1.3 Response Quantities 

The peak values of the responses of a frame described in Section 19.1.1 with specified 
T\ and p to ground motion characterized by the design spectrum of Fig. 19.1.6 are deter¬ 
mined by the RSA procedure. Such analyses were repeated for three values of p —0, 
and oo—and many values of T \. Among the many response quantities, we will examine 
four of them: top-floor displacement us relative to the ground, base shear V*, base over¬ 
turning moment Mb, and top-story shear V 5 . The first three will be normalized as follows: 
(1) u$/Ug 0 , where u go is the peak ground displacement; (2) Vb/W*, where W* = M*g 
and M* is the effective modal mass for the first mode; and (3) Mb/W*h*, where h\ is the 
effective modal height for the first mode. The values of W* and h* are computed using 
Eq. (13.2.9) and the shape of the first mode (Fig. 19.1.5). Presented in Table 19.1.1 are 
(1) W*/W, where W is the total weight of the frame, and (2) h*/5h, where 5 h is the total 
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TABLE 19.1.1 FUNDAMENTAL 
MODE PROPERTIES 



P = 0 

P= 1 

p = OO 

w*/w 

0.679 

0.796 

0.880 

h*/5h 

0.794 

0.742 

0.703 


height of the frame. It is clear that W* and h\ depend on the beam-to-column stiffness 
ratio p. 


19.2 INFLUENCE OF 7, AND p ON RESPONSE 

Shown in Fig. 19.2.1 are three normalized responses of the frame plotted against its fun¬ 
damental period 7) for three values of p. Over a wide range of 7] values, the top-floor 
displacement varies very little with p (i.e., it is not sensitive to variations in the beam- 
to-column stiffness ratio). For very-long-period systems the top-floor displacement ap¬ 
proaches the ground displacement because the floor masses of such a system remain sta¬ 
tionary while the ground beneath moves; such behavior of a one-story frame is shown in 
Fig. 6.8.5. 

The shear and overturning moment at the base of the frame are of special inter¬ 
est because their design values are specified in building codes; they are also the forces 



Figure 19.2.1 Normalized values of top-floor displacement 1 / 5 , base shear Vb, and base overturning 
moment Mb in uniform five-story frames for three values of p. 
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needed in the design of the foundation system. When these normalized forces are plot¬ 
ted against 7), as in Fig. 19.2.1, the curves have the general appearance of the pseudo¬ 
acceleration spectrum of Fig. 19.1.6. Thus the individual curves tend to the peak ground 
acceleration, 0.5g, for short T \, and to zero for long T \, as does the pseudo-acceleration 
spectrum. 

The normalized base shear and base overturning moment vary significantly with p 
for buildings with T\ in the velocity- or displacement-sensitive regions of the spectrum, 
with the variation in Mb not as great as in 14 . However, these normalized responses do not 
vary appreciably with p in the acceleration-sensitive region of the spectrum. Observe that 
Wj* and h\ themselves vary with p, as shown in Table 19.1.1, and hence they influence the 
values of the actual (in contrast to normalized) responses 14 and Mb and how they depend 
on p. 

The variation in the normalized responses with p is closely related to the signifi¬ 
cance of the response contributions of the second and higher modes, which generally in¬ 
crease with decreasing p (Section 19.5) and—for the design spectrum selected—generally 
increase with increasing 7) (Section 19.4). To study individual modal responses, we use 
the modal contribution factors introduced in Chapter 12, Part C. 

19.3 MODAL CONTRIBUTION FACTORS 

The peak value of the nth-mode contribution to a response quantity r is given by Eq. (13.7.1), 
repeated here for convenience: 



(19.3.1) 


where A n is the ordinate of the pseudo-acceleration response (or design) spectrum corre¬ 
sponding to natural period T n and damping ratio of the nth mode; and rf is the modal 
static response. As defined in Section 13.2.2, is the static value of response quantity r 
due to external forces s„, given by Eq. (13.2.4). These modal static responses are presented 
in Table 13.2.1 and repeated here for base shear 14, top-story shear 14, base overturning 
moment Mb, and top-floor displacement u 5 : 






(19.3.2) 


Alternatively, Eq. (19.3.1) can be expressed as 



(19.3.3) 


where 



N 


(19.3.4) 


n= 1 


As demonstrated in Section 12.10, r st is also the static value of r due to external forces 
s = ml. The modal contribution factors r n for a response quantity r are dimensionless, 
are independent of how the modes are normalized, and add up to unity when summed over 
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all modes: 

N 

£> = 1 (19.3.5) 

n= 1 

We first study how the modal contribution factors depend on the beam-to-column 
stiffness ratio p and on the response quantity. For the four response quantities mentioned 
in Section 19.1.3, the modal contribution factors r n are calculated from Eqs. (19.3.2) and 
(19.3.4) using the known system properties and computed natural frequencies and modes. 
The results presented in Tables 19.3.1aand 19.3.1 b for p = 0, |, and oo are independent of 
T\. Consistent with Eq. (19.3.5) for each response quantity and each p, the sum of modal 
contribution factors over all modes is unity, although the convergence may or may not be 
monotonic. For the class of structures considered, the convergence is monotonic for base 
shear, but not for the other response quantities. The data of Tables 19.3.1aand 19.3.1bper- 
mit three useful observations that have a bearing on relative values of the modal responses. 

1. For a fixed value of p and each of the response quantities, the modal contribution 
factor f | for the first mode is larger than the factors r„ for the higher modes, suggest¬ 
ing that the fundamental mode should have the largest contribution to each of these 
responses. 

2. For a fixed value of p, the absolute values of r n for the second and higher modes 
are larger for V 5 than for 14 , and the values for V b in turn are larger than those for 
Mb and W 5 . This observation suggests that the second- and higher-mode response 
contributions are expected to be more significant for base shear Vb than for the base 
overturning moment Mb or top-floor displacement 1 / 5 . Among the story shears the 
higher-mode responses should be more significant for the fifth-story shear than for 
the base shear. 

3. As p decreases, the absolute values of the higher-mode contribution factors r n for 
V 5 , Vb, and Mb, increase (but for minor exceptions), especially in the second mode. 
This observation suggests that the higher-mode contributions to any of these forces 
should become a larger fraction of the total response as p decreases and should be 
largest for a flexural beam with p = 0 . 


TABLE 19.3.1a MODAL CONTRIBUTION FACTORS FOR V b 
AND l/ 5 


Base Shear Vj Top-Story Shear V 5 


Mode 

P = 0 

P = F 

P = OO 

p = 0 

P= 8 

p = OO 

1 

0.679 

0.796 

0.879 

1.38 

1.30 

1.25 

2 

0.206 

0.117 

0.087 

-0.528 

-0.441 

-0.362 

3 

0.070 

0.051 

0.024 

0.204 

0.211 

0.159 

4 

0.033 

0.026 

0.007 

-0.080 

-0.089 

-0.063 

5 

0.012 

0.009 

0.002 

0.020 

0.023 

0.015 
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TABLE 19.3.1b MODAL CONTRIBUTION FACTORS FOR M b AND u 5 


Base Overturning Moment M b Top-Floor Displacement u 5 


Mode 

P — 0 

P= 5 

p = OO 

P = 0 

P= 5 

p = O O 

1 

0.898 

0.985 

1.030 

1.009 

1.027 

1.030 

2 

0.078 

-0.003 

-0.035 

-0.009 

-0.030 

-0.035 

3 

0.016 

0.014 

0.006 

0.0005 

0.003 

0.006 

4 

0.006 

0.003 

-0.001 

-0.00005 

-0.0005 

-0.001 

5 

0.002 

0.001 

0.0003 

0.000005 

0.00007 

0.0003 


19.4 INFLUENCE OF 7, ON HIGHER-MODE RESPONSE 


In this section we use the preceding concepts and data to predict how the modal response 
contributions depend on the fundamental natural period Ty of the structure. For this pur¬ 
pose we examine the three factors that enter into Eq. (19.3.3) for the peak modal response: 
(1) The static value r st of r is a common factor in all modal responses and therefore does 
not influence the relative values of the modal responses. (2) As mentioned in Section 19.3, 
for a fixed p the modal contribution factors r„ are independent of Ty . (3) The pseudo¬ 
acceleration spectrum ordinate A n is the only factor in Eq. (19.3.3) that depends on the 
fundamental period 7) and period ratios T n /Ty, which, for a fixed p, do not depend on Ty 
(see Section 19.1). Thus the variation in higher-mode response with increasing 7) must 
be related to the shape of the design spectrum. This is illustrated for the selected design 
spectrum in parts (a) and (b) of Fig. 19.4.1, wherein the natural periods T n of two shear 
frames (p = 00 ) with fundamental natural periods 7) = 0.5 and 3.0 sec, respectively, 
are identified. For the building with Ty = 3 sec, the A n values for the higher modes are 
larger than Ay for the fundamental mode, whereas for the building with 7) = 0.5 sec, 
the A n (n > 2) values are either equal to or smaller than Ay. Thus the higher-mode 
response, expressed as a percentage of the total response, should be larger for the build¬ 
ing with Ty = 3 sec than for the Ty = 0.5 sec building. In general, for the spectrum 
selected, as Ty increases within the velocity- and displacement-sensitive regions of the 
spectrum, the higher-mode response will become an increasing percentage of the total 
response. 

This prediction is confirmed by the results of dynamic analysis. The peak values 
of the responses of a frame with specified Ty and p are determined by considering (1) all 
five modes, and (2) only the first mode. Such analyses were repeated for three values of 
p —0, |, and 00 —and many values of Ty. The results for normalized base shear are plotted 
in Fig. 19.4.2. The one-mode curves are independent of p and identical to the design 
spectrum of Fig. 19.1.6 because Eqs. (19.3.1) and (19.3.2a) give 


T7 Al W* Vbl Al 

Vhy = — W{ or —- = — 

g 1 W? 


g 


(19.4.1) 
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Figure 19.4.1 Natural periods and spectral ordinates for three cases: (a) T\ = 0.5 sec, 
p — oo; (b) T\ = 3 sec, p = oo; and (c) T\ = 3 sec, p = 0. 


The difference between the two results for the peak value is the higher-mode response 
(i.e., the combined response due to all modes higher than the first mode). The higher¬ 
mode response, expressed as a percentage of the total response, is presented in Fig. 19.4.3 
for the four response quantities. The data for base shear are obtained from the results of 
Fig. 19.4.2, and those for other response quantities are obtained similarly. The higher¬ 
mode response of buildings is negligible for T\ in the acceleration-sensitive region of 
the spectrum and increases with increasing T\ in the velocity- and displacement-sensitive 
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Figure 19.4.2 Normalized base shear in uniform five-story frames for three values of p. 
Results were obtained by response spectrum analysis (RSA), including one or five modes. 


regions. Such results are useful in evaluating the lateral force provisions in building codes 
(Chapter 22). 

Based on modal contribution factors, we had predicted earlier how the significance 
of the higher-mode response would depend on the response quantity (Section 19.3). This 
prediction is confirmed by the results of dynamic analysis; Fig. 19.4.3 demonstrates: 

1. The higher-mode response is more significant for forces (e.g., V 5 , V&, and Mb) than 
for displacements (e.g., M5). However, the higher-mode contributions to ng and Mb 
are identical for shear frames (Fig. 19.4.3c) because the modal contribution factors 
are identical (Table 19.3.1b). 

2 . The higher-mode response is more significant for base shear than for base overturn¬ 
ing moment. 

3 . The higher-mode response is more significant for top-story shear than for base shear. 
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Figure 19.4.3 Higher-mode response in Vb, V 5 , Mb , and M 5 for uniform five-story frames for three 
values of p. 


19.5 INFLUENCE OF p ON HIGHER-MODE RESPONSE 

In this section we predict how the modal response contributions depend on the beam- 
to-column stiffness ratio p. For this purpose we examine three factors that enter into 
Eq. (19.3.3) for the peak modal response: (1) The static value r st is a common factor 
in all modal responses and therefore does not influence the relative values of the modal re¬ 
sponses. (2) As p decreases, the higher-mode contribution factors r„ for the base shear and 
top-story shear increase especially in the second mode (Table 19.3.1a). (3) The pseudo¬ 
acceleration ordinates depend on 7 ) and on 7 ) / T„ ; the latter becomes larger as p de¬ 
creases (Fig. 19.1.4) and the T n values are spread out over a wider period range of the 
design spectrum. This is illustrated in parts (b) and (c) of Fig. 19.4.1. Both frames have 
the same fundamental period, T\ = 3 sec, but they differ in p —one is a shear beam 
(p = oo), and the other a flexural beam (p = 0). As a result, the ratio A 2 for the sec¬ 
ond mode—generally the most significant of the higher modes—to A 1 for the first mode 
is larger for buildings with p = 0 than for the p = 00 case. Thus, putting the sec¬ 
ond and third observations together, both the modal contribution factor r n and the spectral 
ordinate A„ for the second mode are larger for the p = 0 frame; therefore, the higher¬ 
mode response is more significant in this case than for the frame with p = 00 . In gen¬ 
eral, for the design spectrum selected and for 7 ) within the velocity- and displacement- 
sensitive regions of the spectrum, the ratio A n /A\ increases (or more precisely, does 
not decrease) with decreasing p, and this trend should lead to increased higher-mode 
response. 

This prediction is confirmed by the results of dynamic analyses in Fig. 19.4.3, which 
demonstrate that for each response quantity the higher-mode response is least significant 
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for systems behaving like shear beams (p = oo), becomes increasingly significant as p 
decreases, and is largest for systems deforming like flexural beams (p = 0). 


19.6 HEIGHTWISE VARIATION OF HIGHER-MODE RESPONSE 

In this section we examine how the response contributions of modes higher than the first 
mode to the story shears and floor overturning moments vary over building height. Com¬ 
pared in Figs. 19.6.1 and 19.6.2 are these forces due to the first mode only and the total 
forces considering all five modes. The higher mode response, given by the difference be¬ 
tween the two sets of forces, is expressed as a percentage of the total force and presented 
in Figs. 19.6.3 and 19.6.4. These results indicate, as before, that (1) for a fixed p, the 
higher-mode response is more significant for longer-period buildings, and (2) for a fixed 
7i, the higher-mode response is more significant for frames with smaller p. 

The results presented in Figs. 19.6.3 and 19.6.4 provide information on how the 
higher modes affect the forces in different stories of a building. For a particular building 
with fixed values of T\ and p, the percentage contribution of the higher-mode response 
tends to increase as one moves up the building, although the trend is not perfect in all cases. 
This contribution is small in the overturning moment at the base but can be significant 
in the upper stories, especially for frames with longer-period 7\ and smaller p. While 


(a) p = 0 (b) p = 1/8 (c) p = °= 



Figure 19.6.1 Normalized story shears in uniform five-story frames for three values of p and three 
values of T\. Results were obtained by RSA, including one or five modes. 
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(a) p = 0 (b) p = 1/8 (c) p = oo 



Figure 19.6.2 Normalized floor overturning moments in uniform five-story frames for three values 
of p and three values of T \. Results were obtained by RSA, including one or five modes. 



Figure 19.6.3 Higher-mode response in story shears for uniform five-story frames. 
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Figure 19.6.4 Higher-mode response in floor overturning moments for uniform five-story frames. 

the above-noted trend is essentially consistent for story overturning moments, it is not 
always consistent for story shears because the higher-mode response tends to increase for 
the forces in the stories near the bottom of the building in addition to the stories near the top 
of the building. This lack of perfect consistency in the above-noted trend is an indication of 
the complex dependence of the earthquake response of buildings on the system parameters 
and on the earthquake excitation. 


19.7 HOW MANY MODES TO INCLUDE 

The response contributions of all the natural modes of vibration must be included if the 
“exact” value of the structural response to earthquake excitation is desired, but the first 
few modes can usually provide sufficiently accurate results. The number of modes to be 
included depends on two factors, modal contribution factor r n and spectral ordinate A„, 
that enter into the modal response equation (19.3.3). 

Recall the important result that the sum of the modal contribution factors over all the 
modes is unity, Eq. (19.3.5). If only the first J modes are included, the error in the static 
response is 

j 

ej = 1-J> (19.7.1) 

n =1 

We first examine the error ei in static response if two modes are included. Table 19.7.1 
shows this error computed from Eq. (19.7.1) and numerical values for the modal 
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TABLE 19.7.1 e 2 = 1 


Response 

P = o 

P= S 

p = o o 

v 5 

0.144 

0.144 

0.110 

V b 

0.115 

0.086 

0.033 

M b 

0.024 

0.018 

0.005 

U5 

0.0004 

0.003 

0.005 


contribution factors in Table 19.3.1. The errors is below 0.15 or 15% for the four response 
quantities. For a fixed p the error varies with the response quantity. It is smaller in the base 
overturning moment M b relative to the base shear 14, and in 14 compared to the top- 
story shear 14. The error is much smaller for the top-floor displacement u$, and it is less 
than 3% if the first mode alone is considered. For a particular response quantity the error 
e 2 varies with p, being smallest for p = oo (i.e., shear beams) and largest for p = 0 
(i.e., flexural beams). The top-floor displacement displays trends opposite to the forces 
in the sense that ei increases with increasing p, but ei is so small that higher modes are 
of little consequence in displacements (Fig. 19.4.3). These data suggest that the first one 
or two modes may provide a good approximation to the total response, with the accuracy 
depending on the response quantity and on p. 

We next examine how the spectral ordinates A n influence the number of modes that 
should be included in the analysis. For a fixed p and 7) in the velocity- or displacement- 
sensitive regions of the spectrum, the ratio A„/A\ is larger for frames with longer funda¬ 
mental period 7) (Fig. 19.4.1a and b). Thus for the same desired accuracy, more modes 
should be included in the analysis of buildings with longer 7] than the number of modes 
necessary for shorter-period buildings. For a fixed 7] in the velocity-sensitive or 
displacement-sensitive regions of the spectrum, the ratio A n /A\ is larger for frames with 
smaller p (Fig. 19.4.1b and c). Thus, for the same desired accuracy, more modes should 
be included in the analysis of buildings with smaller p compared to the number of modes 
necessary for buildings with larger p; in particular, more modes should be included in the 
analysis of flexural frames (p = 0) than for shear frames (p = oo). 

These expectations regarding how 7) and p influence the number of modes that 
should be included in earthquake response analysis are confirmed by the results of 
Fig. 19.7.1, where, for each p value, five response curves for base shear are identified 
by indicating the number of modes included in the analysis. It is clear that the first two 
modes provide a reasonably accurate value for the base shear in frames with 7\ in the 
velocity-sensitive region of the spectrum, and one mode is sufficient in the acceleration- 
sensitive region. This conclusion is also valid for shears in all the stories and overturning 
moments at all floors. The first mode alone provides accurate results for u$ over the entire 
range of 7), and for all p values, as indicated by Fig. 19.4.3. 

In light of the preceding observations, it is instructive to examine the 90% rule for 
participating mass specified in some building codes. Because the effective modal mass is 
equal to the modal static response for base shear (Section 13.2.5), the prior rule implies 
that enough—say J —modes should be included so that ej for base shear is less than 10%. 
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Figure 19.7.1 Normalized base shear in uniform five-story frames for three values of p. Results 
were determined by RSA considering one, two, three, four, or five modes. 


However, as noted earlier, ej varies with the response quantity, and therefore this error 
may exceed 10% for other response quantities such as shears in upper stories and bending 
moments and shears in some structural elements. Furthermore, even if the error ej in the 
static response is less than 10%, the error in the dynamic response may exceed 10% for 
buildings with longer T\ and smaller p. 


FURTHER READING 


Blume, J. A., “Dynamic Characteristics of Multistory Buildings,” Journal of the Structural Division, 
ASCE, 94. (ST2), February 1968, pp. 337-402. 

Cruz, E. F., and Chopra, A. K., “Elastic Earthquake Response of Building Frames,” Journal of Struc¬ 
tural Engineering, ASCE, 112, 1986, pp. 443-459. 

Cruz, E. F., and Chopra, A. K., “Simplified Procedures for Earthquake Analysis of Buildings,” Jour¬ 
nal of Structural Engineering, ASCE, 112, 1986, pp. 461-480. 

Roehl, J. L., “Dynamic Response of Ground-Excited Building Frames,” Ph.D. thesis. Rice University, 
Houston, Tex., October 1971. 









20 


Earthquake Analysis and 
Response of Inelastic Buildings 


PREVIEW 

As mentioned in Chapter 7, most buildings are expected to deform beyond the limit of 
linearly elastic behavior when subjected to strong ground shaking. Thus the earthquake 
response of buildings deforming into their inelastic range is of central importance in earth¬ 
quake engineering. This chapter covers selected aspects of this vast subject, organized into 
two parts. 

Rigorous nonlinear response history analysis (RHA) is discussed in Part A. Men¬ 
tioned are the governing equations of motion and differences in methodologies for solving 
these equations for inelastic MDF systems compared to elastic systems. Next, we demon¬ 
strate that the inelastic response of buildings is strongly influenced by assumptions in ide¬ 
alizing or modeling the structure, by second-order P- A effects of gravity loads acting on 
the laterally deformed state of the structure, and by the detailed variation of ground motion 
with time. These factors are much more influential on the response of structures deforming 
into their inelastic range than for those remaining elastic. Then we demonstrate that the 
story ductility demands and their heightwise variation depend on the relative yield strengths 
of beams versus columns and on the relative yield strengths of various stories. Identified 
next are the differences between the ductility demands imposed by earthquake excitation 
on multistory buildings and on an SDF system, both designed for the same base shear, and 
culminating in a quantitative discussion of the increase in strength necessary to limit the 
story ductility demands in a multistory building below the SDF-system ductility factor. 

Recognizing that at the present time, nonlinear RHA is an onerous task for several 
reasons and an unreasonable requirement for every building—no matter how simple— 
and of every structural engineering office—no matter how small—approximate analysis 
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procedures are developed in Part B of the chapter. Utilizing the modal expansion of the 
effective earthquake forces, two procedures for approximate analysis of inelastic buildings 
are developed: uncoupled modal response history analysis (UMRHA) and modal pushover 
analysis (MPA). Not intended for practical application, the UMRHA procedure is devel¬ 
oped only to provide a rationale for the MPA procedure. In the latter procedure, the seismic 
demands due to individual terms in the modal expansion of the effective earthquake forces 
are determined by nonlinear static (or pushover) analyses using the modal inertia force 
distributions, and the peak “modal” responses are combined by modal combination rules 
to estimate the total response. The principal approximations in the MPA procedure are 
identified and the accuracy of the procedure is evaluated by comparing the estimated de¬ 
mands against results of nonlinear RHA for several buildings. Finally, MPA is simplified 
for practical application to estimate seismic demands for evaluation of existing buildings. 


PART A: NONLINEAR RESPONSE HISTORY ANALYSIS 

20.1 EQUATIONS OF MOTION: FORMULATION AND SOLUTION 

The resisting force term in the equations of motion for an elastic multistory building 
[Eq. (13.2.1)] is modified to recognize the inelastic behavior of the building. The force- 
deformation relation for each structural member undergoing cyclic deformations is now 
nonlinear and hysteretic. The initial loading curve is nonlinear at larger amplitudes of de¬ 
formation, and the unloading and reloading curves differ from the initial loading branch. 
Experiments on structural components have provided force-deformation relations appro¬ 
priate for various types of structural elements (beams, columns, walls, braces, etc.) us¬ 
ing a variety of structural materials (steel, reinforced concrete, masonry, wood, etc.) (see 
Fig. 7.1.1). 

For inelastic systems the nonlinear relationship between lateral forces f v at the N 
floor levels and resulting lateral floor displacements u is path dependent, i.e., it depends on 
whether deformation is increasing or decreasing during the time step: 

f.s = f.s(u) (20.1.1) 

With this generalization for inelastic systems, Eq. (13.2.1) becomes 

mii + cu + fs(u) = — m<ii g (f) (20.1.2) 

where m, c, and l are as defined in Section 13.2. This matrix equation represents N non¬ 
linear differential equations for the N floor displacements j = 1, 2, ..., N. Given 
the structural mass matrix m, damping matrix c, inelastic force-deformation relation fy(u), 
and ground acceleration ii g (t), nonlinear response history analysis requires numerical so¬ 
lution of Eq. (20.1.2) to obtain the displacement response of the structure, and internal 
forces can be determined from the displacements. 

Formulation of the nonlinear differential equations, in particular the fy(u) term, 
is computationally demanding. The structural stiffness matrix must be reformulated at 
each time instant from the element tangent stiffness matrices corresponding to the present 
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deformation and its path dependence—whether it is on the initial loading, unloading, or 
reloading branches of the element force-deformation relation—and for a large structure 
this process must be repeated for thousands of structural elements. In formulating these 
equations, nonlinear geometry should be considered because structures subjected to in¬ 
tense ground motions may undergo large displacements. In earthquake engineering, the 
nonlinear equilibrium and compatibility relations are generally approximated by an ap¬ 
proach referred to as P-A analysis. Detailed formulation of the governing equations is 
beyond the scope of this book, and the reader is referred to other sources (e.g., Filippou 
and Fenves, 2004). 

Numerical solution of Eq. (20.1.2) is computationally demanding for large (number 
of DOFS) inelastic systems because these coupled differential equations must be solved 
simultaneously; for inelastic systems they cannot be uncoupled by transforming to modal 
coordinates, as will be demonstrated later. Such numerical solutions must be repeated at 
every time step At, which must be very short, short enough to ensure that the numerical 
procedure converges, remains stable, and gives accurate results. In Chapter 16 we devel¬ 
oped selected numerical methods that are commonly used in earthquake engineering to 
solve these nonlinear differential equations. 


20.2 COMPUTING SEISMIC DEMANDS: FACTORS 
TO BE CONSIDERED 

Several factors should be recognized to obtain meaningful results for the inelastic response 
of a structure. Three of these factors— P-A effects, structural modeling (or idealization) 
assumptions, and ground motion characteristics—are discussed in this section based on 
results presented for a perimeter frame of the SAC-Los Angeles 20-story steel moment- 
resisting frame building.t The computed values of response quantities—floor displace¬ 
ments, story drifts, and plastic hinge rotations—represent the demands imposed on the 
structure by the design earthquake. 

20.2.1 P -A Effects 

The second-order effect of the downward gravity loads acting on the laterally deformed 
state of a structure, known as P-A effects, can profoundly influence the earthquake 

7 SAC was a joint venture of three nonprofit organizations: Structural Engineers Association of Cali- 
fornia (SEAOC), Applied Technology Council (ATC), and California Universities for Research in Earthquake 
Engineering (CUREE). Prompted by unexpected damage to the steel frames of many buildings during the 1994 
Northridge earthquake, SAC was organized to conduct an extensive program of applied research. SAC commis¬ 
sioned three consulting firms to design 3-, 9-, and 20-story special moment-resisting frame buildings according 
to local code requirements in three cities: Los Angeles (UBC, 1994), Seattle (UBC, 1994), and Boston (BOCA, 
1993). Square in plan, these buildings have identical properties in both lateral directions. Descriptions of their 
dimensions in plan and elevation, member sizes, and other properties are available in several publications (e.g., 
Gupta and Krawinkler, 1999). Perimeter frames of seven of these nine buildings are used as examples in this 
chapter. Ground motions selected for these examples are the 20 ground motion records assembled in the SAC 
project to represent 2% probability of exceedance in 50 years (a return period of 2475 years). 
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Roof displacement -s- building height, % 


Figure 20.2.1 Pushover curves for the 
SAC-Los Angeles 20-story building with 
and without P —A effects. (From Gupta and 
Krawinkler, 2000b.) 



Figure 20.2.2 Importance of P —A effects 
on the second-story drift of the SAC-Los 
Angeles 20-story building due to LA30 
ground motion. (Adapted from Gupta and 
Krawinkler, 2000b.) 


response of buildings in their inelastic range. With or without these effects. Fig. 20.2.1 
shows plots of the base shear V/, (normalized by the total weight W) against roof dis¬ 
placement (normalized by building height)—commonly known as a pushover curve — 
determined by nonlinear static analysis of the frame subjected to lateral forces with spec¬ 
ified heightwise distribution that are gradually increased to push the building to large dis¬ 
placements. P -A effects reduce the initial elastic stiffness of a structure slightly and will 
therefore have little influence on the earthquake response of a structure if it remained elas¬ 
tic during the design ground motion. However, P —A effects have a profound influence on 
the postyield response, which now displays a short constant-strength plateau at a reduced 
yield strength, followed by a rapid decrease in lateral force resistance represented by the 
negative stiffness, culminating in zero lateral resistance at a roof displacement equal to 4% 
of the building height; in contrast, the postyield stiffness remains positive if P —A effects 
are ignored. 

These profound differences in the postyield static behavior of a building suggest that 
P —A effects should also be important in the building’s response to earthquake excitation. 
This expectation is confirmed in Fig. 20.2.2, where the response history of interstory drift 
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or relative deformation (normalized by story height) in the second story of the building due 
to one of the SAC ground motions—the LA30 Tabas record—is presented for two cases: 
P -A effects included or excluded. When these effects are included, after the first episode 
of major yielding the story drift grows in one direction without any reversal toward the 
opposite lateral direction, resulting in dynamic instability. In contrast, analysis excluding 
these effects predicts oscillatory response that remains bounded. Clearly, it is essential to 
include P -A effects in predicting the earthquake response of buildings deforming signifi¬ 
cantly into their inelastic range. 

20.2.2 Modeling Assumptions 

The earthquake response of a building can be influenced significantly by the assumptions 
in modeling (or idealizing) the structure for computer analysis. To demonstrate this possi¬ 
bility, three different planar idealizations of the frame selected are considered: (1) model 
M1, a basic centerline model in which the panel zone size, strength, and flexibility are not 
represented; (2) model M2, a model that explicitly incorporates the strength and flexibility 
properties of panel zones; and (3) model M2A, an enhanced version of model M2, which 
includes the interior gravity columns, shear connections, and floor slabs. 

The earthquake response of a building may be affected profoundly by the differences 
in these analytical models, as demonstrated by the response history of second-story drift 
due to the same ground motion (Fig. 20.2.3). The Ml model predicts that after the first 
large inelastic excursion, the story drift will not reverse direction and will continue to grow 
rapidly so that the building would become dynamically unstable within the first 20 sec of 
the excitation. This early instability does not occur in the M2 model, but the subsequent 
(after 20 sec) ground motion, although weaker, causes the drift to grow to near dynamic in¬ 
stability of the frame. When other sources of stiffness and strength are considered (model 
M2A), the response is radically different. After the first large inelastic excursion, the story 
drift now recovers partially and oscillates about a shifted position, showing no signs of dy¬ 
namic instability of the structure. It is evident that dynamic response is extremely sensitive 



Figure 20.2.3 Influence of modeling 
assumptions on second-story drift in the 
SAC-Los Angeles 20-story building due to 
LA30 ground motion. (Adapted from Gupta 
and Krawinkler, 2000b.) 
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Figure 20.2.4 Influence of modeling 
assumptions on the story drift demands for 
the SAC-Los Angeles 20-story building due 
to LA30 ground motion; results are shown 
for models M2 and M2 A, but model Ml 
predicted collapse of the building. (Adapted 
from Gupta and Krawinkler, 2000a.) 

to modeling assumptions once P —A effects become important and a story is deformed into 
the range of negative postyield stiffness. 

Consequently, the story drift demands for a building may be affected profoundly by 
the modeling assumptions. This is evident in Fig. 20.2.4, where the peak values of story 
drifts are presented for the same frame due to the same ground motion. No results are 
shown for model Ml because it predicted collapse of the building. Model M2 predicts 
story drifts approaching 15%, which are so large that the performance of the building 
would not be acceptable. However, the most realistic model (M2A) predicts much smaller 
story drifts, with the largest drift among all stories near 5%. 

20.2.3 Response Variability with Ground Motion 

The story drift demands are also sensitive to the time variation of ground acceleration, 
hence they vary from one ground motion to the next. This is evident from the peak values 
of story drifts in the M2 model of the same 20-story building due to 20 SAC ground mo¬ 
tion records (Fig. 20.2.5). The story drift demands imposed by the 20 individual records 
vary widely, implying that the response to any one excitation should not be the basis for 
designing new buildings or evaluating existing buildings. 

The seismic demands due to a large enough number of ground motions must be de¬ 
termined and their record-to-record variability considered in selecting demand values to be 
considered in the design and evaluation of structures. The mediant anc ) 84th percentilet val¬ 
ues of the story drift demands for the M2 model of the structure are presented in Fig. 20.2.6 
for three ensembles of 20 ground motions for Los Angeles representing different proba¬ 
bilities of exceedance: 2% in 50 years (a return period of 2475 years), 10% in 50 years 
(a return period of 475 years), and 50% in 50 years (a return period of 72 years). As the 
intensity of the ground motion ensemble increases, both the median and 84th percentile 



Story drift, % 


1 Median refers to the exponent of the mean of the natural log values of the data set. 

: Thc 84th percentile is the median multiplied by the exponent of the dispersion, where dispersion is deter¬ 
mined as the standard deviation of the natural log values of the data set. 
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Figure 20.2.5 Story drift demands for the 
SAC-Los Angeles 20-story building due to 
20 SAC ground motions. (Data provided by 
Akshay Gupta.) 



Figure 20.2.6 Median and 84th percentile 
values of the story drift demands for the 
SAC-Los Angeles 20-story building for 
three ensembles of ground motions. (From 
Gupta and Krawinkler, 2000a.) 


values of story drift demands become larger, as expected; more important, dispersion of 
the demand increases. The excitation-to-excitation variability in response is larger for the 
most intense ensemble of ground motions because they cause story drifts large enough for 
P -A effects to be important. 


20.3 STORY DRIFT DEMANDS 

20.3.1 Influence of Plastic Hinge Mechanism 

The heightwise variation in ductility demands on multistory buildings depends, in part, 
on the relative yield strengths of the beams and columns and the relative yield strengths 
of various stories. To demonstrate this important concept, we present the ductility de¬ 
mands for the three types of structures shown in Fig. 20.3.1. Designated as the beam-hinge 
model, the first structural type is a frame with strong columns and weak beams in which a 
complete mechanism forms with plastic hinges in all beams as lateral forces with a code- 
specified distribution are increased (Fig. 20.3.1a). Designated as the column-hinge model. 
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(a) 


(b) 


(c) 


Figure 20.3.1 (a) Beam-hinge, (b) column-hinge, and (c) weak-story models. (From 

Krawinkler and Nassar, 1991.) 


the second structural type is a system with weak columns and strong beams in which all 
columns develop plastic hinges as lateral forces with a code-specified distribution are in¬ 
creased (Fig. 20.3.1b). Designated as the weak-story model, the third structural type devel¬ 
ops a story mechanism only in the first story under code-specified lateral force distribution 
(Fig. 20.3.1c); the yield strengths of the second and higher stories are increased consider¬ 
ably relative to the column-hinge model to ensure that they remain elastic. Thus the first 
story is no weaker than in the column-hinge model; it is weak only relative to the second 
and higher stories, implying a large discontinuity of strength across the first floor. 

The mean values (over an ensemble of 15 ground motions) of the story ductility fac¬ 
tor will be presented for the aforementioned models of three 20-story building frames with 
base shear yield strength determined from the corresponding SDF system. In the linearly 
elastic range, the natural period and damping ratio of the corresponding SDF system are the 
same as the fundamental mode properties 7) and of the multistory frame. The weight of 
the corresponding SDF system is the same as the total weight W of the multistory frame. 
The base-shear yield strength for this SDF system corresponding to a selected ductility 
factor [i is given by Eq. (7.12.1) with appropriate change in notation: 



(20.3.1) 


g 


where A y is the pseudo-acceleration corresponding to the ji selected (in this example 
H = 8) and known 7) and £). The pseudo-acceleration is determined from the mean in¬ 
elastic response spectrum of an ensemble of 15 ground motions. 

The story ductility demands differ considerably among the three structural types 
(Fig. 20.3.2). These ductility factors may be unrealistically large, but this example is 
chosen to illustrate trends. Observe that the story ductility demand for the structures con¬ 
sidered is largest in the bottom story, which is generally—but not always—true. Among 
the three structural types, the ductility demands in the lower stories are largest for the 
weak-story model, smallest for the beam-hinge model, and in between for the column- 
hinge model. It is also apparent that the structural type has a great influence on the 
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Figure 20.3.2 Mean story ductility 
demands for beam-hinge, column-hinge, 
and weak-story models of a 20-story frame 
due to an ensemble of 15 ground motions, 
compared with the SDF-system ductility 
factor ji = 8. For the weak-story model, the 
ductility demand is about 50 for the first 
story but all other stories remained elastic. 
(Data from Nassar and Krawinkler, 1991.) 


heightwise variation of story ductility demands. Although this variation is significant in 
all three cases, it is smallest for the beam-hinge model and greatest for the weak-story 
model; in the latter case, the upper stories remain essentially elastic. Thus all the energy 
that was dissipated through yielding of the upper stories in the beam-hinge and column- 
hinge models must be dissipated by the weak first story, resulting in the very large ductility 
demand of about 50. 

In actual buildings, if the first story is relatively weak, it is usually also relatively 
flexible because stiffness and strength are often interrelated. The behavior of such a soft- 
first-story building is similar to that of a weak-first-story building: The upper stories re¬ 
main essentially elastic, with yielding confined to the first story, resulting in large ductility 
demands in this story. 

A well-known example of a building with a soft first story is the Olive View Hos¬ 
pital building. This was a six-story reinforced-concrete building with its first story par¬ 
tially underground. The lateral force-resisting system included large walls in the up¬ 
per four stories that did not extend down to the lower two stories (Fig. 20.3.3). These 
discontinuous shear walls created a large discontinuity in strength and stiffness at the 
second-floor level. During the February 9, 1971 San Fernando earthquake, this struc¬ 
ture behaved as suggested by the preceding results from dynamic analysis of a hypothet¬ 
ical building. The upper four stories of this building escaped with minor damage, with 
the damage decreasing toward the top. Most of the damage was concentrated in the par¬ 
tially underground story and the first aboveground story, with permanent drift in the latter 
story exceeding 30 in. (Fig. 20.3.4). This large drift imposed very severe deformation and 
ductility demands on the first-story columns. As a result, the tied columns failed in a brittle 
manner (Fig. 20.3.5); however, the ductile behavior of the spirally reinforced columns 
prevented the collapse of the building (Fig. 20.3.6). This building, completed only a few 
months prior to the earthquake, was damaged so severely that it had to be demolished. 
There are many such examples of severe damage to buildings with a soft first story even 
during recent earthquakes. 

Although soft-first-story buildings are obviously not appropriate for earthquake- 
prone regions, their response during past earthquakes suggests the possibility of 
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Figure 20.3.3 Olive View Hospital building. The shear walls in the upper four stories 
did not extend to the lower two stories. (From K. V. Steinbrugge Collection, courtesy of 
the Earthquake Engineering Research Center, University of California at Berkeley.) 


reducing the damage to a building by a base isolation system that acts like a soft first 
story. This topic is discussed in Chapter 21. 

20.3.2 Influence of Inelastic Behavior 

The distribution of story drifts over the height of a multistory frame also depends on how 
far the frame deforms into the inelastic range, as demonstrated in Fig. 20.3.7. Presented 
are the median values of story drift demands due to an ensemble of ground motions for 
beam-hinge models of five 9-story frames, designed for lateral force distribution specified 
in the 2009 International Building Code, and base shear given by Eq. (20.3.1), where A y is 
chosen to correspond to the SDF-system ductility factor jx = 1, 1.5, 2, 4, and 6; included 
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Figure 20.3.4 Large deformations in the first aboveground story of the Olive View Hos¬ 
pital building due to the San Fernando earthquake of February 9, 1971. (Courtesy of K. V. 
Steinbrugge Collection, Earthquake Engineering Research Center, University of California 
at Berkeley.) 



Figure 20.3.5 Brittle failure of a tied 
comer column of the Olive View Hospital 
building. (From K. V. Steinbrugge 
Collection, courtesy of the Earthquake 
Engineering Research Center, University of 
California at Berkeley.) 





































Figure 20.3.6 Large permanent 
deformation of a spirally reinforced column 
of the Olive View Hospital building. (From 
K. V. Steinbrugge Collection, courtesy of the 
Earthquake Engineering Research Center, 
University of California at Berkeley.) 


786 


Earthquake Analysis and Response of Inelastic Buildings 


Chap. 20 



Story drift, % 


Figure 20.3.7 Variation of story drift 
demands in 9-story frames designed for 
different values of the SDF-system ductility 
factor fi. 


are story drifts for the frame assumed to be linearly elastic. The story drift demands and 
their heightwise variation for inelastic systems differ from those of elastic systems and 
depend significantly on the ductility factor, a measure of the degree of inelastic behavior. 
The story drifts increase at the upper stories of the elastic frame, where the response con¬ 
tributions from higher vibration modes are known to be significant (see Chapter 19). As 
the ductility factor, /a, increases (i.e., the strength of the frame decreases, implying a larger 
degree of inelastic action), the drifts in upper stories decrease, and the largest drift occurs 
near the base of the structure. This trend can also be observed in Fig. 20.3.2. 
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20.4 STRENGTH DEMANDS FOR SDF AND MDF SYSTEMS 

What base-shear yield strength is required in a multistory building to keep the earthquake- 
induced ductility demand in every story below a selected value? To address this question 
we examine the story ductility demands for a building with its base shear yield strength 
determined from Eq. (20.3.1) for the corresponding SDF system. By defining the yield base 
shear of the multistory building as the same as that of the corresponding SDF system, the 
ductility demands computed will permit direct comparison between the two systems and 
with the SDF-system ductility factor /x selected to determine A y in Eq. (20.3.1). Before 
presenting the ductility demands for the multistory building, we note that the mean ductility 
demand imposed by the ensemble of ground motions on the corresponding SDF system 
will be identical to the /x selected (Chapter 7). 

For multistory buildings, however, the ductility demands differ from the SDF-system 
ductility factor /x selected, and vary over the height. Figure 20.3.2 shows the mean values 
(over an ensemble of 15 ground motions) of story ductility factors for two 20-story building 
frames (beam-hinge model and column-hinge model) with the base shear strength defined 
according to Eq. (20.3.1) for /x = 8. It is clear that story ductility demands differ from /x = 8 
and are not constant over height because of the more complex dynamics of MDF systems. 

The first-story ductility demand (often, the largest among all stories) increases with 
the fundamental period, T\ (or the number of stories) and may exceed the SDF-system 
ductility factor. It is also affected by the plastic hinge mechanism, as distinguished by 
column-hinge versus beam-hinge models. These trends are shown in Fig. 20.4.1, where 
the mean ductility demand in the first story of buildings 2, 5, 10, 20, 30, and 40 stories 
high is presented as a function of fundamental period T\ for /x = 2 and 8. 

It is evident from the preceding results (Fig. 20.4.1) and related observations that 
unlike SDF systems, the base shear yield strength determined from Eq. (20.3.1) is not suf¬ 
ficient to limit the story ductility demands in a multistory building below the SDF-system 



2 5 10 20 30 40 

Number of stories 


Figure 20.4.1 Mean first-story ductility 
demands for beam-hinge and column-hinge 
models of 2-, 5-, 10-, 20-, 30-, and 40-story 
frames designed for SDF-system ductility 
factors /x = 2 and 8. (Data from Nassar and 
Krawinkler, 1991.) 
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Number of stories 


Figure 20.4.2 Modification factor to 
obtain the base shear yield strength of 
multistory frames from the base-shear yield 
strength of the corresponding SDF system 
for beam-hinge and column-hinge models. 
(Data from Nassar and Krawinkler, 1991.) 


ductility factor /i. To achieve this design objective, the base shear yield strength V/, y for 
SDF systems needs to be increased for MDF systems. The modification factor (Vj,j,)MDF -F 
(14 y )sDF, where (14 y )MDF and ( V), v )sdf are the base shear yield strengths of MDF and SDF 
systems, respectively, varies between 1 and 2.5 for the examples considered, increases with 
7j (or number of stories) and the /t value, and is also influenced by the plastic hinge mecha¬ 
nism, being larger for the column-hinge model than for the beam-hinge model (Fig. 20.4.2). 


PART B: APPROXIMATE ANALYSIS PROCEDURES 


20.5 MOTIVATION AND BASIC CONCEPT 

At the present time, nonlinear RHA is an onerous task, for several reasons. First, an en¬ 
semble of ground motions compatible with the seismic design spectrum for the site must 
be selected. Second, despite increasing computing power, inelastic modeling remains 
challenging and nonlinear RHA remains computationally demanding, especially for 
unsymmetric-plan buildings—which require three-dimensional analysis to account for cou¬ 
pling between lateral and torsional motions—subjected to two horizontal components of 
ground motion. Third, such analyses must be repeated for several excitations because of the 
wide variability in demand due to plausible ground motions, and the record-to-record vari¬ 
ability of response must be considered (see Section 20.2.3). Fourth, the structural model 
must be sophisticated enough to represent a building realistically, especially deterioration 
in its strength at large displacements (see Sections 20.2.1 and 20.2.2). Fifth, structural 
modeling and commercial computer programs analyzing the same structure should be ro¬ 
bust enough to produce essentially identical response results. With additional research and 
software development, most of the preceding issues should eventually be resolved, and 
nonlinear RHA may then become common in structural engineering practice. 




Sec. 20.5 Motivation and Basic Concept 


789 


However, it may be unreasonable to require this onerous procedure for every 
building—no matter how simple—and of every structural engineering office—no matter 
how small. Therefore, we are interested in developing simplified methods that are approx¬ 
imate but are rooted in structural dynamics theory as an alternative to rigorous nonlinear 
RHA. For this purpose, we will utilize the notion of effective earthquake forces and their 
modal components introduced in Chapters 12 and 13. 

The effective earthquake forces [Eq. (13.1.2)], repeated here for convenience, are 

PeffO) = -m LUg{t) (20.5.1) 

The spatial distribution of these forces over the structure is defined by the vector s = mt. 
This force distribution can be expanded as a summation of modal inertia force distributions 
s„ (Section 13.1.2), repeated here for convenience: 

N N 

mt = s « = ^2 m< ^« (20.5.2) 

n= 1 72=1 

where 

T„ = L n = finu M n = fimcj) n (20.5.3) 

The effective earthquake forces can then be expressed as 

N N 

Peff(0 = H -S„Mg(0 (20.5.4) 

n =1 n= 1 

The contributions of the nth mode to p e ff(0 and s are 

Peff,«(0 = s /? iig(t) s n = T h mcf) n (20.5.5) 

The modal expansion of the force distribution s is illustrated for a perimeter frame of 
the SAC-Los Angeles 9-story building. The first three periods and modes of the building 
vibrating along an axis of plan symmetry are shown in Fig. 20.5.1, where we note that the 



Mode shape component 


Figure 20.5.1 First three natural-vibration 
periods and modes of the SAC-Los Angeles 
9-story building. (From Goel and Chopra, 
2004.) 
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Figure 20.5.2 Modal expansion of the distribution s = nu of effective earthquake forces. 

floor displacements in the first (or fundamental) mode are all in the same direction, but they 
reverse direction in higher modes as one moves up the building. The modal expansion of 
the distribution s = nu of the effective earthquake forces is shown in Fig. 20.5.2. As noted 
in Section 13.2, the direction of force s jn at the / th floor level is controlled by the algebraic 
sign of the /th-lloor displacement in mode </>„. Hence, these forces for the first mode 
all act in the same direction, but for the second and higher modes they change direction as 
one moves up the building. The contribution of the first mode to the force distribution s is 
largest, and the modal contributions decrease progressively for higher modes. 

Utilizing the modal expansion of p e ff(f ) and s, two procedures for approximate analy¬ 
sis of inelastic buildings will be described next: uncoupled modal response history analysis 
(UMRHA) and modal pushover analysis (MPA). Not intended for practical application, the 
UMRHA procedure is developed only to provide a rationale for the MPA procedure. In 
the UMRHA procedure, the response history of the building to p e ff,„(t), the nth-mode com¬ 
ponent of the excitation, is determined by nonlinear RHA of an inelastic SDF system, and 
superposition of these “modal” responses gives the total response. In the MPA procedure, 
the peak response to p e ff.« (7) is determined by a nonlinear static, or pushover, analysis, 
and the peak modal responses are combined by modal combination rules to estimate the 
total response. 


20.6 UNCOUPLED MODAL RESPONSE HISTORY ANALYSIS 
20.6.1 Linearly Elastic Systems 

In this section we demonstrate that the classical modal analysis procedure for linearly 
elastic systems developed in Sections 12.4 to 12.6 and 13.1 is equivalent to finding the 
response of the structure to p e ff,«(U for each n and superposing the responses for all n. 
The response of the system to p e fr, n (0 is entirely in the /;th mode, with no contribution 
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from other modes, which implies that the modes are uncoupled. Recall that this important 
property of the modal expansion of Eq. (20.5.2) was proven analytically in Section 12.8. 

The equations governing the response of the linearly elastic MDF system to p e ff,„ (t), 
defined by Eq. (20.5.5a), are 

mii + cu + ku = — s„u g (t) (20.6.1) 

and the resulting floor displacements are given by 

\i n (t) = 4> n qn(t) ( 20 . 6 . 2 ) 

Substituting Eq. (20.6.2) in Eq. (20.6.1) and premultiplying the latter by c/>j leads to the 
equation governing the modal coordinate q n : 

r//? 4" 2t; n (0„q„ T o>~q n — I /; iig it) (20.6.3) 

in which u>„ is the natural frequency and („ is the damping ratio, both for the nth mode, 
and F„ was defined by Eq. (20.5.3). As demonstrated in Section 13.1, the solution q„ (t) of 
Eq. (20.6.3) is given by 

q n (t) = r„ D n (t) (20.6.4) 

where D„ (t) is the deformation response of the nth-mode linearly elastic SDF system, an 
SDF system with vibration properties—natural frequency a)„ (natural period T n = 2n /(>)„) 
and damping ratio £„—of the nth mode of the MDF system, subjected to u g (t). It is 
governed by 

D n + 2 £„a) n D n + (20.6.5) 

Substituting Eq. (20.6.4) into Eq. (20.6.2) gives the lateral displacements of the 
floors: 

u„(f) = r n <j> n D n (t) (20.6.6) 

and the story drift in the / th story is the difference between displacements of the /th and 
(j — l)th floors: 

A jn (t) = r n (ft> jn - 4>j-i <n )D n {t) (20.6.7) 

Equations (20.6.6) and (20.6.7) represent the response of the MDF system to p e ff,«(f), and 
superposing the responses for all n gives the response of the system due to total excitation 
Peff(?): 

N 

r(t) = Y^r n (t) ( 20 . 6 . 8 ) 

n =1 

This is the UMRHA procedure for exact analysis of linearly elastic systems, which is 
identical to the classical modal RHA. Equation (20.6.3) is the standard equation governing 
the modal coordinate q„(t ); it is identical to Eq. (13.1.7). Equations (20.6.6) and (20.6.7) 
define the contribution of the nth mode to the response; they are identical to Eqs. (13.1.10) 
and (13.2.6). Equation (20.6.8) combines the response contributions due to all n excitation 
terms in the modal expansion of Eq. (20.5.4); it is identical to Eqs. (13.1.15) and (13.1.16). 
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However, these standard equations have now been derived in an unconventional way. In 
contrast to the classical derivation presented in Sections 12.4 and 13.1.3 to 13.1.5, we have 
used the modal expansion of the spatial distribution of the effective earthquake forces. 
This interpretation of modal analysis will provide a rational basis for the modal pushover 
analysis procedure developed later for inelastic systems. 

20.6.2 Inelastic Systems 

Although modal analysis is not valid for an inelastic system, its dynamic response can 
usefully be discussed in terms of the natural vibration modes of the corresponding linear 
system. Each structural element of this linear system is defined to have the same stiffness as 
its initial stiffness in the inelastic system; both systems have the same mass and damping. 
Therefore, the natural vibration periods and modes of the corresponding linear system are 
the same as the vibration properties of the inelastic system undergoing small oscillation, 
which are referred to as “ periods ” and “modes” of the inelastic system.' Thus Eqs. (20.5.2) 
to (20.5.5) are also valid for inelastic systems, where (j>„ now represents the modes of the 
corresponding linear system. 

The equations governing the response of the inelastic MDF system to p e ff,« (?) defined 
by Eq. (20.5.5a) are 


mii + cu + fs(u) = —s„u g (t) 


(20.6.9) 


The solution of Eq. (20.6.9) will no longer be described by Eq. (20.6.2) because modes 
other than the nth mode will also contribute to the system response, implying that the 
vibration modes are now coupled; thus the floor displacements are given by the first part 
of Eq. (20.6.10): 


N 



( 20 . 6 . 10 ) 


r=l 


However, because for linear systems q r (t) = 0 for all modes other than the nth mode, it is 
reasonable to expect that q r (?) may be small for inelastic systems, implying that the elastic 
modes are, at most, weakly coupled. 

The above-mentioned expectation is confirmed numerically by the response of the 
SAC-Los Angeles 9-story building to ground motion intense enough to cause significant 
yielding of the structure. Its response to force vector p e ff>(t) was determined by nonlinear 
RHA, solving Eq. (20.6.9) by the numerical methods described in Chapter 16, and the 
resulting floor displacements were decomposed into their modal components using the 
procedure in Section 10.7, applied at each time instant. 

Figure 20.6.1 shows that the roof displacement due to the force vector p e ff,„ (?) is due 
primarily to the ??th mode but that other modes contribute to the response. The second, 
third, and fourth modes start responding to excitation p e ff,i(0 the instant the structure 

'The quotation marks are included to emphasize that the concept of natural vibration periods and modes is 
strictly not valid for inelastic systems. Subsequently, however, the quotation marks are dropped, but are always 
implied in the context of inelastic systems. 
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Figure 20.6.1 Modal decomposition of roof displacement due to p ct [ , ; (7) = —s„u g (t), n = 1, 2, 3, 
and 4, where u g (t) = LA25 ground motion: (a) p e ff,t = — Si x LA25; (b) p e ff ,2 = — S 2 x LA25; 
(c) Peff ,3 = -S 3 x LA25; (d) p ef f, 4 = -s 4 x LA25. 


first yields (Fig. 20.6.1a). Similarly, the first, third, and fourth modes start responding to 
excitation p e ff ,2 (7) the instant the structure first yields (Fig. 20.6.1b). 

Although the natural vibration modes are no longer uncoupled if the system responds 
in the inelastic range, modal coupling is weak. In the structural response due to p e ff,i(0, 
the contributions to roof displacement of the second, third, and fourth modes are only 
6 , 3, and 2%, respectively, of the first-mode response (Fig. 20.6.1a). In the structural 
response to p e ff, 2 (?)> the contributions to roof displacement of the first, third, and fourth 
modes are 25, 13, and 2%, respectively, of the second-mode response (Fig. 20.6.1b). In the 
structural response to p e ff 3 (f), the contributions to the roof displacement of each of the first, 
second, and fourth modes are less than 1% of the third-mode response (Fig. 20.6. lc). In the 
structural response to p e ff, 4 ( 0 , the contributions to roof displacement of each of the first, 
second, and third modes are less than about 1% of the fourth-mode response (Fig. 20.6. Id). 

This weak coupling of modes implies that the structural response due to excitation 
Peff.H (t) may be approximated by the second half of Eq. (20.6.10). Substituting this ap¬ 
proximation into Eq. (20.6.9) and premultiplying by <t>' n gives 

q n + 2$„co n q n + ^ = -h „u g (t) (20.6.11) 

M-n 
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where F sn is a nonlinear hysteretic function of the nth modal coordinate q n : 

Fsn — Fsn (Qn) — f'v ) 


( 20 . 6 . 12 ) 


If the smaller contributions of other modes had not been neglected, F sn would depend on all 
modal coordinates, and the set of equations defined by Eq. (20.6.11) for n = 1.2,.... /V 
would be coupled because of yielding of the structure and hence offer no advantage over 
Eq. (20.6.9). 

What is a good way to express the solution of Eq. (20.6.11) for inelastic systems? 
To answer this question, we note the similarity between Eq. (20.6.11) and its counterpart, 
Eq. (20.6.3) for linearly elastic systems, and that the solution for the latter was related 
by Eq. (20.6.4) to the response D n (t ) of the nth-mode elastic SDF system. Similarly, the 
solution of the former can be expressed as Eq. (20.6.4), where D n (t ) is now governed by 



(20.6.13) 


n 


D n (t ) may be interpreted as the deformation response of the n th-mode inelastic SDF sys¬ 
tem, an SDF defined by (1) small-oscillation vibration properties—natural frequency co n 
(natural period T „) and damping ratio —of the nth mode of the MDF system; and (2) 
the force-deformation ( F sn /L n — D„) relation. Introducing the nth-mode inelastic SDF 
system permitted extension to inelastic systems of the well-established concepts for elastic 
systems. 

Solution of the nonlinear Eq. (20.6.13) provides D n (t), which is substituted into 
Eqs. (20.6.6) and (20.6.7) to obtain floor displacements and story drifts. They approximate 
the response of the inelastic MDF system to p e ff,«(t), the nth-mode contribution to p e ff(f). 
Superposition of responses to p e ff,„(f) —n = 1,2,..., N —according to Eq. (20.6.8) pro¬ 
vides the total response to p e ff(f). This is the UMRHA procedure for approximate analysis 
of inelastic systems. When specialized for linearly elastic systems, as mentioned in Sec¬ 
tion 20.6.1, it becomes identical to the classical modal RHA, an exact analysis procedure. 

The UMRHA procedure for inelastic systems is based on two approximations, 
which can be identified by comparing the key equations in UMRHA for elastic and 
inelastic structural systems. Equations (20.6.4), (20.6.6), and (20.6.7) apply to both sys¬ 
tems; Eqs. (20.6.3) and (20.6.5) differ from Eqs. (20.6.11) and (20.6.13) only in the re¬ 
sisting force; Eqs. (20.6.2) and (20.6.8) are exact for elastic systems but only approximate 
for inelastic systems. Commenting first on Eq. (20.6.8), the superposition of responses 
implied by this equation is strictly valid only for linearly elastic systems; however, it has 
been shown to be approximately valid for inelastic systems, a result that we do not demon¬ 
strate here because our intent in developing UMRHA is limited to justifying the modal 
uncoupling approximation needed for MPA. As is evident from Eq. (20.6.10), the second 
approximation comes from neglecting the coupling of modal coordinates, which permitted 
computing the response of the inelastic MDF system to p e ff,„(f) from that of an SDF sys¬ 
tem. Supported by the numerical results of Fig. 20.6.1, this approximation is reasonable 
only because the excitation is p e ff, n (0, the nth-mode contribution to the total excitation 
Peff(0- h would not be valid for an excitation with lateral force distribution different from 
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s„ [e.g., the total excitation p L .ir(f )], pointing out that the modal expansion of Eq. (20.5.4) 
is a key concept underlying UMRHA. 

To test the modal uncoupling approximation in UMRHA, the response of the SAC- 
Los Angeles 9-story building to p e ff,„(f) = — s n ii g (t), where u g {1) is the same ground 
motion as the one selected earlier (Fig. 20.6.1), was determined by two methods and 
compared: (1) rigorous nonlinear RHA by solving the governing coupled equations 
[Eq. (20.6.9)]; and (2) approximate UMRHA procedure. Such a comparison for roof- 
displacement and top-story drift is presented in Figs. 20.6.2 and 20.6.3, respectively. The 
errors in UMRHA results are larger in drift than in displacement, but the errors in either 

Nonlinear RHA UMRHA 



Figure 20.6.2 Comparison of approximate roof displacement from UMRHA and exact 
result from nonlinear RHA due to p e ff,« (t) = —s n u g (t), n = 1,2, 3, and 4, where ii g (t ) = 
LA25 ground motion. 
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Time, sec 


Time, sec 


Figure 20.6.3 Comparison of approximate top-story drift from UMRHA and exact result 
from nonlinear RHA due to p e ff, n (f) = — s n ii g (t), n = 1, 2, 3, and 4, where ii g (t) = LA25 
ground motion. 


response quantity seem small enough to use the modal uncoupling approximation in de¬ 
veloping approximate methods to estimate seismic demands for buildings. 

The UMRHA procedure is based on the second half of Eq. (20.6.10), restricting the 
floor displacements due to Peir,„ (t) to be proportional to the nth mode, which as stated 
earlier is an approximation for inelastic systems. This approximation is avoided in the 
MPA procedure, which is presented next, but a modal combination approximation must be 
introduced, as will be seen later. To provide a proper context, MPA is first presented for 
linearly elastic systems. 
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20.7 MODAL PUSHOVER ANALYSIS 

20.7.1 Linearly Elastic Systems 

The response spectrum analysis (RSA) procedure (Sections 13.7 and 13.8), which is a dy¬ 
namic analysis procedure, can be interpreted in two ways: as static analysis or as pushover 
analysis. As demonstrated in Section 13.8.1, static analysis of the building subjected to 
lateral forces 


i n = s „A n = T„m cf) n A n (20.7.1) 

will provide the same value of r n , the peak value of the nth-mode response r n (t), as in 
Eq. (13.7.1), where A„ = A(T n , £„), the pseudo-acceleration spectrum ordinate corre¬ 
sponding to the natural vibration period T n and damping ratio of the nth mode. 

Alternatively, this peak modal response can be obtained by linear static analysis of 
the structure subjected to monotonically increasing lateral forces with an invariant height- 
wise distribution: 


< = m <t> n (20.7.2) 

pushing the structure up to the roof displacement, u„, (the subscript r denotes “roof”), the 
peak value of the roof displacement due to the nth mode, which from Eq. (20.6.6) is 

Urn = r n ^rnD n (20.7.3) 

where D„ = D(T n , £„) is the ordinate of the deformation response spectrum corresponding 
to the period T n and damping ratio of the nth mode. Figure 20.7.1 shows the lateral force 
distribution s* for the first three modes of the SAC-Los Angeles 9-story building. But for 
scaling factors, F„, these distributions are identical to those in Fig. 20.5.2. 

The peak modal responses, r„, each determined by one pushover analysis, can be 
combined according to the modal combination rules of Eq. (13.7.3) or (13.7.4), as 
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Figure 20.7.1 Lateral force distributions 
s* = m <fi n , n = 1.2, and 3, for the first three 
modes of the SAC-Los Angeles 9-story 
building. (From Goel and Chopra, 2004.) 
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appropriate, to obtain an estimate of the peak value r of the total response. Equivalent to 
the standard RSA procedure described in Sections 13.7 and 13.8, the MPA procedure offers 
no advantage for linearly elastic systems, but this interpretation of RSA permits extension 
of MPA to inelastic systems. Before doing so, note that r n determined by pushover anal¬ 
ysis can also be interpreted as the peak response of the linearly elastic system to p c ir,„ (f), 
the nth-mode component of the effective earthquake forces. This interpretation is valid 
because, as demonstrated in Section 12.8, the system responds only in its nth mode when 
subjected to this excitation. 


20.7.2 Inelastic Systems 


The peak response r n of the inelastic system to p e ff,„(0 is also determined by a pushover 
analysis, which is now a nonlinear static analysis instead of a linear static analysis, of 
the structure subjected to lateral forces distributed over the building height according to 
s* [Eq. (20.7.2)] with the forces increased to push the structure up to roof displacement 
u rn . This value of the roof displacement is also determined from Eq. (20.7.3), but l)„ 
is now the peak deformation of the nth-mode inelastic SDF system (instead of the nth- 
mode elastic SDF system), determined by solving Eq. (20.6.13) for D n (t). At this roof 
displacement, the results of nonlinear static analysis provide an estimate of the peak value 
r„ of the response quantity r n (t): floor displacements, story drifts, and other deformation 
quantities. 

Nonlinear static analysis using force distribution s* leads to the nth-mode pushover 
curve, a plot of base shear Vb„ versus roof displacement u rn . From the nth-mode pushover 
curve is obtained the force-deformation (F sn /L n — D n ) curve for the nth-mode inelastic 
SDF system, which is required in Eq. (20.6.13). The forces and displacements in the two 
sets of curves are related as follows (see Derivation 20.1): 


Tfsn Vbn 


D„ 


u rn 

r n4>rn 


(20.7.4) 


where M* = L„ F„ is the effective modal mass (Section 13.2.5). 

Figure 20.7.2 shows the nth-mode pushover curve and its bilinear idealization; at the 
yield point the base shear is Vi, ny and the roof displacement is u rny . The two are related 
through (Derivation 20.2) 


^ = co 2 n D ny (20.7.5) 

As it should be, the initial slope of the F sn /L n — D„ curve is equal to co 2 , implying that 
it matches the force-deformation relation for the linear system in Eq. (20.6.5). Knowing 
F sny /L n and D ny from the pushover curve and Eq. (20.7.4), the initial elastic vibration 
period T n of the nth-mode inelastic SDF system is computed from 


f L n D ny \ 

V Fsny / 


T„ = 2 jt 


1/2 


(20.7.6) 
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(a) (b) 



Figure 20.7.2 (a) An nth-mode pushover curve and its bilinear idealization; (b) force- 
deformation relation for the nth-mode inelastic SDF system. 


This value of T n , which may differ from the period of the corresponding linear system de¬ 
termined by solving the eigenvalue problem (Section 10.2), should be used in Eq. (20.6.13). 

The response value r n determined by pushover analysis is an estimate of the peak 
value of the response r n (t ) of the inelastic structure to p e ft>(0, but it is not identical to an¬ 
other estimate determined by UMRHA. As mentioned earlier, r n determined by pushover 
analysis of a linearly elastic system is the exact peak value of the nth-mode contri¬ 
bution to response r(t). Thus we refer to r n as the peak modal response even in the case of 
inelastic systems. However, for inelastic systems the two—UMRHA and MPA—estimates 
of the peak modal response are both approximate and different from each other; the only 
exception is the roof displacement because it is deliberately matched in the two analyses. 
The two estimates differ because the underlying analyses involve different assumptions. 
UMRHA is based on the approximation contained in the second half of Eq. (20.6.10), 
which is avoided in MPA because the floor displacements, story drifts, and other deforma¬ 
tion quantities are determined by nonlinear static analysis using force distribution s*. As 
a result, the floor displacements of the inelastic system are no longer proportional to the 
«th-mode shape, in contrast to the second half of Eq. (20.6.10). In this sense, the MPA 
procedure represents the nonlinear behavior of the structure better than UMRHA. 

However, the MPA procedure contains a different source of approximation, which 
does not exist in UMRHA. The peak modal responses r„, each determined by one nonlinear 
static analysis, are combined by a modal combination rule, just as in RSA of linearly elastic 
systems. This application of modal combination rules to inelastic systems lacks a rigorous 
theoretical basis, but seems reasonable because the modes are only weakly coupled. 

20.7.3 Summary 

The seismic deformation demands—floor displacements, story drifts, and plastic hinge 
rotations—for a symmetric-plan multistory building subjected to earthquake ground 
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motion along an axis of symmetry can be estimated by the MPA procedure, which is sum¬ 
marized next in step-by-step form: 

1. Compute the natural frequencies, a >„, and modes, <p „, for linearly elastic vibration of 
the building (Fig. 20.5.1). 

2. For the nth mode, develop the base shear-roof displacement, 14,,-n™, pushover 
curve by nonlinear static analysis of the building using the lateral force distribution, 
s* [Eq. (20.7.2) and Fig. 20.7.1], Initial gravity (dead and live) loads are applied 
before the lateral forces, causing roof lateral displacement u rg . 

3. Convert the pushover curve to the force-deformation, F sn /L n -D n , relation 

for the nth-mode inelastic SDF system by utilizing Eq. (20.7.4). 

4. Idealize the force-deformation relation for the nth-mode SDF system as a bilinear or 
trilinear curve, as appropriate, or by more sophisticated idealizations. Starting with 
this initial loading curve, define the unloading and reloading branches appropriate 
for the structural system and material. 

5. Compute the peak deformation D„ of the nth-mode inelastic SDF system defined 
by the hysteretic force-deformation relation developed in step 4 and the damping 
ratio Compute the initial elastic vibration period [Eq. (20.7.6)] and estimate the 
damping ratio (Chapter 11). For this SDF system, D n is determined by nonlinear 
RHA [i.e., by solving Eq. (20.6.13)]. 

6 . Calculate the peak roof displacement u rn associated with the nth-mode inelastic SDF 
system from Eq. (20.7.3). 

7. From the pushover database (step 2), extract values of desired responses r n+g due 
to the combined effects of gravity and lateral loads at roof displacement equal to 
Urn 4 “ Ur g • 

8 . Repeat steps 3 to 7 for as many modes as required for sufficient accuracy. 

9. Compute the dynamic response due to the nth mode: r n = r n+g — r g , where r g is the 
contribution of gravity loads alone. 

10. Determine the total dynamic response r,i by combining the peak modal responses 
using an appropriate modal combination rule (Section 13.8). 

11. Determine the total seismic demand by combining the initial response due to gravity 
loads and the peak dynamic response: 

r ~ max(r g ± rj) (20.7.7) 

Plastic hinge rotations and member forces. The total floor displacements 
and story drifts are estimated by combining values obtained from gravity load analysis and 
modal pushover analyses (steps 10 and 11). This procedure may also be used to determine 
other deformation quantities, such as plastic hinge rotations. Alternatively, an improved 
estimate can be obtained by computing plastic hinge rotations from the total story drifts by 
a published procedure (Gupta and Krawinkler, 1999). 

As summarized above, the MPA procedure can also be used to estimate internal 
forces in those structural members that remain within their linearly elastic range, but not 
in those that deform into the inelastic range. In the latter case, the member forces are 
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estimated from the total member deformations—determined by step 11 of the MPA pro¬ 
cedure. Researchers have developed such procedures to compute member forces but these 
are not included here. 

Extension Of MPA. Restricted in the preceding sections to symmetric-plan build¬ 
ings, the MPA procedure has been extended to unsymmetric-plan buildings, which respond 
in coupled lateral-torsional motions during earthquakes. This extension draws on the ear¬ 
lier development of modal RHA and RSA procedures for linear analysis of unsymmetric- 
plan buildings (Sections 13.3 and 13.9). The force distribution s* used in the pushover 
analysis for each “mode” now includes two lateral forces and torque at each floor, and the 
modal demands are combined by the CQC rule, instead of the SRSS rule, to obtain an 
estimate of the total seismic demand. 


Derivation 20.1 

Equation (20.7.4b), which relates roof displacement u rn of the MDF system in the modal 
pushover curve to deformation D n of the SDF system, is obvious from Eq. (20.7.3), whereas 
Eq. (20.7.4a), relating forces in the two systems, may be derived as follows: At any stage 
of the nonlinear static procedure, the lateral forces are given by Eq. (20.7.2) times a scale 
factor, say, a: t sll — amcf> n . Substituting this f i( , into Eq. (20.6.12) and into the equation for 
base shear, Vb„ = lTf,,,, where 1 is a vector with all elements equal to unity, and utilizing 
Eq. (20.5.3b and c) leads to 


F sn = uM n 

Vbn — 0(L n 

(a) 

Fsn 

= 

Vbn_ 

(b) 


K 


Dividing both sides of Eq. (b) by T„, defined in Eq. (20.5.3a), gives Eq. (20.7.4a). 


Derivation 20.2 

Consider the lateral forces f sny — a v mcf) n that cause base shear equal to its yield value Vbny- 
Corresponding to these lateral forces, Eq. (20.6.12) gives 


Fsny — &y M n 

The resulting static displacements ujT satisfy 


(a) 


ku «y = a y m <t>n (b) 

Solving these equations and using Eq. (10.2.4) gives 

-i a y 

u ny = k ( 0 ! y in (f>„) = —</>,, (c) 

Equating two expressions for the roof displacement, one from Eq. (20.7.3) and the other from 
Eq. (c), gives 


P/2 0r)> D n y - 


(d) 


Equating two expressions for a y , one from Eq. (d) and the other from Eq. (a), and utilizing 
Eq. (20.5.3a) leads to Eq. (20.7.5). 


Base shear/weight Base shear/weight 
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20.8 EVALUATION OF MODAL PUSHOVER ANALYSIS 


The dynamic response of each structural system to each of the 20 ground motions was 
determined by two procedures: nonlinear RHA and MPA. The “exact” peak value of struc¬ 
tural response or demand r, determined by nonlinear RHA, is denoted by tnl-rha and the 
approximate value from MPA by rMPA- The response of each building was also computed 
under the assumption that the structure is strong enough to remain elastic. For elastic 
systems, nonlinear RHA specializes to linear RHA and MPA reduces to RSA; thus, these 
responses are denoted as trha and trsa- Presented in this section are median values of 
seismic responses or demands for the 9- and 20-story buildings. The RSA and MPA proce¬ 
dures were implemented, including a variable number of modes: one, two, or three modes 
for the 9-story buildings; one, three, or five modes for the 20-story buildings. 


20.8.1 Modal Pushover Curves and Roof Displacements 


Figures 20.8.1 to 20.8.3 show pushover curves for the first, second, and third modes, re¬ 
spectively, and identify the modal roof displacements due to each of the 20 ground motions 
and their median value; these roof displacements were determined by the MPA procedure 
(see steps 5 and 6 in the MPA summary presented in Section 20.7.3). Excluded from the 
first-mode plot are roof displacements due to those ground motions that caused collapse of 
the SDF system: one, three, and six excitations in the case of the Seattle 9-story and Los 



Figure 20.8.1 First-mode pushover curves for six SAC buildings; the roof displacement due to each 
of 20 ground motions is identified and the median value is also noted. 
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Figure 20.8.2 Second-mode pushover curves for six SAC buildings; the roof displacement due to 
each of 20 ground motions is identified and the median value is also noted. 
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Figure 20.8.3 Third-mode pushover curves for six SAC buildings; the roof displacement due to each 
of 20 ground motions is identified and the median value is also noted. 
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Angeles 9- and 20-story buildings. Figures 20.8.1 to 20.8.3 permit the following observa¬ 
tions: Boston buildings remain elastic for all modes during all ground motions, and their 
median roof displacement is well below the yield displacement. Several ground motions 
drive the Seattle 9-story building well beyond the elastic limit in the first two modes but 
not in the third mode. The median displacement is well beyond the yield displacement for 
the first mode but only slightly beyond for the second mode. Several ground motions drive 
the Seattle 20-story building well beyond the yield displacement in the first three modes; 
however, the median displacement exceeds the yield displacement significantly only for 
the second mode. The very intense Los Angeles motions, which include several near-fault 
ground motions, drive the Los Angeles buildings well beyond the yield displacement in the 
first two modes; even the median displacement exceeds the yield displacement, although 
more so in the hist mode than in the second. The overall impression is that some exci¬ 
tations deform the Seattle and Los Angeles buildings into the inelastic range in the first 
three modes, but the median displacement in modes higher than the first is either close to 
or exceeds the yield displacement only by a modest amount. 

20.8.2 Higher-Mode Contributions in Seismic Demands 

Figure 20.8.4 shows the median values of story drift demands, including a variable num¬ 
ber of modes in MPA superimposed with the “exact” result from nonlinear RHA. The first 



0 0.5 1 1.5 20 1 2 3 4 50123456 

Story drift A Mm or A,, , % 

J MPA NL-RHA 

Figure 20.8.4 Median story drifts for six SAC buildings determined by nonlinear RHA and MPA, 
with a variable number of modes. (Adapted from Goel and Chopra, 2004.) 
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mode alone is inadequate in estimating story drifts, but with a few modes included, story 
drifts estimated by MPA are much better and resemble nonlinear RHA results; however, 
significant discrepancies are noted for the Los Angeles buildings. We return to these dis¬ 
crepancies later. 

20.8.3 Accuracy of Modal Pushover Analysis 

The MPA procedure for inelastic systems is based on two principal approximations: (1) ne¬ 
glecting the weak coupling of modes in computing the peak modal response r n to p e ff,„(f); 
and (2) combining the r„ by modal combination rules, known to be approximate in estimat¬ 
ing the peak value of the total response. Because the latter is the only source of approxima¬ 
tion in the widely used RSA procedure for linearly elastic system (Sections 13.7 and 13.8), 
the resulting error in the response of these systems serves as a baseline for evaluating the 
additional approximation in MPA for inelastic systems. 

Figures 20.8.5 and 20.8.6 compare the accuracy of RSA in estimating the response of 
elastic systems with that of MPA in estimating the response of inelastic systems. For each 
of the six SAC buildings, the results are organized in two parts: (a) story drift demands for 




(b) 

Figure 20.8.5 Median story drifts for (a) linearly elastic systems determined by RSA and RHA 
procedures, and (b) inelastic systems determined by MPA and nonlinear RHA procedures. Results are 
for SAC 9-story buildings. (Adapted from Goel and Chopra, 2004.) 
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(a) 



Story drift A, % 


(b) 

Figure 20.8.6 Median story drifts for (a) linearly elastic systems determined by RSA and RHA 
procedures, and (b) inelastic systems determined by MPA and nonlinear RHA procedures. Results are 
for SAC 20-story buildings. (Adapted from Goel and Chopra, 2004.) 

these buildings treated as elastic systems determined by RSA and RHA procedures, and (b) 
demands for inelastic systems determined by MPA and nonlinear RHA. In implementing 
the RSA and MPA procedures, three modes were included for 9-story buildings and five 
modes for 20-story buildings. 

Observe that the RSA procedure underestimates the median response of all six elas¬ 
tic systems. This underestimation tends to increase from bottom to top of buildings, con¬ 
sistent with the heightwise variation of the contribution of higher modes to the response 
(Section 19.6). The heightwise largest underestimation ranges from 15% for the Los 
Angeles 9-story building to 28% for the Boston 9-story building. By pervasive use of 
commercial software based on the modal combination approximation, the profession tac¬ 
itly accepts this approximation, but perhaps has not recognized fully that it may lead to 
such significant underestimation of response. 

The additional errors introduced by neglecting modal coupling in the MPA proce¬ 
dure, which are apparent by comparing parts (a) and (b) of Figs. 20.8.5 and 20.8.6, depend 
on how far the building responds into the inelastic range. This can be judged from the 
first-mode pushover curves and the peak values of roof displacement (Fig. 20.8.1). The 
additional errors in MPA (compared to those in RSA) are small for both Boston build¬ 
ings because they remain essentially elastic; however, these errors increase slightly for 
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Seattle buildings because they are deformed moderately into the inelastic range; further¬ 
more, they increase significantly for Los Angeles buildings, especially for the Los Angeles 
9-story building, because they are deformed into the region of negative postyield stiffness 
and concomitant deterioration of lateral capacity, leading to collapse of its first-mode SDF 
system during several excitations. 


20.9 SIMPLIFIED MODAL PUSHOVER ANALYSIS 
FOR PRACTICAL APPLICATION 

For evaluating existing buildings or proposed designs of new buildings, the MPA proce¬ 
dure summarized in Section 20.7.3 can be simplified in two ways: The first simplification 
comes in determining the peak deformation D n of the nth-mode inelastic SDF system that 
is needed in Eq. (20.7.3) to estimate the roof displacement u rn , at which the nth-mode 
response r„ is determined by nonlinear static analysis of the structure (steps 7 to 9 in 
Section 20.7.3). In the results presented in Section 20.8, D n was determined as the peak 
value of D n {t) obtained by nonlinear RHA of the SDF system for a given u g (t). Al¬ 
though implementation of such a numerical solution of Eq. (20.6.13) is straightforward 
using methods presented in Chapter 5, such computation can be avoided in practical appli¬ 
cations of MPA. 

One convenient approach is to estimate D n directly from the earthquake design spec¬ 
trum (Section 6.9) that defines the seismic hazard for the site, using the method presented 
in Section 7.12.2. Alternatively, D n for an inelastic system can be estimated as the peak 
deformation of the corresponding linear system, which is read off the design spectrum, 
multiplied by the inelastic deformation ratio. Empirical equations for this ratio, defined 
as the ratio of peak deformations of inelastic and corresponding linear SDF systems, have 
been developed by several researchers. 

The second simplification comes in computing the response contributions of modes 
higher than the first. The results of Fig. 20.8.1 to 20.8.3 and their interpretation sug¬ 
gested that consideration of inelastic behavior of the structure is essential in the first-mode 
pushover analysis, but may not be as important for the higher-mode analyses. The errors 
introduced in higher-mode demands by ignoring inelastic behavior of the structure are ex¬ 
pected to be less significant in estimating the total demand, which contains important con¬ 
tributions of the first mode that are computed without introducing such an approximation. 

Treating the building as linearly elastic in estimating the higher-mode contributions 
to seismic demands, a modified MPA procedure has been developed. It requires less com¬ 
putational effort because pushover analysis is required only for the first mode. Such a 
modified MPA is an attractive alternative for practical application because it leads to a 
larger estimate of seismic demand—although not necessarily more accurate estimate— 
than MPA, thus reducing the unconservatism of MPA results (relative to nonlinear RHA) 
in some cases and increasing their conservatism in others. Although this increase in de¬ 
mand is modest and acceptable for systems with moderate damping, at least 5%, it is 
unacceptably large for lightly damped systems. 
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Earthquake Dynamics of 
Base-Isolated Buildings 


PREVIEW 

The concept of protecting a building from the damaging effects of an earthquake by intro¬ 
ducing some type of support that isolates it from the shaking ground is an attractive one, 
and many mechanisms to achieve this result have been proposed. Although the early pro¬ 
posals go back 100 years, it is only in recent years that base isolation has become a practical 
strategy for earthquake-resistant design. In this chapter we study the dynamic behavior of 
buildings supported on base isolation systems with the limited objective of understanding 
why and under what conditions isolation is effective in reducing the earthquake-induced 
forces in a structure. Base isolation is currently an active and expanding subject, however, 
and a large body of literature exists on various aspects of base isolation: testing and me¬ 
chanics of hardware in isolation systems, nonlinear dynamic analysis, shaking table tests, 
design projects, field installation, and field performance. 


21.1 ISOLATION SYSTEMS 

Despite wide variation in detail, base isolation techniques follow two basic approaches 
with certain common features. In the first approach the isolation system introduces a layer 
of low lateral stiffness between the structure and the foundation. With this isolation layer 
the structure has a natural period that is much longer than its fixed-base natural period. 
As shown by the elastic design spectrum of Fig. 21.1.1, this lengthening of period can 
reduce the pseudo-acceleration and hence the earthquake-induced forces in the structure, 
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Figure 21.1.1 Elastic design spectrum. 

but the deformation is increased; this deformation is concentrated in the isolation system, 
however, accompanied by only small deformations in the structure. This type of isolation 
system is effective even if the system is linear and undamped. Damping is beneficial, 
however, in further reducing the forces in the structure and the deformation in the isolation 
system. 

The most common system of this type uses short, cylindrical bearings with one or 
more holes and alternating layers of steel plates and hard rubber (Fig. 21.1.2). Interposed 
between the base of the structure and the foundation, these laminated bearings are strong 
and stiff under vertical loads, yet very flexible under lateral forces (Fig. 21.1.3). Because 
the natural damping of the rubber is low, additional damping is usually provided by some 
form of mechanical damper. These have included lead plugs inserted into the holes, hy¬ 
draulic dampers, steel bars, or steel coils. Metallic dampers provide energy dissipation 
through yielding, thus introducing nonlinearity in the system. 

The second most common type of isolation system uses sliding elements between 
the foundation and the base of the structure. The shear force transmitted to the struc¬ 
ture across the isolation interface is limited by keeping the coefficient of friction as low 
as practical. However, the friction must be sufficiently high to sustain strong winds and 
small earthquakes without sliding, a requirement that reduces the isolation effect. In 
this type of isolation system, the sliding displacements are controlled by high-tension 
springs or laminated rubber bearings, or by making the sliding surface curved; these 
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Figure 21.1.2 Section of a laminated rubber bearing. (Courtesy of I. D. Aiken.) 



Figure 21.1.3 Deformed laminated rubber bearing. (Courtesy of I. D. Aiken.) 

mechanisms provide a restoring force, otherwise unavailable in this type of system, to 
return the structure to its equilibrium position. The friction pendulum system (FPS) is 
a sliding isolation system wherein the weight of the structure is supported on spheri¬ 
cal sliding surfaces that slide relative to each other when the ground motion exceeds 
a threshold level (Fig. 21.1.4). The restoring action is caused by raising the building 
slightly when sliding occurs on the spherical surface. The dynamics of structures on 
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(a) (b) 


Figure 21.1.4 (a) Friction pendulum sliding bearing; (b) internal components. (Courtesy of Earth¬ 
quake Protection Systems.) 


slider type of isolation systems is complicated because the slip process is intrinsically 
nonlinear. 

To avoid this complication, this introductory presentation is limited to understanding 
the dynamic behavior of structures using the isolation system with laminated rubber bear¬ 
ings. Such isolated buildings are amenable to approximate analysis by the familiar modal 
analysis procedure (Chapter 13). 


21.2 BASE-ISOLATED ONE-STORY BUILDINGS 

In this section we identify why base isolation is effective in reducing the earthquake- 
induced forces in buildings. For this purpose we consider a one-story building with an 
isolation system between the base of the building and the ground. Most isolation systems 
are nonlinear in their force-deformation relationships, but it is not necessary to consider 
these nonlinear effects in this introductory treatment of the subject. A linear analysis of 
the system would serve our purpose of gaining insight into the dynamics of base-isolated 
buildings. Nonlinearity in the force-deformation relation should be considered for final 
design, however. 

21.2.1 System Considered and Parameters 

The one-story building to be isolated is shown idealized in Fig. 21.2.1a together with its 
properties: lumped mass m, lateral stiffness k, and damping coefficient c. This is the 
familiar SDF system with natural frequency &>„, natural period T„, and damping ratio f. 
Here we use the subscript / instead of n to emphasize that these are properties of the 
structure on a fixed base (i.e., without any isolation system); thus 



Wf = 


( 21 . 2 . 1 ) 
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Isolation system 


(a) 



Figure 21.2.1 (a) Fixed-base structure; (b) isolated structure. 


As shown in Fig. 21.2.lb, this one-story building is mounted on a base slab of mass 
mb that in turn is supported on a base isolation system with lateral stiffness kb and linear 
viscous damping c b . Two parameters, T h and (/,, are introduced to characterize the isolation 
system: 


2 n 

Tb = — where 
a>b 


Kb 


Cb 

2 (m + in b)cL> b 


a?b 


m b 


(21.2.2a) 


(21.2.2b) 


We may interpret 7), as the natural vibration period, and 'Q, as the damping ratio, of the 
isolation system (with the building assumed to be rigid). For base isolation to be effective 
in reducing the forces in the building, 7), must be much longer than 7) , as we shall see later. 
The one-story building on a base isolation system (Fig. 21.2.1b) is a two-DOF system with 
mass, stiffness, and damping matrices denoted by m, k, and c, respectively. The disparity 
between the high damping in rubber bearings and the low damping of the building means 
that damping in the combined system is nonclassical. 


21.2.2 Analysis Procedure 

The response history of nonclassically damped systems can be determind by the extended 
modal analysis procedure (Chapter 14) or by numerical solution of the coupled equations 
of motion (Chapter 16). However, these approaches are not convenient for our objective to 
understand the dynamics of base-isolated buildings. Although, strictly speaking, classical 
modal analysis is not applicable to nonclassically damped systems, it can provide approx¬ 
imate results that suffice for our limited objective. This is the approach adopted here to 
determine the peak response of base-isolated structures to ground motion characterized by 
a design spectrum. 

The two-DOF system that defines the one-story building on an isolation system is 
analyzed by the methods presented earlier in this book. With m, k, and c appropriately 
defined, Eq. (9.4.4) gives the equations of motion for the system; the natural vibration pe¬ 
riods and modes of the system are determined following Example 10.4, and the earthquake 
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response of the system is estimated by response spectrum analysis following Section 13.8. 
The results of this analysis are presented next for an example system. 

21.2.3 Effects of Base Isolation 


To understand the dynamics of base isolation, let us consider a specific system: m h = 
2m /3, Tf = 0.4 sec, T b = 2.0 sec, £/ = 2%, and £* = 10%. The base shear Vb in 
the building and the base displacement Ub are to be estimated using the elastic design 
spectrum of Fig. 21.1.1, shown for damping ratios 2, 5, and 10%. For 5% damping this 
design spectrum is the same as in Fig. 6.9.5 scaled to peak ground acceleration of 0.5g. 
The other two spectra were constructed similarly using appropriate amplification factors 
from Table 6.9.1; these were shown earlier in Figs 6.9.9 and 6.9.10. 

Observe that we have chosen damping in the structure as 2% of critical damping, 
lower than the 5% typically assumed in earthquake analysis and design of structures. As 
mentioned in Chapter 11, the higher damping value accounts for the additional energy 
dissipation through nonstructural damage expected in conventional structures at the larger 
motion during earthquakes. The aim of base isolation is to reduce the forces imparted to 
the structure to such a level that no damage to the structure or nonstructural elements occur 
and thus a lower value of damping is appropriate. 

Vibration properties. The natural vibration periods T n and modes </>„ of the 
one-story building on an isolation system are shown in Fig. 21.2.2. In the first mode the 
isolator undergoes deformation but the structure behaves as essentially rigid; this mode 
is therefore called the isolation mode. The natural period of this mode, T\ = 2.024 
sec, indicates that the isolation system period, Tb = 2.0 sec, is changed only slightly 
by flexibility of the structure. The second mode involves deformation of the structure as 
well as in the isolation system, and the structural deformation is larger. Therefore, this is 
called the structural mode, although as we shall see later, this mode contributes little to the 
earthquake-induced forces in the structure. The natural period of this mode, Ti = 0.25 sec, 
is significantly shorter than the fixed-base period, Tf = 0.4 sec, of the structure. The nat¬ 
ural periods of the combined system are more separate than the isolation system period Tb 
and fixed-base period Tf of the structure. 



T b = 2 sec 
= 10 % 



(a) (b) 

Figure 21.2.2 (a) One-story building on isolation system; (b) natural vibration modes 

and periods. 
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Modal Static responses. Introduced in Section 13.2.1, the modal expansion of 
the effective earthquake force distribution, s = ml, for the system of Fig. 21.2.2a is shown 
in Fig. 21.2.3. These striking results indicate that the first-mode forces Si are essentially 
the same as the total forces s, and the second-mode forces S 2 are very small. Static analysis 
of the system for forces s„ gives the modal static responses rf for response quantity r(f); 
see Table 13.2.1. In particular, for the base shear 14(f) in the structure and displacement 
Ub(t ) at the base, which is also the deformation of the isolation system, the modal static 
responses in the two modes are (see Fig. 21.2.3) 

V fc s ; = 1.015/« V$ =-0.015 m (21.2.3a) 

w\i$ i= 0.976 (o\ul2 = 0.024 (21.2.3b) 

It is clear that the modal static responses for the second mode are negligible compared to 
the first mode. The second mode is therefore expected to contribute little to the earthquake 
response of the structure. 


m 


(2/3 )m 




V|i = 1.015m 


1.015m 


0.015m. 


+ 


. 0.651m 


Vb 2 = -0.015m . 


7fr7/. 


0.016m 




Figure 21.2.3 Modal expansion of effective earthquake forces and modal static responses 
for base shear. 


Modal damping ratios. The modal damping ratios are determined by Eq. (10.9.11), 
repeated here for convenience: 

w here 

M n = <t> T n m 4> n 

For the system chosen, these equations give 

Ci =9.65% C 2 = 5.06% (21.2.5) 


r 

'—n 


2 M n a) n 


(21.2.4a) 


and C n = (/>% c<p n 


(21.2.4b) 


Observe that the 9.65% damping in the first mode, the isolation mode, is very similar to 
the isolation-system damping, 'Q, = 10%; damping in the structure has little influence on 
modal damping in the isolation mode because the structure behaves as a rigid body for this 
mode. In contrast, high damping of the isolation system has increased the damping in the 
structural mode from 2% to 5.06%. Because damping in the system is nonclassical, the 
coupling terms C 21 = C 12 = <i>[ c</>2 are nonzero and the modal equations are coupled (see 
Section 12.4). It is this coupling we are neglecting in using classical modal analysis for 
this system. 
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Peak modal and total responses. The peak value of the nth-mode contribu¬ 
tion r ( ,(7) to response r(t) is given by Eq. (13.7.1), repeated here for convenience: 

r n = r* An 

where A n = A(T n , ,) is the ordinate of the pseudo-acceleration response (or design) 
spectrum at period T n for damping ratio £„ ■ Specializing this equation for the two response 
quantities of interest, base shear V b in the structure and isolator deformation u b , gives 

V hn = V*A n u bn = (o? n 4 n )D n (21.2.6) 

where D n = A n /a> 2 , is the deformation spectrum ordinate. These calculations are sum¬ 
marized in Table 21.2.1 using the A„ values noted in Fig. 21.2.4; these were obtained for 
the actual damping values, Eq. (21.2.5), by using Table 6.9.2 instead of interpolating be¬ 
tween the spectrum curves for 2, 5, and 10% damping. Observe that the response due to the 
second mode, the structural mode, is negligible although the pseudo-acceleration is large— 
because the modal static response is small. Obtained by combining modal responses by 
the SRSS combination rule, the deformation in the isolator is 14.042 in. and the base shear 
is 36.5% of the building weight excluding the base slab. 


TABLE 21.2.1 CALCULATION OF BASE SHEAR AND ISOLATOR 
DEFORMATION 




Base Shear 


Isolator Deformation 

Mode 

An/g 


Vbn/ W 

D„ (in.) 


Mbn (in-) 

1 

0.359 

1.015 

0.365 

14.390 

0.976 

14.042 

2 

1.347 

-0.015 

-0.021 

0.823 

0.024 

0.020 

SRSS 



0.365 



14.042 


Reduction in base shear. The base shear is much larger if the structure is not 
isolated. This fixed-base structure has a natural vibration period Tf = 0.4 sec and damping 
ratio £y = 2%. For these parameters the design spectrum of Fig. 21.2.4 gives A ( Tf, £y) = 
1.830g. Thus the base shear in the fixed-base structure is 

V h = mA(T f , O) = w(1.830g) or — = 1.830 (21.2.7) 

w 

that is, 183% of the weight w of the building excluding the base slab, about five times the 
base shear in the isolated building. 

The isolation system reduces the base shear primarily because the natural period of 
the first mode, the isolation mode, providing most of the response, is much longer than 
the fixed-base period of the structure, leading to a smaller spectral ordinate, as seen in 
Fig. 21.2.4. This becomes clear by reexamining the terms entering into the base shear due 
to the first mode: 


Vti = V^\ A | = (1.015m)(0.359g) 


( 21 . 2 . 8 ) 








Sec. 21.2 Base-Isolated One-Story Buildings 


817 



Figure 21.2.4 Design spectrum and spectral ordinates for fixed-base and isolated buildings. 


Comparing Eq. (21.2.8) with (21.2.7a), it is apparent that because of the isolation system, 
the pseudo-acceleration is reduced from 1.830g to 0.359g, whereas the effective modal 
mass is essentially the same as the mass of the fixed-base building. 

Why is base isolation effective? Base isolation lengthens the fundamental vi¬ 
bration period of the structure, and thus reduces the pseudo-acceleration for this mode (for 
the design spectrum considered) and hence the earthquake-induced forces in the structure. 
The second mode that produces deformation in the structure is essentially not excited by 
the ground motion, although its pseudo-acceleration is large. This can be explained as fol¬ 
lows: The first vibration mode of the base-isolated structure involves deformation only in 
the isolation system, the structure above being essentially rigid. Thus the first-mode com¬ 
ponent Si of the effective earthquake force distribution s = ml is essentially the same as s, 
and the second-mode component S 2 is very small, causing very small modal static response 
in the second mode. 

The primary reason for effectiveness of base isolation in reducing earthquake-induced 
forces in a building is the above-mentioned lengthening of the first-mode period. The 
damping in the isolation system and associated energy dissipation is only a secondary fac¬ 
tor in reducing structural response. 
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21.2.4 Rigid-Structure Approximation 

The base shear in the building and the deformation of the isolation system can be estimated 
by a simpler analysis treating the building as rigid. With this assumption the combined 
system has only one DOF. For this SDF system with natural period T b and damping ratio £ b , 
the design spectrum gives the pseudo-acceleration A(T b , Q,) and deformation D(T b ,t, b ). 
Thus the isolator deformation is 

u b — D(T b , (21.2.9) 

and the base shear in the structure is 

V b = mA(T b ,S b ) (21.2.10) 

The approximate results of Eqs. (21.2.9) and (21.2.10) are accurate for base-isolated 
systems if the period T b of the isolation system (assuming rigid structure) is much longer 
than the fixed-base period Tf of the structure. This is illustrated using the system of 
Fig. 21.2.2: For T b — 2 sec and = 10%, the design spectrum gives A(T b , t; b ) = 0.359g 
and D(T b , t; b ) = 14.036 in., and Eq. (21.2.10) gives 

V b = ra(0.359g) or —= 0.359 (21.2.11) 

w 

Comparing Eq. (21.2.11) with Eq. (21.2.8), it is clear why this approximate analysis assum¬ 
ing a rigid structure gives almost “exact” results. Because the vibration properties with the 
rigid-structure assumption, T b = 2 sec and Q, = 10%, are very close to the first-mode val¬ 
ues, T\ — 2.024 sec and = 9.65%, the spectral accelerations A(T b , t; b ) and A(T\, (j) are 
identical to three digits. Furthermore, the effective masses that enter into Eqs. (21.2.8) and 
(21.2.11) are essentially identical. Similarly, the isolator deformation from Eq. (21.2.9), 

u b = 14.036 in. (21.2.12) 

is essentially identical to the first-mode response in Table 21.2.1. 

Because of its accuracy, the rigid-structure approximation provides an expedient 
means to estimate the effectiveness of a base isolation system and to estimate the isola¬ 
tor deformation. First, the ratio A(T b , t, b )/A(Tf, £y) of two spectral ordinates gives the 
base shear in the isolated system as a fraction of the base shear in the fixed-base structure. 
Second, the deformation spectrum ordinate D{T b , t jb ) is the isolator deformation. 


21.3 EFFECTIVENESS OF BASE ISOLATION 

It is clear that the effectiveness of base isolation in reducing structural forces is closely tied 
to the lengthening of the natural period of the structure, and for this purpose the period 
ratio T b /Tf should be as large as practical. In the example of the preceding section, the 
natural period of the fixed-base structure located the structure at the peak of the selected 
design spectrum. With base isolation, the natural period (of the isolation mode contributing 
almost all of the response) was shifted to the velocity-sensitive region of the spectrum with 
much smaller pseudo-acceleration. As a result, the base shear is reduced from 183% of the 
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structural weight (excluding the base slab) to 36.5%. Whether the forces in the structure 
are reduced because of this period shift depends on the natural period of the fixed-base 
structure and on the shape of the earthquake design spectrum, among other factors. We 
illustrate these concepts next. 

First, consider the same one-story building and base isolation system as in the pre¬ 
ceding section to be located in Mexico City at the site where ground motions recorded 
during the 1985 earthquake produced the response spectrum shown in Fig. 21.3.1. Noted 
on this spectrum are the pseudo-acceleration values A(Tf, £y) = 0.25g corresponding to 
Tf = 0.4 sec and £y = 2% for the fixed-base structure and A (7),, f/,) = 0.63g associated 
with Tb = 2.0 sec and £/, = 10% for the isolated structure (with the building assumed to be 
rigid). The ratio ACf),, 'Q,)/ A( Tf , £y) = 0.63g/0.25g = 2.52 implies that the base shear in 
the isolated structure is approximately 2.52 times the base shear in the fixed-base structure. 
In this case base isolation is not helpful; in fact, it is harmful. 



Figure 21.3.1 Response spectrum for ground motion recorded on September 19, 1985, 
at SCT site in Mexico City and spectral ordinates for fixed-base and isolated buildings. 

Next, consider a structure with a relatively long fixed-base period and the ground 
motion characterized by the original design spectrum (Fig. 21.1.1). In this case we shall 
see that base isolation is only slightly beneficial—much less than when the fixed-base 
period was relatively short. To illustrate these results, consider a structure with a fixed-base 
period of 2 sec with other parameters for the structure and isolation system as before. Thus 
the system parameters are Tf = 2 sec, = 2%, mb = |w, 7), = 2 sec, and = 10%. 
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Figure 21.3.2 (a) One-story building on isolation system; (b) natural vibration modes 
and periods. 
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Figure 21.3.3 Modal expansion of effective earthquake forces and modal static responses 
for base shear. 


Analysis of this system with '!), = Tf by the procedures used for the example of Section 
21.2 gives the natural vibration periods and modes (Fig. 21.3.2), the modal expansion of 
the effective earthquake force distribution: s = ml (Fig. 21.3.3), and the modal damping 
ratios: 4.50% and 12.64%. In contrast to the previous system with 7), >> Tf : (1) the 
structure does not behave as rigidly in the first mode, and this natural period is significantly 
affected by the flexibility of the structure; (2) the second-mode contribution to the effective 
earthquake forces is no longer negligible; and (3) the first-mode damping of 4.5% is no 
longer close to the isolation system damping of 10%. 

A summary of the calculations to obtain the base shear and isolator deformation is 
presented in Table 21.3.1, with the spectral values identified in Fig. 21.3.4. In contrast 


TABLE 21.3.1 CALCULATION OF BASE SHEAR AND ISOLATOR 
DEFORMATION 




Base Shear 


Isolator Deformation 

Mode 

A„/g 


Vbn/W 

D n (in.) 

, , 2 ,. st 

u bn (in.) 

1 

0.348 

1.145 

0.398 

24.136 

0.500 

12.068 

2 

0.691 

-0.145 

-0.101 

6.095 

0.500 

3.047 

SRSS 



0.411 



12.447 
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Figure 21.3.4 Design spectrum and spectral ordinates for fixed-base and isolated buildings. 


to the previous system with 7/, >> T f> the response of the second mode is significant, 
although it does not contribute much when it is combined—using the SRSS rule—with the 
first-mode response. We find the isolator deformation to be 12.447 in., and the base shear 
is 41.1 % of the structural weight, excluding that of the base slab. 

The fixed-base structure has a natural period Tf = 2 sec and damping ratio = 2%, 
and the corresponding spectral ordinate is A(Tf, £y) = 0.569g (Fig. 21.3.4). Thus if the 
structure were not isolated, the base shear is 

V b = mA(T f , l; f ) or —= 0.569 (21.3.1) 

w 

(i.e., 56.9% of the building weight). It is clear that some benefit is obtained by base isola¬ 
tion, although it is much less than if the vibration period of the structure had been shorter, 
as in the original example. It is for this reason that base isolation is rarely used for struc¬ 
tures with natural period well into the velocity-sensitive region of the spectrum. 

In passing we also note that the approximate analysis based on the assumption of 
a rigid structure is not accurate for a structure with a relatively long natural period. The 
approximate analysis gives a base shear coefficient of 35.9%, Eq. (21.2.11), compared to 
41.1% from the complete analysis. The isolator deformation from the approximate analysis 
is 14.036 in., Eq. (21.2.12), compared to 12.447 in. from the complete analysis. 
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21.4 BASE-ISOLATED MULTISTORY BUILDINGS 

In the preceding sections we were able to identify the underlying reasons for the effec¬ 
tiveness of a base isolation system by studying the dynamics of a one-story building. In 
this section we investigate how the dynamics of a multistory building is modified by base 
isolation. As before, we assume the system to be linear. We will see that the key concepts 
underlying base isolation, identified by the dynamics of one-story systems, carry over to 
multistory systems. 

21.4.1 System Considered and Parameters 

The /V-story building to be isolated is shown idealized in Fig. 21.4.1a. On a fixed base, this 
system is defined by mass matrix m/y damping matrix c/, and stiffness matrix k/ , which 
can be constructed by the methods developed in Chapters 9 and 11; the subscript/denotes 
“fixed base.” If the mass of the structure is idealized as lumped at the floor levels, as 
shown in Fig. 21.4.1a, ni f is a diagonal matrix with diagonal element m ;; = m } , the mass 
lumped at the yth floor. The total mass of the building, M — J2 m j- The natural periods 
and modes of vibration of the fixed-base system are denoted by Tnf and 4> n f, respectively, 
where n = 1,2, ..., N. Damping in the structure is assumed to be of classical form and 
defined by modal damping ratios n = 1, 2,..., N. 


N 


m N 




77Z?. 7777/. 


(a) 


m N 



Figure 21.4.1 (a) Fixed-base Af-story 

(hi building; (b) isolated /V-story building. 


As shown in Fig. 21.4.1b, this N -story building is mounted on a base slab of mass 
mb, supported in turn on a base isolation system with lateral stiffness kb and linear viscous 
damping Cb■ As in Section 21.2, two parameters, 7), and Q,, are introduced to characterize 
the isolation system: 


T b 


2 7T 
C0 b 

Kb 


where u>b 
Cb 


kb 


M + nib 


2(M + m b )cob 


(21.4.1a) 


(21.4.1b) 
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As before, we may interpret 7* as the natural vibration period and £/, the damping ratio 
of the isolation system (with the building assumed to be rigid). For base isolation to be 
effective in reducing the earthquake-induced forces in the building, T h must be much longer 
than Tif, the fundamental period of the fixed-base building. 

The N -story building on a base isolation system is an (N + l)-DOF system with 
nonclassical damping because damping in the isolation system is typically much more 
than in the building. The mass, stiffness, and damping matrices of order N + 1 for the 
combined system are denoted by m, k, and c, respectively. 

21.4.2 Analysis Procedure 

With ground motion characterized by a design spectrum, the RSA procedure of Chapter 
13, Part B, will be used to analyze two systems: (1) a building on a fixed base, and (2) the 
same structure supported on an isolation system. In applying the RSA procedure to the 
isolated structure we are ignoring the coupling of modal equations due to nonclassical 
damping, typical of structures on isolation systems. The modal damping ratios of the iso¬ 
lated structure are given by Eq. (21.2.4). We focus on two response quantities: base shear 
in the building and the base displacement (or isolator deformation). The peak responses 
due to the nth mode of vibration are determined using Eq. (21.2.6), and these peak modal 
responses are combined by the SRSS rule. The results of such analyses are presented next 
for an example system. 

21.4.3 Effects of Base Isolation 

To understand how base isolation affects the dynamics of buildings, we consider a specific 
system. The fixed-base structure is a five-story shear frame (i.e., beam-to-column stiffness 
ratio p = oo) with mass and stiffness properties uniform over its height: lumped mass 
m = 100 kips/g at each floor, and stiffnesses k for each story; k is chosen so that the 
fundamental natural vibration period T\f — 0.4 sec. The classical damping matrix C/ = 
Aik/ with i/| chosen to obtain 2% damping in the fundamental mode. The base slab mass 
nib — m and the stiffness and damping of the isolation system are such that 7), = 2.0 
sec and £& = 10% [Eq. (21.4.1)]. In this section we examine the vibration properties— 
natural periods and natural modes—modal damping ratios, and the earthquake response 
of two systems: (1) this five-story building on a fixed base, and (2) the same five-story 
building supported on the isolation system described above. The earthquake excitation is 
characterized by the design spectrum of Fig. 21.1.1. 

Vibration properties. The natural vibration periods and modes of both systems 
are presented in Fig. 21.4.2 and Table 21.4.1. The fixed-base structure has the familiar 
mode shapes and ratios of natural periods. In the first mode of the isolated building, the 
isolator undergoes deformation but the building behaves as essentially rigid; this mode is 
therefore called the isolation mode. The natural period of this mode, 7] = 2.030 sec, 
indicates that the isolation-system period, 7* = 2.0 sec, is changed only slightly by the 
flexibility of the structure. The other modes involve deformation in the structure as well as 
in the isolation system. We refer to these modes as structural modes, although as we shall 
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0.991 


Mode 1 


1.016 

1.000 


0.990 



Mode 2 


Mode 4 



Figure 21.4.2 Natural vibration modes: (a) fixed-base building; (b) isolated building. 


TABLE 21.4.1 NATURAL PERIODS AND MODAL DAMPING 
RATIOS 


Fixed-Base Building 

Isolated Building 

Mode 

T n f (sec) 

tnf (%) 

Mode 

T n (sec) 

tn (%) 




1 

2.030 

9.58 

1 

0.400 

2.00 

2 

0.217 

5.64 

2 

0.137 

5.84 

3 

0.114 

7.87 

3 

0.087 

9.20 

4 

0.080 

10.3 

4 

0.068 

11.8 

5 

0.066 

12.3 

5 

0.059 

13.5 

6 

0.059 

13.6 


see later, these modes contribute little to the earthquake-induced forces in the structure. It 
is clear that the isolation system has a large effect on the natural period of the first structural 
mode but a decreasing effect on the higher-mode periods. In these higher modes the motion 
of the base mass decreases relative to the structural motions, and the base mass is acting 
essentially as a fixed base. 

Modal damping ratios. The modal damping ratios for both systems are pre¬ 
sented in Table 21.4.1. The modal damping ratios for the fixed-base structure decrease 
linearly with natural period (i.e., increase linearly with natural frequency) because the 
damping is stiffness proportional (Section 11.4.1). The damping of 9.58% in the first mode 
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of the isolated building, the isolation mode, is very similar to the isolation-system damping, 
£ 2 , = 10%; damping in the structure has little influence on modal damping because the 
structure remains essentially rigid in this mode. The high damping of the isolation system 
has increased the damping in the first structural mode from 2.0% to 5.64%, but to a smaller 
degree in the higher modes. 

Modal Static responses. We now compare the modal static response in the nat¬ 
ural modes of both systems, the fixed-base and isolated buildings. The modal components 
s„ of the effective earthquake force distribution, s = ml, are shown in Fig. 13.2.4 for the 
fixed-base structure and in Fig. 21.4.3 for the base-isolated structure.t In the latter case, 
forces in the first mode, the isolation mode, are essentially the same as the total forces, 
and the forces associated with all the structural modes are very small. Static analysis of 
both systems for their respective modal forces gives the modal static shears V^ n at the 
base of the structure and modal static base displacements or isolator deformations uf n ; see 
Table 13.2.1. The results are given in Tables 21.4.2 and 21.4.3. It is clear that V^ n has 


_»1.018m 

-0.022m 

0.005m 

-0.002m 

0.001m 

-0.000m 

_* 1.015m 

-0.016m 

-0.000m 

0.002m 

-0.001m 

0.000m 

—«. 1.009m 

-0.006m 

-0.005m 

0.002m 

0.001m 

-0.000m 

— 0.999m 

0.006m 

-0.005m 

-0.002m 

0.001m 

0.000m 

—.. 0.986m 

0.016m 

0.000m 

-0.002m 

-0.001m 

-0.000m 

— 0.971m 

0.022m 

0.005m 

0.002m 

0.001m 

0.000m 


7 / 77 ? 

S, 


7777 ?. 

s 2 


Figure 21.4.3 Modal components of effective earthquake forces for a five-story building on isolation 
system. 


TABLE 21.4.2 CALCULATION OF BASE SHEAR IN FIXED-BASE AND 
ISOLATED BUILDINGS 


Fixed-Base Building 


Isolated Building 


Mode 

An/ g 


v b /w 

Mode 

An/ g 

V bJ m 

v b /w 





1 

0.359 

5.028 

0.361 

1 

1.830 

4.398 

1.609 

2 

1.291 

-0.021 

-0.005 

2 

1.272 

0.436 

0.111 

3 

1.058 

-0.005 

-0.001 

3 

0.859 

0.121 

0.021 

4 

0.792 

-0.002 

- 0.000 

4 

0.700 

0.038 

0.005 

5 

0.682 

-0.0005 

- 0.000 

5 

0.638 

0.008 

0.001 

6 

0.635 

-0.0001 

- 0.000 

SRSS 



1.613 

SRSS 



0.361 


tFigure 13.2.4 is valid for this uniform five-story shear frame because its vibration modes are the same 
as those of the system considered in Section 13.2.6, although the story stiffness (and natural vibration periods) of 
the two systems are different. 
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TABLE 21.4.3 CALCULATION OF 
ISOLATOR DEFORMATION 


Mode 

D n 

n 

Mbn (in-) 

1 

14.470 

0.971 

14.045 

2 

0.597 

0.022 

0.013 

3 

0.133 

0.005 

0.001 

4 

0.050 

0.002 

0.000 

5 

0.029 

0.001 

0.000 

6 

0.022 

0.0001 

0.000 

SRSS 



14.045 


significant values in the first two modes of the fixed-base structure. However, for the 
isolated building, Vjf n is small in all the structural modes, and the response in these modes 
is expected to be negligible. The isolation mode provides the dominant value V. s { and 
therefore will provide most of the response. 

Peak modal and total responses. The peak value of the earthquake response 
due to each natural mode of both systems is determined from Eq. (21.2.6), where the 
spectral ordinates A„/g are shown in Figs. 21.4.4 and 21.4.5 and D n — A n /cc%. These peak 
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Figure 21.4.4 Design spectrum and spectral ordinates for fixed-base five-story building. 
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Natural vibration period T n , sec 

Figure 21.4.5 Design spectrum and spectral ordinates for five-story building on isolation 
system. 


modal responses are presented in Tables 21.4.2 and 21.4.3 together with their combined 
value determined by the SRSS rule. Observe that as predicted from the modal static re¬ 
sponses, the dynamic response of the isolated building due to all its structural modes is 
negligible although their pseudo-accelerations are large. The isolation mode alone pro¬ 
duces essentially the entire response: isolation system deformation of 14.045 in. and base 
shear equal to 36.1% of W, the 500-kip weight of the building excluding that of the base 
slab. The response in the first two modes of the fixed-base building is significant; however, 
the second mode contributes little to the SRSS-combined value of 161.3% of W. 

Reduction in base shear. To understand the underlying reasons for this drastic 
reduction in base shear, we examine the peak modal responses in both fixed-base and 
isolated systems. Each peak modal response is the product of two parts: the modal static 
response V^ n and the pseudo-acceleration A„. Each part is examined for the first mode 
of the base-isolated building and of the fixed-base building; this is the mode that provides 
most of the response in each case. Observe that V^\ = 5.028 m for the isolated building, 
which is slightly larger than V, s [ = 4.398m for the fixed-base building. However, A\ = 
0.359g for the isolated building (Fig. 21.4.5) is only one-fifth of A) = 1.830g for the fixed- 
base building (Fig. 21.4.4); as a result, the first-mode base shear coefficient of 36.1% in 
the base-isolated building is much smaller than 160.9% for the fixed-base building. 
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Why is base isolation effective? The isolation system reduces the base shear 
primarily because the natural vibration period of the isolation mode, providing most of 
the response, is much longer than the fundamental period of the fixed-base structure, lead¬ 
ing to a much smaller spectral ordinate. This is typical of design spectra on firm ground 
and fixed-base structures with fundamental period in the flat portion of the acceleration- 
sensitive region of the spectrum. The higher modes are essentially not excited by the 
ground motion—although their pseudo-accelerations are large—because their modal static 
responses are very small. 

The primary reason for effectiveness of base isolation in reducing earthquake-induced 
forces in a building is the above-mentioned lengthening of the first mode period. The 
damping in the isolation system and associated energy dissipation is only a secondary fac¬ 
tor in reducing structural response. 

21.4.4 Rigid-Structure Approximation 

The base shear in the isolated building and the deformation of the isolation system can 
be estimated by a simpler analysis, treating the building as rigid. The natural period of 
the resulting SDF system is 7), and its damping ratio is Zb [Eq. (21.4.1)]; the associated 
design spectrum ordinates are A(T b , Zb) for the pseudo-acceleration and I) ( T b , Zb) for the 
deformation. Thus the base shear in the structure and the isolator deformation are 

V b = MA(T b , Zb) u b = D(T b , £ b ) (21.4.2) 

This approximate procedure will provide excellent results if the isolation-system pe¬ 
riod T h is much longer than the fundamental period Tif of the fixed-base structure. This is 
illustrated using the system of Fig. 21.4.1b, analyzed earlier. For this system, T b = 2.0 sec 
and Zb = 10% and the spectral values are A(T b , Zb) = 0.359g and D(T b , Zb) = 14.036 in., 
as noted in Section 21.2.4. Substituting these values in Eq. (21.4.2) gives 

V b = 0.359W u b = 14.036 in. (21.4.3) 

which are essentially identical to the responses due to the isolation mode (and to the total 
response) presented in Tables 21.4.2 and 21.4.3. 


21.5 APPLICATIONS OF BASE ISOLATION 

Base isolation provides an alternative to the conventional, fixed-base design of structures 
and may be cost-effective for some new buildings in locations where very strong ground 
shaking is likely. It is an attractive alternative for buildings that must remain functional 
after a major earthquake (e.g., hospitals, emergency communications centers, computer 
processing centers). Several new buildings have been isolated using rubber (or elastomeric) 
bearings or FPS isolators; these examples are described in references at the end of this 
chapter. 
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Figure 21.5.1 San Francisco City Hall. (Courtesy of S. Nasseh.) 

Both types of isolation systems have also been used for retrofit of existing build¬ 
ings that are brittle and weak: for example, unreinforced masonry buildings or reinforced- 
concrete buildings of early design, not including the type of detailing of the reinforcement 
necessary for ductile performance. Conventional seismic strengthening designs require 
adding new structural members, such as shear walls, frames, and bracing. Base isolation 
minimizes the need for such strengthening measures by reducing the earthquake forces 
imparted to the building. It is therefore an attractive retrofit approach for buildings of his¬ 
torical or architectural merit whose appearance and character must be preserved. Many ex¬ 
amples of retrofitting existing buildings are described in end-of-chapter references. How¬ 
ever, it is difficult and expensive to construct a new foundation system for the isolators, to 
modify the base of the building so that it can be supported on isolators, and to shore up the 
building during construction of the isolation and foundation systems. 

A good example of a retrofit application of laminated-rubber-bearing-isolation sys¬ 
tems is the San Francisco City Hall in San Francisco, California. Constructed in 1915 
to replace the previous structure that was destroyed in the 1906 San Francisco earthquake, 
this building is an outstanding example of classical architecture and is listed in the National 
Register of Historic Places (Fig. 21.5.1). The five-story building with its dome rising 300 ft 
above the ground floor is 309 ft by 408 ft in plan, occupying two city blocks. The structural 
system is a steel frame and concrete slabs with unreinforced brick masonry integral with 
the granite cladding, hollow clay tile infill walls, and limestone or marble panels lining 
many of the interior spaces. 
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Substantial damage sustained from the 1989 Loma Prieta earthquake, centered about 
60 miles away, necessitated repairs and strengthening. The fixed-base fundamental pe¬ 
riod of vibration of the building is approximately 0.9 sec, implying that large ductility 
demands can be imposed on the structure by strong shaking expected at the building site 
from an earthquake centered on a nearby segment of the San Andreas fault. To improve 
the earthquake resistance of this structure, base isolation was adopted especially because it 
preserved the historic fabric of this building. In addition, the superstructure was strength¬ 
ened by new shear walls in the interior of the building. This retrofit project was completed 
in 1998. 

The isolation system consisted of 530 isolators, each a laminated rubber bearing 
with lead plugs, located at the base of each column and at the base of the shear walls 
(Fig. 21.5.2). The 21-in.-high bearings varied from 31 to 36 in. in diameter. The columns 
are supported on one or more isolators under a cruciform-shaped steel structure; multiple 
isolators were provided for the heavily loaded columns. Installation of the isolators proved 
to be very complicated and required shoring up the columns, cutting the columns, and 
transferring the column loads to temporary supports. The plane of isolation is just above 
the existing foundation. 



(a) (b) 


Figure 21.5.2 San Francisco City Hall: laminated rubber bearings at the base of (a) columns and 
(b) shear walls, [(a) Courtesy of J. M. Kelly; (b) Robert Canfield photo, courtesy of S. Nasseh.] 


The isolated building is estimated to move 18 to 26 in. at an isolation period of 
2.5 sec for a design earthquake with peak ground acceleration of 0.4g. To permit this 
motion, a moat was constructed around the building to provide a minimum seismic gap 
of 28 in. Flexible joints were provided for utilities—plumbing, electrical, and telephone 
lines—crossing this moat space to accommodate movement across the isolation system. 

A good example of new construction using base isolation is the new (completed 
in 2000) International Terminal at the San Francisco Airport (Figs. 21.5.3 and 21.5.4), 
which was designed to remain operational after a Magnitude 8 earthquake on the San 
Andreas Fault approximately 3 miles away. To achieve this performance goal it was 
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Figure 21.5.4 International Terminal at 
San Francisco Airport. (T. Hursley, photo, 
courtesy of Skidmore, Owings, & Merrill 
LLP.) 



Figure 21.5.5 International Terminal at 
San Francisco Airport: FPS bearing at base 
of column. (P. Lee, photo, courtesy of 
Skidmore, Owings, & Merrill LLP) 
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decided to isolate the superstructure, which consists of steel concentric and eccentric 
braced frames with fully welded moment connections. 

The isolation system consists of 267 isolators, one at the base of each column 
(Fig. 21.5.5). Each isolator is a friction pendulum sliding bearing. The cast steel bear¬ 
ing consists of a stainless steel spherical surface and articulated slider, which allows a 
lateral displacement up to 20 in. and provides an isolation period of 3 sec. 

Base isolation had the effect of reducing the earthquake force demands on the super¬ 
structure to 30% of the demands for a fixed-base structure. With this force reduction it was 
feasible to design the superstructure to remain essentially elastic and hence undamaged 
under the selected design earthquake with peak ground acceleration of 0.6g. 


FURTHER READING 


Kelly, J. M., Earthquake Resistant Design with Rubber , 2nd ed., Springer-Verlag, London, 1996, 
Chapters 1,3, and 4. 

Naeim, F., and Kelly, J. M., Design of Seismic Isolated Structures: From Theory to Practice , Wiley, 
Chichester, U.K., 1999. 

Seismic Isolation: From Idea to Reality, theme issue of Earthquake Spectra, 6, 1990, pp. 161—432. 
Skinner, R. I., Robinson, W. H., and McVerry, G. H., An Introduction to Seismic Isolation, Wiley, 
Chichester, U.K., 1993. 

Warburton, G. B., Reduction of Vibrations, The 3rd Mallet-Milne Lecture, Wiley, Chichester, U.K., 
1992, pp. 21-46. 
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Structural Dynamics 
in Building Codes 


PREVIEW 

Most seismic building codes permit the use of a static equivalent lateral force (ELF) proce¬ 
dure for many regular structures with relatively short periods. For other structures, dynamic 
analysis procedures are required. According to the ELF procedure, structures are designed 
to resist specified static lateral forces related to the properties of the structure and the seis¬ 
micity of the region. Based on an estimate of the fundamental natural vibration period of 
the structure, formulas are specified for the base shear and the distribution of lateral forces 
over the height of the building. Static analysis of the building for these forces provides 
the design forces, including shears and overturning moments for the various stories, with 
some codes permitting reductions in the statically computed overturning moments. These 
seismic design provisions in four building codes —International Building Code (United 
States),' National Building Code of Canada, Mexico Federal District Code, and Eurocode 
8 —are presented in Part A of this chapter together with their relationship to the theory of 
structural dynamics developed in Chapters 6, 7, 8, and 13. The code provisions presented 
are not complete; those provisions that we are unprepared to evaluate based on this book 
have been excluded or only mentioned: effects of local soil conditions, torsional moments 
about a vertical axis, combination of earthquake forces due to the simultaneous action of 
ground motion components, and the requirements for detailing structures to ensure ductile 
behavior, among others. In Part B of the chapter the code provisions are evaluated in light 
of the results of the dynamic analysis of buildings, discussed in Chapters 19 and 20. 


'In the 2009IBC, most of the technical requirements are adopted by reference to the ASCE 7-05 document. 
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Most codes permit both response spectrum analysis (RSA) and response history anal¬ 
ysis (RHA) procedures for dynamic analysis of structures. The code versions of these 
procedures are not presented because they are essentially equivalent to those that were 
developed in Chapter 13. 


PART A: BUILDING CODES AND 
STRUCTURAL DYNAMICSt 


22.1 INTERNATIONAL BUILDING CODE (UNITED STATES), 2009 
22.1.1 Base Shear 

The 2009 edition of the International Building Code (IBC) specifies the base shear as 

V b = C s W (22.1.1) 

where W is the total dead load and applicable portions of other loads, and the seismic 
coefficient, 

Cs = y (22.1.2) 

This coefficient corresponding to R — 1 is called the elastic seismic coefficient: 

C e — IC (22.1.3) 

where the importance factor I = 1.0, 1.25, or 1.5; I — 1 for most structures; I = 1.25 
for structures that have a “substantial public hazard due to occupancy or use”; and 7 = 1.5 
for “essential facilities” that are required in post-earthquake recovery and for facilities 
containing hazardous substances. 

The period-dependent coefficient C depends on the location of the structure and the 
site class. The variation of C with site classes A, B, C, D, E, and F defined in the code 
accounts for local soil effects on earthquake ground motion, a topic not covered in the 
book. C is related to ordinates of the pseudo-acceleration design spectrum: A(T n s h or t), 
the pseudo-acceleration at short periods; and A(T n = 1.0 sec), the pseudo-acceleration at 
a 1.0-sec period. Maps of the United States show these two A-values for ground motion 
due to the maximum considered earthquake (MCE). These A-values are multiplied by | to 
obtain A-values for the design basis earthquake (DBE). 

Consider a location representative of coastal California regions not in the near field 
of known active faults. For site class B the maps provide A(T n , S h or t) -F g = 1.5 and 
A(T n = 1.0 sec) vg = 0.6, which are multiplied by = to obtain 1.0 and 0.4, respectively. 


'The notation employed in building codes is not used in presenting the code equations. Instead, equations 
from all four codes are presented in a common (to the extent possible) notation, consistent with preceding 
chapters. Supplementary equations are included to facilitate interpretation of code equations. 
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The numerical coefficient C is then given as 

f 1.0 7i < 0.4 

C = \ 0.4 /Ti 0.4 <T\< T l (22.1.4) 

l 0.477,/r2 7, > T l 

where T\ is the fundamental natural vibration period of the structure in seconds, and 
Ti — 12 or 8 sec in coastal regions of northern California and southern California, re¬ 
spectively. For highly seismic areas, the value of C obtained from Eq. (22.1.4) for longer- 
period buildings is not permitted to be below a specified minimum value; it is 0.3 for the 
example location noted above. 

The code permits computation of the fundamental natural vibration period by proce¬ 
dures presented in Chapters 8 and 10. Alternatively, the code gives empirical formulas for 
T\ that depend on building material (steel, reinforced concrete, etc.), building type (frame, 
shear wall, etc.), and overall dimensions. 

Figure 22.1.1 shows the elastic seismic coefficient for the foregoing example location 
and site class, and / = 1 is valid for most structures. The code also specifies (for use 
in dynamic analysis) the elastic pseudo-acceleration design spectrum that is the basis for 
defining C; shown in Fig. 22.1.1, this spectrum for the example location considered is 

( 0.4 + 7.57„ 0 < T„ < 0.08 

A/g = | 1.0 0.08 < 7„ < 0.4 (22.1.5) 

l 0.4/7,, 7„ > 0.4 

where 7„ is the natural vibration period (in seconds) of an SDF system. 



Figure 22.1.1 IBC (2006): elastic coefficient C e and pseudo-acceleration A/g for a 
location in California coastal regions not in the near field of known active faults. 
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The response modification factor R in Eq. (22.1.2) depends on several factors, in¬ 
cluding the ductility capacity and inelastic performance of structural materials and systems 
during past earthquakes. Specified values of R vary between 1.5 (for certain bearing wall 
systems) and 8 (for moment-resisting frames with special detailing for ductile behavior). 
It is important to note that R is not equal to the ductility capacity required. 


22.1.2 Lateral Forces 


The distribution of lateral forces over the height of the building is determined from the base 
shear in accordance with the formula for the lateral (or horizontal) force at the j th floor 
(Fig. 22.1.2): 


Fj = V„ 


Wjh 


k 

j 


x:r = i *>iht 


( 22 . 1 . 6 ) 


where w, is the weight at the /th floor at height h, above the base and A: is a coefficient 
related to the vibration period 7j as follows: 


* = { (2\ + 1.5)/2 


Ti < 0.5 
0.5 < T x < 2.5 
T\ > 2.5 


(22.1.7) 


22.1.3 Story Forces 

The design values of story shears and story overturning moments are determined by static 
analysis of the structure subjected to these lateral forces; the effects of gravity and other 
loads should be included. 



Figure 22.1.2 IBC lateral forces. 
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22.2 NATIONAL BUILDING CODE OF CANADA, 2010 
22.2.1 Base Shear 


The base shear formula in the 2010 edition of the National Building Code of Canada 
(NBCC) may also be expressed as Eq. (22.1.1), where the seismic coefficient is 

C e 

C s = -— (22.2.1) 

In this equation, R 0 is the overstrength-related force modification factor that accounts for 
the reserve (or unaccounted for) strength in a code-designed structure. It varies from 1.0 
for unreinforced masonry structures to 1.7 for ductile coupled-wall concrete structures. 
The elastic seismic coefficient 

C e = I A\M V (22.2.2) 

is the product of three factors: 

1. The importance factor I varies between 0.8 and 1.5; it is 1.0 for “normal” buildings 
and 1.5 for buildings in the “post-disaster category.” 

2. The second factor is the pseudo-acceleration design spectrum value Ai at the funda¬ 
mental vibration period 7) of the building. Tables are provided for the peak ground 
acceleration and the pseudo-acceleration spectral values (for 5% damping) for site 
class C (very dense soil and soft rock) for several period values. Two factors are spec¬ 
ified to obtain spectral values for other site classes: one for the acceleration-sensitive 
region and the other for the velocity-sensitive region of the spectrum, 

3. The factor M v accounts for higher-mode contributions to the base shear. The follow¬ 
ing values of M v are applicable for western Canada. For moment-resisting frames, 
braced frames, and coupled walls, M v = 1.0 for all values of 7) . For walls and 
wall-frame systems, M v is 1.0 for 7) < 1.0 sec, 1.2 for 7) = 2.0 sec, and 1.6 for 
T\ > 4 sec. For other systems, M v = 1 for 7) < 1.0 sec and 1.2 for 7) > 2.0 sec. 
For intermediate values of 7), the product A\M V is obtained by interpolation. 


For all structures other than walls, coupled walls, and wall-frame systems, the factor C e is 
constant for T\ > 2.0 sec and equal to its value at 7) = 2.0 sec. For walls, coupled walls, 
and wall-frame systems, C e at 7) = 4.0 sec is half its value at 7) = 2.0 sec, and is constant 
at the latter value for periods longer than 4.0 sec. 

Although the design base shear is, in general, obtained from the seismic coefficient 
defined in Eq. (22.2.1), the code limits the value of C e to two-thirds of A(0.2 sec) if 
R a >1.5 and if the site does not belong to site class F (liquefiable soils, and sensitive, 
organic, and highly plastic clays). 

In addition to empirical formulas for estimating the fundamental period, the NBCC 
gives the formula 


T\ = 2tt 


E n 
i =1 


WiU; 


E Tv 

i=l WjUi 


1/2 


(22.2.3) 
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1.2 


1 - 



C e ,M v = 1.2 


C e , M v = 1.0 


A/g 


0 


0 


2 

T\ or T„, sec 


3 


4 


Figure 22.2.1 NBCC (2010): pseudo-acceleration A/g and elastic (RjRo = 1) seismic 
coefficient C e for 7=1 and two values of M v : 1.0 and 1.2; valid for all structures other 
than walls, coupled walls, and wall-frame systems. 


where m, are the floor displacements due to static application of a set of lateral forces u/j at 
floor levels in an N -story building. 

Consider a location in Vancouver, B.C. The peak ground acceleration ii go /g specified 
for site class C is 0.48; and the pseudo-acceleration spectral values A/g = 0.83, 0.97, 0.96, 
0.84, 0.74, 0.66, 0.34, 0.18, and 0.09 at T x = 0.1, 0.15, 0.2, 0.3, 0.4, 0.5, 1.0, 2.0, and 
4.0 sec, respectively. Figure 22.2.1 shows this design spectrum and C e for the two values 
M v = 1.0 and 1.2, and for buildings in the normal importance category (/ = 1); C e and 
A/g are identical up to a period of 2 sec for M v = 1.0. 

The force modification factor R,i in Eq. (22.2.1) is based on the ductility capacity 
of the structural system and materials. Specified values of R,j range from 1.0 for brittle 
structures such as unreinforced masonry to 5.0 for ductile moment-resisting steel frames. 

22.2.2 Lateral Forces 

The distribution of lateral forces over the height of the building is to be determined from 
the base shear in accordance with the formula for the lateral (or horizontal) force at the 
j th floor: 


Fj = (V b - F t ) 



(22.2.4) 
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F n + F, 
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-F 2 

F\ 


•////////////////////////// 


V b 


Figure 22.2.2 NBCC lateral forces. 


with the exception that the force at the top floor (or roof) computed from Eq. (22.2.4) is 
increased by an additional force, the top force: 

f 0 7) < 0.7 

F, = | 0.077) V), 0.7 < I) < 3.6 (22.2.5) 

( 0.25V b 7j > 3.6 

where hj is the height of the jth floor above the base. These lateral forces are shown in 
Fig. 22.2.2. 

22.2.3 Story Forces 


The design values of story shears are determined by static analysis of the structure sub¬ 
jected to these lateral forces. Similarly determined overturning moments are multiplied by 
reduction factors J and J, at the base of the structure and at the i th floor level, respectively. 
The following values of .7 are applicable for western Canada: for all structures 7 = 1 for 
T\ < 0.5 sec; for moment-resisting frames J = 0.9 for 7) > 2.0 sec; for coupled walls 
J = 0.9 for 7j = 2.0 sec and J = 0.8 for 7) > 4.0 sec; for braced frames / = 0.8 for 
T\ > 2.0 sec; for walls and wall-frame systems J = 0.6 for 7j = 2.0 sec and J = 0.5 
for 7j > 4.0 sec. Values of J at intermediate periods are determined by interpolation. The 
reduction factor /, = 1.0 over the top 40% of the building height, and varies linearly from 
this value to the J value at the base. 

22.3 MEXICO FEDERAL DISTRICT CODE, 2004 
22.3.1 Base Shear 


The base shear formula in the 2004 edition of the Mexico Federal District Code (MFDC) 
may also be expressed as Eq. (22.1.1) with the seismic coefficient 

Ce 

Q' 


c 


(22.3.1) 
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The elastic seismic coefficient 


r = A/g T\ < T c 

e A/ g{l + 0.5r[l - iT c /T\Y]} T t > T c 

where the pseudo-acceleration design spectrum A /g is given by 

A \a 0 + (A m - a 0 )T n /T b T„ < T h 
- = \A m T b < T n < T c 

g l A m (T c /T n y T„>T C 


(22.3.2) 


(22.3.3) 


and T\ is the fundamental period; 7), and T c denote the periods at the beginning and end 
of the constant pseudo-acceleration region of the design spectrum (Fig. 22.3.1). The coef¬ 
ficients a 0 , A m , and r and period values 7), and T c are given in Table 22.3.1 for the seven 



T\ or T n , sec 


Figure 22.3.1 MFDC (2004): elastic (Q' = 1) seismic coefficient C e for zone I, and 
pseudo-acceleration A/g. 


TABLE 22.3.1 PSEUDO-ACCELERATION DESIGN SPECTRUM PARAMETERS 


Zone 

a 0 

A m 

Tb (sec) 

T c (sec) 

r 

I: ffard ground 

0.04 

0.16 

0.20 

1.35 

i 

II: Transition 

0.08 

0.32 

0.35 

1.35 

4 

3 

Ilia: Soft soil a 

0.10 

0.40 

0.53 

1.80 

2 

Illb: Soft soil b 

0.11 

0.45 

0.85 

3.00 

2 

IIIc: Soft soil c 

0.10 

0.40 

1.25 

4.20 

2 

Illd: Soft soil c 

0.10 

0.30 

0.85 

4.20 

2 
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zones of the Mexico Federal District, depending primarily on the local soil conditions. 
Figure 22.3.1 shows A/g and C e for zone I. 

For the fundamental natural vibration period, the MFDC provides the formula 


7i = 2tt 


E N 2 

,=i w i u i 

E N 77 

i=l F H*i 


(22.3.4) 


where u; are the floor displacements due to static application of the set of lateral forces F, 
defined by Eq. (22.3.6). 

The elastic seismic coefficient is divided by the seismic reduction factor: 


1 + (Ti/T b )(Q - 1) Ti < T b 
Q ^ > T b 


(22.3.5) 


where the seismic behavior factor Q varies between 1 and 4, depending on several factors, 
including the structural material, structural system, and level of detailing. 


22.3.2 Lateral Forces 


The formula for the lateral force Fj at the /th floor depends on whether 7j < 7) or 7) > T c : 


w j h j 


F J = , 

Ei = l W ' h i 


T\ < T c 


and 


Fj = V> 


(i) wjhj 


Eh mht 


V. 


(2) W i h ] 


Eh mhj 


T] > T r 


where the base shear 14 has been separated into two parts, V' h 11 and V^ 11 : 


v m = W{A / g ) 
6 Q 


1 -r 


l ~ { i 


(22.3.6a) 


(22.3.6b) 


(22.3.7a) 


(2 ) _ W (A/g) 
* Q ' 


1.5r 


i-i4 


(22.3.7b) 


22.3.3 Story Forces 

The design values of story shears are determined by static analysis of the structure sub¬ 
jected to the lateral forces defined by the foregoing equations. Similarly determined over¬ 
turning moments are multiplied by a reduction factor that varies linearly from 1.0 at the 
top of the building to 0.8 at its base to obtain the design values. There is an additional 
requirement, however, that the reduced moments not be less than the product of the story 
shear at that elevation and the distance to the center of gravity of the portion of the building 
above the elevation being considered. 
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22.4 EUROCODE 8,2004 
22.4.1 Base Shear 


The base shear formula in Eurocode 8 (EC) may also be expressed as Eq. (22.1.1) with the 
seismic coefficient 


C s 


C e 

(OS) q' 


(22.4.1) 


where OS — 1.5 is the overstrength factor, intended to account for the difference between 
the design and actual values of the structural strength. Applicable to selected structural 
systems is an additional overstrength factor that is included in q' and is intended to account 
for the difference between resistance values at first yield and at formation of a plastic 
mechanism. 

The elastic seismic coefficient 

A 

C e = - (22.4.2) 

g 


except that for buildings taller than two stories and fundamental vibration period T\ < 27), 
the seismic coefficient is multiplied by 0.85. The pseudo-acceleration design spectrum A, 
normalized by the design peak ground acceleration ii go , is given by 


A 


u 


go 


\ + \.5T n /T b 
2.5 

2.5(T c /T„) 

2.5T c T d /Tl 


0 < T„ < T b 
T b < T n < T c 
T c < T n < T d 
Tn > T d 


(22.4.3) 


where T n is the natural vibration period of an SDF system; T b , 7), and T d denote the pe¬ 
riods at the beginning of the constant-pseudo-acceleration, constant-pseudo-velocity, and 
constant-deformation regions of the design spectrum, respectively (Fig. 22.4.1). Implicit 
in Eq. (22.4.3) are importance factor = 1 and damping ratio = 5%. Equation (22.4.3) is 
valid for all five ground types: A (rock), B (very stiff soils), C (medium-stiff soils), D (soft 
soils), and E (thin stratum of medium-stiff or soft soils over rock). However, the parameter 
values in Eq. (22.4.3) vary with ground type, as shown in Table 22.4.1. Included for each 
ground type are values for periods T b , T c , and T d , and a value for S, a multiplier for the 
ii go value specified for rock to obtain the u go value for another ground type. Figure 22.4.1 
shows A/ii go and C e /u go for soil classification C. In addition to empirical formulas for 
estimating the fundamental period, the EC allows use of Eq. (22.3.4) for calculating T\. 

The elastic seismic coefficient is divided by a seismic reduction factor, which as 
implied by the other equations in the code is close to 


1 + (T\/T h ) (q y — 1) T x <T b 
q y Ti > T b 


(22.4.4) 


where q y = q/ 1.5, q being the seismic behavior factor, which varies between 1.5 and 8 
depending on several factors, including the structural material and structural system. Al¬ 
though not included explicitly in the Eurocode, this decomposition of q into 1.5 and q y 
facilitates this presentation and its interpretation later. 
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Figure 22.4.1 Eurocode 8 (2004): elastic [(OS)q' = 1] seismic coefficient C e and pseudo¬ 
acceleration, both normalized by u go for soil classification C. 


TABLE 22.4.1 PSEUDO-ACCELERATION DESIGN 
SPECTRUM PARAMETERS 


Ground 

Type 

5 

Spectrum Type 1 

T b (sec) 

T c (sec) 

T d (sec) 

A 

1.00 

0.15 

0.4 

2.0 

B 

1.20 

0.15 

0.5 

2.0 

C 

1.15 

0.20 

0.6 

2.0 

D 

1.35 

0.20 

0.8 

2.0 

E 

1.40 

0.15 

0.5 

2.0 


22.4.2 Lateral Forces 


The formula for the lateral force Fj at the j th floor is 


Fj = V b 


E, = l Wi&l 


(22.4.5) 


where (pj\ is the displacement of the /th floor in the fundamental mode of vibration. The 
code permits linear approximation of this mode, in which case Eq. (22.4.5) becomes 



























846 


Structural Dynamics in Building Codes Chap. 22 


22.4.3 Story Forces 

The design values of story shears, story overturning moments, and element forces are de¬ 
termined by static analysis of the building subjected to these lateral forces; the overturning 
moments computed are not multiplied by a reduction factor. 

22.5 STRUCTURAL DYNAMICS IN BUILDING CODES 

Most of the seismic provisions contained in building codes are either derived from or re¬ 
lated to the theory of structural dynamics. In this section we discuss this interrelationship 
for several aspects of the code provisions. 

22.5.1 Fundamental Vibration Period 

The period formula in MFDC and EC, Eq. (22.3.4), is identical to the result obtained from 
Rayleigh’s method using the shape function given by the static deflections n ; due to a set of 
lateral forces F t at the floor levels. This becomes apparent by comparing Eq. (22.3.4) with 
Eq. (8.6.4b). The period formula in the NBCC, Eq. (22.2.3), has the same basis except 
that the lateral forces used to determine the static deflections are assumed equal to the 
lumped weights at the floor levels. This becomes apparent by comparing Eq. (22.2.3) with 
Eq. (8.6.4c). 

22.5.2 Elastic Seismic Coefficient 

The elastic seismic coefficient C e is related to the pseudo-acceleration spectrum for linearly 
elastic systems. In a linear SDF (one-story) system of weight w, the peak base shear is (see 
Section 6.6.3) 

V b = -w (22.5.1) 

g 

and C e = A/g. For buildings the four codes—IBC, NBCC, MFDC, and EC—give the 
design base shear as 

V b = ]-C e W V b = V b = -p-C e W V b = —]— C e W (22.5.2) 

R R d R 0 Q' ( OS)q 

respectively. By taking R = R d Ro = Q! = ( OS)q' = 1, it is clear that C e in building 
codes corresponds to A/g, the pseudo-acceleration for linearly elastic systems normalized 
with respect to gravitational acceleration. The two, C e and A/g, as specified in codes, are 
not necessarily identical, however, as seen in Figs. 22.1.1, 22.2.1, 22.3.1, and 22.4.1. The 
ratio C e -f- A/g is plotted as a function of period in Fig. 22.5.1, where we note that for 
NBCC and MFDC it exceeds unity for most periods and increases with T\. However, for 
the IBC and EC, this ratio is equal to unity for all periods (except very short periods in the 
case of IBC). 

The seismic coefficient C e is specified larger than A/g to account for the more com¬ 
plex dynamics of multistory buildings responding in several natural modes of vibration 
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Figure 22.5.1 Ratio of elastic seismic coefficient C e and pseudo-acceleration A/g for 
four building codes; NBCC plots are valid for all structures other than walls, coupled 
walls, and wall-frame systems. 

and to recognize uncertainties in a calculated value of the fundamental vibration period. In 
Section 13.8 we demonstrated that the peak value of the base shear due to the nth mode is 

v bn = — W* n (22.5.3) 

§ 

where W* is the effective weight and A„/g is the normalized pseudo-acceleration, both 
for the nth mode. The peak value of the base shear considering several modes is generally 
estimated by the SRSS formula, Eq. (13.7.3). For the present purpose, however, we use the 
upper bound result of Eq. (13.7.2), specialized for the base shear: 

n N A 

Vb<J2 1^1 =Y,— W n (22.5.4) 

n=l n=l ° 

If all the A„ values were equal toAi, which they are not, Eq. (22.5.4) reduces to 

Ai x—v * Ai 

V b < — V W* = — W (22.5.5) 

" g tr 8 

where the second half of this equation is obtained after using Eq. (13.2.14). Thus for an 
MDF system, C e and A \/g have similar but by no means identical meaning. In Part B 
we discuss these conceptual differences between C e and A\j% further, as well as their 
numerical differences, shown in Fig. 22.5.1. 

It is of interest to compare the pseudo-acceleration design spectrum specified in the 
four codes with two levels—50th and 84.1th percentile—of the design spectra for firm 


NBCC, M,, = 1.2 ^ ^ 

S’ 


NBCGrM„= l.Q, " " 

IBC ^ ^ " " MFDC 



IBC, EC 
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Figure 22.5.2 Comparison of pseudo-acceleration design spectrum in building codes 
with the design spectra developed in Chapter 6; the latter are 84.1th and 50th percentile 
spectra for 5% damping. 


ground sites developed by the procedures of Fig. 6.9.3 (see also Figs. 6.9.4 and 6.9.5). All 
five of these spectra are presented in Fig. 22.5.2, where the pseudo-acceleration is nor¬ 
malized relative to its value at zero period; such normalizing with respect to peak ground 
acceleration is widely used but is not the best option. This normalization removes any 
differences in the peak ground accelerations implied in the five spectra and provides a 
comparison of the spectral shapes. The code spectra are generally quite different from the 
design spectrum of Fig. 6.9.5 because the two are developed by different methods. A code 
spectrum is “semi-custom-developed” for a site in the sense that it is based on probabilis¬ 
tic seismic hazard analysis considering all seismic sources relevant to the site. In contrast, 
Fig. 6.9.5 is a “generic” spectrum based on the statistics of several ground motions recorded 
in the western United States. 

22.5.3 Design Force Reduction 

Most codes specify the design base shear to be smaller than the elastic base shear (deter¬ 
mined using the elastic seismic coefficient C e ). For the four codes described earlier, the 
reduction factors are R, R,i, Q ', and q' in Eq. (22.5.2). In this section we examine how 
the reduction in design force specified in codes relates to the results obtained in Chapter 7 
from dynamic response analysis of yielding SDF systems. 

The reduction factors R , R,i, Q', and q' specified in the four codes are compared 
with the yield-strength reduction factor R y of elastoplastic systems. The code reduction 
factors are plotted in Fig. 22.5.3 as a function of the fundamental vibration period 7) for 
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Figure 22.5.3 Comparison of yield-strength reduction factors — R, Rj, Q', and q' — in 
four building codes and yield-strength reduction factor R y for an elastoplastic SDF system; 

R = R d = Q' = q y = !JL = 4. 

R = R d = Q = q y = 4. They are independent of T\ in IBC and NBCC, but their period 
dependence in MFDC and EC is defined by Eqs. (22.3.5) and (22.4.4), respectively. Deter¬ 
mined from dynamic analysis of SDF systems, the reduction factor R y for yield strength 
of elastoplastic systems corresponding to a ductility factor of 4 (Fig. 7.11.2) is also shown. 
It is clear from this comparison that the MFDC and EC seismic reduction factors vary with 
vibration period in a manner consistent with structural dynamics theory. However, the 
period independence of factor R in the IBC and R d in the NBCC contradicts dynamic 
response results for structures with fundamental period in the acceleration-sensitive re¬ 
gion of the design spectrum. The resulting discrepancy in the design spectra is seen in 
Fig. 22.5.4 for two values of the ductility factor fi. The inelastic design spectra shown 
are from Fig. 7.11.6 scaled by 0.4 so that they correspond to peak ground acceleration 
u go = 0.4g. The elastic design spectrum reduced by the period-independent factor /i is 
lower in the acceleration-sensitive period region, as shown in Fig. 22.5.4. Thus, by ig¬ 
noring the period dependence of the yield-strength reduction factor, the code may give 
excessively small design forces for structures in this period region. 

This may imply that the code provisions are unconservative in certain situations, but 
we will not get into this issue because of several practical considerations, which are beyond 
the scope of this book. One of these is worth mentioning, however. The actual strength of a 
building exceeds its design strength, especially for short-period systems. Overstrength can 
come from a variety of sources. Examples are the difference between the design strength 
and the theoretical strength of structural elements because of the difference between al¬ 
lowable and yield stresses, the effects of gravity loads on element strengths, element 
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Figure 22.5.4 Comparison between inelastic design spectrum and elastic design spec¬ 
trum reduced by the period-independent factor i±\ results are presented for /x = 2 and 8. 

overstrength due to discrete choices of member sizes, element overstrength due to stiff¬ 
ness (drift) requirements, increase in the structural strength due to redistribution of ele¬ 
ment forces in the inelastic range, and the contributions of all structural and nonstructural 
elements that in the design process are not considered as part of the lateral force-resisting 
system. This overstrength of a building is recognized explicitly in some building codes 
(e.g., NBCC and EC). 

22.5.4 Lateral Force Distribution 


Structural dynamics gives the base shear and equivalent static lateral force at floor level j 
for mode n of a multistory building (Section 13.8.1): 


Vbn — M n A n fj n — T n m.j(f)j n A n 

Using the definitions for M* and T„, Eqs. (13.2.9a) and (13.2.3), f jn can be expressed in 
terms of V/,,,: 


fjn = V bn 


w jfj‘ 


IX1 w i<t>in 


(22.5.6) 


We now compare this force distribution from structural dynamics with code spec¬ 
ifications. The IBC with k = 1 [Eq. (22.1.6)], the NBCC with the top force F, = 0 
[Eq. (22.2.4)] and the EC [Eq. (22.4.6)] all give 


Fj = V h 


w j h i 


£f=i Wh 


(22.5.7) 
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This force distribution agrees with Eq. (22.5.6) if 4>j n is proportional to hj, that is, if the 
mode shape is linear. The linear shape is a reasonable approximation to the fundamental 
mode of many buildings; as shown in Fig. 19.1.5, it is in between the fundamental mode 
shapes for the two extreme values, 0 and oo, of the beam-to-column stiffness ratio p. 

In the IBC the heightwise distribution of lateral forces is given by Eq. (22.1.6), based 
on the assumption that the lateral displacements are proportional to hj for T\ < 0.5 sec, 
to hj for T\ > 2.5 sec, and to an intermediate power of hj for intermediate values of T\. 
These force distributions are intended to recognize the changing fundamental mode and 
increasing higher-mode contributions to structural response with increasing T\. 

Assignment of the additional force F, at the top of the building—in addition to the 
forces from Eq. (22.2.4)—is intended by the NBCC to consider approximately and sim- 
plistically the influence of the higher vibration modes on the force distribution. The force 
F, increases the shear force in the upper stories relative to the base shear. This is con¬ 
sistent with the predictions of structural dynamics that the higher modes affect the forces 
in the upper stories more than in lower stories (Section 19.6). Equation (22.2.5) gives F t 
values that range from zero for short-period buildings to 0.25 V* for long-period buildings, 
for which structural dynamics theory demonstrates that higher-mode responses are more 
significant (Section 19.4). 

In the MFDC, if 7) < T c , the heightwise distribution of lateral forces is also given 
by Eq. (22.5.7), which considers only the response in the fundamental vibration mode, 
assumed to have a linear shape. For T\ > T c , the MFDC specifies Eq. (22.3.6b), based on 
specifying floor displacements proportional to hj at I) = T c , to hj at T\ much longer than 
T c , and intermediate between the linear and parabolic shapes at intermediate values of 7). 
This variation in deflected shape and hence force distribution is intended to recognize the 
changing shape of the fundamental vibration mode and increasing higher-mode responses 
with increasing fundamental period. 

Equations (22.4.5) and (22.4.6) both appear in the EC, implying that the distribution 
of lateral forces is based entirely on the fundamental mode of vibration without considering 
the increasing higher-mode contributions to response with longer 7). 

22.5.5 Overturning Moments 

Some building codes, including NBCC and MFDC, allow reduction of overturning mo¬ 
ments relative to the values computed from lateral forces Fj by statics, because the response 
contributions of higher modes are more significant for story shears than for overturning 
moments (Chapter 19). In particular, if the first mode were linear, the higher modes would 
provide no contribution to the overturning moment at the base (Example 13.6), although 
they would affect overturning moments at higher levels and story shears at all levels. Thus 
the overturning moments computed from the code forces, supposedly calibrated against 
dynamic response results to provide the correct story shears, would exceed the values pre¬ 
dicted by dynamic analysis and could therefore be reduced. The reduction factor at the 
building base is 0.8 in the MFDC, independent of 7) or building height. In the NBCC the 
reduction factor at the building base ranges from 1.0 for buildings with 7) < 0.5 sec to 0.7, 
0.8, or 1.0 for buildings with 7) > 2 sec in western Canada, depending on the structural 
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system. The IBC and EC permit no reduction of overturning moments relative to their 
values computed from lateral forces by statics. 


PART B: EVALUATION OF BUILDING CODES 


In Part B we evaluate how well the seismic forces specified in building codes agree with 
the results of dynamic analysis presented in Chapters 19 and 20. 


22.6 BASE SHEAR 

The significance of the response contributions of the higher vibration modes in the dynamic 
response of buildings (Chapter 19) plays a central role in evaluating the code forces. For 
this reason we first recall that the combined responses of the second and higher modes 
depend mainly on two parameters: fundamental period 7) and beam-to-column stiffness 
ratio p. With reference to Fig. 19.4.2, we had concluded that the base shear for buildings 
with 7) within the acceleration-sensitive region of the spectrum is essentially all due to 
the first mode. However, for buildings with 7) in the velocity- or displacement-sensitive 
regions of the spectrum, the higher-mode responses can be significant, increasing with 
increasing 7) and with decreasing p, for reasons discussed in Chapter 19. 

For buildings with 7) in the acceleration-sensitive region of the spectrum, these re¬ 
sults and Eq. (22.5.3) indicate that the code formula, Eq. (22.1.1), would accurately predict 
the base shear for elastic buildings if the seismic coefficient C e were defined as A\/g and 
the total weight W were replaced by the first-mode effective weight W*. If W is used 
instead of W*, as in building codes, the base shear is overestimated. This becomes obvi¬ 
ous by renormalizing the base shear data of Fig. 19.4.1 with respect to the total weight, as 
shown in Fig. 22.6.1; recall that W* = 0.679 W, 0.796 W, and 0.880VF for p = 0, and 
oo, respectively (Table 19.1.1). Therefore, the overestimation varies with p, being least for 
shear buildings (p = oo), largest for flexural buildings (p = 0), and in between for frame 
buildings with intermediate values of p. 

For buildings with 7) in the velocity- or displacement-sensitive spectral regions, 
however, the increase in base shear by using the total weight of the building may not be suf¬ 
ficient to compensate for the higher-mode response. This is clear from Fig. 22.6.1, where 
we observe that Vb/W exceeds A\j g for longer 7) and smaller p, conditions that produce 
increasingly significant higher-mode response. For this range of parameters, therefore, the 
seismic coefficient C e should be larger than A\/g. 

The dynamic response (RSA) results of Fig. 19.4.2 provide insight into how the 
A/g spectrum should be modified to obtain the seismic coefficient C e . For this purpose, 
curves of the form aT x ^ are fitted to the base shear versus period curve from dynamic 
analysis, as shown in Fig. 22.6.2. The parameters a and ft for each of the velocity- and 
displacement-sensitive regions of the spectrum are evaluated by a least-squared error fit to 
the 14-7) curve. The curve-fitting procedure minimizes the error, defined as the integral 
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Figure 22.6.1 Base shear V/, (normalized by total weight W) in buildings with p = 0, j, 
or oo, computed for the design spectrum shown. 


over the period range considered of the squares of the differences between the logarithm 
of the ordinates of the “exact” and fitted curves. This curve-fitting procedure is designed 
to satisfy the following constraints. First, the ordinate of the fitted curve at T\ — T c is 
equal to the ordinate of the flat portion of the A /g spectrum. Second, the curves fitted to 
the velocity- and displacement-sensitive regions of the spectrum have the same ordinates at 
7’i = T d . Third, the exponent ft for the displacement-sensitive region should not be smaller 
than its value in the velocity-sensitive region. The resulting functions a Tft , * 1 are shown in 
Fig. 22.6.2 together with the Vi-7’1 curves from dynamic analyses. 

This comparison suggests that to estimate V* without dynamic analysis (RSA), the 
code seismic coefficient C e should be defined by decreasing the coefficient ft in a'l\ /! 
and thus raising the pseudo-acceleration design spectrum to account for the higher-mode 
response. For this purpose, building codes should define C e in terms of the design spectrum 
A/g, which in turn should be specified explicitly. Once this format is adopted, C e can be 
defined by raising the design spectrum in its velocity- and displacement-sensitive regions, 
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Figure 22.6.2 Comparison of functions aT l ^ and “exact” base shear versus T\ curves. 


based on dynamic response results of the type presented here. The degree to which the 
spectrum should be raised depends on the beam-to-column stiffness ratio p; the spectrum 
needs to be raised very little for shear buildings (p = oo) but to an increasing degree 
with increasing frame action (i.e., decreasing p). The spectral modifications presented also 
depend on the heightwise distribution of mass and stiffness, parameters that have not been 
varied here. 

Having utilized dynamic response results to determine how the design spectrum A/g 
should be modified for higher-mode response, we now compare these results with build¬ 
ing code provisions. For this purpose we return to Fig. 22.5.1, where the C e A/g in 
four codes was presented as a function of T\. These results are compared in Fig. 22.6.3 
with Vb/W* -1- A/g, the ratio of two values of base shear, the first including responses 
due to all modes and the other considering only the first mode (Fig. 22.6.2). ft is clear 
that two of the four codes considered recognize the dependence of higher-mode response 
on the fundamental period T\, and the NBCC also recognizes the influence of the stiff¬ 
ness ratio p. The NBCC appears to overcompensate for the higher-mode response over 
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Figure 22.6.3 Comparison of C e 4- A/g in four building codes and Vb/W* 4- A/g from 
RSA for three values of p. Note that IBC, NBCC, and EC do not permit the use of a static 
ELF procedure for buildings with T\ exceeding 3.5T C , 2.0 sec, and 2.0 sec, respectively. 


a wide range of T\ and p—not because of the M v factor but because C e is constant for 
T\ >2 sec—whereas MFDC seems to be reasonable except for buildings with very 
small p. Unfortunately, the IBC and EC ignore the higher-mode response and specify 
C e = A/g. 

The IBC and EC deal with the higher-mode contribution to base shear in a different 
way. Recognizing the results of Fig. 22.6.1, EC and IBC do not permit use of the ELF 
analysis procedure for buildings with 7) exceeding 2.0 sec and 3.5 T c , respectively, where 
T c is the period separating the acceleration- and velocity-sensitive regions of the spectrum; 
T c = 0.66 sec for the design spectrum of Fig. 6.9.5. For certain buildings, Eq. (22.4.2) is 
multiplied by 0.85 in EC to avoid overestimation of the base shear by using the total weight 
W in Eq. (22.1.1); see Fig. 22.6.1 and the related discussion. 

Inelastic response behavior in multistory buildings and its differences relative to SDF 
systems are factors that should be considered in specifying the seismic coefficient in build¬ 
ing codes. This important concept is illustrated by returning to Fig. 20.3.2 from nonlinear 
dynamic analysis, showing the ratio of base shear yield strengths in multistory buildings 
and SDF systems necessary to limit the ductility demand to the same allowable value, 
li = 2 or 8. Superimposed on these results in Fig. 22.6.4 is the ratio C e -t- A/g for four 
building codes from Fig. 22.5.1; these code ratios also apply to yielding systems irrespec¬ 
tive of the allowable reduction factors R , R,/, Q', or q'. In contrast, dynamic response 
results indicate that the strength increase required to account for MDF effects depends 
significantly on the ductility factor and on the plastic hinge mechanism. 
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Figure 22.6.4 Comparison of C e A/g in four building codes and (Vhy ) m nF/ ( Vby) s df 
from nonlinear dynamic analysis of beam- and column-hinge models of frames for two 
values of the SDF-system ductility factor. (Dynamic analysis data from Nassar and 
Krawinkler, 1991.) 


22.7 STORY SHEARS AND EQUIVALENT STATIC FORCES 

Having compared the code-specified base shear with the predictions of dynamic analysis, 
we now evaluate the heightwise distribution of story shears and lateral forces. As men¬ 
tioned in Sections 22.1 to 22.4, the codes specify lateral forces in terms of the base shear, 
and static analysis of the structure for these forces provides the story shears. The story 
shears and lateral forces determined from four codes are divided by the base shear V* and 
presented in Figs. 22.7.1 and 22.7.2; included in each case are two values of T\ — 0.5 
and 3 sec, chosen to be representative of the acceleration and velocity-sensitive spectral 
regions. Note in Fig. 22.7.2 that the numerical values of the equivalent static forces that 
are concentrated at the floor levels have been joined by straight lines between floors for 
easier visualization. Also included in Fig. 22.7.1 are the story shears of Fig. 19.6.1 from 
dynamic analysis (RSA), including response contributions of all modes; these have been 
normalized by the corresponding base shear. Similarly, Fig. 22.7.2 includes the equivalent 
static forces computed from the story shears of Fig. 19.6.1 as the differences between the 
shears in consecutive stories (equal to the discontinuity in shears at the floor levels). 

Figures 22.7.1 and 22.7.2 permit the following observations: For buildings with 7) 
in the acceleration-sensitive region of the spectrum, the heightwise distributions of lateral 
forces and story shears specified by the four codes are essentially identical to each other 
and fall between the dynamic response curves for p — 0 and oo. With increasing 7j, the 
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Figure 22.7.1 Comparison of story shear distributions in four building codes and from 
RSA for three values of p. Note that IBC, NBCC, and EC do not permit the use of a static 
ELF procedure for buildings with T\ exceeding 3.5 T c , 2.0 sec, and 2.0 sec, respectively. 


T\ = 0.5 sec T\ = 3 sec 



Ratio of lateral force to base shear Fj/V^ (codes) and fjlVj, (RSA) 


Figure 22.7.2 Comparison of static equivalent lateral force distributions in four building 
codes and from RSA for three values of p. Note that IBC, NBCC, and EC do not permit the 
use of a static ELF procedure for buildings with T\ exceeding 3.5 T c , 2.0 sec, and 2.0 sec, 
respectively. 
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code distributions for lateral forces and story shears differ increasingly among the codes, 
and all four codes differ increasingly from the dynamic response. These differences are 
especially significant for the smaller values of p because higher-mode response increases 
with increasing T\ and decreasing p (Sections 19.4 and 19.5). It is clear that the code 
formulas do not closely follow the dynamic response results or recognize the effects of the 
important building parameters on dynamic response. These discrepancies are accentuated 
when we consider the influence of the heightwise distribution of stiffness and strength on 
inelastic response of buildings. 


22.8 OVERTURNING MOMENTS 

The overturning moments in the two buildings, T\ = 0.5 and 3 sec, determined in ac¬ 
cordance with three of the four building codes' (Sections 22.1 to 22.4) are presented in 
Fig. 22.8.1 together with the dynamic response (RSA) results, including responses due to 
all modes (Fig. 19.6.2); in each case, overturning moments at all elevations are normalized 
by the corresponding base overturning moment. For buildings with 7) in the acceleration- 
sensitive region of the spectrum and even extending well into the velocity-sensitive region, 
the heightwise distributions of overturning moments specified by the three codes are close 



Ratio of floor overturning moments to base overturning moment MjlMj, 


Figure 22.8.1 Comparison of floor overturning moment distributions in three building 
codes and from RSA for three values of p. Note that IBC and EC do not permit the use of 
a static ELF procedure for buildings with T\ exceeding 3.5 T c and 2.0 sec, respectively. 


^The format of Figs. 22.8.1 and 22.8.3 does not lend itself to plots for NBCC. 
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to each other and to the dynamic response. The discrepancy in code values relative to 
the dynamic response increases with increasing 7j, especially for buildings with smaller 
values of p, as the higher-mode response becomes increasingly significant (Sections 19.4 
and 19.5). However, this discrepancy in overturning moments is much smaller than was 
noted in Section 22.7 for story shears, because the higher-mode response contributions to 
the overturning moments are less significant (Chapter 19). 

We next compare the overturning moments computed by two methods, both based 
on dynamic analysis: (1) response spectrum analysis (RSA) considering all modes (Fig. 
22.8.1), and (2) static analysis of the building subjected to the lateral forces of Fig. 22.7.2 
determined, as described in Section 22.7, from RSA predictions of story shears. The latter 
method will provide the same story shears as the first method because the lateral forces 
were determined by statics from the story shears predicted by RSA, but not the correct 
overturning moments. This fact is demonstrated by presenting the ratio of overturning mo¬ 
ments computed by the two methods. Akin to the reduction factor J specified in some 
building codes, this ratio is presented in Fig. 22.8.2 for the base overturning moment as a 
function of 7) for three values of p; and in Fig. 22.8.3 for overturning moments at all floors 
of the building for two values of 7j. This reduction factor never exceeds unity, implying 
that the approximate value of the overturning moment obtained from the lateral forces (sec¬ 
ond method) always exceeds the “exact” value obtained from RSA (first method). The two 
values are identical if the response contribution of only the fundamental vibration mode 



Figure 22.8.2 Comparison of reduction factors for base overturning moment in four 
building codes and from RSA for three values of p. Note that IBC, NBCC, and EC do 
not permit the use of static ELF procedure for buildings with T\ exceeding 3.5 T c , 2.0 sec, 
and 2.0 sec, respectively. NBCC plot valid for all structures other than walls, coupled 
walls, and wall-frame systems. 
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Figure 22.8.3 Comparison of reduction factors for overturning moments in three building 
codes and from RSA for three values of p. Note that IBC and EC do not permit the use of 
static ELF procedure for buildings with T\ exceeding 3.5 T c and 2.0 sec, respectively. 


is considered. Thus the reduction factor accounts for the fact that higher vibration modes 
contribute more to shears than to overturning moments; it decreases (implying greater 
reduction) with increasing 7) and decreasing p. 

Because the lateral forces specified in building codes are intended to provide the 
dynamically computed story shears, the preceding observations indicate that the overturn¬ 
ing moments will be overestimated if they were also computed from the lateral forces by 
statics. Thus some building codes specify reduction factors by which statically computed 
overturning moments should be multiplied. These reduction factors, defined earlier for 
building codes, are also included in Figs. 22.8.2 and 22.8.3. The reduction factor specified 
in MFDC is independent of 7\, except for the slight variation arising from an equilibrium 
requirement. As a result, the reduction is excessive in the acceleration-sensitive region of 
the spectrum, but not enough in parts of the velocity- and displacement-sensitive regions, 
depending on p. However, the NBCC specifies a reduction factor that varies with 7) in a 
manner similar to the dynamic response up to about 7) = 2 sec; it does not recognize the 
dependence on p, however, which becomes significant at longer 7). The IBC and EC do 
not permit any reduction in overturning moments, a provision that is not supported by the 
results of elastic dynamic analysis. The NBCC and MFDC specify no reduction in the 
top story and increasing reduction as one moves down to lower levels of the building. Al¬ 
though consistent in this regard with the results of dynamic analysis (Fig. 22.8.3), the code 
specifications do not fully recognize the dependence of the reduction factor on the building 
parameters T\ and p. 
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22.9 CONCLUDING REMARKS 

We have demonstrated that some of the concepts developed in this book about earthquake 
analysis, response, and design of structures are reflected in building codes, but they are not 
always stated explicitly or applied in accordance with structural dynamics results. Building 
codes should adopt a different approach, explicitly stating the underlying basis for each 
provision so that it can be improved as we develop a better understanding of structural 
dynamics and earthquake performance of structures. The seismic design approaches must 
also consider, much more realistically than has been done in the past, the demands imposed 
by earthquakes on structures and the structural capacity to meet these demands. 

Building codes represent a consensus of the structural engineering profession on 
the seismic design of ordinary buildings where special earthquake considerations are not 
cost-effective. There can be major design deficiencies if the building code is applied to 
structures whose dynamic properties differ significantly from those of ordinary buildings. 
This is suggested by the collapse or irreparable damage of some buildings during major 
earthquakes. Similarly, building codes should not be applied to special structures, for they 
require special consideration: because of cost, potential hazard, or the need to maintain 
function. For critical projects such as high-rise buildings, dams, nuclear power plants, 
offshore oil-drilling platforms, long-span bridges, major industrial facilities, and so on, 
special earthquake considerations are necessary. 
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Structural Dynamics in Building 
Evaluation Guidelines 


PREVIEW 

A major challenge for performance-based seismic engineering is to develop simple, yet 
sufficiently accurate methods for evaluating existing buildings to meet selected perfor¬ 
mance objectives. As reflected in guidelines and standards for evaluating existing build¬ 
ings, such as the FEMA-273 (1997), its successors FEMA 356 (2000) and ASCE 41-06 
(2007)—henceforth abbreviated as ASCE 41— and ATC-40 (1996) documents, the pro¬ 
fession has shifted away from the traditional elastic analysis of structures subjected to seis¬ 
mic forces reduced to recognize indirectly inelastic response, as in current building codes 
(Chapter 22); instead, inelastic behavior of structures is considered explicitly in estimating 
seismic demands at low performance levels, such as life safety and collapse prevention. In 
this chapter, selected aspects of the aforementioned guidelines for computing seismic de¬ 
mands are discussed in light of structural dynamics theory presented in Chapters 6, 7, 13, 
and 20. For estimating seismic demands at the operational performance level, these guide¬ 
line documents include linear dynamic analysis procedures that are generally consistent 
with those described in Chapter 13 and therefore not discussed here. 

Currently, building evaluation guidelines permit use of two nonlinear analysis meth¬ 
ods to estimate seismic demands at low performance levels: the nonlinear static procedure 
(NSP) and the nonlinear dynamic procedure (NDP). According to the NSP, seismic de¬ 
mands are computed by nonlinear static analysis of a structure subjected to monotonically 
increasing lateral forces (known as pushover analysis) with a specified, usually invariant 
heightwise distribution until a predetermined target displacement is reached; supplemen¬ 
tary elastic analyses with relaxed acceptance criteria are required for structures with sig¬ 
nificant higher-mode responses, but the NSP is still permitted in ASCE 41. The target 
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displacement is estimated from the deformation of an inelastic SDF system derived from 
the pushover curve. In light of structural dynamics theory, issues related to NDP are men¬ 
tioned in Section 23.1, issues related to estimating target displacement are examined in Sec¬ 
tions 23.2 and 23.3, and issues related to pushover analysis are discussed in Section 23.4. 


23.1 NONLINEAR DYNAMIC PROCEDURE: CURRENT PRACTICE 

The nonlinear dynamic procedure (NDP) is essentially equivalent to nonlinear response 
history analysis (RHA), presented in Chapter 20. Therefore, we will not comment on 
the NDP except to point out the need to improve current guidelines for its implementa¬ 
tion. The ASCE 41 specifications for the NDP, which are essentially the same as those 
in the International Building Code and ASCE7-05, state that the seismic demand may be 
estimated as (1) the maximum of demands due to three scaled ground motion records, or 
(2) the mean value of demands due to seven scaled records; a procedure for selecting and 
scaling ground motion records is also specified. 

We demonstrate that these estimates can vary significantly. For this purpose, re¬ 
sults are presented for a 9-story steel building, symmetric in plan, located in Aliso Viejo, 
California, subjected to an ensemble of 28 two-component ground motions recorded from 
earthquakes with moment magnitude varying from 6.5 to 7.6 at distances ranging from 7 
to 28 km. The accuracy of the ASCE 7-05 procedure for scaling records (which is very 
similar to the ASCE 41-06 procedure) was evaluated as follows: The maximum value of 
the story drifts due to a set of three scaled records and the average of these demands due 
to a set of seven scaled records, both, were compared against the benchmark value defined 
as the median (or geometric mean) value of the story drifts due to 28 unsealed records. 

The results, shown in Fig. 23.1.1, demonstrate a significant variation in the first- 
story drift (presented as percent of story height) estimated by three implementations (each 
selecting different sets of excitations from among the 28 records) of both versions of the 




(a) 



(b) 



Set No. 


Set No. 


Figure 23.1.1 First-story drift, x-component: (a) maximum of demands due to three 
excitations; (b) average of demands due to seven excitations. The excitations were selected 
randomly three times from an ensemble of 28 records. Also shown is the benchmark value. 
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ASCE 7-05 procedure. Compared to the benchmark value, the estimate obtained as the 
maximum of drifts due to three scaled records errs by —23 to 101%, and the estimate ob¬ 
tained as the average of drifts due to seven scaled records errs by —4 to 21%. Such errors 
and variability obviously imply that different engineers following the same criteria could 
arrive at contradictory conclusions about seismic safety and rehabilitation requirements 
for an existing building. This observation points to the need for better criteria to select and 
scale ground motions, a topic of much ongoing research activity since 2005. 


23.2 SDF-SYSTEM ESTIMATE OF ROOF DISPLACEMENT 

How well can the roof displacement u r of a multistory building be determined from the 
deformation of an SDF system, which is the concept underlying current NSP? To address 
this question, we compare the values of roof displacement determined by two methods: the 
“exact” value («, )mdf, determined by nonlinear RHA of the multistory building treated as 
an MDF system (Section 20.1); and the SDF-system estimate: (w,.)sdf = Ti (j> r \D\ [see 
Eq. (20.7.3)], where Pi was defined in Eq. (20.5.3a), <f> r \ is the value at the roof in the 
first mode 0i, and D\ is the peak deformation of the inelastic SDF system with its force- 
deformation relation determined from the pushover curve, a plot of base shear versus roof 
displacement, obtained by nonlinear static analysis of the building using the first-mode 
force distribution: s* = iik), [see Eq. (20.7.2)]; D\ is determined by nonlinear RHA of 
the SDF system. Note that this procedure is equivalent to UMRHA (Section 20.6.2) con¬ 
sidering only the first mode of vibration, and the resulting (u r ) sdf will be identical to u r \ 
for the first mode from step 6 in the MPA summary (Section 20.7.3). The response of seven 
of the SAC buildings to each of 20 SAC ground motions is computed and the displacement 
ratio is determined: (w*) SDF = (m,)sdf -F («/-)mdf- The difference between the median of 
this displacement ratio and unity indicates the bias in the SDF-system estimate of median 
roof displacement. 

The SDF system estimates the median roof displacement of multistory buildings to 
a useful degree of accuracy. Figures 23.2.1 and 23.2.2 show histograms of the 20 values 
of the displacement ratio, together with its range of values and the median value for each 



Figure 23.2.1 Histograms of ratio 
for the SAC-Los Angeles 3-story building. 
The range of values and the median value of 
this ratio are noted. 
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Figure 23.2.2 Histograms of ratio ( U *) SDF for SAC buildings: Boston, Seattle, and Los Angeles 9- 
and 20-story. The range of values and the median value of this ratio are noted. 


of seven SAC buildings. Examining first the results for the three Los Angeles buildings, 
the SDF system estimates the median roof displacement accurately—within 3% of the 
“exact” value—for the 3-story building, but overestimates it by 19% for the 9- and 20-story 
buildings. The median roof displacement of taller buildings is not always overestimated 
by the SDF system; for example, it is underestimated by 14 and 18% for the Boston 9- and 
20-story buildings, respectively, and by 5% for the Seattle 9- and 20-story buildings. The 
bias in the SDF-system estimate of median roof displacement depends on the vibration 
properties of the building and how far it is deformed into the inelastic range. For short- 
period buildings (e.g., the Los Angeles 3-story building), the bias is small because their 
response is dominated by the first mode. This bias is larger for long-period buildings (e.g., 
the SAC 9- and 20-story buildings) because they respond significantly in higher modes 
of vibration. Correction factors should be developed to eliminate the larger bias in taller 
buildings, thus improving the estimate of their roof displacement. 

The SDF system may not estimate the roof displacement of multistory buildings due 
to individual excitations to a useful degree of accuracy. For the 3-story building, this SDF- 
system estimate varies (among 20 ground motions) from 78 to 139% of the exact value, 
perhaps a surprisingly large discrepancy for a first-mode-dominated structure. The SDF- 
system estimate can be alarmingly small (as low as 31 to 82% of the exact value among 
the six taller buildings) or unexpectedly large (as large as 145 to 215% of the exact value 
among the six taller buildings). The errors are actually worse than indicated by Fig. 23.2.2 
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because it does not include those cases where nonlinear RHA predicted collapse of the 
first-mode SDF system but not of the building as a whole.t 

This large discrepancy arises because for individual ground motions the SDF system 
may significantly underestimate or overestimate the yielding-induced permanent drift in 
the response of the building. To demonstrate this assertion, the response history of the first¬ 
mode contribution determined by UMRHA (Section 20.6), and the “exact” response from 
nonlinear RHA of the MDF system are presented for the Los Angeles 9-story building due 
to three of the 20 ground motions in Fig. 23.2.3. The first-mode contribution was verified 
to be the dominant response for each of the three excitations. In the first case, the peak 
response occurs at the end of the first large inelastic excursion before the yielding-induced 
permanent drift away from the zero-displacement position takes place, and the SDF-system 
estimate is highly accurate (Fig. 23.2.3a). In the second case, the permanent drift in the 
first-mode response is much smaller than in the exact response of the MDF system, and 
the SDF-system method underestimates the roof displacement by 37% (Fig. 23.2.3b). In 
the third case, the permanent drift in the first-mode response away from the initial position 
is much larger than in the exact response of the MDF system, and the SDF-system method 
overestimates the roof displacement by 65% (Fig. 23.2.3c). 
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Figure 23.2.3 Response histories of roof displacement of the Los Angeles 9-story build¬ 
ing due to three ground motions determined by two methods, first-mode contribution de¬ 
termined by UMRHA and exact response from nonlinear RHA: (a) record 39; (b) record 
22; (c) record 21. Peak values are noted. 


'Data for excitations that caused collapse of the SDF system are excluded, reducing the number of data 
to 19 for the Seattle 9-story building, 17 for the Los Angeles 9-story building, and 14 for the Los Angeles 20- 
story building; the median values for these buildings are computed by the counting method. The data values 
corresponding to 20 ground motions were sorted in ascending order, and the median was estimated as the average 
of the tenth and eleventh values, starting from the lowest value. 
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23.3 ESTIMATING DEFORMATION OF INELASTIC SDF SYSTEMS 

As mentioned earlier, seismic demands for buildings are estimated in current engineering 
practice by pushover analysis up to a target displacement of the roof, determined from the 
deformation D of an inelastic SDF system. Methods to determine D are described in the 
ATC-40 guidelines and ASCE 41-06 standard. 


23.3.1 ATC-40 Method 

The approach adopted in ATC-40 was to estimate the earthquake response of inelastic SDF 
systems by approximate analytical methods in which the nonlinear system is replaced by 
an “equivalent” linear system. The natural period of vibration of the equivalent linear 
system is longer, and its damping ratio larger, than the corresponding properties of the 
inelastic system vibrating within its linearly elastic range. Developed in the early 1960s, 
equivalent linear systems were of much interest to researchers at that time, when analysis of 
inelastic systems and understanding of their earthquake response was in its infancy. Since 
then, the earthquake analysis and response of inelastic SDF systems has developed into a 
mature subject, which we studied in depth in Chapter 7. However, these procedures were 
not selected in ATC-40. Instead, the deformation of an inelastic SDF system is estimated 
by the capacity-spectrum method, an iterative method requiring analysis of a sequence of 
equivalent linear systems with successively updated values of period and damping ratio; 
the method is typically implemented graphically. 

Unfortunately, the ATC-40 iterative procedure does not always converge; when it 
does converge, it does not lead to the exact deformation. Because convergence tradition¬ 
ally implies accuracy, the user could be left with the impression that the deformation cal¬ 
culated is accurate, but the ATC-40 estimate errs considerably. This is demonstrated in 
Fig. 23.3.1a, where the deformation estimated by the ATC-40 method is compared with 
the value determined from inelastic design spectrum theory and the well-established equa¬ 
tion [Eq. (7.12.3)] using the R y -)i-T n equation from Section 7.11.1. Both the approximate 
and theoretical results were determined for systems covering a wide range of period val¬ 
ues and ductility factors subjected to ground motions characterized by the elastic design 
spectrum of Fig. 6.9.5. The discrepancy in the approximate result presented in Fig. 23.3.1b 
shows that the ATC-40 method underestimates the deformation by 40 to 50% over a wide 
range of periods. 

The two flaws in the ATC-40 capacity spectrum method—lack of convergence in 
some cases and large errors in many cases—appear to have been rectified in ASCE 41. 
It derives the optimal vibration period and damping ratio parameters for the equivalent 
linear system by minimizing the differences between its response and that of the actual 
inelastic system. Such an equivalent linear method would obviously give close to the 
correct deformation. However, the benefit in making the equivalent linearization detour 
is questionable when the deformation of an inelastic system can be determined readily 
using the inelastic design spectrum (Section 7.12.2) or by using available equations for the 
inelastic deformation ratio, a topic addressed in Section 23.3.3. 
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Figure 23.3.1 Deformation of SDF system computed by the ATC-40 method and from an inelastic 
design spectrum: (a) comparison of deformations; (b) discrepancy in the ATC-40 method. (Adapted 
from Chopra and Goel, 2000.) 


23.3.2 ASCE 41-06 Method 

The deformation of an inelastic SDF system is estimated by 

D = ClC2 (^) a ( 23 - 3 . 1 ) 

Multiplying the deformation of the corresponding linear system [given by Eq. (6.7.1)] are 
two coefficients, C i and C 2 . The coefficient C\ represents the inelastic deformation ratio, 
u m /u 0 [see Eq. (7.2.4), Fig. 7.4.4b, and Section 23.3.3], for inelastic systems with stable, 
bilinear hysteresis loops (i.e., without pinching, cyclic stiffness degradation, or strength 
deterioration of the hysteresis loop). The coefficient C 2 accounts for the increase in defor¬ 
mation of the inelastic system due to these features not considered in C\. 

Equations and numerical values for these coefficients specified in ASCE 41 are based 
on research results and on judgment. However, some of the numerical values are not 
supported by research results; for example, Ci is limited to values much smaller than the 
inelastic deformation ratio determined from dynamic response analyses for systems in the 
acceleration-sensitive region of the spectrum (Figs. 7.11.8 and 23.3.2 to 23.3.5); however, 
the value of C\ — 1.0 at longer periods is theoretically correct (Section 7.11.3). 
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23.3.3 Improved Methods 

Since the early 1990s there has been increasing emphasis on estimating structural defor¬ 
mations and on displacement-based design, which has been advocated as a more relevant 
and rational approach than traditional strength-based seismic design of structures. This 
has led to renewed interest in the relationship between peak deformations u m and u a of 
inelastic and corresponding linear SDF systems, respectively, a problem we studied first in 
Chapter 7, resulting in many research publications. 

If expressed as a function of the initial elastic vibration period T n and ductility factor 
jjL , the inelastic deformation ratio can be used to determine the inelastic deformation of 
a new or rehabilitated structure where global ductility capacity can be estimated because 
deformation of the corresponding linear system is readily known from the elastic design 
spectrum [Eq. (6.7.1)]. If expressed as a function of T n and yield-strength reduction factor 
R y , the inelastic deformation ratio can be used to determine the deformation of an exist¬ 
ing structure with known lateral strength. The inelastic deformation ratio will be denoted 
by C^ = u m /u 0 or Cr = u m /u 0 , where the subscripts /i and R represent systems with 
known ductility capacity /x or known yield strength defined by the reduction factor R y , 
respectively; the peak deformations u m and u„ are determined by numerical solution of 
Eqs. (7.3.2) and (6.2.1), respectively. Based on a comprehensive set of results, some of the 
observations in this section are similar to, and others are important refinements of, those 
based on limited data of response to a single ground motion in Chapter 7. 

Figure 23.3.2a and b present the median values of C ;/ and Cr, respectively, as a 
function of T„ for elastoplastic systems subjected to the LMSR ensemble of 20 ground 
motions; the spectral regions are noted in the plots. In the acceleration-sensitive region, 
C yl and Cr — 1 at T n = T c for smaller /x and R y , but they exceed unity increasingly for 
shorter periods and larger /x or R y , indicating greater inelastic action. For these short- 
period systems, C M and Cr are very sensitive to yield strength, increasing as the yield 
strength is reduced. For very short-period systems (T n < T a ) , even if their strength is only 
slightly smaller than the minimum strength required for the structure to remain elastic (e.g., 
R y — 1.5), Cr is much larger than unity. At T n = 0, for elastoplastic systems C lt = /x 
(see Section 7.11.3) and Cr — oo, values that are a special case of those derived by 
researchers for bilinear systems. In the velocity-sensitive region, C jt and Cr — 1 and are 
essentially independent of ductility factor or yield strength. In the displacement-sensitive 
region, C M and Cr < 1 for systems in the period range 7)/ to Tf, where these ratios 
decrease as the ductility factor is increased or the strength is reduced; however, for systems 
with periods longer than Tf, C IL and Cr — 1 are essentially independent of ductility factor 
and strength, and both C M and Cr = 1 for very long-period systems for reasons mentioned 
in Section 7.4.2. Such results are the basis for the widely used equal-deformation rule (i.e., 
u m = u a ), which is reasonable for systems in the velocity- and displacement-sensitive 
regions of the spectrum but not in the acceleration-sensitive region. 


'Mentioned herein are seven ensembles of far-fault ground motions, each with 20 records; these ground 
motions and their parameters are listed in Chopra and Chintanapakdee (2004). The first group of ensembles, 
denoted by LMSR, LMLR, SMSR, and SMLR, represent four combinations of large (M = 6.6 to 6.9) or small 
(M = 5.8 to 6.5) magnitude and short (R = 13 to 30 km) or long (R = 30 to 60 km) distance. 
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Figure 23.3.2 Median inelastic deformation ratios C f , and Cr for elastoplastic systems subjected to 
the LMSR ensemble of ground motions. 
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Figure 23.3.3 Comparison of C /; for elastoplastic systems with // — 4 subjected to (a) LMSR, 
LMLR, SMSR, and SMLR ground motion ensembles; and (b) site class B, C, and D ensembles. 


What is the influence of earthquake magnitude and distance on the inelastic deforma¬ 
tion ratio? To answer this question, the median C lt is plotted against T„ in Fig. 23.3.3a for 
the LMSR, LMLR, SMSR, and SMLR ground motion ensembles. These results indicate 
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that the inelastic deformation ratio is essentially independent of earthquake magnitude and 
distance; however, it would be different for near-fault ground motions, as will be shown 
later. 

What is the influence of soil conditions at the recording sites on the inelastic de¬ 
formation ratio? To answer this question, the median C,, is presented in Fig. 23.3.3b for 
three ensembles of ground motions recorded on NEHRP site classes B, C, and D,' all of 
which are firm soil sites. The median C M versus 7j, curves for the three site classes are 
very similar to each other and to the LMSR result. Thus the inelastic deformation ratio is 
essentially independent of local soil conditions as long as they are firm soil sites, but it may 
be affected by soft soil conditions, such as in parts of Mexico City and around the margins 
of San Francisco Bay. 

The median inelastic deformation ratios (and Cr) for near-fault ground mo¬ 
tions described in Section 6.8 are significantly different from those for far-fault motions^ 
(Figs. 23.3.4a and 23.3.5a). This systematic difference between the values of C,, (and Cr) 
for near-fault and far-fault ground motions, especially in the acceleration-sensitive spectral 
region, is due primarily to the differences between the spectral shapes and values of T c 
for the two types of excitations (Section 6.8); recall that T c is the period separating the 
acceleration- and velocity-sensitive spectral regions (Fig. 6.8.3). This assertion is demon¬ 
strated by plotting the ensemble median of the individual ground motion data for C M (and 
Cr) as a function of the normalized vibration period T n /T c (Figs. 23.3.4b and 23.3.5b). 
Now the inelastic deformation ratio plots for far-fault ground motions and both—fault nor¬ 
mal and fault parallel—components of near-fault ground motions have become very similar 
in all spectral regions. 

Simplified equations for inelastic deformation ratios C M and Cr provide the most 
direct estimation of the deformation of an inelastic SDF system because deformation of the 
corresponding linear system is readily known from the elastic design spectrum [Eq. (6.7.1)]. 
Such an equation for C), could be used to determine deformation of a new or rehabilitated 
structure where the global displacement ductility capacity can be estimated. Similarly, an 
equation for C r could be used to determine the deformation of an existing structure with 
known lateral strength. Based on the data presented in this section, which is a part of a 
much larger data set, two equations have been developed for C /; and Cr as functions of 
T n /T c , and // or R y , respectively. Because these equations are developed as a function of 
the normalized vibration period T„/T c , instead of the vibration period 7j,, the same equation 
is valid for near-fault ground motions recorded on soil or rock, as well as far-fault ground 
motions associated with a wide range of earthquake magnitudes and distances recorded on 
NEHRP site classes B, C, and D (Chopra and Chintanapakdee, 2004). 


The second group of three ensembles are categorized by NEHRP site classes B, C, or D. These ground 
motions were recorded during earthquakes with magnitudes ranging from 6.0 to 7.4 at distances ranging from 
11 to 118 km. 

*The two ensembles of near-fault (NF) ground motions, denoted by NF-FN and NF-FP, are the two hor¬ 
izontal components—fault normal (FN) and fault parallel (FP)—of 15 ground motions, recorded during earth¬ 
quakes of magnitudes ranging from 6.2 to 6.9 at distances ranging from 0 to 9 km. These ground motions and 
their parameters are listed in Chopra and Chintanapakdee (2004). 
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Figure 23.3.4 Comparison of C^ for far-fault (LMSR) and two near-fault (NF) ground motion 
ensembles—fault normal (FN) components and fault parallel (FP) components—plotted versus (a) 
initial elastic vibration period T n and (b) normalized period T n /T c \ both plots are for elastoplastic 
systems with /x = 4. 


(a) (b) 




Figure 23.3.5 Comparison of Cr for far-fault (LMSR) and near-fault ground motion ensembles 
plotted versus (a) initial elastic vibration period T n and (b) normalized period, T n /T c \ both plots are 
for elastoplastic systems with R y = 4. 
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These equations were developed for bilinear hysteretic systems with nonnegative 
postyield stiffness that unload and reload during repeated cycles of vibration without any 
deterioration of stiffness or strength. Similar equations for other hysteretic systems can be 
developed. 


23.4 NONLINEAR STATIC PROCEDURES 

23.4.1 ASCE 41 and FEMA 356 Procedure 

The nonlinear static procedure in ASCE 41 and FEMA 356 requires development of a 
pushover curve, a plot of base shear versus roof displacement, by nonlinear static analy¬ 
sis of the structure subjected first to gravity loads, followed by monotonically increasing 
lateral forces with a specified invariant heightwise distribution. At least two force dis¬ 
tributions must be considered according to FEMA 356. The first is to be selected from 
among the following: first-mode distribution, equivalent lateral force (ELF) distribution, 
and SRSS distribution. The second distribution is either the “uniform” distribution or an 
adaptive distribution; several options are mentioned for the latter, which varies with change 
in deflected shape of the structure as it yields. The other four force distributions mentioned 
above are defined as follows: 

1. First-mode distribution: s* = ntjtpj i, where nij is the mass and <j>j\ is the mode shape 
value at the /th floor. 

2. Equivalent lateral force (ELF) distribution: s* = w ; - h k - , where hj and k are as defined 
in Section 22.1. 

3. RSA distribution: s* is defined by the lateral forces back-calculated from (as the dif¬ 
ference of) the story shears determined by response spectrum analysis of the struc¬ 
ture, assumed to be linearly elastic (Section 13.8). 

4. Uniform distribution: sf = m;. 

J J 

Each of these force distributions pushes the building in the same direction over the height 
of the building, as demonstrated in Fig. 23.4.1 for the SAC-Los Angeles 9-story building. 
Subsequently, in ASCE 41 only the first mode force distribution has been retained. 

If the higher modes of vibration contribute significantly, as defined in FEMA 356 
and ASCE 41, to the elastic response of the structure, the NSP must be supplemented 
by the linear dynamic analysis procedure (LDP), and seismic demands computed by the 
two procedures are evaluated against their respective acceptance criteria. The SAC 9- and 
20-story buildings fall into this category. 

The potential and limitations of the FEMA 356 and ASCE 41 force distributions are 
demonstrated in Figs. 23.4.2 to 23.4.4, where the resulting estimates of the median story 
drift and plastic hinge rotation demands imposed on seven of the SAC buildings by the 
ensemble of 20 SAC ground motions are compared with the “exact” median value deter¬ 
mined by nonlinear RHA. The target displacement for FEMA 356 and ASCE 41 analysis 
was not determined using Eq. (23.3.1) but was calculated accurately to ensure a meaningful 
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Figure 23.4.1 FEMA 356 force 
distributions for the Los Angeles 9-story 
building: (a) first mode; (b) ELF; (c) RSA: 
(d) uniform. ASCE 41 specifies only the 
first-mode force distribution. 
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Figure 23.4.2 Median seismic demands for the Los Angeles 3-story building determined 
by nonlinear RHA and four FEMA 356 force distributions, which include the ASCE 41 
force distribution: first mode, ELF, RSA, and uniform: (a) story drift; (b) plastic rotations. 


comparison of the two sets of results. The FEMA 356 and ASCE 41 lateral force distribu¬ 
tions provide an acceptable estimate of story drifts for the 3-story building (Fig. 23.4.2a). 
However, consistent with earlier results (Figs. 19.4.3 and 19.7.1) for elastic buildings, the 
first-mode force distribution grossly underestimates the story drifts, especially in the upper 
stories of the 9- and 20-story buildings, showing that higher-mode contributions are espe¬ 
cially significant in the seismic demands for upper stories (Fig. 23.4.3). Although the ELF 
and RSA force distributions are intended to account for higher-mode responses, they do 
not provide satisfactory estimates of seismic demands for buildings that remain essentially 
elastic (Boston buildings), for buildings that are deformed moderately into the inelastic 
range (Seattle buildings), or for buildings that are deformed far into the inelastic range 
(Los Angeles buildings). The “uniform” force distribution seems unnecessary because it 
grossly underestimates drifts in upper stories and grossly overestimates them in lower sto¬ 
ries (Fig. 23.4.3). Because FEMA 356 requires that seismic demands be estimated as the 
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Figure 23.4.3 Median story drifts for 9- and 20-story buildings determined by nonlinear RHA and 
four FEMA 356 force distributions, which include the ASCE 41 force distribution: first mode, ELF, 
RSA, and uniform. 



Beam plastic rotation, rad 


Figure 23.4.4 Median plastic rotations in interior beams of 9- and 20-story buildings 
determined by nonlinear RHA and four FEMA 356 force distributions, which include the 
ASCE 41 force distribution: first mode, ELF, RSA, and uniform. Boston buildings are 
excluded because they remained essentially elastic. 
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larger of the results from at least two lateral force distributions, it is useful to examine 
the upper bound of results from the four force distributions considered. This upper bound 
also significantly underestimates drifts in upper stories of taller buildings but overestimates 
them in lower stories (Fig. 23.4.3). 

The potential and limitation of the FEMA 356 and ASCE 41 lateral force distribu¬ 
tions in estimating plastic hinge rotations are also described by the preceding observations 
from results for story drifts. These lateral force distributions provide an acceptable es¬ 
timate of plastic hinge rotations for the 3-story building (Fig. 23.4.2b), but either fail to 
identify or significantly underestimate plastic hinge rotations in beams at the upper floors 
of 9- and 20-story buildings (Fig. 23.4.4). Many discussions of pushover analysis and its 
potential and limitations are available in the literature. 

23.4.2 Improved Nonlinear Static Procedures 

It is clear from the preceding discussion that the seismic demand estimated by NSP using 
the first-mode force distribution in ASCE 41 (or others in FEMA 356) should be improved. 
One approach to reducing the discrepancy in this approximate procedure relative to nonlin¬ 
ear RHA is to include the contributions of higher modes of vibration to seismic demands. 
Recall that when higher-mode responses were included in the response spectrum analysis 
(RSA) procedure, improved results were obtained for linearly elastic systems (Fig. 19.7.1). 
Although modal analysis theory is strictly not valid for inelastic systems, earlier we demon¬ 
strated that the natural vibration modes of the corresponding linear system are coupled 
only weakly in the response of inelastic systems (Fig. 20.6.1), a property that permitted 
development of the modal pushover analysis procedure (MPA) for inelastic systems (Sec¬ 
tion 20.8). 

The MPA procedure estimates seismic demands much better than do FEMA 356 or 
ASCE 41 force distributions for the SAC 9- and 20-story buildings (Figs. 23.4.5 to 23.4.8). 
For each building, the results are organized into two parts. In the upper part, the FEMA 
356 (and ASCE 41) estimates of median (over 20 SAC ground motions) seismic demands 
are compared with the “exact” median value determined by nonlinear RHA, all taken from 
Fig. 23.4.3. In the lower part, the MPA estimate (including all significant modes) of median 
seismic demands is compared with the exact value, both taken from Fig. 20.8.4. It is ob¬ 
vious by comparing the two parts of the figure for each building that MPA provides much 
superior results for the entire range of buildings: from Boston buildings that remain essen¬ 
tially elastic, to Seattle buildings that are deformed moderately into the inelastic range, to 
Los Angeles buildings that are deformed far into the inelastic range. The MPA provides 
much-improved estimates of story drifts in the upper stories, where higher-mode effects are 
especially significant (Figs. 23.4.5 and 23.4.6). In contrast to the FEMA 356 and ASCE 41 
force distributions, MPA is able to identify plastic hinging in upper stories and to provide 
good estimates of plastic hinge rotations throughout the height of the building (Figs. 23.4.7 
and 23.4.8). 
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Figure 23.4.5 Median story drifts for 9-story buildings determined by three procedures: (1) non¬ 
linear RHA, (2) four FEMA 356 force distributions, which include the ASCE 41 force distribution 
(upper boxes), and (3) MPA (lower boxes). 
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Figure 23.4.6 Median story drifts for 20-story buildings determined by three procedures: (1) non¬ 
linear RHA, (2) four FEMA 356 force distributions, which include the ASCE 41 force distribution 
(upper boxes), and (3) MPA (lower boxes). 
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Figure 23.4.7 Median plastic rotations in interior beams of 9-story buildings determined by three procedures: 
(1) nonlinear RHA, (2) four FEMA 356 force distributions, which include the ASCE 41 force distribution (upper 
boxes), and (3) MPA (lower boxes). Boston building is excluded because it remained essentially elastic. 





Beam plastic rotation, rad 


Figure 23.4.8 Median plastic rotations in interior beams of 20-story buildings deter¬ 
mined by three procedures: (1) nonlinear RHA, (2) four FEMA 356 force distributions, 
which include the ASCE 41 force distribution (upper boxes), and (3) MPA (lower boxes). 
Boston building is excluded because it remained essentially elastic. 
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Based on structural dynamics theory, MPA achieves superior estimates of seismic 
demands while retaining the conceptual simplicity and computational attractiveness of 
nonlinear static procedures now standard in structural engineering practice (e.g., ASCE 41 
procedure). Because higher-mode pushover analyses are similar to the first-mode pushover 
analyses included in ASCE 41, MPA is conceptually no more difficult than standard proce¬ 
dures. Because pushover analyses for the first few (two or three) modal force distributions 
are typically sufficient in MPA, it entails computational effort that is only slightly more 
than that required in the ASCE 41 procedure, which requires pushover analyses for one 
force distribution. 

Although MPA is sufficiently accurate to be useful in seismic evaluation of many 
buildings for many ground motions—and is much more accurate than FEMA 356 
or ASCE 41 procedures—it may not be highly accurate for buildings subjected to very 
intense ground motions that deform the structure far into the region of negative postyield 
stiffness, with significant deterioration of structural strength: for example, the SAC-Los 
Angeles 9- and 20-story buildings subjected to the very intense (2% probability of ex¬ 
ceedance in 50 years or return period of 2475 years) SAC ensemble of ground motions, 
which included several near-fault ground motions. For such cases, nonlinear static or 
pushover procedures should be abandoned in favor of nonlinear RHA. 


23.5 CONCLUDING REMARKS 

The profession has come a long way in estimating seismic demands for buildings by aban¬ 
doning traditional building code-based elastic analysis of the structure for reduced forces, 
and instead, developing procedures that explicitly consider inelastic behavior of the struc¬ 
ture. However, these more recent methods, now standard in structural engineering practice 
to evaluate existing buildings, do not estimate seismic demands accurately, as was demon¬ 
strated in this chapter. 

Seismic demands computed by nonlinear analysis procedures may depend signifi¬ 
cantly on assumptions in preparing an inelastic model of the building, as demonstrated in 
Chapter 20, and on software used in implementing the computation. Such variability im¬ 
plies that requirements for inelastic modeling valid at large structural deformations should 
be established and robust computer programs should be developed. With these develop¬ 
ments, nonlinear analysis procedures would provide more realistic and reliable estimates 
of seismic demands. 

A rigorous approach would require nonlinear RHA of a realistic three-dimensional 
idealization of the building subjected to an ensemble of multicomponent ground motions 
compatible with the site-specific earthquake design spectrum. However, such a require¬ 
ment may be unreasonable for every building—no matter how simple—and of every struc¬ 
tural engineering office—no matter how small. Therefore, nonlinear static (or pushover) 
analysis procedures may continue to be used in structural engineering practice; they are at¬ 
tractive because they are simpler and can work directly with the seismic design spectrum. 
Such approximate methods must be rooted in structural dynamics theory and their under¬ 
lying assumptions and range of applicability identified. Nonlinear RHA may be employed 


Chap. 23 Further Reading 


881 


for final evaluation of those combinations of buildings and ground motions where an ap¬ 
proximate procedure begins to lose its accuracy. 

Inelastic modeling of buildings, nonlinear response analysis procedures, and com¬ 
mercial software should be robust enough for structural engineers to predict with confi¬ 
dence the damage to a building during future seismic events. This requires a shift away 
from current building design codes and evaluation guidelines to methods capable of 
realistic prediction of structural performance—because in the words of Nathan M. 
Newmark and Emilio Rosenblueth, “earthquake effects on structures systematically bring 
out the mistakes made in analysis, design, and construction, even the minutest mistakes.” 
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PREVIEW 

Presented in this appendix is the frequency-domain method for analysis of response of lin¬ 
ear systems to excitations varying arbitrarily with time—an alternative to the time-domain 
method symbolized by Duhamel’s integral (Section 4.2). We start by defining the complex 
frequency-response function, which is shown to contain the steady-state responses to si¬ 
nusoidal and cosine forces derived in Section 3.2 by classical methods. This function in 
conjunction with the complex form of the Fourier series provides an alternative approach— 
relative to Section 3.13—to determine the response to periodic excitation. When the ex¬ 
citation is not periodic, it is represented by the Fourier integral that involves the Fourier 
transform of the excitation. The product of this transform and the complex frequency 
response function gives the direct Fourier transform of the response; the inverse Fourier 
transform then gives the response as a function of time. This is known as the frequency- 
domain method for analysis of dynamic response. 

The direct and inverse Fourier transforms must be evaluated numerically for practi¬ 
cal problems involving excitations varying arbitrarily with time. This numerical approach 
leads to the discrete Fourier transform (DFT) method, which is the subject of the rest 
of the appendix. After defining the direct and inverse discrete Fourier transforms, a 
general method is developed for numerical evaluation of response, a method that became 
a practical reality only with the publication of the Cooley-Tukey algorithm for the fast 
Fourier transform in 1965. The errors in the DFT solution—which represents the steady- 
state response to a periodic extension of the arbitrary excitation—are then examined with 
the objective of understanding the requirements for the solution to be accurate. Finally, an 
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improved DFT solution is developed to determine the “exact” response from the steady- 
state response by the superposition of a corrective solution. 


A.1 COMPLEX FREQUENCY-RESPONSE FUNCTION 


A.1.1 SDF System with Viscous Damping 


Consider a viscously damped SDF system subjected to external force pit). The equation 
of motion for the system is 

mii + cu + ku = pit) (A.1.1) 


The particular solution of this differential equation for harmonic force was presented in 
Eqs. (3.2.3), (3.2.4), and (3.2.26). Known as the steady-state response, this solution is 
repeated here for convenience. The displacement (or deformation) uit) due to external 
force pit) = p 0 sin cot is 


u(t) = 


Po [l ~ (co/co,,) 2 ] sin cut — [2£ (&>/&>„)] coscut 


k [1 -ico/co n y-} 2 + [2t;i(o/ mn )f 
and that due to pit) = p 0 cos cot is 


uit) = 


Po [l — (®/co„) 2 ] cos cut + [2f (&>/&>„)] sin cut 


k [\-ico/w n y] 2 +[2aco/co n )f 
Now consider the external force: 


(A. 1.2) 


(A. 1.3) 


pit) = le !IU, or pit) — 1 (cos cot + i sin cot) (A.1.4) 

where i = V— 1. Equation (A. 1.4) is a compact representation of sinusoidal and cosine 
forces, together. The steady-state response of the system will be harmonic motion at the 
forcing frequency, a>, which can be expressed as 

uit) = H u ico)e iwt (A. 1.5) 


where H u (a/) remains to be determined. To do so, we differentiate Eq. (A. 1.5) to obtain 

uit) — ia>H u ia>)e ,a>l uit) = —m 1 H u ico)e la>t (A.1.6) 

and substitute Eqs. (A. 1.5) and (A. 1.6) in Eq. (A.1.1): 

H u ico)e“°' i~ co 2 m + ia>c + k) = e“°' 


Canceling the e iajt term from both sides of this equation gives 

H u (fo)= ^ 

—a>-rn + icoc + k 


which can be expressed as 


H u ico) = 


1 1 

k[l-(a)/a, n ) 2 ]+i[2U(0/(o n )l 


(A.1.7) 
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where co n = -Jk/m and ( = c/2mco n . Recall from Chapter 2 that a>„ is the natural 
frequency of vibration and £ the damping ratio of the system. 

Equation (A. 1.7) contains the steady-state responses to both harmonic forces p(t) = 
PoSincot and p(t ) = p 0 coscot defined by Eqs. (A.1.2) and (A.1.3). To demonstrate this 
fact, Eq. (A. 1.7) is substituted in Eq. (A. 1.5), which is then manipulated to obtain (see 
Derivation A.l) 


u(t) = u c (t ) + iu s (t) 


(A.1.8) 


where 


I [l — (a>/&>„) 2 ] cos cut + [2f (&>/«„)] sin®? 



(A.1.9) 


[l - ( a >/ w „) 2 ] 2 + [ 2 C («/®„)] 2 


I [l — (a>/o>„) 2 ] sinw? — [2£(&>/&>„)] cos cot 



(A. 1.10) 


[\-tw/w n y] 2 + [2t; (co/co n )] 2 


Observe that Eqs. (A.1.9) and (A.1.10) are identical to Eqs. (A.1.3) and (A.1.2), respec¬ 
tively, specialized for p 0 = 1. This implies that (1) the real part of Eq. (A.1.5) is the 
response to p(t) = 1 cos cot, the real part of the force pit) = le la>r ; and (2) the imagi¬ 
nary part of Eq. (A. 1.5) is the response to p(t) = 1 sin cot, the imaginary part of the force 
p(t) = I e lmt . This proves the assertion at the beginning of this paragraph. 

Observe that Eqs. (A. 1.5) and (A. 1.7) are a more compact presentation of the re¬ 
sponse to harmonic excitation, relative to Eqs. (A. 1.2) and (A. 1.3). Also note that the 
derivation of Eq. (A. 1.7) presented earlier is simpler than that for Eqs. (A. 1.2) and (A. 1.3), 
presented in Section 3.2. However, complex algebra is necessary to derive the complex 
frequency response function, whereas classical methods provided the particular solutions 
[Eqs. (A. 1.2) and (A. 1.3)] of the differential equation (A. 1.1). 

The function H u (co) is known as the complex frequency-response function. It de¬ 
scribes the steady-state response of the system to the force defined by Eq. (A. 1.4a), a 
harmonic force of unit amplitude (i.e., p„ = 1). Defined by Eq. (A. 1.7), H u (co ) is a 
complex-valued function of the forcing frequency and system parameters k, co n , and t) ■ 
The absolute value of this complex-valued function is 


\H u (co)\ 

( w st)o 


1 


(A.l.11) 


y/[l -(co/corf} 2 + [2!;(co/co n )] 2 


where ( u st ) 0 = p a /k = 1 /k. Equation (A. 1.11) is equivalent to Eq. (3.2.11) for the 
amplitude of the steady-state response of the system to harmonic excitation, which was 
plotted in Fig. 3.2.6. The real and imaginary parts of H u (a>), denoted by Re(-) and Im(-), 
respectively, are related as follows: 


Im[//„ («)] 2 C («/«„) 


(A.l.12) 


Re[// 1( (<w)] 1 - ( cojcon ) 2 
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This equation is equivalent to Eq. (3.2.12) for the phase angle or phase lag of the response, 
plotted in Fig. 3.2.6. Thus, it is clear that the complex frequency response function defines 
the amplitude and phase angle of the response. 

The subscript u in H u (co), defined by Eq. (A. 1.7), denotes that this function describes 
the deformation u; complex frequency-response functions can be similarly derived for 
other response quantities—velocity u, acceleration u, elastic resisting force f$ = ku, etc. 
Later, the subscript u will be dropped for convenience in notation. 

Derivation A.l 

Substituting Eq. (A. 1.7) in Eq. (A. 1.5) gives 


1 

u(t) = - 


1 


A:[l-(a>/cu„) 2 ]+t[2f(w/£U„)] 


(a) 


Multiplying the numerator and denominator by [l — (a>/o>„) 2 ] — i [2f (a>/a>„)], the complex 
conjugate of the denominator, and using Eq. (A. 1.4) gives 


1 [l - («/w„) 2 ] - i [2f («Mi)] 
u(t) =-r-(cos cot + i sin ait) 

k [\- (w/a>„) 2 ] + [2f(«M,)] 2 


(b) 


Multiplying the two parts of the numerator and collecting real and imaginary terms separately 
leads to Eqs. (A. 1.8) to (A. 1.10). 

A.l.2 SDF System with Rate-Independent Damping 

The equation governing harmonic motion (at frequency co) of an SDF system with rate- 
independent linear damping, first presented as Eq. (3.10.3), is 


rjk 

mu -|- u + ku — p(t ) 

co 


(A.l.13) 


The steady-state response of the system to harmonic forcing function p(t) = 1 c"” 1 is also 
given by Eq. (A.1.5). Substituting Eqs. (A.l.5) and (A.1.6a) in Eq. (A.1.13) leads to 

mu + k{\ + iij)u = p(t) (A.1.14) 

The complex term k(l + irj)u represents the elastic and damping forces together; k( 1 +irj) 
is often referred to as the complex stiffness of the system. 

Substituting Eqs. (A. 1.5) and (A. 1.6b) in Eq. (A. 1.14) gives 

H u (co)e la>t [— w 2 m + k{\ + irj)\ = e lwt 

Canceling the e la “ term from both sides of this equation gives 


H tt (a>) = 


1 


-co 2 m + k( 1 + it ]) 


which can be expressed as 


Hffco) = 


k[ 1 - (&>/&>„) 2 ] + ii] 


(A.l.15) 
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A.2 RESPONSE TO PERIODIC EXCITATION 

In Chapter 3 a procedure was developed to determine the steady-state response of an SDF 
system to a periodic force. The excitation was separated into its harmonic (sine and co¬ 
sine) components using the Fourier series (Section 3.12). Then the response to each force 
component was written by adapting Eqs. (A. 1.2) and (A. 1.3). Finally, these responses to 
individual terms in the Fourier series were combined to determine the response of a linear 
system to periodic excitation (Section 3.13). The complex frequency-response function 
provides an alternative approach to determine the response to periodic excitation. To de¬ 
velop this method we first develop an alternative form for the Fourier series. 

A.2.1 Complex Fourier Series 

An excitation p(t) that is periodic with period Tq can be separated into its harmonic com¬ 
ponents using the complex Fourier series: 

OO 

p(t)= P j e ‘ Uma,) (A.2. 1 ) 

j— —OO 

where the fundamental or first harmonic in the excitation has the frequency 

2 Tt 

a>o — — (A.2.2) 

to 

and o>j = jo){) is the circular frequency of the / 1 h harmonic. The Fourier coefficients Pj 
can be expressed in terms of pit) because the exponential functions are orthogonal (see 
Derivation A.2): 

Pj = Tfr f ° pMe-W* dt j = 0, ±1, ±2, ... (A.2.3) 

to Jo 

The complex-valued coefficient P t defines the amplitude and phase of the /th harmonic. 
Observe that the complex Fourier series, Eqs. (A.2.1) and (A.2.3), is compact compared to 
the traditional form of the Fourier series, Eqs. (3.12.1) to (3.12.5). Also note that the time 
function is denoted by a lowercase letter, and the Fourier coefficients for the function by 
the same letter in uppercase. 

Equation (A.2.3) indicates that 

P-j = Pj 

where the overbar denotes the complex conjugate, and 

1 r To 

Po= — p(t)dt 
to Jo 

In other words, Pq is the average value of pit). 

Although the applied force p(t) is real valued, each term on the right side of 
Eq. (A.2.1) is a product of a complex-valued coefficient and a complex-valued exponential 
function. However, it can be shown that (1) the sum of each pair of y'th and — j th terms 


(A.2.4) 

(A.2.5) 
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is real valued because of Eq. (A.2.4); and (2) the j = 0 term simplifies to Pq, which is 
real valued [Eq. (A.2.5)]. Thus, the sum of all terms is real valued, as it should be for 
real-valued pit). 

Alternatively, Eqs. (A.2.1) and (A.2.3) can be derived starting from the conventional 
form of the Fourier series, as represented by Eqs. (3.12.1) to (3.12.5). This is achieved 
by using De Moivre’s theorem, which relates the sine and cosine functions to exponential 
functions with complex exponent: 

sinx = — : i e ‘ x — e~ lx ) cosx = -(e'* + e~ lx ) (A.2.6) 

where x = ja>ot. Substituting Eq. (A.2.6) into the /th term of the sine series and the jth 
term of the cosine series in Eq. (3.12.1), the sum of the two terms can be expressed as 
p.g'Uaxtt) _|_ p_je~ l< ~t a> o'). These are two terms in the series of Eq. (A.2.1), indicating that it 
is equivalent to Eq. (3.12.1). 

A.2.2 Steady-State Response 

The response of a linear sytem to a periodic force can be determined by combining the 
responses to individual excitation terms in the Fourier series of Eq. (A.2.1). To deter¬ 
mine these individual responses, we recall that the response to pit) = 1 e lwt is given by 
Eq. (A. 1.5), where H u ico) is defined by Eq. (A. 1.7). Therefore, the response Ujit) of the 
system to an applied force equal to the j th term in the Fourier series —pj it) = P j e ' i - > "'" t) — 
is obtained by replacing co by jcc>o in Eqs. (A. 1.5) and (A. 1.7) and multiplying Eq. (A. 1.5) 
by Pj , leading to 

ujit) = Uje i(jm,) (A.2.7) 

where 

Uj = Hija>o)Pj (A.2.8) 

Adding such responses due to all excitation terms in Eq. (A.2.1) gives the total response: 

OO 

uit) = Hijco 0 )Pje iUo>ot) (A.2.9) 

j=-oo 

where the Fourier coefficients Pj are defined by Eq. (A.2.3) and the complex frequency- 
response function by Eq. (A. 1.7) or (A. 1.15). Observe that Eq. (A.2.9) is a more com¬ 
pact presentation of the response to periodic excitation compared to the traditional form, 
Eq. (3.13.6). 

The procedure symbolized by Eq. (A.2.9) is known as the frequency-domain method 
for analysis of structural response to periodic excitation; it is shown schematically in 
Fig. A.2.1. The excitation pit) is transformed from the time domain to the frequency 
domain, where it is described by the Fourier coefficients Pj [Eq. (A.2.3)]. The response to 
the jth harmonic is defined by Eq. (A.2.8) in the frequency domain. Adding the responses 
to all harmonic excitations gives response uit) in the time domain [Eq. (A.2.9)]. 
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Frequency 

Domain 



Eq. (A.2.3) 



Eq. (A.2.9) 

n I 

'/(») 





-Eq. (A.2.8) 


Figure A.2.1 Solution of response to periodic excitation by transformation to frequency 
domain. 


Derivation A.2 

Multiplying both sides of Eq. (A.2.1) by e _ '(n®o') an( j integrating over a period, 0 to To gives 

-T 0 00 r T 0 


r i o ^ r i 

J p(t)e-‘ (nm,) dt = Y] p j J 


e -i(ncoot) e i(jWt) 


(a) 


j=-oo 


To evaluate Pj we note that 


f 


g —i(moot) g i(Jcoat) _ J ® j n 

side of Eq. (a) are equal 

Pn = ^ [ T0 p(t)e- i(n ^ dt 
T 0 Jo 


(b) 


Thus all terms on the right side of Eq. (a) are equal to zero except the nth term, leading to 

-To 


(c) 


which is identical to Eq. (A.2.3) except for a different index —n instead of j. 

Example A.l 

Solve Example 3.8 by the frequency-domain method. 

Solution a. Determine Fourier coefficients. 

Pj = [ p(.t)e- iUtO0,) dt 

T o Jo 

i r c c 

- \Po / e~ i(jQ10,) dt + (~ Po ) / e~ iUm,) dt 

0 L Jo Jto/2 


-To/2 n T D 

I r>„ I 
To ^ 

_ ~P° \ p -i(jcoot) I T»/ 2 _ -i(jcoot) I T o 

ijwoTo L lo Tq/2 


To evaluate the exponential terms, we note that wo To = 2n from Eq. (A.2.2). Therefore, 

e -i(jco 0 T 0 /2) _ g —i(jn) _ j +1 j even 

1-1 j odd 

e -ijco 0 T 0 _ e ~i(2jn) _ j 


(a) 

(b) 

(C) 
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Using Eqs. (b) and (c), Eq. (a) becomes 


p - J_g_ r 2 e -'0'*> _ 1 _ e -nw\ 

7 27 xj L J 


Pj - _ 2 poi_ 

[ j* 


j even 
j odd 


b. Determine response. 


Uj - H (ja>o)Pj 


(d) 


(e) 


where Pj is given by Eq. (d) and H(ja> o) for an undamped system is given by Eq. (A.1.7), 
specialized for f = 0 and a> = jco q: 


1 1 

H(j(o o) = - 


kl-pj 

where fij = ja> q/u>„. Substituting Eqs. (d) and (f) in Eq. (e) gives 

T r _ 2 P°i 1 1 

1 nk j 1 - pj 


(f) 


(g) 


for odd values of /; Uj = 0 for even values of j. Substituting Eq. (g) in Eq. (A.2.7) gives the 
response in the time domain: 


2 V 

u(t) = (ttst)o— 


1 1 


i'O'fflof) 


Jt J—°° j l _ 

j odd J p j 


(h) 


It is of interest to compare this solution with that obtained earlier by the classical Fourier 
series. Specializing Eq. (f) of Example 3.8 for undamped systems gives 


u(t) = (u 


st)o / — — 

n . 4-f „ j i 


1 1 




sin jcoQt 


(i) 


We note that the complex-valued coefficients in Eq. (h) have an amplitude that is half of the 
real-valued coefficients in Eq. (i). The contribution of the —j terms in the complex Fourier 
series accounts for the difference. 


A.3 RESPONSE TO ARBITRARY EXCITATION 
A.3.1 Fourier Integral 

In the preceding section we have seen that a periodic excitation can be represented by a 
Fourier series as in Eqs. (3.12.1) and (A.2.1). When the excitation p(t) is not periodic, it 
can be represented by the Fourier integral: 

1 

p(t)=— P( M )e la>, dco (A.3.1) 

J — OO 
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where 


P{co) = 



p(t)e ,0>t dt 


(A.3.2) 


Equation (A.3.2) represents the Fourier transform (also known as the direct Fourier trans¬ 
form) of the time function pit), and Eq. (A.3.1) is the inverse Fourier transform of the 
frequency function Pico). The two equations together are called a Fourer transform pair. 
Note that the time function is denoted by a lowercase letter, and the Fourier transform of 
the function by the same letter in uppercase. 

In Eq. (A.3.1) pit) has been expressed as the superposition of harmonic functions 
[P(oo)/27r\e la>t , where the complex-valued coefficient P(a>) for a given pit) is to be deter¬ 
mined from Eq. (A.3.2). Included in the superposition is an infinite number of harmonic 
functions with their frequencies varying continuously. In contrast, a periodic function was 
represented as the superposition of an infinite number of harmonic functions with discrete 
frequencies jco o, j = 0, ±1, ±2, .... Equations (A.3.1) and (A.3.2) can be derived 
starting from the Fourier series equations (A.2.1) and (A.2.3) and letting the period To 
approach infinity. 


A.3.2 Response to Arbitrary Excitation 


The response of a linear system to excitation pit) can be determined by combining the re¬ 
sponses to individual harmonic excitation terms in the Fourier integral of Eq. (A.3.1). The 
response of the system to the excitation Pico)e ,a> ' is given by II (a>)P (a>)e'"’ t . Superposing 
the responses to all harmonic terms in Eq. (A.3.1) gives the total response: 

1 r°° 

u{t) = —— / Uico)e' M dco (A.3.3) 

2?r J_ 00 

where 

U(co) = Him) Pico) (A.3.4) 

This is known as the frequency-domain method for analysis of structural response to arbi¬ 
trary excitation. Equation (A.3.3) is the inverse Fourier transform of Uico), the product of 
the complex frequency-response function and the Fourier transform of the excitation. 

From Eq. (A.3.2) it is clear that straightforward integration is adequate to determine 
the direct Fourier transform. In contrast, contour integration in the complex plane is nec¬ 
essary to evaluate the inverse Fourier transform of Eq. (A.3.3). This integration procedure 
is not described here because rarely is it feasible analytically for structural dynamics prob¬ 
lems arising in engineering practice. 


A.4 RELATIONSHIP BETWEEN COMPLEX FREQUENCY RESPONSE 
AND UNIT IMPULSE RESPONSE 

We digress briefly to develop the relationship between the complex frequency-response 
function Hico), introduced in the preceding sections, and the unit impulse-response func¬ 
tion hit), defined in Chapter 4. T I ico) describes the system response in the frequency 
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domain to unit harmonic excitation. h(t) describes the system response in the time domain 
to a unit impulse excitation, pit) = S(t). For example, for a viscously damped SDF system 
H(a>) is given by Eq. (A. 1.7) and hit) by Eq. (4.1.7), which is specialized for r = 0 and 
repeated here for convenience: 

1 , , 

h(t) = - e ^ 0>n 'sincoot (A.4.1) 

mooo 

We will demonstrate that H(a>) and hit) are a Fourier transform pair. For this pur¬ 
pose we will use the frequency-domain analysis procedure (Section A.3) to determine the 
response to a unit impulse excitation pit) = 8(t). Substituting this pit) in Eq. (A.3.2) 
gives the Fourier transform of the unit impulse: 

/ OO 

8(t)e~ iw, dt = 1 (A.4.2) 

-OO 

Substituting Pico ) = 1 in Eqs. (A.3.4) and (A.3.3) gives 

1 

hit) = — / H We'"' dm (A.4.3) 

2 7T J-oe 


Comparing this result with the definitions of Fourier transform, Eq. (A.3.2), and inverse 
Fourier transform, Eq. (A.3.1), it is clear that hit) is the inverse Fourier transform of Him) 
and that Him) is the Fourier transform of hit): 

/ OO 

hit)e~ iwt dt (A.4.4) 

-OO 


Observe that the choice of symbol h to represent the unit impulse response and H to denote 
the complex frequency response conforms to our selected notations for a Fourier transform 
pair. 


A.5 DISCRETE FOURIER TRANSFORM METHODS 

The frequency-domain analysis of the dynamic response of structures developed in Sec¬ 
tion A.3 requires that the Fourier transform of pit), Eq. (A.3.2), and the inverse Fourier 
transform of Uim), Eq. (A.3.3), both be determined. Analytical evaluation of these direct 
and inverse Fourier transforms is not possible except for excitations described by simple 
functions applied to simple structural systems. These integrals must be evaluated numeri¬ 
cally for excitations varying arbitrarily with time, complex vibratory systems, or situations 
where the complex frequency response (or unit impulse response) is described numerically. 
Numerical evaluation requires truncating these integrals over infinite range to a finite range, 
and becomes equivalent to approximating the arbitrarily time-varying excitation pit) by a 
periodic function. We develop these ideas next. 
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A.5.1 Discretization of Excitation 

The system is excited by a force pit) of duration tj, as shown in Fig. A.5.1. Our objective 
is to determine the resulting displacement u ( t ) of the system, which is presumed to be ini¬ 
tially at rest. Since the peak (or absolute maximum) response of the system may be attained 
after the excitation has ended, the analysis should be carried out over a time duration Tq 
that is longer than tj. If the peak occurs after the excitation has ended, it will be attained 
in the first half-cycle of free vibration because the motion will decay in subsequent cycles 
due to damping. Therefore, we should choose 

T 0 >t d + ^ (A.5.1) 


P 



Figure A.5.1 Excitation p(t ) and its 
discretized version. 


The forcing function pit) over the time duration Tq is sampled at N equally spaced 
time instants, numbered from 0 to N — 1 (Fig. A.5.1). The sampling interval is denoted by 
A f; thus 


T 0 = N At (A.5.2) 

The forcing function pit) is then defined by a set of discrete values p n = pit,, ) = pin At), 
shown as the series of dots in Fig. A.5.1. 

The sampling interval At should be short enough compared both to the periods of 
significant harmonics in the excitation and to the natural period T n of the system. The first 
requirement ensures accurate representation of the excitation and of the forced vibrational 
component of the response, and the second requirement ensures accurate representation 
of the free vibrational response component. The latter requirement also ensures accurate 
representation of the response of lightly damped SDF systems to broad frequency-band 
excitations such as most ground motions recorded during earthquakes; recall that the dom¬ 
inant period of such response is T n (Fig. 6.4.1). 
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A.5.2 Fourier Series Representation of Excitation 

Consider a periodic extension of the excitation p(t), with its period defined as 7 0 
[Eq. (A.5.1)], shown schematically in Fig. A.5.2, and replace pit) by the array p n de¬ 
scribing the discretized forcing function. Starting with the complex Fourier series for the 
function p(t ) [Eq. (A.2.1)], the array p n can be expressed (see Derivation A.3) as a super¬ 
position of N harmonic functions: 

N -1 N -1 

p n = J2 p je = J2 Pje i(2nnj,N) (A.5.3) 

7=0 7=0 

in which coq = 2n /Tq, the frequency of the fundamental or first harmonic in the periodic 
extension of pit); a>j = jw o is the circular frequency of the / th harmonic; and P, is 
a complex-valued coefficient that defines the amplitude and phase of the jth harmonic. 
Starting with Eq. (A.2.3), which defines Pj for the function pit), Pj associated with the 
array p„ can be expressed (see Derivation A.3) as 

Pj = yY. P" e ~ iU<00tn) At = T7 E Pne- i(2nnilN) (A.5.4) 

0 n= 0 n= 0 

Equations (A.5.3) and (A.5.4) define a discrete Fourier transform (DFT) pair; the ar¬ 
ray Pj is the DFT of the excitation sequence p n , and the array p n is the inverse DFT 
of the sequence Pj. These equations may be interpreted as numerical approximations of 
Eqs. (A.2.1) and (A.2.3). 


P 



Figure A.5.2 Periodic extension of p(t). 

The continuous and discrete Fourier transforms differ in an important way. Whereas 
the continuous transform [Eq. (A.3.1)] is a true representation of the excitation function, 
the discrete transform [Eq. (A.5.3)] represents only a periodic version of the function. The 
implication of this distinction will be discussed later. 

Observe that only positive frequencies are considered in Eqs. (A.5.3); therefore, we 
call this a one-sided Fourier expansion. In contrast, the original Eq. (A.2.1) is a two- 
sided Fourier expansion containing positive and negative frequencies. Just as the nega¬ 
tive frequencies have no physical significance in the two-sided expansion, the frequencies 
corresponding to N/2 < j < N— 1 have no physical significance; they are the counterparts 
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of the negative frequencies. If the summation in Eq. (A.2.1) were truncated to go from 
j = —N/2 to N /2, co would extend from —co ^/2 to con/ 2 - Thus, co ^/2 also defines the 
frequency of the highest harmonic included in Eq. (A.5.3). Denoted also by &> max , this 
frequency is known as the Nyquist frequency or: folding frequency and is given by 

N IT 

TOmax = = ~ (A.5.5) 

2 A t 

where the frequency ooq of the fundamental or first harmonic is defined in Eq. (A.2.2), 
which, together with Eq. (A.5.2), gives the second half of Eq. (A.5.5). The shortest and 
longest periods of the harmonics included in the Fourier expansion are determined from 
Eqs. (A.5.5) and (A.2.2) to be 2At and 7b, respectively. 

Recall that in the two-sided Fourier expansion Pj and /A, were complex conjugates 
of each other [Eq. (A.2.4)]. Consequently, in the one-sided expansion the values of Pj on 
either side of ®v /2 are complex conjugates of each other: 

Pj = P N _j y < j < N - 1 (A.5.6) 


A.5.3 Complex Frequency-Response Function 


This function H(co) is computed from Eq. (A. 1.7) or (A. 1.15) for each co = Wj, and this 
value is denoted by Hj. A two-sided Fourier expansion includes both positive and nega¬ 
tive frequencies ojj and —ooj [Eq. (A.2.1)] and //_ ; is the complex conjugate of //,; this 
assertion can be easily proven starting from Eq. (A. 1.7). In a one-sided Fourier expan¬ 
sion only positive frequencies are included [Eq. (A.5.3)]; the frequencies corresponding to 
N/2 < j < N — 1 are the counterparts of the negative frequencies. Thus, the values of Hj 
on either side of j = N/2 must be complex conjugates of each other. The Hj values may 
be determined from Eq. (A. 1.7) with the following interpretation of a>j: 


jco o 0 < j < N/2 

-(N - j)co 0 N/2 < j < N — l 


(A.5.7) 


A.5.4 Computation of Response 

In the DFT approach we first compute the response to each harmonic component of the 
excitation in the frequency domain. As seen in Eq. (A.2.8), this requires computation of 
the products 


Uj = HjPj 0 < j < N - 1 (A.5.8) 

Then, the response n„ = u(t n ) at discrete time instants t n = n At is computed from a 
truncated version of Eq. (A.2.9); 


N -1 

u n = J2 Uje 


N -1 


J2 u je i( - 2nnj/N) 


(A.5.9) 
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Equation (A.5.9) corresponds to Eq. (A.5.3), indicating that the sequence u n represents the 
inverse DFT of the sequence Uj. This will be called the classical DFT solution. 

A.5.5 Fast Fourier Transform 

The DFT method to determine the dynamic response of a system requires computation of 
the direct DFT of the sequence p n [Eq. (A.5.4)] and the inverse DFT of the sequence Uj 
[Eq. (A.5.9)]. These computations became a practical reality only with the publication of 
the Cooley-Tukey algorithm for the fast Fourier transform (FFT) in 1965. This is not a 
new type of transform, but is a highly efficient and accurate algorithm for computing the 
DFT and the inverse DFT. The original algorithm required that the number of points, N, 
be an integer power of 2, but it has been generalized to permit consideration of an arbitrary 
value of N. 

It is important to recognize that the computational effort required is drastically re¬ 
duced by use of the FFT algorithm. A measure of the amount of computation involved 
in Eq. (A.5.4) or (A.5.9) is the number of products of complex-valued quantities. It is 
clear that there are N sums, each of which requires N complex products, or there are N 2 
products required for computing all of the Pj’s or all of the u,f s. The number of com¬ 
plex products for the original FFT algorithm is given by (N/2) log 2 N. For example, if 
N = 2 10 = 1024, the FFT algorithm requires 0.5% of the computational effort necessary 
in standard computation. 

A.5.6 Summary 

The classical DFT procedure for response analysis of an SDF system [governed by 
Eq. (A. 1.1)] can be summarized as a sequence of steps: 

1. Define a periodic extension of the excitation p(t ) with its period defined as To 
[Eq. (A.5.1)] and discretize p(t ) by an array p„ = p(t n ) = p(nAt), where n = 
0, 1,2, ..., N - 1. 

2. Compute Pj, the DFT of p n , according to Eq. (A.5.4); j = 0, 1,2, ..., N — 1. 

3. Determine the frequency response function Hj = H(a)j), where II(a>) is defined by 
Eq. (A. 1.7) and coj by Eq. (A.5.7). 

4. Compute Uj as the product defined by Eq. (A.5.8). 

5. Compute the inverse DFT of the array Uj from Eq. (A.5.9) to obtain the response 
u n = u(t„) at discrete time instants t n = n At. 

Derivation A.3 

The periodic extension of p(t) with period To is represented by the Fourier series of Eq. (A.2.1), 
with the Fourier coefficients defined by Eq. (A.2.3). Truncating the series to include only a 
finite number of harmonic functions gives 


M 



(a) 


j=-M 
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The frequency of the highest harmonic included in Eq. (a) is Ma> o- 

The integral of Eq. (A.2.3) is evaluated numerically by the trapezoidal rule applied to 
the values of the integrand at discrete time instants t n = n At, where n = 0, 1, 2, .... N\ 


Pj = 


At 


\ Poe 


-i(jo)ot 0 ) 


N -1 

+ Pne- iU<O0,n) 

n =1 


1 

+ ^PNe 


-i(jco 0 t N ) 


(b) 


where to = 0 At = 0, t„ = n At, and tjy — N At. The first term reduces to po/2 and the last 
term to pn/2 because both exponentials can be shown to equal unity. Because the sequence 
p„ is periodic with period N, po = p n, and recognizing that Tq = N At, Eq. (b) can be 
rewritten as 


iV-1 


= -T 

N ^ 


P, ,e 


-!'0'®o4) 


n= 0 


(C) 


Now the exponential terms in Eqs. (a) and (c) are rewritten by recognizing that a>o = 2tr/T q, 
Tq = N At, and t n = n At; thus 


jcoot n = j - 


2jt 


-n At — 


2 nn j 


(d) 


N At N 

Recall that j is the frequency number of the harmonic and n is the time step number. Substi¬ 
tuting Eq. (d) in Eqs. (a) and (c) gives 


M 

p„ = 

j=-M 


(e) 


N -1 


= 1 E 

N ^ 


p n e 


-i{2nnj/N) 


n =0 


(f) 


Suppose that we select the large positive integers M and N such that 2 M + 1 = N (i.e., 
the number of frequencies is equal to the number of time steps). Then the sequence Pj is also 
periodic with period N and the summation in Eq. (e) over the range j = — M to j = M 
can be rewritten as a summation over the range j = 0 to N — 1, which is presented without 
proof: 


Pn = E Pje i( - 2nnjlN) (g) 

j =0 

This completes the derivation of Eqs. (A.5.3) and (A.5.4). 


A.6 POSSIBLE ERRORS IN CLASSICAL DFT SOLUTION 

It should be clear that the classical DFT solution given by Eq. (A.5.9) does not generally 
represent the desired response of the system to the excitation shown in Fig. A.5.1. Instead, 
it represents the steady-state response of the system to a periodic extension of the excitation 
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(Fig. A.5.2). In this section we examine the errors in the classical DFT solution, with the 
objective of understanding the requirements for the solution to be accurate. The classical 
DFT solution will become increasingly accurate as the duration tf of free vibration, shown 
in Fig. A.5.2, becomes longer. This assertion should be obvious because longer tf implies 
longer period 7o of the periodic extension of the excitation, which is better because an 
arbitrary (nonperiodic) excitation can be interpreted as a periodic excitation with infinitely 
long period. However, to identify the factors that influence the tf necessary for an accurate 
solution, we present numerical results. 

It is desired to determine the dynamic response of a viscously damped SDF system, 
starting from at-rest conditions, to one full cycle of a sinusoidal force, p(t) — p 0 sin cot, 
shown in Fig. A.6.1. As mentioned in Section A.5.1, the dynamic response of the sys¬ 
tem should be determined over the time duration Tq = td + T n /2 or longer—thus, the 
shortest tf = T n /2. However, DFT solutions with longer tf will also be presented to 
demonstrate the sensitivity of these solutions to the choice of tf. With a selected tf, the 



Figure A.6.1 


periodic extension of the excitation is sampled over one period at intervals A t — tj /40, 
and the response is evaluated at the same intervals. Thus, the circular frequency of the 
highest harmonic in the Fourier series representation of the forcing function [Eq. (A.5.3)] 
will be a> max = 4-Oit/td [from Eq. (A.5.5)] and the associated period is td/ 20. All 
DFTs in these solutions that will be presented were computed by the FFT routines in 
MATLAB. 

In Figs. A.6.2 and A.6.3 are shown the periodic extension of the excitation and the 
displacement response of the system computed by the classical DFT method using two 
different values of tf. The duration t,i of the force and the natural vibration period T„ of 
the system are chosen such that td/T„ = 0.5; the damping ratio / of the system is 5%. The 
time scale on the response history plots is normalized with respect to td, and the displace¬ 
ment u(t) is normalized with respect to ( u st ) 0 = p 0 /k, the static displacement due to the 
peak value of the applied force. The results demonstrate that the DFT solution depends 
on the duration tf of free vibration. It is clear from Fig. A.6.2 that tf = 4.757b, which 
implies 7’ () = 10.5 td, does not provide a large enough number of cycles for free vibration 
(during t > td) of the system to damp out, leaving significant displacement and velocity 
at the end of the period To, thus violating the at-rest initial conditions. Therefore, the DFT 
solution cannot be expected to be accurate. Figure A.6.3 demonstrates that tf — 9.757b, 
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Figure A.6.2 (a) Periodic extension of p(t) with tf = 4.757b (i.e., 7o = 10.5^); 
(b) response determined by classical DFT method; td/T n = 0.5; £ = 5%. 



Figure A.6.3 (a) Periodic extension of p(t) with tf = 9.757b (i.e., 7b = 20.5 td)\ 
(b) response determined by classical DFT method; td/T n = 0.5; ^ = 5%. 
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Figure A.6.4 Comparison of DFT solutions using different values of I f with the exact 
response; td/T n = 0.5; f = 5%. 


which implies Tq = 20.5 tj, provides an adequate number of cycles for free vibration of the 
system to damp out to small motion at the end of the period 7o, thus essentially satisfying 
the at-rest initial conditions. Therefore, the DFT solution is expected to be accurate. 

These expectations are confirmed by the results presented in Fig. A.6.4, where the 
DFT solutions using several different values of tf are compared with the exact solution. 
The exact solution was obtained by solving the equation of motion by the methods devel¬ 
oped in Section 4.8. Although the response was determined by the DFT method for the 
period of the extended forcing function Tq = tj + tf, only its initial part over the desired 
duration t,i + T,,/ 2 is plotted. The results clearly show that unless tf is quite long, the DFT 
solution may differ significantly from the exact solution. For the example considered with 
tj/T n = 0.5 and £ = 5%, the errors are noticeable in Fig. A.6.4 even for tf = 10 T„, but 
become negligible for tf = 207),. 

The duration tf of free vibration necessary to obtain an accurate DFT solution is 
controlled by the number of cycles necessary for free vibration to decay to essentially zero 
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Figure A.6.5 Comparison of DFT solutions using different values of tf with the exact 
response; td/T n = 0.5; £ = 1%. 


displacement and velocity. More cycles are necessary for the motion of lightly damped 
systems to decay sufficiently (see Fig. 2.2.4). This implies that if tf is chosen as a fixed 
multiple of T n , the error in the DFT solution is expected to be larger for lightly damped 
systems. The DFT and exact solutions for systems with £ = 1% are plotted in Fig. A.6.5 
for several different choices of tf. Comparison of Fig. A.6.5 with Fig. A.6.4 demonstrates 
that for each tf /T„ value, the DFT solution is less accurate for systems with 1% damping 
compared to systems with 5% damping. Thus, to keep the errors in the DFT solution below 
some selected tolerance limit, longer tf would be necessary for systems with less damping. 

A.7 IMPROVED DFT SOLUTION 

We have demonstrated in Section A.6 that the DFT solution may err significantly unless 
the duration tf of free vibration included in the periodic extension of the excitation is 
sufficiently long, tf should be selected as a multiple of the natural vibration period T n of 
the system. This multiple depends on the damping ratio of the system and the accuracy 
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desired in the DFT solution. Thus, the DFT computations have to be implemented for a 
periodic extension of the excitation with period Tq longer than the duration t f! + T n /2 over 
which the response is desired; Tq must be much longer than t rt + T n /2 for lightly damped 
systems, especially systems with long period of vibration. Consider, for example, a system 
with T n = 10 sec and / = 5%, for which tf = 2()T n is necessary to achieve sufficient 
accuracy in the classical DFT solution. If the duration of the excitation, t,j, is 30 sec, the 
response should be computed for Tq = td + 20 T„ = 30 + 20(10) = 230 sec, whereas 
we really need the response only for td + T n / 2 = 35 sec. Improved procedures have been 
developed to avoid the additional, seemingly unnecessary computational effort required in 
the classical DFT solution. 

In the improved method the period of the periodic extension of the excitation is 
equal to the duration over which the response of the system is actually desired (i.e., Tq = 
td + T„ /2); the steady-state response u ( t ) over this period is computed by the classical DFT 
method; and the “exact” response u ( t ) is obtained from the steady-state response by the 
superposition of a corrective solution v(t): 

u(t) — u(t) + v(t) (A.7.1) 


Suppose that the response u{t) to a given forcing function pit) is to be determined for 
a system starting with m( 0) = 0 and n(0) = 0. However, as shown in Fig. A.6.2, the 
classical DFT solution does not satisfy those initial conditions. Since the excitation over 
the period Tq for both the DFT and exact responses is the same, the difference in the two 
solutions shown in Fig. A.6.4 must stem from differences in the initial states of the two 
motions. Therefore, the corrective solution is simply the free vibrational solution, which 
ensures that the initial displacement and velocity of the desired motion conforms to the 
prescribed initial conditions. If the initial displacement and velocity associated with the 
DFT solution are u( 0) and n(0), which are generally nonzero, the corrective solution is 
the free vibrational response due to initial displacement — m( 0) and initial velocity —u( 0). 
This corrective solution for systems with viscous damping is then given by Eq. (2.2.4) with 
appropriate changes in notation: 


v(t) — e ^ a>nt 


—M (0) COS U> D t + 


-n(0) — £®„n(0) 
o>d 


sin coot 


(A.7.2) 


where 


tan 


= <Wi - c 2 


(A.7.3) 


This improved procedure is illustrated by applying it to determine the response of 
an SDF system with £ = 5% subjected to the one cycle of sinusoidal force of duration td 
considered previously (Fig. A.6.1). The system is presumed to be initially at rest and its 
natural period T n = f^/1.4. The response is evaluated for a duration Tq = td + T n /2 = 
1.4-T,, + 0.5 T n = 1.9 T n . The sampling interval is chosen as before. At = td/ 40. Obtained 
by the classical DFT procedure, the steady-state displacement u(t) is shown in Fig. A.7.1. 


'From this point on, the classical DFT solution is denoted by u(t) to distinguish it from the “exact” solu¬ 
tion u(t). 
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Figure A.7.1 Steady-state response u(t), corrective solution v(t), and “exact” response 
u{t)\ td/T n = 1.4 (i.e.. To = 1.97^); and £ = 5%. [Adapted from Veletsos and Ventura 
(1985).] 

The initial value of this displacement is u(0) = 2.486(« st )„, and the initial velocity is 
u( 0) = — 1.761&>„(n st ) 0 . Substituting these values of n(0) and n(0) in Eq. (A.7.2) gives 
the corrective solution v(t ) shown in Fig. A.7.1. Determined by combining u(t) and v(t) 
according to Eq. (A.7.1), the desired “exact” response is also shown in Fig. A.7.1. It is 
essentially identical to the analytical solution obtained by solving the differential equation 
of motion by the methods of Section 4.8. 


A.8 MULTI-DEGREE-OF-FREEDOM SYSTEMS 


The improved DFT procedure can readily be extended to determine the response of MDF 
systems for which the classical mode superposition method is applicable. As shown in 
Chapters 12 and 13, the equations of motion for classically damped systems can be trans¬ 
formed to a set of uncoupled equations in modal coordinates, as many equations as the 
number of DOFs in the system. Each modal equation is of the same form as the equation 
governing the motion of an SDF system. Therefore, each modal equation can be solved 
by the classical DFT method and combined with the corrective solution described in Sec¬ 
tion A.7 to determine the modal responses accurately. Thus, the frequency-domain method 

'The initial velocity is given by 



(A.7.4) 


in which In 1(7//) denotes the imaginary part of Uj. Equation (A.7.4) is obtained by differentiating Eq. (A.5.9), 
making use of the facts that jco o = Itij/Tq and the values of Uj for j = N/1 + 1, N /2 + 2, ... , N — 1 are 
the complex conjugates of those for j = N/2 — 1, N /2 — 2, .... 1, respectively. 
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can be used to determine modal responses (step 3a of Section 12.5), but the remaining steps 
in the modal analysis procedure remain unchanged. 

Researchers have also developed DFT procedures for analysis of nonclassically 
damped systems with either constant or frequency-dependent parameters. The latter situa¬ 
tion arises in dynamic analysis of structures, including effects of soil-structure interaction 
or fluid-structure interaction. 
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Notation 


All symbols used in this book are defined where they first appear. For the reader’s conve¬ 
nience, this appendix, arranged in four parts to follow the organization of the text, contains 
the principal meanings of the commonly used notations. The reader is cautioned that some 
symbols denote more than one quantity, but the meaning should be clear when read in 
context. 


Abbreviations 


CM 

center of mass 

NBCC 

National Building Code of Canada 

CQC 

complete quadratic combination 

NDP 

nonlinear dynamic procedure 

DFT 

discrete Fourier transform 

NSP 

nonlinear static procedure 

DOF 

degree of freedom 

RHA 

response history analysis 

EC 

Eurocode 8 

RSA 

response spectrum analysis 

FFT 

fast Fourier transform 

SDF 

single-degree-of-freedom 

IBC 

International Building Code 

SRSS 

square root of the sum of squares 

MDF 

multi-degree-of-freedom 

UBC 

Uniform Building Code 

MFDC 

Mexico's Federal District Code 

UMRHA 

uncoupled modal response history 

MPA 

modal pushover analysis 


analysis 


Accents 


( ) modal contribution factor for ( 
( ) shifted value of ( ) 



k condensed k 
( ) approximation to ( ) 

( ) generalized ( ) 
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Prefixes 

S, S increment over extended time 
step 

Subscripts 

A acceleration 

b base; beam; base-isolation 

system 

c column; complementary 

solution 
cr critical 

d duration 

D damping; damped; 

displacement 
e eccentric; element 

eff effective 

eq equivalent 

/ fixed-base system 

F friction 

g ground 

i time step number; peak 

number 

i, j floor number; story number; 

DOF; frame number 

Superscripts 

5 quasi-static 
st static 

PART I: CHAPTERS 1-8 

Roman Symbols 

a see Table 5.3.1 

a i, flo arbitrary constants 

fll, « 2 . <3.3 see Table 5.4.2 or 5.7.1 

cij Fourier cosine coefficients 

a y fy/m 

a o Fourier coefficient 

A integration constant; 

arbitrary constant; 
coefficient in Eq. (5.2.5); 
pseudo-acceleration spectrum 
ordinate 


S (■) virtual (■) 

A . A increment over time step 


I 

K 

m 

n 

o 

P 

sec 

st 

S 

T 

V 

x , y, 6 

y 

Y 


inertia; input 
kinetic 

peak value for inelastic 
systems; maximum 
natural; mode number 
peak value 
particular solution 
secant 
static 

spring (elastic or inelastic); 
strain 

tangent; transmitted 
velocity 

directions or components 

yield 

yielding 


t total 


A' coefficient in Eq. (5.2.5) 

A{t) pseudo-acceleration 

Ay 

b see Table 5.3.1; 

complex-valued constant 
bj Fourier sine coefficients 

B integration constant; arbitrary 

constant; coefficient in 
Eq. (5.2.5) 

B' coefficient in Eq. (5.2.5) 

B\, f?2 arbitrary constants 
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c 

damping coefficient 

c 

generalized damping 

Cci 

critical damping coefficient 

C 

arbitrary constant; coefficient 
in Eq. (5.2.5) 

C' 

coefficient in Eq. (5.2.5) 

D 

arbitrary constant; coefficient 
in Eq. (5.2.5); deformation 
spectrum ordinate 

D' 

coefficient in Eq. (5.2.5) 

D y 

yield deformation spectrum 
ordinate 

e 

eccentricity of rotating mass 

E 

modulus of elasticity 

Ed 

energy dissipated by 
damping 

E f 

energy dissipated by friction 

E, 

input energy 

Ek 

kinetic energy 

Eko 

maximum kinetic energy 

Es 

strain energy 

Eso 

maximum strain energy 

Ey 

energy dissipated by yielding 

EI(x) 

flexural rigidity 

f 

exciting or forcing frequency 
(Hz) 

f D 

damping force 

fl 

inertia force 

fl(x, t) 

distributed inertia forces 

flj 

inertia force in DOF j 

fjo 

peak value of force at jth 
floor 

fn 

natural frequency 
(undamped) (Hz) 

fo(x) 

peak value of fsix, t) 

fs 

elastic or inelastic resisting 
force; equivalent static force 

(. fs) j 

f s after j cycles of iteration 

(/.)i 

see Eq. (5.7.10) 

ifs)i 

value of fs at time i 

fsM 

defined by Eq. (7.3.3) 

fSo, fo 

peak value of fs(t ) 

h 

transmitted force 

fy 

yield strength 

fy 

normalized yield strength 

F 

friction force 

g 

acceleration due to gravity 


h 

height of one-story frame; 
story height 

hit) 

unit impulse response 

Him) 

complex frequency response 

i 

time step number 

I 

second moment of area 

1 

magnitude of impulse 

lb 

I for a beam 

Ic 

I for a column 

Io 

moment of inertia about 0 

k 

stiffness or spring constant 

k 

stiffness matrix 

k 

see Eq. (5.3.5) or (5.4.11) 

k 

generalized stiffness 

ki 

iki)r 

ki 

defined in Eq. (5.7.6) 

kj 

stiffness of ;th story 

kj 

tangent stiffness 

kj 

defined in Eq. (5.7.8) 

k u) 

tangent stiffness at u ] ’ 

L 

width of frame; length of 
beam or tower 

L 

see Eqs. (8.3.12) and (8.4.12) 

L 6 

defined in Eq. (8.4.18) 

mix) 

mass per unit length 

m 

mass 

m 

mass matrix 

m 

generalized mass 

m e 

eccentrically rotating mass 

mj 

mass at yth DOF or yth floor 

Mix, t) 

bending moments in a 
distributed-mass system 

Ma, Mb 

bending moments at nodes a 
and b 

M b 

base overturning moment 

Mbo 

peak value of Mb it) 

M io 

peak value of /th-floor 
overturning moment 

Moix) 

peak value of Mix, t) 

N 

normal force between sliding 
surfaces; number of DOFs 

P 

external force 

Pico) 

Fourier transform of pit) 

pit) 

generalized external force 

PeS 

effective earthquake force 

iPeff)o 

peak value of p e ff(0 

Pi 

value of pit) at time i 
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Pi 

see Eq. (5.3.6), (5.4.12) or 
(5.6.3) 

Po 

amplitude of p{t) 

r(t) 

any response quantity 

r 0 

max \r{t)\, the peak response 

t 

Ra 

acceleration response factor 

Rd 

deformation (or displacement) 
response factor 

rU) 

residual force at the end of 
j th iteration cycle 

rU) 

see Eq. (5.7.15) 

R v 

velocity response factor 

Ry 

yield reduction factor 

t 

time 

t ' 

time variable 

td 

duration of pulse force 

u 

time at / th peak in free 
vibration; time at end of i th 
time step 

to 

time when u(t) is maximum 

tr 

rise time 

T a , T h , T c , 

periods that define spectral 

Td, T e , T f 

regions 

Td 

natural period (damped) 

T n 

natural period (undamped) 

To 

period of periodic excitation 

TR 

transmissibility 

u 

displacement; deformation; 
displacement relative to 
ground 

u! 

total displacement 

u 

vector of displacements uj 

u(ico ) 

Fourier transform of u (f) 

«(0) 

initial displacement 

i/(0) 

initial velocity 

Ua, Ufa 

displacements of nodes a and b 

U c 

complementary solution 

U f 

F/k 

u g 

ground (or support) 
displacement 

tig 

ground (or support) 
acceleration 

U go 

peak ground displacement 

U go 

peak ground velocity 

Ug 0 

peak ground acceleration 

u gS 

ground rotation about a 
vertical axis 

Uj 

displacement at i th peak; 
displacement at time i 


u after j iterations 


u U) 

l 

Ui after j iterations 

Ui 

velocity at time i 

tii 

acceleration at / th peak; 
acceleration at time i 

u i 

relative displacement of j th 
floor 

u j it) 

response to p(t) = 
po cos ja>Qt 


response to p(t) = 
po sin j coot 

u‘. 

j 

total displacement of yth 
floor 

u jo 

peak or maximum value of 

Uj(t) 

tijo 

maximum value of iij (t) 

u m 

max | m (?) | for an inelastic 

t 

system 

u m 

| min[//(f)]| 

t 

u m 

max[«(f)] 

t 

Uo 

peak or maximum value of 
u(t) 

ii 0 

peak value of ii(t) 

u 0 (x) 

peak or maximum value of 
u(x, t) 

u 0 (x) 

maximum value of ii 0 (x,t) 

< 

peak value of u' ( t ) 

ti'o 

peak value of ii' (t) 

Up 

particular solution; permanent 
deformation 

Mst(0 

static deformation due 
to p(t) 

( u st)o 

static deformation due to p a 

u x , Uy 

x and y displacements 

Uy 

yield deformation 

«o(0 

response to pit) = a o 

ug 

rotation about a vertical axis 

V 

velocity 

V 

pseudo-velocity spectrum 
ordinate 

V(x,t) 

shearing forces in a 
distributed-mass system 

Va, Vb 

shearing forces at nodes a 
and b 

Vb 

base shear 

Vbo 

peak value of Vb(t) 

Vbo 

peak value of 14 (t) 

Vj 

shear in the jth story 

Vjo 

peak value of Vj ( t ) 

V 0 (x) 

peak value of V(x, t) 
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Vy 0)/i lly 

w weight 

x, y Cartesian coordinates 

Greek Symbols 


«A, a D, «V 

spectral amplification factors 

p 

parameter in Newmark’s 
method 

pj 

j CO0/(On 

Y 

parameter in Newmark’s 
method 

X 

constant in e Xt 

f 

L/m 

& 

logarithmic decrement 

S(-) 

Dirac delta function 

Sst 

mg/k 

Su(x) 

virtual displacements 

Su 

virtual displacement vector 

Siij 

virtual displacement Uj 

8 W E 

external virtual work 

8W / 

internal virtual work 


virtual displacement 

8 k (x) 

virtual curvature 


story drift in y th story 

At 

time step 

An 

time step i 

A 

change in u in iteration cycle 

£ 

duration of an impulsive force 


tolerance values in Eq. (5.7.8) 


damping ratio 

? 

numerical damping ratio 


z generalized displacement 
z 0 peak value of z(t) 

1 vector of ones 


(eq 

equivalent viscous damping 
ratio 

7 

rate-independent damping 
coefficient 

0 

rotational acceleration 

9a, 9 b 

rotations at nodes a 

and b 


ground rotation about a 
horizontal axis 

K(x) 

curvature 

M 

coefficient of friction; 
ductility factor 

p 

beam-to-column stiffness 
ratio; coefficient in ±pe - ^“" f 

a 

standard deviation 

X 

dummy time variable 

<t> 

phase angle 

f(x) 

shape function 


shape vector 

ti 

yth element of ip 

CO 

exciting or forcing frequency 
(rad/sec) 

COD 

natural frequency (damped) 
(rad/sec) 

<0,1 

natural frequency 
(undamped) (rad/sec) 

coo 

In/T q 
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Roman Symbols 


a c 

a in 

ai 

&x i 

a i, ci 2 , #3 


element transformation 
matrix 

defined by Eq. (14.4.11) 
coefficients in Caughey series 
x, y, and z components of 
ground acceleration 
principal components of 
ground acceleration 


at. aa, a3 

a xi i a yi 
a 0 , a i 

A 


see Table 16.2.2 or 16.3.3 
transformation matrices 
Rayleigh damping 
coefficients 

direct assembly operator 
pseudo-acceleration spectrum 
ordinate A(T n , 
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A„(?) 

pseudo-acceleration of 
;7 th-mode SDF system 

An/ (?) 

A,i(t) due to ii g i(t) 


complex-conjugate pair of 
constants 

H 

see Eq. (14.3.2) 

c 

damping matrix 

c 

defined by Eq. (15.3.4) 

c ‘j 

damping influence 
coefficient 

c j 

jth-story damping 
coefficient 

C/i 

n th-mode damping matrix 

C 

diagonal matrix of C n 

t j 

generalized damping for nth 
mode 

Cnr 

element of C 

Dn(t) 

deformation of n th-mode 
SDF system 

D„ (0 

relative velocity response, 
n th-mode SDF system 

D„i(t) 

D n (?) due to ilgi (?) 

Dno 

peak value of D n ( t ) 

ej 

error in static response; error 
norm of Eq. (15.5.3) 

E 

modulus of elasticity 

El 

flexural rigidity 

f 

flexibility matrix 

f D, ffl(0 

damping forces 

fDj 

damping force in DOF j 

fij 

flexibility influence 
coefficient 

f/ 

inertia forces 

■fa 

inertia force in DOF j 


peak value of f;„ (?) 

finW 

equivalent static forces: 
frame i , mode n 

/?« 

j th element of f„; peak value 

of fjn(t) 

fjnit) 

equivalent static force: DOF 
j, mode n 

fjyn 

jth element of f v „ 

fj On 

jth element of f g n 

fn 

/7 th natural frequency, Flz 

fn(X, ?) 

equivalent static forces, 
mode n 

f n 

peak value of f„ (?) 

fn(0 

equivalent static forces, 
mode n 

fno(x) 

peak value of /„ (x, ?) 


ts 

elastic resisting forces 

f.v(u) 

inelastic resisting forces 

fSA 

lateral force on frame A 

fsg- hg(t) 

equivalent static forces in 
support DOFs 

fsj 

elastic or inelastic resisting 
force in DOF j 

tyn 

peak value of f yH (?) 

hn(t) 

equivalent static lateral 
forces, mode n 

f Bn 

peak value of fe„ (?) 

ten (f ) 

equivalent static torques, 
mode n 

h 

height of one-story frame; 
story height 

h j 

height of jth floor 

K 

effective modal height, 
mode n 

h(t) 

unit impulse response 
function 

h (?) 

vector of unit impulse 
response functions 

h„(t) 

h(t) for deformation of 
nth-mode SDF system 

I 

second moment of area 

I 

identity matrix 

lb 

I for beam 

h 

I for column 

1 0 

diagonal matrix: Ijj = loj 

! Oj 

moment of inertia of jth floor 
about 0 

1* 

1 On 

defined by Eq. (13.3.10) 

J 

number of Ritz vectors 

k 

stiffness matrix 

k 

k — ji m 

k 

defined by Eq. (15.3.4); 
matrix of kij in Eq. (18.1.4) 

k a 

stiffness matrix of frame A in 
global DOF 

K 

element stiffness matrix in 
global element DOFs 

k 

see Table 16.3.1, Eq. (16.3.5) 

K 

element stiffness matrix in 

local element coordinates 


/th column of k^ ? 

k, 

stiffness matrix of frame i in 
global DOF 

k, 

see Tables 16.3.1 and 16.3.3 

kij 

stiffness influence coefficient 

k i 

stiffness of jth story 
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k tt 

condensed stiffness matrix 

P 

external force 


tangent stiffness matrix; see 

P 

external forces 


Table 16.3.3 

P 

vector of p ; in Eq. (18.2.6) 

kxi, kyi 

lateral stiffness of frame i in 

pi}-) 

polynomial in X 


x and y directions 

P< 

element force vector in global 

k xi , k yi 

lateral stiffness matrix of 


element DOFs 


frame i in x and y directions 

Ik 

element force vector in local 

ky 

lateral stiffness of frame A 


element coordinates 

kjcy, kjrfl, kgy, 

submatrices of k 

Peff 

effective earthquake force 

kyg, kge 


Peff 

effective earthquake force 

K 

diagonal matrix of K n 


vector 

k 

see Tables 16.2.1 and 16.2.2 

Ps 

support forces 

K„ 

generalized stiffness, mode n 

p:'« 

quasi-static support forces 

L 

length of beam; length of 

Pi 

external force at y th DOF or 


finite element 


j th floor 

L h n 

see Eq. (13.2.3) or (17.6.2) 

Po 

maximum value of p(t) 

L e n 

see Eq. (13.2.9b) or (17.6.17) 

p / 

external forces in u, DOF 

J-jfii 

defined by Eq. (13.5.3) 

P(0 

$ r p(0 

m 

mass of an SDF system 

p it) 

vector of P„(t) 

m 

mass matrix 

p, 

defined in Table 16.2.1 

m 

defined by Eq. (15.3.4); 

Pnit) 

generalized force, mode n 


matrix of ihjj in Eq. (18.1.4) 

q 

modal coordinate vector 

m(x) 

mass per unit length 

q; 

modal coordinates at time i 

m, 

element mass matrix in global 

Pn ( t ) 

nth modal coordinate 


element DOFs 

r 

radius of gyration 

m, 

element mass matrix in local 

r(t ) 

any response quantity 


element coordinates 

r a (t), n{t) 

response quantities 

171 ij 

mass influence coefficient 

r a o ■ r bo 

peak values of r a (t), rb(t) 

m j 

mass at yth DOF or j th floor 

r st St 

'an’'bn 

nth modal static responses r a 

m„ 

mass matrix for u, DOF 


and rb 

M 

diagonal matrix of Mj 

r a 

projection of response 

M(x,t ) 

bending moment in a 


trajectory in direction a 


distributed-mass system 

'ano’ r bno 

peak values of r an ( t ), r bn (f) 

M b 

bending moment at the base 

r abo 

cross term between responses 

Ml bn (0 

Mbit) due to mode n 


r a and rb in Eq. (13.10.4) 

Mbn (0 

Mb {t) due to mode n 

f as ’ r bs 

responses r a , r b due to initial 

Kn 

nth modal static response Mb 


static loads 

M bn 

nth modal static response Mb 

r cr 

critical response; largest 

Mi 

ith-floor overturning moment 


value of r{9) 

K 

nth modal static response Mj 

r n 

peak value of r„ (?) 

M n 

generalized mass, mode n 

r n 

nth modal contribution factor 

M* 

effective modal mass, 

r n {t) 

r(?) due to mode n 


mode n 

r no 

peak value of r n (?) 

N 

number of DOFs 

r 0 

peak value of r (?) 

N d 

number of modes responding 

r st 

static response to forces s 


dynamically 

St 
' n 

nth modal static response 

N e 

number of finite elements 

r x ,r y ,r z 

peak response r due to jc, y. 

N g 

number of ground (or 


and z components of ground 


support) displacements 


motion 

O 

null matrix 
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r.xy 

cross term between modal 

u, 

lateral displacements of frame 


response contributions to r x 


i ; displacements at time i 


and r y 

Ujn 

U; due to mode n 

Rdn 

dynamic response factor for 

u i 

peak value of uj it) 


// th-mode SDF system 

Ujit) 

relative displacement at DOF 

rU) 

residual force vector after j th 


j or floor j 


iteration cycle 

u s 

J 

quasi-static displacement at 

Si S fl , S b 

spatial distributions of p(f) 


DOF j 

Sjn 

jth element of s„ 

u j 

total displacement at DOF j 

Sjyn 

jth element of s y „ 


or floor j 

SjOn 

jth element of s g n 

u jn 

peak value of Uj n it) 

S n 

defined by Eq. (12.8.4) or 

U st 

Jn 

/zth modal static response uj 


(13.1.6) 

11 jn (0 

uj it) due to mode n 

Sn (x) 

defined by Eq. (17.6.4) 

u jx> u jy 

displacements of CM of floor 

S_yn> S Q n 

subvectors of s„ 


j along x and y axes 

t 

time variable 

Ujyn 

peak value of Uj yn it) 

td 

duration of pulse force 

uje 

rotation of floor j about CM 

T b 

base torque 

u j0n 

peak value of ujg n it) 

Tbn 

peak value of Tb„ it ) 

U n 

peak value of u„ it) 

r p St 

1 bn 

nth modal static response Tb 

< 

/zth modal static response u 

Tbn {t ) 

Tbit ) due to mode // 

Unix, t) 

uix, t) due to mode n 

Ti 

zth-story torque 

ufix) 

nth modal static response 

Tin(t) 

T, it) due to mode n 


uix) 

y St 

L in 

nth modal static response Ti 

U t 

dynamic DOF 

T„ 

;ith natural period 

U x , Uy 

x and y displacements of CM 


(undamped) 

u' x , u’y, Ug 

x, y, and 9 components of 

u 

displacement or deformation 


total acceleration 

u 

displacement vector 

Uy 

y-lateral displacements 

u o) 

u after j cycles of iteration 

Uyn it) 

u-y it) due to mode n 

U; 

velocities at time i 

UO 

DOF with zero mass 

ii, 

accelerations at time i 

«5« 

/zth modal contribution factor 

U„(0 

u it) due to pair of modes 


for i /5 


ip n ,ipn \ u(t) due to mode (f>„ 

ug 

rotation about CM 

u* 

quasi-static displacements 

Ug 

floor rotations 

u< 

total displacements 

U Bnit) 

Ue it ) due to mode n 

U A 

displacement at frame A 

Vix, t) 

transverse shear force in a 

Ut 

x-lateral displacements 


distributed-mass system 

U xn (0 

u t it) due to mode n 

v b 

peak value of Vbit) 

u c 

element displacements in 

Vb 

base shear 


global element DOFs 

Vbit ) 

base shear 

u s 

ground (or support) 

K 

Vb due to forces s 


displacement 

V bn 

peak value of Vbn it) 

Ug 

ground (or support) 

%n 

//th modal contribution factor 


displacement vector 


for V b 

u g 

ground (or support) 

Vbn it) 

Vbit) due to mode n 


acceleration 

Vbnit) 

Vbit) due to mode // 

11 gl 

/th support displacement 

Kn 

//th modal static response Vb 

MgXi Mgy, MgQ 

x, y, and 6 components of 

K 

//th modal static response Vb 


ground acceleration 

uj displacement in DOF i 
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Vbo 

peak value of Vb (?) 

y n 

eigenvector of A; defined by 

Vi 

peak value of V; (?) 


Eq. (14.4.10) 

Vi(t) 

ith-story shear 

z 

generalized coordinate vector 

yst 

in 

nth modal static response Vi 


generalized coordinates 

x, y 

Cartesian coordinates 

z n 

eigenvector 

Xi, yi 

define location of frame i 

0 

vector of zeros 

X/ 

iteration vector 

1 

vector of ones 


Greek Symbols 



a 

arbitrary direction in response 

£r, &u, £ w 

tolerances in Eq. (16.3.8) 


space; fraction used in 

£ r £ f 
Or, c u , c w 

tolerances in Eq. (16.3.9) 


Eq. (13.11.13) 

tin 

defined by Eq. (13.7.7a) 

a® 

defined in Eqs. (14.8.8) and 

in 

damping ratio for nth mode 


(14.10.17) 

i' 

>n 

defined by Eq. (13.7.7b) 

P 

parameter in Newmark's method 

6 

incident angle 

Pin 

0)i/0) n 

Qcr 

critical incident angle 

Pn 

see Eqs. (14.2.7), (14.7.5), 

e g 

ground rotation about a 


and (14.10.8) 


horizontal axis 

Pn 

see Eqs. (14.3.4), (14.8.2), 

L 

influence vector; influence 


and (14.10.10) 


matrix 

y 

parameter in Newmark's method; 

LI 

influence vector for u g i 


ground motion intensity 

K 

shear stress constant 


factor 

Kx) 

Rayleigh’s quotient 

7 n 

see Eqs. (14.2.7), (14.7.5), 

X U) 

estimate of eigenvalue 


and (14.10.9) 

X 

eigenvalue 

In 

see Eqs. (14.3.4), (14.8.2), 

k/j, X n 

complex conjugate pair of 


and (14.10.12) 


eigenvalues 

r „ 

see Eq. (12.8.3) or (13.2.3) 

X 

X — ix 

r„z 

defined by Eq. (13.5.3) 

Xn 

nth eigenvalue 

Su(x) 

virtual displacement u{x) 


absorber mass ratio; shift of 

Siij 

virtual displacement uj 


eigenvalue spectrum 

8 W E 

external virtual work 

l J ij 

element of fj, defined in 

8W / 

internal virtual work 


Eq. (13.11.1) 

*(•) 

Dirac delta function 

M 

covariance matrix 

A; 

peak value of Ay (?) 

Pin 

cross-correlation coefficient 

Ay (0 

yth-story deformation or 


for modes i and n 


drift 

4>jn 

jth element of p n 

X 

generalized coordinate vector 

Pjyn, Pjdn 

/th elements of p yn and pg„ 


in Eq. (15.3.5) 

Pn(x) 

nth natural vibration mode 


imaginary-valued part of ip„ 

4> n (x) 

approximation to (j>„ (x) 

At 

time step 

<t>n 

approximation to p n 

Au^ 

change in u, jth iteration 

4>n 

nth natural vibration mode; 


cycle 


real-valued part of tp„ 

Ay'n (0 

Ay (?) due to mode n 

Pyn, Pen 

subvectors of p n 

Ajn 

peak value of Aj n (?) 

$ 

modal matrix 
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Ip 

complex-valued eigenvector; 

07 

shape vector or Ritz vector 


see Eq. (14.5.3) 

tpn 

defined by Eq. (14.4.12) 

tpn 

nth (complex-valued) 

CO 

exciting or forcing frequency 


eigenvector 


nth natural frequency 


001 1p 2 ■■■ 1pj) 


(undamped) (rad/sec) 


(01 to Xp 2 (x) ■■■ fN to) 

<*>'n 

ai n of a beam considering 

fi (x) 

trial, Ritz, or shape function; 


rotational inertia and shear 


finite element interpolation 


effects 


function 

tin 

approximation to w n 

fi (x) 

beam interpolation function 

n 2 

spectral matrix 


PART III: CHAPTERS 19-23 


Roman Symbols 


A 

pseudo-acceleration spectrum ordinate 

k i 

stiffness of jth story 

Am 

maximum A /g, MFDC 

F b 

length of beams 

Ay 

A for yielding system 

L c 

length of columns 

c 

damping coefficient of fixed- 

m 

lumped mass of fixed-based 


base system 


system 

Cb 

damping coefficient of isolation system 

m b 

mass of base slab 

c / 

damping matrix of fixed-base 

m f 

mass matrix of fixed-base system 


system 

M v 

higher-mode factor, NBCC 

C 

period-dependent coefficient, IBC 

OS 

overstrength factor, EC 

C e 

elastic seismic coefficient 

q 

seismic behavior factor, EC 

C s 

seismic coefficient 

q' 

seismic reduction factor, EC 

ej 

error in static response 

Q 

seismic behavior factor, MFDC 


[Eq. (19.7.1)] 

Q' 

seismic reduction factor, MFDC 

El b 

flexural rigidity of beams 

R 

response modification factor, IBC 

EI C 

flexural rigidity of columns 

r 

coefficient in C e , MFDC 

fin 

lateral force: floor j , mode n 

Rd 

force modification factor, NBCC 

fy 

design yield strength 

Ro 

overstrength-related force 

Fj 

code lateral force at floor j 


modification factor, NBCC 

F S n 

defined by Eq. (20.6.12) 

s* 

defined by Eq. (20.7.2) 

Ft 

additional lateral force at the top 

T b 

isolation period 


floor, NBCC 

T b , T c 

periods defining the constant-A 

h 

story height 


spectral region 

h i 

height of yth floor 

Tf 

natural period of fixed-base 

I 

importance factor, IBC and 


system 


NBCC 

T n 

natural period of SDF system; nth 

J, Ji 

reduction factors for overturning 


natural period of MDF system 


moments 

T n f 

nth natural period of fixed-base 

k 

lateral stiffness of fixed-base 

system 


system 

lib 

isolator deformation 

kb 

lateral stiffness of isolation system 

M-bn 

u b due to mode n 

k / 

stiffness matrix of fixed-base 

<n 

nth modal static response u b 


system 
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Ui 

i th-floor displacement due to 

Vby 

normalized value of Vby 


forces Fj (j = 1,2,..., N) 

Vj 

y'th-story shear 

Uj m 

max \uj {t)\ for an inelastic 

Vjy 

y'th-story yield strength 


t 

system 

w 

weight of SDF system 

Urn 

roof displacement, nth mode 

Wi 

weight at i th floor 

U y 

yield displacement 

W 

total weight of building; total 

v b 

base shear 


dead load and applicable 

y(l) y(2) 

V b ’ V b 

two parts of 14, MFDC 


portion of other loads 

V b y 

yield strength value of 14 




Greek Symbols 


a, /I 

coefficients in least- 

A 

ductility factor 


square-error fit of Vb-Ti 

curve 

4*n 

nth natural vibration mode of 
corresponding linear system 

A; 

jth-story deformation or drift 

<t>nf 

nth mode of fixed-base 

A jm 

peak value of A j (t) for an 

system 


inelastic system 

<t>rn 

roof element of 

K 

damping ratio 

(Of 

natural frequency of 

Kb 

f of isolation system with 


fixed-base system 


rigid building 

(On 

nth natural vibration 

Kf 

f for fixed-base system 


frequency of corresponding 

Knf 

f for nth mode of fixed-base 
system 


linear system 


APPENDIX A 


Roman Symbols 


c 

damping coefficient 

P(co ) 

Fourier transform of p(t ) 

hit) 

unit impulse response 

Pj 

Fourier coefficient (complex 

Hj 

H(a>j); see Eq. (A.5.7) 


valued) for p{t) 

H(fo) 

complex frequency response 

Pj 

complex conjugate of Pj 

H u {a>) 

complex frequency response 

td 

duration of excitation 


for u(t) 

tf 

duration of free vibration 

k 

stiffness 

T n 

natural period (undamped) 

m 

mass 

To 

period of periodic extension 

M 

number of harmonics in 


of p{t) 


truncated series 

U 

displacement; deformation 

N 

number of equally spaced 

u(t) 

“exact” response 


time instants 

u{t) 

steady-state response by DFT 

P 

external force 


method 

Pn 

p(tn) = p(n At) 

(Ast)o 

static deformaton due to p 0 

Po 

amplitude of p(t) 

Uj 

see Eq. (A.2.8) or (A.5.8) 
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Greek Symbols 


Pi 

jcoo/(On 

idd 

natural frequency (damped) 

S(-) 

Dirac delta function 


(rad/sec) 

At 

sampling interval 

°>j 

ju> o 

K 

damping ratio 

t^max 

Nyquist frequency; folding 

r / 

rate-independent damping 


frequency; see Eq. (A.5.5) 


coefficient 

W n 

natural frequency 

v(t ) 

corrective solution 


(undamped) (rad/sec) 

CO 

excitation or forcing 
frequency (rad/sec) 

CO 0 

2jr/7o 


Answers to Selected Problems 


Chapter 1 


1.1 k e = k\ + kv, mil + k e u = p{t) 

(k i "l - kAk-i 

1.3 k e = -—; mu + k e u — p(t ) 

k\ + 

3 g 13 g 

1.5 9 H ——0 = 0; &>„ = — 

2 £ V 2 £ 

m£ 2 •• 7td 4 G 
1.8 ——(9 + = 0 


32 L 


w 

1.10 — it 

8 


3EI 


L 3 


-it — 0 


[ke k(48EI/L 3 ) 

w " V m ’ e k + 48EI/L 3 


1.15 mil 

1.16 mu 

1.17 mii x 


(ii h 3 

u 

h 3 

-AE 


120 EI C , 

M = 4(0 


£4 , 

2—— 1 u = p{t) 


h 


y/2 -) u x = 0 ; miiy + ( V2 - )u y = 0 


-AE \ 


h / 
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mh 2 .. AEh 

1.18 ——iig H- ^ug 

6 V2 


= 0 


Chapter 2 


2.1 

W = 

40 lb; k = 16.4 lb/in. 


2.2 

u(t) 

= 2cos(9.82r) 


2.4 

u(t ) 

= 0.565 sin(60.63r) in. 



u(t ) 

m 2g„ , 

\/2g h m 2 

2.5 

= ——(1 - cosft>„r) + 

-sin co n t 


k 

co„ mi+m 2 

2.7 

El -- 

= 8827 lb-ft 2 


2.11 

7io% 

= 0.366/C 


2.13 

(a) 

T n — 0.353 sec; (b) £ ■ 

= 1.94% 

2.14 

(a) < 

;■ = 215.9 lb-sec/in., k = 

= 1500 lb/in. 


(b) C = 0.908 

(c) oo D — 5.28 rad/sec 


2.15 k = 175.5 lb/in.; c = 0.107 lb-sec/in. 

2.16 a>„ = 21.98 rad/sec; £ = 0.163; ol>d = 21.69 rad/sec 

2.17 T d = 0.235 sec, £ = 0.236% 

2.19 1.449 in., 1.149 in. 

2.20 0.536 in.; 8 cycles 


Chapter 3 

3.1 m = 6.43/g lb/g; k = 10.52 lb/in. 

3.2 £ = 0.05 

3.3 £ = 0.0576 

3.5 u a = 2.035 x 10“ 3 in.; ii 0 = 0.0052g 

3.10 f = 9.82% 

3.11 £ = 1.14% 

3.12 (b) S st = 0.269 in. 

3.13 474.8 lb 
3.15 11.6 kips/in. 

3.17 Error = 0, 0.9, and 15% at / = 10, 20, and 30 Hz, respectively 
3.19 / < 20.25 Hz 

3.21 / > 2.575 Hz 
3.25 0.308 in. 
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4 oo i 

3.26 (a) pit) = ^ E ~Ji cos J M ot 


7 = 1 . 3 , 5 ,. 


(b) 


n(r) 

( w st)o 


1 


E 


1 


fir- cos jtont, where (u st ) 0 = pjk, 

2 * ]=!%,... jQ-fy 


Pi = jco 0 /co n , and 0j ± 1 
(c) Two terms are adequate. 


Chapter 4 


u(t) 

4.9 (a) -Af- = 1 

\ W St/0 


e I cos coot 




: sineu^r 


(b) —= 1 + exp(-nf/v/l - £ 2 ) 

4.12 n 0 ~ 12.2 in.; no — 6.1 in. 

4.17 n„ = 0.536 in.; cr = 18.9 ksi 

4.18 u 0 = 2.105 in.; a = 37.2 ksi 

Po 4 . . 

4.23 n 0 =-sinru,,?! sin- 

k oo n 1 1 2 

n„ 47T 

4.24 —— =--; error = 5.9% 

(Mst)o 3 T n 

4.26 (a) 14 = 15.08 kips, Mb — 1206 kip-ft; (b) increase in mass has the effect of 
reducing the dynamic response. 


Chapter 5 


5.2 Check numerical results against the theoretical solution in Tables E5.1a, b. 

5.4 Check numerical results against the theoretical solution in Table E5.2. 

5.8 Check numerical results against the theoretical solution in Table E5.3. 

5.9 Check numerical results against the theoretical solution in Tables E5.1a, b; the 
numerical results are large in error, but the solution is stable. 

5.11 Check numerical results against the theoretical solution in Table E5.4. 

Chapter 6 


6.4 D = -^-T n exp I — 


2n 


Vi -r 


: tan 




2it (2 jz\ 

Tn \T„) 


D 


6.10 u a = 1.91 in.; a = 38.2 ksi 
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6.11 (a) u 0 = 14.1 in., 14 fl = 56.2 kips 

(b) u 0 = 9.93 in., 14 o = 79.5 kips 

(c) u 0 = 14.1 in., V bo = 112.4 kips 

6.14 (a) u„ = 0.674 in., M = 40.65 kip-ft; (b) u a = 2.7 in., M = 81.30 kip-ft 

6.15 u 0 = 2.7 in., M = 81.30 kip-ft at top of column 

6.16 (a) u 0 = 0.316 in., M = 18.3 kip-ft 
(b) u 0 = 0.101 in., pbrace = 3.53 kips 

6.17 u 0 = 1.3 in., M s h ort = 60.39 kip-ft, M\ mg = 15.1 kip-ft 

6.18 u 0 = 3.86 in.; bending moments (kip-ft) in columns: 569 at base and 244 at top; 
bending moments (kip-ft) in beam: 244 at both ends 

6.19 u 0 = 11.1 in., bending moments (kip-ft) in columns: 0 at base and 428 at top; 
bending moments (kip-ft) in beam: 428 at both ends 

6.20 u 0 = 0.76 in.; stresses at base of column: bending stress due to earthquake = 19.06 
ksi; axial stress due to earthquake and gravity forces = 3.28 ksi; total stress = 
22.34 ksi 

6.22 Corner displacements = 0.582 in., 0.388 in.; base torque = 58.2 kip-ft; bending 
moments at top and base of each column: M y = 5.24 kip-ft, M x — 2.33 
kip-ft 

6.23 (b) A(T n )/g = 0.5 for T n < ^ sec; 12.287), 0 - 916 for ^ < T n < ± sec; 1.83 for | < 
T n < 0.623 sec; 1.147-' for 0.623 < T n < 3.91 sec; 4.46T- 2 for 3.91 < T n < 10 
sec; 24.497)- 2 ' 74 for 10 < T n < 33 sec; and 1.8 4T~ 2 for T n > 33 sec 

Chapter 7 

7.1 (a) T n = 0.502 sec, £ = 2% 

(b) no 

(c) T, t = 0.502 sec, £ = 2% 

(d) f y = 0.323, R y = 3.09 

7.5 n = 1.44, 3.11, and 7.36 

7.6 A y (T n )/g = 0.5 for T n < ^ sec; 1.687 9 - 348 for 55 < T„ < g sec; 0.818 for | < T n 
< 0.465 sec; 0.3807-' for 0.465 < T n < 3.91 sec; 1.4877" 2 for 3.91 < T n < 10 
sec; 8.16T)- 2 74 for 10 < T n < 33 sec; and 0.614 T~ 2 for T n > 33 sec 



7 

= 0.02 sec 

T n = 

0.2 sec 

T n 

= 2 sec 

fy/w 

(ifr.) 

fy/w 

u m (in.) 

fy/™ 

Mm (in*) 

1 

0.50 

1.955 x 10- 3 

1.355 

0.530 

0.448 

17.57 

2 

0.50 

3.910 x 10" 3 

0.782 

0.612 

0.224 

17.57 

4 

0.50 

7.820 x 10" 3 

0.512 

0.801 

0.112 

17.57 

8 

0.50 

15.640 x 10" 3 

0.350 

1.095 

0.056 

17.57 


7.8 u m = 17.6 in. 
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Chapter 8 



8.4 


8.5 


8.7 (a) V 0 (L/ 2) = 1426 kips, M 0 (L/2) = 0.2399 x 10 6 kip-ft, V bo = 1739 kips, 
M bo = 0.7368 x 10 6 kip-ft; (b) u a (L) = 25.1 in. 

8.9 (a) V a (L/ 2) = 216 kips, M a (L/2) = 3.629 x 10 4 kip-ft, V bo = 263 kips, 

M bo = 11.15 x 10 4 kip-ft 
(b) u 0 (L) = 3.79 in. 

8.10 u\ 0 = 0.519, u 2o = 0.830, u 3o = 0.934 in.; V 3o = 41.2, V 2o = 114.4, V bo = 160.2 
kips; M 2o — 494, M\ a = 1867, M bo = 3789 kip-ft 

8.12 ui 0 = 0.312, u 2o = 0.624, u 3o = 0.935 in.; V 3o = 48.2, V 2o = 112.4, Vi a = 144.5 
kips; M 2o — 578, M lo = 1927, M bo = 3661 kip-ft 

8.15 Floor displacements (in.): 1.34,2.39,3.39,3.98,4.28 
Story shears (kips): 38.5, 110, 171, 214, 238 
Floor overturning moments (kip-ft): 462, 1782, 3833, 6399, 9255 

8.17 co n = 0.726-y/£7/mL 3 

8.18 (b) a>i = y/2.536k/m, ij)\ = (1 0.366 ) T \ co 2 = y/9.464k/m, ij> 2 = ( 1 — 1.366) r 


8.19 a; 


7t 4 EI/32L i 


if ip(x) = 1 — cos 


m[ 1 + (tt 2 /16 )(R/L) 2 ] 



8.21 o>„ = 20.612 rad/sec 

8.24 co„ = 20.628 rad/sec 

2 p 0 1 

8.25 u(L/ 2, r) = — — 


a>l ~ (ttv/L ) 2 



t < L/v 




t > L/u 
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Chapter 9 


9.2 


m L 

T~ 


Ml 

M 2 


162£7 

5L 3 


Ml 

M 2 


PlO) 1 

PT.it) J 


m 

'2 

r 

El 

28 

-10' 

m = — 

6 

1 

2 

’ k= ~lJ 

-10 

4 


9.6 m 


9.9 m 


9.11 r 

9.13 u = 

and 


0.5 


Mj 

M 2 


El 

1V 


37.15 

-15.12 


-15.12 

10.19 


Ml 

M 2 


Pi it) 1 
PiU) j 


0.5 J 


li 

[“M 

EI ' 



+ 7P 

J 

U 3 

L 

11 


EI ' 


M2 

+ 7P 

J 

M 3 

L 


40.85 

-23.26 

5.11 “ 

[ Ml 1 

f Plit) 

-23.26 

31.09 

-14.25 

m 2 

= \ Plit) 

5.11 

-14.25 

10.06. 

l M 3 J 

l Piit) 


33.36 -14.91 

15.96 

(sym) 


1.94 
-5.49 
3.92 J 


mu 


r pm } 

= \ piit) \ 
l P3(t) J 

( Mi m 2 M 3 }, where mi is the horizontal displacement of the masses and m 2 
M 3 are the vertical displacements of the right and left masses, respectively. 

ku = Peff(f) 

5 


m = m 


J = 


(1 

(0 

{7 


1 

0 

1 


1 

0 } 

1 } 


, k = 


3EI 
10 L 3 


28 
6 

L —6 


; Peff (0 = -in Liigit) 


1 


■Jr yfi 4 t 

j_ j_ j_ 
■Ji yjr sfi 

L L - L) 


for iigit) — Ug X it) 
for iigit) — iigyit) 

for llgit) — Mgbdit) 

for Ugit) = M gbc it ) 
for M g (f) = iigeit) 


9.15 mii + ku = p ef f(f) 



- 2/3 

- 1/6 

1 / 2-1 


- 5 

-2 

2- 

m = m 

- 1/6 

2/3 

- 1/2 

,k — k 

-2 

5 

-2 


L 1/2 

- 1/2 

1 . 


. 2 

-2 

6. 


1 Peff (0 = -m Liigit) 


t m{\/2 1/2 

[nuf = I m(l /2 - 1/2 

lw(l/V 2 0 

9.16 mii + ku = p e ff(0 


m = m 


0 ) for ground motion in the x direction 

1 } for ground motion in the y direction 

1 /\/ 2 ) for ground motion in the d-b direction 


, Peff (r) = —m Liigit) 


-1 

0 

0 - 


-6 

0 

0 - 

0 

1 

b/2 

,k = k 

0 

6 

2b 

.0 

b/2 

5b 2 /\2. 


.0 

2fo 

lb 2 /2_ 


[md T = 


m{ 1 0 0 ) 

m {0 1 b/2) 

m(l/V2 1 /V 2 b/2V2) 


for ground motion in the x direction 
for ground motion in the y direction 
for ground motion in the d-b 
direction 
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9.18 


mil + ku = —muL(t) 



-1 

El 

"0.9283 

0.9088 

0.2345- 

m = m 

i 

i. 

,k= zJ 

_ symm 

1.4294 

0.2985 

0.3234. 


J = 


(1 0 0 ) 
(0 1 0 ) 
(0 0 1) 
(1/V3X1 


6 El 


9.20 mu H— -jj-u = —m (1/2 1/2) 

9.21 


for ground motion in the x direction 
for ground motion in the y direction 
for ground motion in the z direction 
1 1) for ground motion in the a-d direction 

U gX (t) 1 

u g2 (t) j 


mu 
u = 


ku = —mtiig(r) 

Ugl 

U g2 


U 1 

u 2 


,u„ = 


m = m 


'1 

6EI 

' 176 

-48' 

1 

'266 

182 ' 

1 

,k_ 7L 3 

_ —48 

176 

’ ^ 448 

42 

-42 


9.22 


mu 

u 


ku = — imii^tf) 

u g i 

Ug 2 


U 1 

u 2 


,u„ = 


m = m 


'1 

6 El 
. k —- 

'128 

O' 

, L — 

'0,5 

0.5' 

1/2 J 

7L 3 

0 

140 J 


[ 0.3 

-0.3 J 


9.23 


mu 

T 


ku = — nuiig(r) 

(u x U y Ug) 


ul = (Uo 


Ugb 


1 111 
0 0 0 0 
— 1 jb -l/b 1 /b 1/fcJ 


Ugd i 



- 1 


1 - 

o 

o 

"st- 

m = m 

i 

II 

a 

0 4 0 


b 2 /6 . 


.0 0 2b 2 . 


9.25 mii + ku = — mtiL (f) 


Ml 

U 2 


Ugl 

Ug2 


111 


'3.624 

o 

II 

a 

'0.9359 

0.7701' 


0.6035 

0.3965' 

1.812 

0.7701 

1.5088 

, L — 

-0.2143 

1.2143 


Chapter 10 


10.3 (a) Mi(r) = 0.5costt>ir + 0.5cos«2t; M 2 (^) = 0.5costt>it — 0.5cosct>2r 
10.6 (a) wi = 3.750-^/ El/mh 3 , co 2 = 9.052 ^EI/mh\ 

</>i = (l V2) T ,<t>2 = (l -V2) T 
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10.7 = 1.971-/ EI/mh 3 , co 2 = 8.609 y/ EI/mh 3 , 0j = (0.919 1) T , 

02 = (-0.544 1) T 

10.8 (a) ui(t) = 1.207 cos <x>\t — 0.207 cos a> 2 t, U 2 (t) — 1.707 cos u>\t + 0.293 cos a> 2 t 

10.10 co x = 2.407V El/mh 3 , co 2 = 7.193 j EI/mh 3 

0i = (0.482 1 -0.490/A -0.490/A - 0.304/A -0.304/A) r 

0 2 =(-1.037 1 -0.241/A -0.241/A - 1.677/A - 1.677/A) r 

10.12 E / /mh 3 , a, = 2.241, a 2 = 4.899, a 3 = 7.14; 0 X = ( 0.314 0.686 1 } r , 

0 2 =(-0.5 -0.5 1 ) r , 03 = (3.186 -2.186 1 } r 

10.14 £u„ = a n y/ El /mh 3 , a x = 1.423, a 2 = 4.257, a 3 = 6.469; 0! = (0.7 0.873 l) r , 
02 =(-0.549 -0.133 1 > r , 0 3 = (1.301 -1.614 1 ) T 


f Kl (0 1 


1.2440 


10.15 (a) < u 2 (t) > = \ 2.1547 | cosenir- 

l u 3 (t) J l 2.4880 J 

[ ui(t) 1 1 0.935 1 

10.16 (a) I u 2 (t ) l = | 2.04 [cosaiiM 


-0.3333 

0 

0.3333 


cos co 2 t - 


0.0893 1 

—0.1547 i cos co 3 t 
0.1786 J 


l «3 (t) I 


2.98 


0.065 1 

-0.0448 1 cosft> 3 r 
0.0205 J 


10.23 (a) <w„ = a,jEI/mL 3 \ a„ = 0.5259, 1.6135, 1.7321; 


0 ! = j-I.9492] , 0 2 = 

l 1.9492 J 
r u 1 (?) 1 f 0.3969 1 
(b) | u 2 (t) 1 = | -0.7736 i cosft^r 



l m 3 (0 j 


0.7736 . 


0 3 = 

0.6031 1 
0.7736 i cos co 2 t 
—0.7736 J 


10.24 = 5.96, 6.21, 10.90 rad/sec 

0i = (0 2.0322 0.0033) r , 02 = (2.071 0 0) T , 

03 = (0 -0.3988 0.0166) r 

10.28 (a) ft.„ = ar„-y/ El/mL 3 , a\ = 0.4834, a 2 = 0.4990, <23 = 1.4827 
10.29-10.32 Compare against exact results. 


Chapter 11 


11.1 


c = 


-0.824 

(sym) 


-0.257 

0.604 


0 

- 0.110 

0.229 


, £2 


0.0430 


-0.848 -0.234 -0.023' 

11.2,11.4 c = (sym) 0.628 -0.133 

0.252. 
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Chapter 12 

12.1 ui(t) = {p o /k)(\.20nC\ - 0.207C 2 ) sin at, 

u 2 (t) = (p 0 /k)(\.lQlC\ + 0.293 C{) sincnf, where C n = [l — (o)/o) n ) 2 ] 


925 


12.4 ui(t)= — 


p 0 ( sin wit sin&> 2 f 


2m \ u>\ 

Po, 


+ 


0)2 


, U 2 (t) = 


0.707 p 0 / sintnif sin<y 2 f 


0)1 


0) 2 


12.5 (a) u x (t) = —(1 — 0.853cos o)\t — 0.147 cos ®if), n 2 (f) = 
k 

— (1 — 1.207 cos o)\t + 0.207 cos o) 2 t) 
k 


Cl ,c 2 , c 2 


K i K 2 K 3 


12.9 ill o — 0)~p 0 .j I ——h ——h —— I + I ——h ——h —- ) , iii 0 — 0)~ui o , 


Vi T>2 T>i 


K i /sT 3 


where Po = 1.2421b; K x = 131.16, K 2 = 978.97, and 

Ki = 1826.80 kips/in.; and C„ and V n are as defined in Example 12.5. 


12.16 


U\(t) | _ 

[1 ! 

U 2 (t) J 

1 1 i 

Ul(t) | _ 

[1 ! 

U 2 (t) J 

Ilf 


1.736(1 -cos 10f) + 


•(-0.116)(1-cos38.73f); t< 0.3 sec 
[3.455 cos 10(f - 0.3) + 0.245 sin 10(f - 0.3)] 

[-0.0483 cos 38.73(r - 0.3) + 0.09419 sin38.73(r - 0.3)]; t > 0.3 sec 

12.18 Combined values of shears (in kips) and bending moments (in kip-in.): 

V a = V b = 52.08; y c = V d = -58.16; y c = V f = 6.12 
M a =0; M b = M c = -2604; M d = M e = 306; M f = 0 


1 

-1 


12.19 u„ = 


0.133 . 


0.529 


in., u 0 


83.125 

330.63 


in./sec 2 


12.20 M bo = 948.8 kip-in., M do = —1902 kip-in. 
12.24 (a) M(t) = ^2 Af st M„[<y 2 ZJ„(0], where 


D n {t) = 


Po 


1 


0)1 1 - (T n /2t d y 


sin I 7r — ]-— sin I 2it — 


td ) 2 t d 


t < t d 


D n (t d ) 

D„(t ) = D n (t d ) cos o)„ (t - t d ) H-sin o) n (t - t d ); t > t d 


M st = —0.3125L; M x = 0.3414, M 2 = 0.6000, M 3 = 0.0586 


(b) M(t) = M st {p(t) + Mi {o)\D\(t) - p(t)]} 
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Chapter 13 

13.1 (a) Si = m (0.854 0.604 > T , s 2 = m (0.146 -0.104) r 

(b) Ki(r) = 0.854Di(f) + 0.146D 2 (f),K 2 (O= l.207£>i(f) - 0.207£> 2 (r) 

(c) V\(t) = 1.458mAi(f) + 0.042mA 2 (f), V 2 (t) = 0.604m Ai(t) — 0.104mA 2 (r) 

(d) Mbit) = 2.062mhA\{t) — 0.062m/? A 2 (f), M\ (t) = 0.604mhA\{t ) — 

0.104 ?7?/?A 2 (r) 

13.2 (c) Peak values of total responses: u\ = 0.679 in., u 2 = 0.964 in., V* = 

115.11 kips, V 2 = 49.56 kips, M h = 1959.25 kip-ft, M 2 = 594.65 kip-ft 

13.4 (a) Floor displacements: ii\(t) — 0.647 D\{t) + 0.353Z) 2 (f), 

u 2 = 1.341DAO - 0.341 Z) 2 (f) 

Joint rotations at first and second floors: u 2 {t)= {\/h)[—0.651 D\{t) + 

0.082 D 2 (t)], u 5 (t ) = (1 /h) [-0.407 D x (t) + 0.572D 2 (0] 

(b) Bending moments in first-story column: 

Top: M a = mh [0.216A!(r) + 0.0473A 2 (r)] 

Bottom: Mb = mh [0.443Ai(r) + 0.0441A 2 (r)] 

Bending moment at ends of second-floor beam: 

M a = M b = m/z[-0.211A 1 (O + 0.0332A 2 (O] 

13.5 (a) si = m (0.622 1.077 0.622) r , s 2 = m (0.333 0 - 0.167> r , 

s 3 =m (0.045 - 0.077 0.045 ) T 

(b) udt) = 0.622 Di(t) + 0.333 D 2 (t) + 0.045 D 3 (t), 
u 2 (t) = 1.077Z>i (t) - 0.077 D 3 (t), 

u 3 (t) = 1.244 D,(t) - 0.333D 2 (r) + 0.089 D 3 (t) 

(c) V\(t) =232\mA\{t)+0.\61mA 2 (t)-\-0.0\2mA 3 (t), 

V 2 {t) — 1 .699mA \ (t) — 0.1 61mA 2 (t) — 0.0326/?jA3(r), 

V 3 (t) = 0.622m A\(t) — 0.1 61mA 2 (t) + 0.045m A 3 (t) 

(d) Mb(t) = mh [4.642Ai(f) - 0.167 A 2 (t) + 0.024A 3 (0] 

13.7 Peak values of total responses: u\ = 0.580 in., u 2 = 0.957 in., u 3 — 1.103 in., 
Vb = 189.3 kips, V 2 = 138.1 kips, V 3 = 52.2 kips, Mb = 4321 kip-ft, M 2 = 2268 
kip-ft, M\ = 627 kip-ft 

13.9 M* = 2.3213 m, M 2 * = 0.1667m, M* = 0.0121m 
h* = 2h, h* 2 = -h, h* = 2h 

13.11 (a) Floor displacements: u\{t) — 0.427 D\{t) + 0.377 D 2 {t) + 0.197Z?3(r), 
u 2 (t) = 1.00 IDiit) + 0.182 D 2 (t) - 0.189D 3 (r), 
u 3 it) = 1.352 Di(t) - 0.508D 2 (r) + 0.157£> 3 (O 

(b) Bending moments in first-story column: 

M top = mh [0.301 AjW + 0.068A 2 (r) + 0.023A 3 (f)], 

M base = mh [0.753A! (r) + 0.084A 2 (r) + 0.020A 3 (?)] 

Bending moments at ends of second-floor beams: 

M a =M b = mh [—0.541 A!(f) + 0.057A 2 (r) + 0.003A 3 (r)] 

13.15 (a) si = m (0.849 0.594) 7 ', s 2 = m (-0.849 0.406) r 
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(b) u\(t) = 0.283/7,(0 - 0.283Z7 2 (0, u 2 (t) = 0.594/7,(0 + 0.406Z7 2 (0 

(c) M b (t) = l.443mLAi(t) — 0.443mLA 2 (t) 

13.17 (a) si = m (1.985 -0.774 0.774 ) T , s 2 = m (3.015 0.774 -0.774) r , 

S 3 = (0 0 0 ) T 

(b) Ul (t) = 0.397/7,(0 + 0.603Z7 2 (0, w 2 (0 = -0.774/7,(0 + 0.774Z7 2 (0, 
u 3 (t) = 0.774/7,(0 - 0.774/7 2 (O 

(c) Mb(t) — 3.533mLA\(t) + 1.467mLA 2 (0, M a (t) = —0.114mLA\(t) + 
0.114mLA 2 (t) 

13.23 (c) Peak responses: M 3 0 = 44.58 in., = 0.879 kip, 14 0 = 159.83 kips 

(d) Seismic coefficients: 4.69 and 0.426 for appendage and for tower, respectively 

13.25 (a) si = (0 0.1588 3.816) r , s 2 = (0.1649 0 0) r , 

s 3 = (0 0.0061 — 3.816) r 

(c) u x (t) = 0.101\D 2 (t), u y (t) = 0.6809£»i(r) + 0.0262 D 3 (t), u e (t) = 
O-OOllD^r) — 0.0011Z> 3 (f) 

(d) V hx (t) = 0.1649 A 2 (t), V hy (t) = 0.1588Ai(r) + 0.0061A 3 (0, T b (t) = 
3.816Ai(f) - 3.816A 3 (r) 

13.26 (c) Peak responses: u yo — 4.182 in., ( b/2)ug 0 = 1.22 in., 14 0 = 35.6 kips, 

T bo — 1899 kip-in. 

13.27 (a) si = m { 0.603 -0.382 -0.305 ) r , 

s 2 = m (0.043 -0.081 0.187 > r , 

s 3 = m (0.353 0.463 0.118 > r 

(b) u x (t) = 0.603Di(O + 0.043D 2 (r) + 0.353£> 3 (r), 
u y (t) = —0.382/7,(0 -0.081D 2 (r) + 0.463D 3 (f), 
u z (t) = -0.305/7,(0 + 0 . 187 / 72(0 + 0 . 11803(0 

(c) M x (t) = mL [—0.077Ai(O - 0.268A 2 (r) + 0.345A 3 (r)], 

M v (0 = mL [-0.908A,(r) + 0.144A 2 (0 - 0.235A 3 (r)], 

T(0 = mL [0.986A,(O + 0.124A 2 (0 - 0.110A 3 (0] 

13.32 (i) u(t) = 0.8889 u go sin6.667r, u'(t ) = 1.3889M go sin6.667/, 

M = —(3EI/L 2 )u(t); (ii) u(t) = 1.7778m^ 0 sin6.667r, 
w f (0 = 2.7778«g 0 sin6.667r, M = —(3 El/L 2 )u(t) 

13.34 (a) u\ (t) — 0.5 u g (t) + 0.5m^(/ — ?') + 0.5/7, (r) 

+ 0.5/7, (r - t') + 0/7 2 (O + 0Z7 2 (f - t') 
u' 2 (t ) = 0.3u g (t) — 0.3 u g (t — /') + 0Z7,(0 

+ 0/7,(r - t') + 0.30/7 2 (r) - 0.30/7 2 (r - t') 

M a (t) = ( EI/L 2 ) [-7.2« g (0 + 12u g {t - t')] 

+ mL [0.0781 A,(f) + 0.0781A,(r - t') 

+ 0.0075A 2 (/) - 0.0075A 2 (f - /')]; etc. 
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13.36 (a) u' y (t) = -0.0SSug(t) + 0mSu g (t-t')-0A26Di(t) 

+ 0.126£>i(f - t') + 0 D 2 (t) + 0 D 2 (t - t’) 

+ 0.038D 3 (f) — 0.038D 3 (r — t’)\ etc. 

V ax = —0.69 u g {t) + 0.69 u g (t — t 1 ) + 0.0025Ai(r) 

+ 0.0389A 2 (f) + 0.0057A 3 (r) - 0.0025Ai(r - t') 

+ 0.0389A 2 (f - t’) - 0.0057A 3 (r - t’)\ 

V ay = 0.5454 u g (t) - 0.5454u g (t - t') - 0.0081 Ai(t) 

+ 0.0066A 3 (f) + 0.0081 A, (r - t') - 0.0066A 3 (r - t')\ etc. 

13.38 (a) u' 2 (t) = —0.2143 u g (t) + 1.2143 u g (t - t') - 0.3416£»i(f) 

-OMSOD^t - t') + 0.1273Z) 2 (f) + 1.2294 D 2 (t - t ') 

(b) u'^it) = u g {t) — 0.3567Di(r) + 1.3566D 2 (r) 


13.39 (a) «i = 1.43 in., m 2 = 2.96 in. 

(b) First-story column: M top = 240, Mb ase = 483 kip-ft 
Second-floor beam: M i e f t = /V/ ng | U = 232 kip-ft 


13.40 Mi = 0.680 in., m 2 = 0.962 in. 

Vb — 115.22 kips, V 2 = 48.24 kips, 

Mb = 1955.43 kip-ft, M\ = 578.87 kip-ft 


13.41 (a) mi = 1.340 in., m 2 = 3.152 in., m 3 = 4.233 in. 

(b) First-story column: M top = 336 kip-ft, Mb ase = 821 kip-ft 
Second-floor beam: Mi e f t = Mri g ht = 590 kip-ft 


13.47 Mi = 1.207 in., m 2 = 2.484 in., M* = 188.2 kip-in. 
13.50 (a) Mi = 1.57 in., m 2 = 3.01 in., m 3 = 3.01 in. 

(b) Mb = 21.25 kip-ft, M a = 7.38 kip-ft 



m 3 (in.) 

V a (kips) 

V b (kips) 

SRSS 

165.0 

3.158 

144.3 

CQC 

77.27 

1.465 

182.3 



u x (in.) 

m y (in.) 

( b/2)u e (in.) 

V x (kips) V y (kips) T (kip-in.) 

CQC 

6.286 

6.309 

1.662 

56.6 

52.4 2331.4 

SRSS 

6.286 

6.306 

1.678 

56.6 

52.3 2357.8 

Bending moments (kip-in.): 


May 

M ax 

Mby Mbx 

M C y 

M CX Mdy Mdx 

CQC 

1108 

1055 

554.0 845.5 

824.2 

845.5 1648 1055 

SRSS 

1405 

1050 

702.7 847.1 

702.7 

847.1 1405 1050 
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Displacement SRSS Rule (in.) 

CQC Rule (in.) 

u x 

0.724 

0.767 

ll y 

0.470 

0.544 

u z 

0.421 

0.195 


Response 

SRSS Rule (kip-in.) 

CQC Rule (kip-in.) 

M x 

8.66 

9.42 

My 

18.52 

15.92 

T 

19.50 

21.55 


13.63 M a = 11.21 kip-in. (SRSS rale) and 13.52 kip-in. (CQC rale) 

13.67 (a) M a = (A sin 2 a + B sin a cos a + C cos 2 a) x ^ 2 

where A = 343.1, B = -37.70, C = 75.00, all in kip-in. (SRSS rale); 

A = 253.6, B = 122.3, C = 88.75 (CQC rale) 

(b) Maximum value of M a = 18.56 kip-in. at a = 86.0° (SRSS rule); M a — 16.55 
kip-in. at a = 71.7° (CQC rale) 


Chapter 14 


14.2 = 0.7709 


® 2 = 1.8346 


Vh = 


0.7132 — 0.0775 i 
1.0000 


Vk> = 


-0.6732-0.1806/ 

1.0000 


Q = 0.1316 

14.4 u(f) = 


-0.1324 

-0.2294 


£> = 0.0537 


cos aiiot — 


+ e 


— 0.0537 o) 2 t 


—0.8676 | 
1.2294 I 


COS C02£)t ‘ 


0.3046 
0.4022 

0.0731 
0.2212 


sinai ot 


sm<U2 ot 


14.6 u(f) = 


0.8681 | 
1.2287 | 


h i (t) ■ 


-0.0714] 
0.0736 j 


m 

y hi (f) + 
k 


0.1315 

-0.2283 


h 2 (f ) 


0.0714 
-0.0736 

where h n (f) and h n (f) are given by Eq. (14.8.4) and (14.8.5). 


m ■ 

jhiit) 


14.8 11(f) = 


0.8681 ] 
1.2287 I 


Di(t) 


-0.0714 ] [m 


0.0736 IV k 


D\ (f) 


0.1315 

-0.2283 


Di (f) 


0.0714 

-0.0736 



Di (f) 
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14.9 (oi = 0.7743,/ - 
m 


co 2 = 1.8265,/- 
m 


Z i = 0.2553 
01 = 


0.7611 + 0.0873 i 
1.0000 


&= 1-0415 
02 = 


-0.4568 1 
1.0000 | 


03 = 


-0.5421 1 
1.0000 I 


14.10 u(r) = Uj(r) +u 2 (f) 

Ul(f) = e -°.2553£0if 
U 2 (0 = g" 1 0415 “2? 

0 9178 1 
1412 »« = ' L1607 \ D ^ 


1 

0.3454 1 . 

> COS(Wl+ 

0.6250 | sm<aiD '_ 


-0.1901 

0.5081 


cosh 0 ) 2 Dt 


0.7240 

-1.4928 


0.0544 ] 
-0.1097 j 


m 

r D l (t) + 
k 


sinh o) 2 ot 

£> 2(0 


-0.1034 

0.2133 


-0.0544 

0.1097 


m ■ 

t d 2 ( 0 


where D„(t) and D n (t) are defined in Eqs. (14.9.3) and (14.9.4). 


Chapter 15 



15.3 

u>i = 8.389, 0)2 

= 23.59 rad/sec 



0i = (0.2319 

0.4639 0.6311 0.7983 

0.9332) r 


0 2 = (-0.4366 

- 0.8732 - 0.3396 

0.1940 1.2126) r 

15.4 

o)\ = 8.263, d>2 

= 23.428 rad/sec 



0i = (0.2319 

0.4449 0.6753 0.8249 

0.9038) r 


0 2 = (-0.4366 

-0.4200 -0.1042 

0.2095 0.4108) r 


15.9 Peak values of displacements using: 

Two Ritz vectors: 0.0548, 0.213, 0.460, 0.648, 0.757 in. 
Two modes: 0.0823, 0.205, 0.430, 0.646, 0.799 in. 

Five modes: 0.0599, 0.202, 0.447, 0.6513, 0.778 in. 


Chapter 16 

16.1-16.4 Check numerical results against the theoretical solution. 

16.5 Check numerical results against Table E16.1. 

16.6 Check numerical results against Table E16.1 and the theoretical solution. 

16.7 Check numerical results against Table E16.2. 
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16.8 Check numerical results against Table E16.2. 

16.10 Check numerical results against Table E16.3. 

16.11 Check numerical results against Table E16.4. 


Chapter 17 


17.2 a>„ = a n y/El /mL 4 \ a\ = 15.42, 012 = 49.97, and = 104.2 


17.4 u I t I = 


17.6 u 


L 


t = 


2 WL? ( cos co^t cos co$t cos a> 7 t 

- ; -I coster H-1-1- 

n 4 EI \ 81 625 2401 

8 pL 4 /l—cos<W 21 1— cosco(,t 1—cos«iot 


4 ’ / it 5 EI \ 32 7776 100,000 

17.7 u(L/ 2, t ) = qi(t) - q 3 (t) + q 5 (t ) - q 7 (t) - q 9 (t) - ■■■ 


where q„(t) is given by (valid if &>„ ^ nnv/L) 


quit) = 


2 p 0 1 


nitm u>i 


1 - 


(. nitv/L )- 


co 2 - ( nnv/L ) 2 


nitv 

cos- 1 + , 

L — (mr 1) / T 


<W“ - ( nitv/L ) 2 


cos f 


q n U) = 


t < L/v 
2 p 0 1 


n7Tm 




^ — ( nnv/L) : 


(-1 r 


COS £W„ (f - f d ) 


+ 


(; nitv/L ) 2 


cos r 


r > L/u 


— {nnv/L ) 2 

17.11 u 0 {L) = 7.410 in., V fco = 1365 kips, = 186,503 kip-ft 


Chapter 18 


18.2 


11.765 [El 130.467 [e7 

4>\{x) = 1.0 sin (nx/L) — 0.0036 sin( 37 rx/L) 

02 (x) = 0.2790 sm(nx/L) + 0.9603 sin( 37 rx/L) 


18.3 (a) = OL n \f EI/mL 4 \ oil = 9.9086, a 2 = 43.818, 013 = 110.14, cr 4 = 200.80 

(b) CO l = 9.798V EI/mL 4 


18.5 (a) a>„ — a„y/EI/mL 4- , a\ = 15.56, a 7 — 58.41, 0:3 = 155.64 
(b) an = 14.81 J EI/mL 4 
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18.6 (a) co n = a n yjEI/mh 4 ; a, = 1.5354, a 2 = 4.0365, a 3 = 10.7471 

= (0.5440 -0.5933 /h -0.5933 /h) T 

0 2 = (0 -1/V2 h l/V2h ) T 
03 = (-0.0001 1/V2 h 1 /\/lh ) T 

18.7 co x = 1.477-/ EI/mh 4 

0= (0.544 -0.594//; —0.594//* 




Index 


Absolute sum (ABSSUM) rule, 563, 574, 579 
Acceleration resonant frequency, 82 
Acceleration response factor, 80 
Accidental torsion, 551, 555 
Amplitude of motion 

forced harmonic vibration, 76 
free vibration, 40 

Average acceleration method, 174, 677, 690 

Base-isolated buildings 
multistory, 822 
one-story, 822 

rigid structure approximation for analysis 
multistory buildings, 828 
one-story systems, 818 
Base isolation 
applications, 828 
effectiveness of 

dependence on earthquake design spectrum, 
819 

dependence on natural period of fixed-base 
structure, 819 
Base isolation, effects of 
multistory buildings, 823 
one-story buildings, 814 
Base isolation systems 
bearings, 810 

friction pendulum system bearings, 811 
laminated bearings, 810 
sliding elements, 810 
Base rotation, 24, 376, 385, 554 


Base shear coefficient, 210 
Beam-to-column stiffness ratio, 10, 758, 851 
Beam, transverse vibration 

effective earthquake forces, 700 
equation of motion 
applied forces, 698 
support excitation, 699 
natural vibration frequencies and modes, 
700-739 

cantilever beam, 703 
simply supported beam, 702 
orthogonality of modes, 707 
rotational inertia and shear, 705 
influence of, 706 
Bearings 

additional damping in 
hydraulic dampers, 810 
lead plugs, 810 
steel coils, 810 
laminated bearings, 810 
rubber, 92 
Braced frames, 16 
Bridges 

earthquake response, 222 
equation of motion, 17 
Golden Gate Bridge, 44 
natural vibration period, 44, 47, 321 
response to traveling load, 318, 713 
Buckling restrained, braces, 287 
Building code evaluation, 852-860 
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Index 


base shear, 852 
equivalent static forces, 856 
higher-mode response, 852, 858, 859 
overturning moment reduction factor, 859 
overturning moments, 858 
story shears, 852 
Building codes 

Eurocode 8, 843-845 
International Building Code, 836-838 
Mexico Federal District Code, 841-843 
National Building Code of Canada, 839-841 
Building codes, structural dynamics in, 846-852 
design force reduction, 848 
fundamental vibration period, 846 
lateral force distribution, 850 
overturning moment reduction factor, 851 
overturning moments, 851 
seismic coefficient, 846 
Building evaluation guidelines and standards 
ATC-40, 868 
ASCE 41-06, 874 
FEMA 356, 874 

Buildings, earthquake response of 

influence of beam-to-column stiffness 
ratio, 762 

influence of fundamental period, 762 
Buildings with soft first story ( see Soft first-story 
buildings) 

Buildings with symmetric plan 
accidental torsion, 551, 555 
effective modal height, 530 
effective modal mass, 528 
equations of motion 
inelastic systems, 392 
linear systems, 375, 385 
five-story shear frame, 531, 571 
four-story frame with an 

appendage, 536, 577 

modal expansion of earthquake forces, 521 
modal responses, 522 

equivalent static forces, 522 
modal static responses, 522-523 
peak modal responses, 567 
equivalent static forces, 567 
modal static responses, 567 
recorded torsion, 555 
response history analysis, 520-524 
response spectrum analysis, 567-579 
Buildings with unsymmetric plan 
arbitrary-plan buildings, 546 


coupled lateral-torsional motion, 377, 381, 
384, 419 

effective modal height, 544 

effective modal mass, 544 

equations of motion, 375-386 

modal expansion of earthquake forces, 540 

modal responses 

equivalent static lateral forces, 543 
equivalent static torques, 543 
modal static responses, 543 
peak modal responses 

equivalent static lateral forces, 580 
equivalent static torques, 580 
modal static responses, 580 
response history analysis, 540 
response spectrum analysis, 579-587 
Buildings with weak first story (see Weak 
first-story buildings) 

Caracas, Venezuela earthquake (June 29, 1967), 
269 

Caughey damping, 459 
Caughey series, 459 

Central difference method, 171, 183, 612 
Characteristic equation ( see Frequency equation) 
Characteristic values (see Eigenvalues) 
Characteristic vectors (see Eigenvectors) 
Chi-Chi, Taiwan earthquake (September 21, 
1999), 199 

Citicorp Center, New York, 472 
Complete quadratic combination (CQC) rule, 
563, 574, 578,581,583,587 
correlation coefficient, 564 
correlation coefficient, variation with 
damping, 565 
frequency ratio, 565 

Complex frequency-response function, 30, 
884-886, 895 
Components of a system 

damping component, 7, 15, 352 
mass component, 7, 15, 352 
stiffness component, 7, 15, 352 
Conservation of energy, 57 
principle of, 329 
Convolution integral, 129 
Coulomb damping, 57 
Coupling terms, 359 
in mass matrix, 362 
in stiffness matrix, 364 
Critical damping, 48 
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D'Alembert’s principle, 15, 308, 311, 324, 350, 
357 

Damped systems 

critically damped, 49 
overdamped, 49 
underdamped, 49 
Damping, 7, 355 
classical, 424 
Coulomb friction, 57 

hysteretic (see Damping, rate-independent) 
nonclassical, 424 

numerical (see Numerical damping) 
rate-independent, 105 
solid (see Damping, rate-independent) 
structural (see Damping, rate-independent) 
viscous, 13 

Damping component of a system, 7, 15, 352 
Damping influence coefficient, 355 
Damping matrix 

Caughey damping, 459 
definition, 356 
mass-proportional, 455 
Rayleigh damping, 455 
stiffness-proportional, 455 
when it is needed, 454 
Damping matrix, computation of 

structures with energy-dissipating devices, 464 
Damping matrix from modal damping ratios 
classical damping, 455 
nonclassical damping, 463 
Damping ratio, 48 
Damping ratios, recommended, 454 
Deformation response factor 
half-cycle sine pulse, 147 
harmonic force, 69, 80 
rectangular pulse, 141 
Dirac delta function, 126 
Discrete Fourier transform method, 30, 892-903 
Discretization 

degrees of freedom, 353 
elements, 353 
nodal points, 353 
nodes, 353 

Displacement resonant frequency, 82 
Dissipated energy (see Energy dissipated) 
Distributed-mass systems 

difficulty in analyzing practical systems, 

724 

effective modal height, 720 
effective modal mass, 720 


Rayleigh’s method for, 329 
treated as generalized SDF 
systems, 307 

Duhamel’s integral, 29, 129-132, 136 
Dynamic equilibrium, 15, 350, 357 
Dynamic hysteresis, 102 

Earthquake analysis of distributed-mass systems 
Response history analysis (RHA), 716-720 
Response spectrum analysis (RSA), 721-724 
Earthquake analysis of linear systems, methods 
for 

Response history analysis (RHA), 514-562 
Response spectrum analysis (RSA), 562-587 
Earthquake design spectrum 

as envelope of two design spectra, 240 
distinction relative to response spectrum, 240 
Earthquake design spectrum: elastic, 228, 761, 
810 

amplification factors, 231 
comparison with building code 
spectra, 848 

comparison with response spectrum, 236 

construction of, 232 

mean-plus-one-standard-deviation, 230 

median, 230 

50th percentile, 231 

84.1th percentile, 231 

Earthquake design spectrum: inelastic, 289 
comparison with response spectrum, 302 
construction of, 289 

displacement-based structural design, 299 
evaluation of an existing structure, 298 
normalized strength, 289 
relations between peak deformations of 

elastoplastic and linear systems, 295 
relations between yield strengths of elastic and 
elastoplastic systems, 295 
structural design for allowable 
ductility, 296 

yield strength reduction factor, 290 
Earthquake excitation, 197 
influence matrix, 388 
influence vector, 374, 388 
Earthquake ground motion 
multicomponent, 595 
near-fault ground motion, 226, 870 
rotational components, 24, 376, 520, 552 
translational components, 23, 203, 372, 375, 
377,514, 539 
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Earthquake response of buildings 

influence of beam-to-column stiffness ratio, 
762 

influence of fundamental period, 762 
Earthquake response of elastoplastic systems 
response history, 267 
response spectrum, 274 

Earthquake response of generalized SDF systems, 
314, 325 

Earthquake response of linear SDF systems 
deformation response, 205 
equivalent static force, 206 
pseudo-acceleration response, 206 
response history, 205 
response spectrum, 207 
Earthquake response of MDF systems 
classically damped systems, 513 
nonclassically damped systems, 632, 642 
Earthquake response spectrum for elastoplastic 
systems 

construction of, 276 
pseudo-acceleration, 274 
pseudo-velocity, 274 

relative effects of yielding and damping, 280 
yield deformation, 274 
yield strength and deformation from, 278 
Earthquake response spectrum for linear systems 
acceleration, 208 

comparison with pseudo-acceleration, 243 
characteristics at long periods, 223 
characteristics at short periods, 222 
characteristics of, 222 
combined deformation-pseudo-velocity- 
pseudo-acceleration, 212 
computation of peak structural response, 217 
construction of, 215 
deformation, 208, 215 
effect of damping, 227 
mean, 230 

mean-plus-one-standard-deviation, 230 
probability distribution, 230 
pseudo-acceleration, 210 
pseudo-velocity, 209 
relative velocity, 208 

comparison with pseudo-velocity, 242 
Earthquakes 

Caracas, Venezuela (June 29, 1967), 469 
Chi-Chi, Taiwan (September 21, 1999), 199 
Guam, U.S. Territory (August 8, 1993), 199 
Haiti (January 12, 2010), 199 


Imperial Valley, California (May 18, 1940), 
202 

Killari, India (September 30, 1993), 199 
Koyna, India (December 11, 1967), 749 
Loma Prieta, California (October 17, 1989), 
199, 200, 453 

Long Beach, California (March 10, 1933), 199 
Lytle Creek, California (September 12, 1970), 

452, 561 

Mexico City, Mexico (September 19, 1985), 
819 

Northridge, California (January 17, 1994), 199, 

453, 777 

San Fernando, California (February 9, 1971), 
199, 450, 453,561,783 
Tohoku, Japan (March 11, 2011), 199 
Upland, California (February 28, 1990), 561 
Effective earthquake force: SDF systems, 24 
Effective earthquake forces 

buildings with unsymmetric plan, 385 
distributed-mass systems, 700 
MDF planar or symmetric-plan systems 
rotational ground motion, 376 
translational ground motion, 372, 375 
multiple support excitation, 387 
Effective modal height 

buildings with symmetric plan, 530 
buildings with unsymmetric plan, 543 
distributed-mass systems, 720 
Effective modal mass 

buildings with symmetric plan, 528 
buildings with unsymmetric plan, 543 
distributed-mass systems, 720 
Effective modal weight (first mode), 853 
Eigenvalue problem, 407 
complex, 622 
modal matrix, 408 
real, 407 
quadratic, 622 
spectral matrix, 408 
transformation to standard form, 440 
Eigenvalue problem, solution methods for 
determinant search method, 429 
inverse vector iteration method, 430-435 
convergence criterion, 431 
convergence proof, 432 
convergence rate, 434 
evaluation of fundamental mode, 431 
evaluation of higher modes, 434 
tolerance, 432 
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inverse vector iteration with shifts, 435 
convergence rate, 436 
Lanczos method, 429 
polynomial iteration techniques, 429 
Rayleigh’s quotient iteration, 437 

application to structural dynamics, 440 
subspace iteration method, 429 
transformation methods, 429 
vector iteration methods, 429 
Eigenvalues, 407 
Eigenvectors, 408 

Elastic-perfectly plastic system (see Elastoplastic 
SDF system) 

Elastoplastic SDF system 
allowable ductility, 295 
corresponding linear system, 264 
ductility demand, 271 
ductility factor, 265 
effects of yielding on response, 267 
influence of yield strength on earthquake 
response, 270 

normalized yield strength, 265, 271 
peak deformation, 271 
permanent displacement after 
earthquake, 269 

relationship between peak displacements of 
elastoplastic and linear systems in 
acceleration-sensitive region of spectrum, 
273 

displacement-sensitive region of spectrum, 
272-273 

velocity-sensitive region of spectrum, 273 
yield deformation, 264 
yield strength, 264 
yield strength reduction factor, 265 
yield strength for specified ductility, 275 
El Centro ground motion, 202, 236, 

245-249 
Element forces 

computed from displacements, 27, 391, 477 
computed from equivalent static forces, 27, 
391, 477 

Energy 

input, 56, 99 

kinetic, 56, 100, 329-331 
potential, 56, 100, 329-331 
strain, 56, 100, 329-331 
Energy conservation, 56 
Energy dissipated 

in Coulomb friction, 110 


in rate-independent damping, 106 
in viscous damping, 57, 99 
Energy-dissipating devices, 284 
buckling restrained braces, 287 
fluid viscous dampers, 284 
friction dampers, 287 
metallic yielding dampers, 287 
viscoelastic dampers, 284 
Energy-dissipating mechanisms, 12, 455 
Energy quantities for elastoplastic systems 
earthquake input energy, 282 
energy dissipated by viscous damping, 282 
energy dissipated by yielding, 282 
kinetic energy, 282 
strain energy, 282 
Equation of motion 

buildings with symmetric plan 
torsional excitation, 384 
translational ground motion, 375 
buildings with unsymmetric plan, 377-386 
multistory one-way unsymmetric system, 
386 

one-story, one-way unsymmetric system, 
381 

one-story, two-way unsymmetric system, 
377 

coupling terms, 359 
distributed-mass systems, 698-700 
MDF systems subjected to external forces, 
359-369 

multiple support excitation, 387 
one-story symmetric system, 382 
planar systems: rotarional ground motion, 376 
planar systems: translational ground motion, 
372-375 

SDF systems subjected to earthquake 
excitation, 23 

SDF systems subjected to external 
force, 14 

solution methods, overview of 
direct solution, 393 
modal analysis, 393 

Equivalent static force: SDF systems, 27, 153, 
206 

Equivalent static forces 

generalized SDF systems, 314, 326 
MDF systems, 392, 477, 522, 542, 567, 580 
Equivalent viscous damping, 13, 103 
systems with Coulomb friction, 112 
systems with rate-independent damping, 107 
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Eurocode 8, 844-846 
base shear, 844 
design spectrum, 845 
lateral forces, 845 
overstrength factor, 844 
overturning moment reduction 
factor, 846 

seismic coefficient, 844 
seismic reduction factor, 844 
Existing buildings 

of historical or architectural merit, 829 
retrofit of, 829 
seismic strengthening, 829 
Experimental testing 

forced harmonic vibration, 87, 448 
free vibration, 54, 427 
resonance, 87 
Explicit methods, 172, 674 

Finite element method, 359, 735-752 
comparison with exact solution, 747 
direct assembly procedure, 738 
element (applied) force vector, 738 
consistent formulation, 743 
simpler formulation, 743 
element degrees of freedom, 737 
element mass matrix, 738 
consistent mass, 742 
lumped mass, 742 
element stiffness matrix, 738, 740 
finite elements, 745 
interpolation functions, 737, 740 
nodal points, 737 
nodes, 737 

three-dimensional finite elements, 748 
trial functions, 735 
two-dimensional finite elements, 748 
First Federal Savings, Pomona, 
California, 552 
Floor diaphragms 
flexible, 358 
rigid, 358, 375 
Fluid viscous dampers, 284 
Force 

harmonic, 66 
impulsive, 126 
ramp, 131 
step, 129 

step with finite rise time, 132 
varying arbitrarily with time, 127 


Force-displacement relation 
elastoplastic, 263 
linear, 9, 354 
nonlinear, 11, 391 
Fourier series, 113, 887 
Fourier transform, 30, 891 
direct, 891 
discrete, 894 
fast, 896 
inverse, 891 
pair, 891 

Four-way logarithmic graph paper, 82, 118, 212, 
251 

Fraction of critical damping (see Damping ratio) 
Free-body diagram, 14, 20-21, 350 
Free vibration equations for MDF system, 
solution of 

classically damped systems, 425 
nonclassically damped systems, 623, 639 
undamped systems, 421 
Free vibration of MDF systems 

classically damped systems, 423^125 
nonclassically damped systems, 623-627, 
639-643 

undamped systems, 404 
Free vibration of SDF systems 
Coulomb-damped, 57 
input energy, 56 
kinetic energy, 56 
potential energy, 56 
strain energy, 56 
undamped, 39 
viscously damped, 48 
Free vibration tests, 54, 424 
Frequency-domain method, 30 

complex frequency-response function, 
884-886, 895 

relation to unit impulse response, 891 
discrete Fourier transform methods, 30, 
892-903 

complex frequency-response 
function, 895 

computation of response, 895 
fast Fourier transform, 896 
folding frequency, 895 
Fourier series representation, 894 
improved DFT solution, 901 
multi-degree-of-freedom systems, 903 
Nyquist frequency, 895 
possible errors, 897 
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response to arbitrary excitation, 890-891 
direct Fourier transform, 891 
Fourier integral, 890 
Fourier transform, 891 
inverse Fourier transform, 891 
response to periodic excitation, 887-890 
complex Fourier series, 887 
steady-state response, 888 
Frequency equation, 407, 429 
Frequency-response curve 
analytical solution, 76 
experimental evaluation, 88 
Friction dampers, 287 

Generalized coordinate (see Generalized 
displacement) 

Generalized displacement, 306 
Generalized properties 
damping, 307, 476 
force, 307, 473, 709 
mass, 307, 473, 709 
stiffness, 307, 473, 709 
Generalized SDF systems, 307 

lumped-mass system: shear building, 322 
rigid-body assemblages, 308 
systems with distributed mass and elasticity, 
310 

Gram-Schmidt orthogonalization, 434, 666 
Guam, U.S. Territory earthquake (August 8, 
1993), 199 

Haiti earthquake (January 12, 2010), 199 
Half-power bandwidth, 83 
Harmonic tests, 85, 448 
Harmonic vibration (forced) 
steady state, 66, 73 
systems with Coulomb friction, 109 
systems with rate-independent damping, 

105 

transient, 66, 73 
undamped systems, 66 
viscously damped systems, 73 
Higher-mode response of buildings 

building code evaluation, 840, 846, 847 
height wise variation of, 769 
influence of beam-to-column stiffness ratio, 
768 

influence of fundamental period, 765 
number of modes to include 


dependence on beam-to-column stiffness 
ratio, 772 

dependence on fundamental period, 772 
Hysteresis 
dynamic, 102 
static, 102, 105 
Hysteresis loop, 14, 101 

Imperial Valley, California earthquake (May 18, 
1940), 202 

Implicit methods, 176, 674 
Impulse response (see Unit impulse response 
function) 

Impulsive force, 126 
Inelastic multistory buildings, 776 
approximate analysis procedures, 788 
modal pushover analysis, 797 
uncoupled modal response history analysis, 
790 

base shear yield strength 
modification factor, 788 
corresponding SDF system, 787 
ductility demand 

heightwise variation of, 783 
variation with fundamental period, 787 
nonlinear response history analysis, 776 
factors to be considered, 777-781 
modeling assumptions, 779 
P-A effects, 111 
statistical variation, 780 
SAC buildings, 111 
story drift demands, 781 

influence of inelastic behavior, 784 
influence of plastic hinge mechanism, 

781 

uncoupled modal response history analysis, 
790 

inelastic systems, 792 
linearly elastic systems, 790 
modal uncoupling approximation, 793 
Inelastic systems, 11, 391 
International Building Code, 836-838 
base shear, 836 
design spectrum, 837 
elastic seismic coefficient, 836 
importance factor, 836 
lateral forces, 838 
seismic coefficient, 836 
site class, 836 
story forces, 838 
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Isolation (see Vibration isolation) 

Isolator deformation, 816 

Killari, India earthquake (September 30. 1993), 
199 

Kinetic energy, maximum value of, 330-331 
Koyna Dam, 749 

Koyna, India earthquake (December 11, 1967), 
749 

Laplace transform, 30 
Lateral force coefficient, 210 
Lateral stiffness, 9, 27, 45 
Linear acceleration method, 174, 677 
Logarithmic decrement, 52 
Loma Prieta, California earthquake (October 17, 
1989), 199, 200, 453 

Long Beach, California earthquake (March 10, 
1933), 199 
Loss factor, 102 
Lumped-mass idealization, 357 
for multistory buildings 

floor diaphragm, flexible, 358 
floor diaphragm, rigid, 358 
Lytle Creek, California earthquake 

(September 12, 1970), 452, 561 

Mass component of system, 7, 15, 352 
Mass influence coefficient, 357 
Mass matrix 
diagonal, 358 
general, 357 

Mass-spring-damper system, 19, 350 
Matrix eigenvalue problem (see 
Eigenvalue problem) 

Metallic yielding dampers, 287 
Mexico City ground motion (September 19, 
1985), 819 

Mexico Federal District Code, 841-843 
base shear, 841 
design spectrum, 842 
lateral forces, 843 

overturning moment reduction factor, 831 
seismic behavior factor, 830 
seismic coefficient, 830 
seismic reduction factor, 830 
Millikan Library, Pasadena, California, 447, 561 
Lytle Creek earthquake, 452 
San Fernando earthquake, 450 


Millikan Library, vibration properties from 
motions recorded during 
forced harmonic vibration tests, 449 
Lytle Creek earthquake, 449 
San Fernando earthquake, 449 
Millikan Library, vibration properties of 
amplitude dependence, 450 
damping ratios, 449 
natural vibration periods, 449 
Modal analysis, 472-478 

modal expansion of displacements, 472 
modal responses, 476 
summary, 477 
total response, 476 

Modal analysis for p(t) = sp(t), 486-487 
modal contribution factor, 487, 489 
modal participation factor, 486 
modal response contributions, 489 
modal static response, 487 
number of modes required, 489 

dependence on dynamic response factors, 
492 

dependence on force distribution, 491 
dependence on modal contribution 
factors, 491 

dependence on response quantity, 

490^192 

SDF system, nth mode, 486 
Modal analysis interpretation, 487, 517 
Modal analysis of distributed-mass systems 
forced response, 709 
modal equations, 709, 717 
modal expansion of effective earthquake 
forces, 717 

modal responses, 710, 718-719 
equivalent static forces, 718 
modal static response, 719 
SDF system, nth mode, 718 
Modal analysis of earthquake response of 
lumped-mass systems 
modal equations, 515 

modal expansion of displacements and forces, 
514 

modal responses 

equivalent static forces, 516 
modal static responses, 516 
SDF system, nth mode, 515 
total response, 516 
Modal combination rules 

absolute sum (ABSSUM), 563 
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complete quadratic combination (CQC), 563 
square-root-of-sum-of-squares (SRSS), 563 
Modal contribution factors, 487, 763, 771 
base overturning moment, 765 
base shear, 764 

dependence on force distribution, 491 
dependence on response 
quantity, 492 

influence of beam-to-column stiffness ratio, 
764 

top-floor displacement, 765 
top-story shear, 764 
Modal coordinates, 420 
Modal damping ratios, 423, 476 
estimation of, 452 
Modal equations 

damped systems, 475 
generalized 
damping, 476 
force, 473, 710 
mass, 473, 710 
stiffness, 473, 710 
modal coordinates, 473, 475, 739 
modal damping ratios, 476 
undamped systems, 473, 709 
Modal expansion of displacements, 418, 472, 
514, 709 

Modal expansion of excitation vector, 482, 514 
Modal pushover analysis, 797 
evaluation (of accuracy), 802-807 
higher-mode contributions, 804 
inelastic SDF system, nth mode, 794 
inelastic systems, 798-801 
linearly elastic systems, 797-798 
equivalence to response spectrum 
analysis, 798 

nonlinear static (or pushover) analysis, 798 
simplified modal pushover analysis for 
practical application, 807 
summary, 799 

Modal static responses, 487, 492, 516, 523, 
543,719 

Mode acceleration superposition method, 499 
Mode displacement superposition method (see 
Modal analysis) 

Momentum, 127 

Multicomponent combination rules 
CQC3 rule, 596 
percent rule, 599 
SRSS rule, 599 


Multicomponent ground motion 
peak response to, 595 

critical incident angle, 598 
critical response, 598 
principal axes 
intermediate, 595 
major, 595 
minor, 595 

seismic incident angle, 596 
Multiple support excitation 
equations of motion, 386 
response analysis, 555-557 
dynamic displacements, 556 
equivalent static forces, 556 
modal equations, 556 
quasi-static displacements, 556 
quasi-static support forces, 557 
SDF system, nth mode, 556 

National Building Code of Canada, 839-841 
base shear, 839 
design spectrum, 839 
force modification factor, 840 
higher mode factor, 839 
lateral forces, 840 

overturning moment reduction factor, 841 
seismic coefficient, 839 
seismic importance factor, 839 
story forces, 841 

Natural frequencies of MDF system 
damped vibration, 427 
undamped vibration, 405-420 
Natural frequency of SDF system 
damped vibration, 50 
undamped vibration, 41 
Natural period of SDF system 
damped vibration, 50 
undamped vibration, 41 
Natural vibration frequencies and modes, 
computation of (see Eigenvalue 
problem, solution methods for) 
Natural vibration frequency 
by Rayleigh’s method 

distributed-mass systems, 330 
lumped-mass systems, 331 
from generalized SDF system analysis, 
313, 325 

Natural vibration modes 
fundamental mode, 408 
nonclassically damped systems, 619 
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Natural vibration modes ( continued) 
normalization, 410 
orthonormal, 411 

Natural vibration periods, 405^120 
nonclassically damped systems, 619 
Natural vibration periods and modes of 
buildings 

dependence on beam-to-column stiffness ratio, 
758-760 

Newmark’s method, 174, 183, 676 
Newton-Raphson iteration, 184, 684 
convergence criterion, 185, 685 
Newton’s second law of motion, 14, 

19, 348 

Nonclassically damped systems 
analysis of 

earthquake response, 636, 646 
free vibration, 627, 639 
unit impulse response, 632, 643 
definition, 424 
eigenvalue problem, 622 
examples, 463, 464, 813, 823 
natural vibration frequencies, 623 
natural vibration modes, 623 
Nonlinear static (or pushover) analysis 
building evaluation guidelines, 798 
modal pushover analysis, 877 
numerical methods, 684 
Nonstructural elements, 561 
Normal coordinates (see Modal coordinates) 
Normal modes (see Eigenvectors) 

Normal values (see Eigenvalues) 

Northridge, California earthquake (January 17, 

" 1994), 199,453 

Nuclear power plant reactor building, 749 
Numerical damping, 182, 683 
Numerical evaluation of response 
linear systems, 167-183 
linear systems with nonclassical 
damping, 675 

nonlinear systems, 184-194, 677-691 
Numerical time-stepping methods 

average acceleration method, 174, 677, 683 
based on interpolation of excitation, 167 
central difference method, 171, 183, 676 
linear acceleration method, 174, 677 
Newmark’s method, 174, 183, 676 
Wilson’s method, 181 

Numerical time-stepping methods, accuracy of 
errors for linear systems, 180 


Numerical time-stepping methods, 
requirements for 
accuracy, 167, 180, 674 
convergence, 167, 180, 674 
stability, 167, 180, 674 
Numerical time-stepping methods, types of 
conditionally stable, 180, 674, 677, 678 
explicit methods, 172, 674, 676 
implicit methods, 176, 674, 677 
unconditionally stable, 180, 677, 678 

Olive View Hospital, Sylmar, California, 783 
Orthogonality of modes 

discretized or lumped-mass systems, 409, 460, 
473 

distributed-mass systems, 707 
inteipretation of, 410 
nonclassically damped systems, 623 
Overstrength of buildings, 849 

Periodic excitation, 113, 887-880 
steady-state response, 114, 756 
Phase angle, 69, 76 
Phase lag (see Phase angle) 

Potential energy, maximum value of, 330-331 
Pulse force 

approximate analysis for short pulses, 151 
effects of pulse shape, 151 
effects of viscous damping, 154 
half-cycle sine pulse, 143 
rectangular pulse, 137 
symmetrical triangular pulse, 148 
Pulse ground motion, 155 

Pushover analysis (see Nonlinear static analysis) 

Ramp force, 131 
Random vibration theory, 566 
Rayleigh damping, 455, 464 
Rayleigh-Ritz method for discretized systems, 
659-662, 678 

generalized coordinates, 660 
orthogonality of approximate modes, 662 
Ritz transformation, 660 
Ritz vectors, 660 
force-dependent, 665 
mass orthonormal, 666 
Rayleigh-Ritz method for distributed-mass 
systems, 729-735 
disadvantages, 735 

formulation using conservation of energy, 729 


Index 


943 


formulation using virtual work, 733 
Ritz functions, 730 
shape functions, 730 
Rayleigh’s method, 329, 661, 846 
for distributed-mass systems, 330 
for lumped-mass systems, 331 
Rayleigh's quotient 
bounds, 430 

for distributed-mass systems, 331 
for lumped-mass systems, 332, 661 
in Rayleigh-Ritz method, 730 
properties, 332 

Rayleigh's stationarity condition, 430, 661, 730 
Reduction of degrees of freedom 
kinematic constraints, 656 
Rayleigh-Ritz method, 657 
Resonance listing, 87 
Resonant frequency, 70 
acceleration, 82 
displacement, 82 
velocity, 82 
Response factors 
acceleration, 80 
deformation, 69, 80 
velocity, 76 

Response spectrum analysis of structures, 
562-587,761, 813, 823 
avoidance of pitfall, 576 
comparison with response history analysis, 

575,579 

interpretation of, 566 
modal combination rules, 563-564 
absolute sum (ABSSUM) rule, 563 
complete quadratic combination (CQC) rule, 
563 

square-root-of-sum-of-squares (SRSS) rule, 
563 

modal combination rules, errors in, 566 
multicomponent combination rules 
CQC3 rule, 596 
percent rule, 599 
SRSS rule, 599 

nonclassically damped systems, 646 
peak modal responses, 562 
peak total response, 563 

response envelope (see Simultaneous responses 
to earthquake excitation) 

Response spectrum for step force with finite rise 
time, 134 

Rigid bodies, inertia forces for, 337 


Ritz vectors, selection of, 663-668 
by visualizing natural modes, 663 
force-dependent Ritz vectors, 665 

San Andreas fault, 830 

San Fernando, California earthquake (February 9, 
1971), 199, 452, 554, 783 
San Francisco Airport, 820 
San Francisco City Flail, 829 
Shaking machine (see Vibration generator) 

Shape function, 307, 311 
Shape function selection, 333 
displacement boundary conditions, 333 
from deflections due to static forces, 333 
Shape vector, 323 
Shear building, 322, 347 
equations of motions for, 348 
idealization, 347 
Shock spectrum 

half-cycle sine pulse, 148 
rectangular pulse, 141 
symmetrical triangular pulse, 150 
Simple harmonic motion, 40, 369 
Simultaneous responses to earthquake excitation 
capacity surface (or curve), 588 
design point, 587 

response-spectrum-based envelope, 587 
elliptical envelope, 589 
rectangular envelope, 588 
response trajectory, 588 
Single-degree-of-freedom system, 7 
Soft first-story buildings, 781 

concentration of yielding in first story, 782 
Soil-structure interaction, 463 
Spatially varying ground motion (see Multiple 
support excitation) 

Specific damping capacity, 102 
Specific damping factor, 102 
Spectral regions 

acceleration-sensitive, 224, 272, 279, 761, 766 
displacement-sensitive, 224, 270, 279, 
761,766 

velocity-sensitive, 224, 272, 280, 761, 766 
Square-root-of-sum-of-squares (SRSS) rule, 563 
Static condensation method, 11, 369, 659 
Static correction method, 496, 511, 669 
Static hysteresis, 102, 105 
Steady-state response (see Steady-state 
vibration) 

Steady-state vibration, 67, 73, 106, 109, 115 
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Step force, 129 

with finite rise time, 132 
Stiffness 

complex, 886 
lateral, 9, 27, 45 
Stiffness coefficients 

uniform flexural element, 11, 33 
Stiffness component of a system, 7, 

15,352 

Stiffness influence coefficient, 354 
Stiffness matrix 
computation of 

direct equilibrium method, 355, 378 
direct stiffness method, 355, 379 
condensed, 370 
lateral, 376 

two-story shear building, 349 
Story stiffness, 323, 349 
Strong-motion accelerograph, 198 
Structural idealization, quality of, 561 
Structure-fluid system, 32, 463 
Structure-soil system, 32, 463 
Supplemental dampers, 284 
buckling restrained brace, 287 
fluid viscous, 284 
friction, 287 
metallic yielding, 287 
viscoelastic, 284 

Support excitation {see Earthquake 
excitation) 

System identification, 452 

Timoshenko beam theory, 705 

Tohoku, Japan earthquake (March 11, 2011), 199 

Transient response {see Transient vibration) 

Transient vibration, 66, 73 

Transmissibility, 91-92 


Tributary length, 3 

Tuned mass damper {see Vibration absorber) 
Two-DOF systems, analysis of 
analytical solution for harmonic 
excitation, 468 

Unit impulse, 126 

Unit impulse response function, 127 
Unit impulse response of MDF systems 
classically damped systems, 620 
nonclassically damped systems, 632, 643 
Upland, California earthquake (February 28, 
1990), 561 

Velocity resonant frequency, 82 
Velocity response factor, 80 
Vibration absorber, 470 
Vibration generator, 85 
Vibration isolation 

applied force excitation, 90 
ground motion excitation, 91 
Vibration-measuring instruments, 

95 

Virtual displacements, principle of, 

311, 324, 733 
Viscoelastic dampers, 284 
Viscous damping, 13, 355 
Viscous damping effects 

in earthquake response, 226, 280 
in free vibration, 50-51 
response to harmonic excitation, 76-79 
response to pulse force, 154 

Weak first-story buildings, 782 

concentration of yielding in first story, 
783 

Wind-induced vibration of buildings, 472 



